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SIMILARITY OF A TRIANGULAR OPERATOR TO A DIAGONAL OPERATOR

M. M. Malamud UDC 517.9

We give sufficient conditions under which the non-self-adjoint operator A = G + iV 1/2JV 1/2 (with a well-defined
imaginary part) is similar to a self-adjoint one. We also give sufficient conditions (these conditions become necessary

in the dissipative case) under which the triangular operator f 7→ α(x)f(x) + i
∫ 1

x
k(x, t)f(t)dµ(t) is similar to a self-

adjoint one. Bibliography: 34 titles.

Introduction

Though there exists a resolvent criterion (see Theorem 1.1) under which a closed linear operator is similar to
a self-adjoint one, simple sufficient conditions are sometimes preferable.

We provide some sufficient conditions for the similarity of a non-self-adjoint operator (with a well-defined
imaginary part) to a self-adjoint one.

In addition, we present some sufficient conditions (and some criteria in the dissipative case) for the similarity
of a triangular operator

A1 := Qα + iK : f → α(x)f(x) + i

∫ 1

x

k(x, t)f(t)dµ(t) (0.1)

to a self-adjoint one.
The paper is organized as follows.
In Sec. 1 (Theorem 1.4), we give some sufficient (as well as some known) conditions for the similarity of an

operator A to a self-adjoint operator with absolutely continuous spectrum.
One of the strongest conditions has the following form:

V 1/2RA(z)f ∈ H2
+(E) and ‖V 1/2RA(λ − iε)‖ ≤ C/ε1/2, ε > 0.

The conditions of Theorem 1.4 can be divided into two groups: conditions formulated in terms of the pair of
operators A and A∗ and conditions formulated only in terms of the operator A.

In Proposition 1.5, we show that the conditions for similarity inside each group are pairwise equivalent. For
example, condition (12+) (the boundedness of the J-form of the characteristic function θA(z)) is equivalent to
the known condition (8+), V 1/2RA(z)f , V 1/2RA∗(z)f ∈ H2

+(E).
In Sec. 2, we study the similarity of an operator A to a self-adjoint one under condition (2.1) of the weak

correlation of the positive and negative parts P±V of the operator JV (J = P+ − P−). This condition has been
introduced by Naboko [13]. He applied the functional model for a dissipative operator to show that, in the
presence of this condition, the known Nagy–Foias criterion [20] can be transferred to the case of nondissipative
operators.

We propose an elementary proof (not applying the functional model) of the mentioned result from [13] and
provide some new criteria for similarity. In particular, we show that under condition (2.1), the estimates

‖V 1/2(A − z)−1‖ ≤ C| Im z|−1/2, z ∈ C+ ∪C−,

are necessary and sufficient for the similarity to a self-adjoint operator.
In Sec. 3, we study the problem of similarity of a non-self-adjoint operator A1 of the form (0.1) acting in

L2
m([0, 1]; dµ) with a continuous measure dµ and m ≤ ∞ to a self-adjoint one.
Applying some simple properties of T -smooth (in the sense of Kato [28]) operators, we provide an elementary

proof of the Gohberg and Krein criterion (announced in [5]) for the similarity of a dissipative operator A1 (with
dµ = dx and m <∞) to a self-adjoint one.

In the same section, we also obtain some generalizations of the criterion from [5] to the case m = ∞. In
particular, we consider perturbations not belonging to the trace class.
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In addition, we present a result on the similarity of a nondissipative operator A1 with kernel k(x, t) nonde-
generate on the diagonal to a self-adjoint one.

In Sec. 4, we give detailed proofs of the statements announced in [8] and [10]. Namely, we study the problem
of the similarity of an operator A1 of the form (0.1) with kernel k(x, t) degenerate on the diagonal to a diagonal
one. In particular, we show that A1 is similar to Qα if |K(x, t)(α(x)− α(t))|−1 ≤ ϕ(x− t), where ϕ ∈ L1[0, 1].

Notation: H is a Hilbert space; σ(A) and ρ(A) are the spectrum and resolvent set of an operator A; RA(z) :=
(A − zI)−1 and sprA are the resolvent and spectral radius of A; LatA and {A}′ are the lattice of invariant
subspaces and the commutant of A, respectively; AdH1 is the restriction of A to the subspace H1.

The main part of the results of Secs. 1–3 was obtained by the author in 1983-1984.

§1. Similarity to a self-adjoint operator with absolutely continuous spectrum

1.1. In this section, we present conditions for the similarity of a non-self-adjoint operator

A = G+ iV1 = G+ iV 1/2JV 1/2 = G+ iJV (1.1)

to a self-adjoint operator with absolutely continuous spectrum. In formula (1.1), G = G∗, V1 = V ∗1 , V1 = JV =
V 1/2JV 1/2 is the polar decomposition of the operator V1, V = |V1|, and J = signV1.

In the sequel, we assume that the operator V1 is strongly G-subordinate, i.e., that D(G) ⊂ D(V1) = D(V ),
and the inequality

‖V f‖ ≤ a‖Gf‖+ b‖f‖, a < 1, f ∈ D(G), (1.2)

is valid with some constants a ∈ [0, 1) and b > 0. It is known that condition (1.2) of strong G-subordination of
the operator V implies that the operator A defined on D(A) := D(G) is closed.

Denote E := R(V ). The characteristic function θ(z) := θA(z) : E → E of the operator A of the form (1.1) is
defined by the following formula (see [1]):

θA(z) = I + 2iJV 1/2(A∗ − zI)−1V 1/2, z ∈ ρ(A∗). (1.3)

Let us recall a criterion for the similarity of a closed operator A to a self-adjoint one obtained in [23, 14, 9]
(another proof can be found in the recent work [4]).

Theorem 1.1. A closed operator A in a Hilbert space H is similar to a self-adjoint one if and only if σ(A) ⊂ R
and for all f ∈ H, the inequalities

sup
ε>0

∫
ε‖RA(λ + iε)f‖2dλ ≤ C+

1 ‖f‖2, f ∈ H,

and (1.4)

sup
ε>0

∫
ε‖RA∗(λ + iε)f‖2dλ ≤ C+

2 ‖f‖2, f ∈ H,

are valid with constants C+
1 and C+

2 independent of f .

Remark 1.2. Certainly, estimates (1.4) for the resolvents RA(z) and RA∗(z) in C+ may be replaced by the
same estimates in C−.

We also need the following known lemma.

Lemma 1.3. Let B be a maximal dissipative operator in H and let RB(z) := (B − zI)−1. Then
(1) the following estimates are valid:

sup
ε>0

ε

∫
‖RB(λ− iε)f‖2dλ ≤ 2π‖f‖2, f ∈ H,

and (1.5)

sup
ε>0

ε

∫
‖RB∗(λ + iε)f‖2dλ ≤ 2π‖f‖2, f ∈ H;
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(2) if, in addition, B = G+ iV is an operator of the form (1.1) satisfying condition (1.2), then, for all ε > 0
and f ∈ H, we have the estimates∫

‖
√
V RB(λ− iε)f‖2dλ ≤ 2π‖f‖2 and

∫
‖
√
V RB∗(λ + iε)f‖2dλ ≤ 2π‖f‖2. (1.6)

Inequalities (1.5) are known and follow from the Parseval identity applied to the equality

RB(λ − iε)f = −i
∫ 0

−∞
ei(λ−iε)tU (t)fdt,

where U (t) := exp(−itB) is a contractive semigroup.
Inequalities (1.6) were proved in [12] by means of the self-adjoint dilation of the operator B (a different proof,

not based on the dilation, is contained in [9]).
Recall the definition of T -smoothness [28], which is significant in the sequel.

Definition. Let T be a closed densely defined operator in H with real spectrum (σ(T ) ⊂ R). A closed operator
K is called smooth with respect to T (or T -smooth) if D(K) ⊃ D(T ), and the inequalities∫ ∞

−∞
‖KRT (λ±iε)f‖2dλ ≤ C‖f‖2, f ∈ H, ε > 0,

are valid with a constant C independent of f ∈ H.

Recall that an operator A is said to be simple (completely non-self-adjoint) if this operator does not possess
reducing self-adjoint parts.

Any operator A of the form (1.1) admits a unique representation A = A1 ⊕ A2, where A1 = A∗1 and A2 is
simple.

Recall also that a C0-group U (t) is called a group of (exponential) zero type if

lim
|t|→∞

‖U (t)‖ exp(−ε|t|)=0 for any ε > 0.

Theorem 1.4. Let A be an operator of the form (1.1)–(1.2) with real spectrum (σ(A) ⊂ R+) and let P± =
(I ± J)/2. The operator A is similar to a self-adjoint operator if any of the following conditions holds:

(1±)− iA is a generator of the C0-group U (t) := exp(−itA), and∫ ∞

0

‖V 1/2 exp(∓itA)f‖2dt,
∫ ∞

0

‖V 1/2 exp(∓itA∗)f‖2dt ≤ C±1 ‖f‖2;

(2±)− iA is a generator of the C0-group U (t) := exp(−itA), and∫ ∞

0

‖P±V 1/2 exp(∓itA)f‖2dt,
∫ ∞

0

‖P∓V 1/2 exp(∓itA∗)f‖2dt ≤ C±2 ‖f‖2;

(3)− iA is a generator of the C0-group U (t) =: exp(−itA), and∫ ∞

−∞
‖V 1/2 exp(−itA)f‖2dt ≤ C3‖f‖2, f ∈ H;

(4) V 1/2RA(z)f ∈ H2
±(E), f ∈ H;

(5) P±V 1/2RA(z)f ∈ H2
±(E), f ∈ H;

(6±) V 1/2RA(z)f ∈ H2
±(E) and ‖V 1/2RA(λ ∓ iε)‖ ≤ C6/ε

1/2;

(7±) P±V 1/2RA(z)f ∈ H2
±(E) and ‖P∓V 1/2RA(λ ∓ iε)‖ ≤ C±7 /ε

1/2;

(8±) V 1/2RA(z)f ∈ H2
±(E) and V 1/2RA∗(z)f ∈ H2

±(E), f ∈ H;

(9±) P±V 1/2RA(z)f ∈ H2
±(E) and P∓V

1/2RA∗(z)f ∈ H2
±(E), f ∈ H;
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(10±) ‖V 1/2RA(λ ± iε)‖ ≤ C±10/ε
1/2 and ‖V 1/2RA∗(λ ± iε)‖ ≤ C±10/ε1/2;

(11±) ‖P±V 1/2RA(λ ± iε)‖ ≤ C±11/ε
1/2 and ‖P∓V 1/2RA∗(λ ± iε)‖ ≤ C±11/ε

1/2;

(12±) max{ sup
z∈C∓

‖θ∗A(z)JθA(z)‖, sup
z∈C±

‖θA(z)Jθ∗A(z)‖} = C±12 <∞;

(13±) max{ sup
z∈C∓

‖P±θ∗A(z)JθA(z)P±‖, sup
z∈C±

‖P∓θA(z)Jθ∗A(z)P∓‖} = C±13 <∞.

In this case, the simple part of the operator A is similar to a self-adjoint operator with absolutely continuous
spectrum.

Proof. (i) In the first step, we establish similarity to a self-adjoint operator under conditions (1)–(3) and prove (in
passing) the equivalences (1+)⇐⇒ (2+) and (1−)⇐⇒ (2−). The implications (1+) =⇒ (2+) and (1−) =⇒ (2−)
are obvious.

Let conditions (2+) be fulfilled. Then the identity

‖e−itAf‖2 = ‖f‖2 + 2
∫ t

0

(JV 1/2e−isAf, V 1/2e−isAf)ds

= ‖f‖2 + 2
∫ t

0

‖P+V
1/2e−isAf‖2ds − 2

∫ t

0

‖P−V 1/2e−isAf‖2ds

(1.7)

yields the boundedness of the semigroup U (t) = exp(−itA), t ≥ 0,

‖U (t)‖2 ≤ 1 + 2C3, t ≥ 0.

The same identity for the operator A∗,

‖e−itA
∗
f‖2 = ‖f‖2 + 2

∫ t

0

‖P−V 1/2e−isA
∗
f‖2ds− 2

∫ t

0

‖P+V
1/2e−isA

∗
f‖2ds, (1.8)

and the equality exp(−itA∗) = U∗(−t) imply the estimate ‖U (t)‖ ≤ 1 + 2C3, t < 0.
Thus, the group U (t) is bounded, and by the Nagy theorem [32, 20], the operator A is similar to a self-adjoint

one.
Similarity to a self-adjoint operator under conditions (3) also follows from identity (1.7) and the Nagy theorem.
It remains to note that the nonnegative definiteness of the right-hand sides of identities (1.7) and (1.8) yields

the estimates ∫ t

0

‖P−V 1/2e−isAf‖2ds,
∫ t

0

‖P+V
1/2e−isA

∗
f‖2ds ≤ (1/2 + C+

2 )‖f‖2

proving the implication (2+) =⇒ (1+). The implication (2−) =⇒ (1−) is proved in the same manner.
(ii) To prove similarity under conditions (4) − (7±), it suffices to prove it under conditions (7±) if we first

establish the implications (4) =⇒ (5), (6+) =⇒ (7+), (6−) =⇒ (7−), and (5) =⇒ (7±). The first three
implications are obvious.

Let us derive the last two implications. By the uniform boundedness principle, the inclusions P±V 1/2RA(z)f ∈
H2
±(E) for all f ∈ H are equivalent to the estimates

‖P+V
1/2RA(z)f‖H2

+(E) ≤ C+
5 ‖f‖ and ‖P−V 1/2RA(z)f‖H2

−(E) ≤ C−5 ‖f‖ (1.9)

with constants C±5 independent of f ∈ H.
On the other hand, the vector-valued functions ϕ ∈ H2

±(E) satisfy the known (see [3, 15]) inequality

‖ϕ(z)‖E ≤ (π| Im z|)−1/2‖ϕ‖H2
±(E), z ∈ C+ ∪C−. (1.10)

Combining estimates (1.9) and (1.10), we arrive at the required implication (5) =⇒ (7+). The implication
(5) =⇒ (7−) is proved similarly.

(iii) Let us establish similarity to a self-adjoint operator under conditions (7±).

2202



Assume, for definiteness, that conditions (7+) are fulfilled. Consider, together with the operator A, the
maximal dissipative operator B = G + iV . The following estimates for the resolvent of the latter operator are
known and may be derived, for example, from estimates (1.6) and (1.10):

‖RB∗(λ+ iε)V 1/2‖ = ‖V 1/2RB(λ − iε)‖ ≤
√

2/ε. (1.11)

Combining the latter inequalities, Lemma 1.3, and the Hilbert identity

RB∗(λ + iε) − RA(λ+ iε) = 2iRB∗(λ + iε)V 1/2P+V
1/2RA(λ + iε), (1.12)

we arrive at the inequalities

ε

∫
‖RA(λ + iε)f‖2dλ ≤ 2ε

∫
‖RB∗(λ + iε)f‖2dλ

+4ε
∫
‖2iRB∗(λ+ iε)V 1/2P+V

1/2RA(λ + iε)f‖2dλ

≤4π‖f‖2 + 32
∫
‖P+V

1/2RA(λ + iε)f‖2dλ ≤ (4π + 32C+2
5 )‖f‖2.

(1.13)

Further, according to estimate (7+), the inequalities

‖RA∗(λ+ iε)V 1/2P−‖ = ‖P−V 1/2RA(λ− iε)‖ ≤ C+
7 /ε

1/2

hold. Replace A by A∗ in identity (1.12) and apply Lemma 1.3 to show that

ε

∫
‖RA∗(λ + iε)f‖2dλ ≤ 2ε

∫
‖RB∗(λ + iε)f‖2dλ

+2ε
∫
‖2iRA∗(λ+ iε)V 1/2P−V

1/2RB∗(λ+ iε)f‖2dλ

≤4π‖f‖2 + 8C+2
7

∫
‖V 1/2RB∗(λ+ iε)f‖2dλ ≤ 4π(1 + 4C+2

7 )‖f‖2.

(1.14)

By Theorem 1.1, the operator A is similar to a self-adjoint one.
(iv) Passing to the proof of similarity under conditions (8±)− (13±), we note that it suffices to establish the

described similarity under conditions (11±). Indeed, the implications (8+) =⇒ (9+), (8−) =⇒ (9−), (10+) =⇒
(11+), and (10−) =⇒ (11−) are obvious. The proof of the implications (9+) =⇒ (11+) and (9−) =⇒ (11−) is
similar to that of the implications (5) =⇒ (7±) at step (ii).

Further, the implications (12+) =⇒ (13+) and (12−) =⇒ (13−) are also obvious, and the equivalences
(10+)⇐⇒ (12+), (10−)⇐⇒ (12−), (11+)⇐⇒ (13+), and (11−)⇐⇒ (13−) immediately follow from the known
identities [1]

4 Im zV 1/2RA(z)RA∗(z)V 1/2 = J − θ∗A(z)JθA(z) (1.15)

and
4 Im zV 1/2RA∗(z)RA(z)V 1/2 = J − θA(z)Jθ∗A(z). (1.16)

Thus, we have proved similarity to a self-adjoint operator under conditions (11±).
Assume, for definiteness, that conditions (11−) are fulfilled. In this case, the second estimate in inequalities

(1.4) has already been established at step (iii) (see inequality (1.14)). The proof of the first estimate in inequalities
(1.4) is similar to that of inequality (1.13).

Indeed, writing down the right-hand side of the Hilbert identity (1.12) in the form

−2iRA(λ + iε)V 1/2P+V
1/2RB∗(λ + iε)
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and applying the relation

‖RA(λ + iε)V 1/2P+‖ = ‖P+V
1/2RA∗(λ− iε)‖ ≤ C−11/ε

1/2, ε > 0, (1.17)

we see that
ε

∫
‖RA(λ + iε)f‖2dλ ≤ 2ε

∫
‖RB∗(λ+ iε)f‖2dλ

+2ε
∫
‖2iRA(λ + iε)V 1/2P+V

1/2RB∗(λ+ iε)f‖2dλ

≤4π‖f‖2 + 8(C−11)2
∫
‖V 1/2RB∗(λ+ iε)f‖2dλ ≤ 4π(1 + 4(C−11)2)‖f‖2.

(1.18)

By Theorem 1.1, the operator A is similar to a self-adjoint one.
(v) Thus, the similarity of the operator A to a self-adjoint one, i.e., the equality L−1AL = T = T∗, has been

proved in all considered cases. It remains to show that the operator T is absolutely continuous if A is simple.
At this step, we prove the above-formulated fact only under conditions (3)− (7±), but first we prove that the

operator V 1/2L is T -smooth.
Since condition (4) means the A-smoothness of the operator V1/2 and condition (3) is equivalent to (4) (see

[28]), one easily derives from the equality L−1AL = T the T -smoothness of the operator V1/2L under conditions
(3) and (4).

We reduce the proof of the T -smoothness of the operator V1/2L under conditions (5) and (7±) to the proof of
its T -smoothness under conditions (4) and (6±), but first we prove the implications (5) =⇒ (4), (7+) =⇒ (6+),
and (7−) =⇒ (6−).

Clearly, it suffices to establish the second implication.
Thus, let P+V

1/2RA(z)f ∈ H2
+(E) and let ‖P−V 1/2RA(λ − iε)‖ ≤ C+

7 /ε
1/2.

Since the characteristic function θB(z) = I+2iV 1/2(B∗−z)−1V 1/2 of the dissipative operator B is contractive
in C+, we have the estimate ‖V 1/2RB∗(λ+ iε)V 1/2‖ ≤ 1.

Therefore, combining identity (1.12), Lemma 1.3, and the first inequality of (1.9), we obtain the estimate∫
‖V 1/2RA(λ+ iε)f‖2dλ ≤ 2

∫
‖V 1/2RB∗(λ+ iε)f‖2dλ

+ 8
∫
‖V 1/2RB∗(λ + iε)V 1/2P+V

1/2RA(λ + iε)f‖2dλ

≤ 4π‖f‖2 + 8
∫
‖P+V

1/2RA(λ+ iε)f‖2dλ ≤ 4(π + 2(C+
5 )2)‖f‖2.

(1.19)

Similarly, taking the estimate ‖V 1/2RB(λ − iε)‖ ≤ (2/ε)1/2 into account, one proves the inequality

‖V 1/2RA(λ − iε)‖ ≤ (
√

2 + 2C+
7 )/ε1/2. (1.20)

Combining inequalities (1.19) and (1.10), we arrive at the following estimate (similar to (1.20)): ‖V 1/2RA(λ+
iε)‖≤C̃ε−1/2 with some constant C̃.

Thus, the inequalities ‖V 1/2RA(λ±iε)‖ ≤ Cε−1/2 hold under conditions (5)−(7±) with some constant C > 0.
Therefore, we have the estimates

‖V 1/2L(T − z)−1‖ ≤ ‖V 1/2(A − z)−1‖ · ‖L‖ ≤ C ′(| Im z|)−1/2, z ∈ C+ ∪C−, (1.21)

with C ′ := C‖L‖. Since the operator T is self-adjoint, the Kato theorem [28] implies that condition (1.21) is
equivalent to the condition of T -smoothness of the operator V1/2L.

Denote by Hac and Hs the absolutely continuous and singular subspaces of T , respectively.

2204



By another of Kato’s theorems [28], the T -smoothness of the operator V1/2L implies the relation V 1/2L(Hs) =
0. In particular, it follows that Af = A∗f for all f ∈ L(Hs). Since, in addition, the subspace L(Hs) is invariant
under A (L(Hs) ∈ LatA), this subspace is also reducing. This fact contradicts the simplicity of the operator A
if Hs 6= 0. Hence, we have the equalities Hs = 0 and H = Hac, as was desired.

(vi) Now let us show that the operator V1/2L is T -smooth under the conditions (1±), (2±), and (8±)–(13±).
It suffices to prove our statement under conditions (11±) if we first prove the implications (i+) =⇒ (11+) and
(i−) =⇒ (11−) for i ∈ {1, 2, 8, . . . , 13}.

We begin with the implication (1+) =⇒ (8+). It was proved at step (i) that under conditions (1+) and (2+),
the group U (t) = exp(−itA) is bounded and, therefore, this group is of (exponential) type 0. Therefore, the
identity

V 1/2RA(λ+ iε)f = i

∫ ∞

0

ei(λ+iε)tV 1/2e−itAfdt, f ∈ H, (1.22)

is valid for all ε > 0. Now we derive from relation (1.22) the Parseval identity∫ ∞

−∞
‖V 1/2RA(λ+ iε)f‖2dλ = 2π

∫ ∞

0

e−2εt‖V 1/2e−itAf‖2dt (1.23)

and a similar identity connecting RA∗(λ + iε) with the semigroup exp(−itA∗), t > 0. These relations imply the
required statement.

Since (1+)⇐⇒ (2+) (see step (i)), we also have the implication (2+) =⇒ (8+).
The implications (i+) =⇒ (11+) and (i−) =⇒ 11−) for i ∈ {8, 9, 10, 12,13} are either trivial or have already

been established above. In addition, the equivalences (10+) ⇐⇒ (11+) and (10−) ⇐⇒ (11−) have been proved
at step (v).

To prove the T -smoothness of the operator V1/2L under conditions (10+), we establish the equivalence
(10+)⇐⇒ (10−).

For this purpose, we need the following implication (useful in the sequel):

‖V 1/2RA(λ + iε)‖ ≤ C/ε1/2 =⇒ ε‖RA(λ± iε)‖ ≤ 1 + 2
√

2C. (1.24)

Since
‖RB∗(λ + iε)V 1/2‖ = ‖V 1/2RB(λ − iε)‖ ≤

√
2/ε and ε‖RB∗(λ + iε)‖ ≤ 1, (1.25)

identity (1.12) implies the following inequalities:

ε‖RA(λ+ iε)‖ ≤ ε‖RB∗(λ + iε)‖ + ε‖RA(λ + iε) −RB∗(λ+ iε)‖

≤1 + ε‖2RB∗(λ + iε)V 1/2P+V
1/2RA(λ + iε)‖

≤1 + 2
√
ε‖RB∗(λ + iε)V 1/2‖ ·

√
ε‖V 1/2RA(λ + iε)‖ ≤ 1 + 2

√
2C.

(1.26)

In the same way, we obtain the estimate ε‖RA∗(λ+ iε)‖ ≤ 1+2
√

2C. Combining this estimate with the equality
ε‖RA(λ− iε)‖ = ε‖RA∗(λ+ iε)‖ and estimate (1.26), we prove implication (1.24).

The implication (10+) =⇒ (10−) easily follows from implication (1.24) since

‖V 1/2RA(λ− iε)‖ ≤ ‖V 1/2RA(λ+ iε)‖ + ‖V 1/2RA(λ + iε) · 2iεRA(λ − iε)‖

≤ [C+
10 + 2(1 + 2

√
2)C+

10 · C+
10]ε−1/2.

The desired estimate for the operator-valued function ‖V1/2RA∗(λ − iε)‖ as well as the converse implication
(10−) =⇒ (10+) can be proved similarly.

Thus, each of the conditions (1±), (2±), and (8±) − (13±) yields the estimates ‖V 1/2RA(λ ± iε)‖ ≤ Cε−1/2.
The latter estimates establish inequalities (1.21).

One completes the proof similarly to the previous step. �
1.2. Conditions (1±) − (13±) of Theorem 1.4 can be (conditionally) divided into two groups: (1) conditions

(3) − (7±) formulated in terms of the operator A and (2) conditions (1±), (2±), and (8±)–(13±) formulated in
terms of the pair of operators A and A∗.

In the next proposition, we show that conditions inside each of the groups are pairwise equivalent. We also
find out that conditions of the first group are weaker (less restrictive) than conditions of the second group.
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Proposition 1.5. Conditions of the first group of Theorem 1.4 and conditions of the second group are pairwise
equivalent.

In addition, any condition of the second group implies any condition of the first group.

Proof. Most of the equivalences inside each group were already pointed out in the proof of Theorem 1.4. Below,
we only prove the most substantial conditions among the remaining ones.

(i) Let us prove the implication (6+) =⇒ (4). By implication (1.24), the second of conditions (6+) yields
the estimates ε‖RA(λ ± iε)‖ ≤ C̃±6 := 1 + 2

√
2C±6 . Applying the Hilbert identity for resolvents and the first of

conditions (6+) (equivalent to the first inequality in (1.9) with P+ = I), we get the estimates∫
‖V 1/2RA(λ − iε)f‖2dλ

≤ 2
∫
‖V 1/2RA(λ + iε)f‖2dλ+ 2

∫
‖V 1/2RA(λ + iε)2iεRA(λ − iε)f‖2dλ

≤ 2C+2
6 ‖f‖2 + 8C̃+2

6

∫
‖V 1/2RA(λ + iε)f‖2dλ ≤ 2C+2

6 (1 + 8C̃+2
6 )‖f‖2. (1.27)

The implication (6−) =⇒ (4) and the equivalence (6+)⇐⇒ (6−) can be proved similarly.
(ii) Let us prove the implication (4) =⇒ (3) (the converse implication was proved in Theorem 1.4). Since

under conditions (4) the operator A is similar to a self-adjoint one, A generates a bounded C0-semigroup U (t) =
exp(−itA). Therefore, the semigroup U (t) is of zero exponential type, hence identities (1.22) and (1.23) are valid
for any ε > 0. The required statement now follows from identity (1.23) and the Fatou theorem (on the passage
to the limit).

(iii) We now pass to the conditions of the second group. The proof of the equivalences (8+) ⇐⇒ (8−)
and (10+) ⇐⇒ (10−) is similar to that of the implication (6+) =⇒ (4) at step (i). We have to apply the
implications (8+) =⇒ (10+) and (1.24) (proved in Theorem 1.4) and then establish the auxiliary estimates
ε‖RA(λ± iε)‖ ≤ C̃±8 := 1 + 2

√
2C±8 .

In passing, we have derived the implications (8+) =⇒ (4) and (8−) =⇒ (4) providing a connection between
the conditions of the two groups.

Let us now prove the implications (10+) =⇒ (8+) and (10−) =⇒ (8−) (the converse statements are contained
in Theorem 1.4).

It was shown at step (vi) of the proof of the preceding theorem that conditions (10+) not only imply the
similarity of the operator A to a self-adjoint one (L−1AL = T = T∗) but also ensure the T -smoothness of the
operator V 1/2L. Therefore, the inequality∫

‖V 1/2RA(λ ± iε)f‖2dλ =
∫
‖V 1/2LRT (λ ± iε)L−1f‖2dλ

≤ C‖L−1f‖2 ≤ C‖L−1‖2 · ‖f‖2, ε > 0,

(1.28)

meaning the A-smoothness of the operator V1/2, holds with some constant C > 0.
Further, starting with the equality L∗A∗(L−1)∗ = T ∗ and accounting for the equivalence (10+) ⇐⇒ (10−),

we arrive at the estimate ‖V 1/2(L−1)∗RT (λ ± iε)‖ ≤ C′/ε1/2 similar to estimate (1.21). Since T = T∗, the
Kato criterion [28] implies that the operator V 1/2(L−1)∗ is T -smooth. Repeating the proof of estimate (1.28),
we derive the second inequality

‖V 1/2RA∗(z)f‖2H2
±(E) ≤ C‖L

∗‖2 · ‖f‖2

implying the A∗-smoothness of the operator V 1/2. Thus, both implications (10±) =⇒ (8±) are proved. The
remaining equivalences either have been established earlier or can be easily reduced to the proved ones. �
Remark 1.5. (a) It was shown in the examples of Sec. 2 that conditions (1±)–(13±) of Theorem 1.4 are not
necessary for similarity to a self-adjoint operator with absolutely continuous spectrum. At the same time, these
conditions are necessary under the additional assumption (2.1) (see Sec. 2).

(b) The conditions ‖V 1/2RA(λ ± iε)‖ ≤ ε1/2 (less restrictive than conditions (6±)) are not sufficient for
similarity to a self-adjoint operator, while the mentioned conditions remain sufficient (as well as necessary)
under additional assumptions (see Sec. 2).
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The same is true for the implication (4) =⇒ (8+) (and therefore, for the equivalence (4) ⇐⇒ (8+)). The
mentioned implication is valid under the additional assumption (2.1), but it fails to be valid in general. In other
words, there is an example of an operator A of the form (1.1) such that the operator V1/2 is A-smooth but is
not A∗-smooth.

(c) The author does not know a direct (elementary) proof of the equivalence (10+) ⇐⇒ (8+) not applying
Theorem 1.1 and the Kato T -smoothness criterion.

(d) The statement that conditions (1±), (3), and (8±) are sufficient for similarity to a self-adjoint operator
(with the same proof) is contained in [14] and [9].

Several other above-mentioned sufficient conditions are also implicitly contained in [14] and [9]. For example,
the only difference between our proof of sufficiency under conditions (10+) and the proof in [9] under conditions
(8+) is the following one: in estimate (1.18), we apply estimate (1.6) for RB(z) instead of the rougher estimate
‖V 1/2RB(λ± iε)‖ ≤

√
2/ε.

We also note that in [2], the similarity of an operator A with absolutely continuous spectrum (in the sense of
[12]) to a self-adjoint operator under conditions close to (12±) was proved by means of the functional model for
a dissipative operator (see [20, 16]).

Namely, the conditions in [2] are formulated in terms of the limit values of the J-form J−θ∗A(λ+ i0)Jθ(λ+ i0)
of the characteristic function θA(z).

Conditions (12±) and (13±) are obviously fulfilled if supz /∈R |θA(z)| <∞. Similarity to a self-adjoint operator
under the indicated condition was established by Sakhnovich [19].

§2. Similarity to a self-adjoint operator under the condition of weak

correlation of the positive and negative parts of the imaginary component

2.1. The list of conditions for the similarity of a dissipative operator to a self-adjoint one is much wider than
the list given by Theorem 1.4. In addition, the sufficient conditions listed in Theorem 1.4 are also necessary if
the operator A is dissipative.

Naboko [13] has shown that in some questions of the spectral theory of non-self-adjoint operators, the dissi-
pativity condition can be replaced by the following one:

C1 := sup
λ∈C+

max{‖P+θB(λ)P−‖, ‖P−θB(λ)P+‖} < 1 (2.1)

(here θB(λ) is the characteristic function of the corresponding dissipative operator B = G+ iV ).
It is natural to call condition (2.1) the condition of weak correlation of the positive and negative parts of the

imaginary component AI = JV of the operator A. In particular, Naboko applied in [13] the functional model of
a dissipative operator (see [20, 16]) to show that the well-known Nagy–Foias theorem [33, 37] on the similarity
of a dissipative operator to a self-adjoint one can be transferred to operators satisfying condition (2.1).

Below, we give a proof of the just-mentioned result from [13] not applying the functional model. We also
complement the list of criteria for similarity to a self-adjoint operator.

Theorem 2.1. Let A = G + iJV be an operator of the form (1.1)–(1.2) satisfying condition (2.1). Then the
following conditions are equivalent:

(1) the operator A is similar to a self-adjoint one;

(2) sup
ε>0

∫
ε‖RA(λ± iε)f‖2dλ ≤ C2

2‖f‖2, f ∈ H;

(3) ‖(A − z)−1‖ ≤ C3(| Im z|)−1, z ∈ C+ ∪C−;

(4) V 1/2(A− z)−1f ∈ H2
+(E) and V 1/2(A∗ − z)−1f ∈ H2

+(E) for f ∈ H;

(5) V 1/2(A− z)−1f ∈ H2
±(E), f ∈ H;

(6) ‖V 1/2(A− z)−1‖ ≤ C6(| Im z|)−1/2, z ∈ C+ ∪C−;

(7) ‖θA(z)∗JθA(z)‖ ≤ C7, z ∈ C+ ∪C−;

(8) ‖θA(z)‖ ≤ C8, z ∈ C+ ∪C−.

Under any of conditions (2)–(8), the simple part of the operator A is similar to a self-adjoint operator with
absolutely continuous spectrum.

Proof. (i) The implication (1) =⇒ (2) is obvious.
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Let us prove the implication (2 =⇒ (3). Condition (2) means that for any σ > 0, the vector-valued function
RA(z)f belongs to the vector Hardy spaces H2

±(σ; H) in the half-planes Cσ± := {z ∈ C : Imz ≥ ±σ}, and
‖RA(z)‖H2

±(σ;H) ≤ C2‖f‖σ−1/2. Applying inequality (1.10) and the latter estimate with σ = ε/2, we derive the
required inequality

‖RA(λ± iε)f‖ ≤ (πε/2)−1/2‖RA(z)f‖H2
±(σ;H) ≤ 2C2π

−1/2‖f‖ε−1.

(ii) Let us establish the implication (3) =⇒ (4). Recall the elementary inequality

(a+ b)2 ≤ (1 + δ−1)a2 + (1 + δ)b2, δ > 0. (2.2)

Since
2‖P−V 1/2RB∗(z)V 1/2P+‖ = ‖P−θB(z)P+‖ ≤ C1 (< 1)

for z ∈ C+, the Hilbert identity (1.12) implies the estimates∫
‖P−V 1/2RA(λ + iε)f‖2dλ ≤ (1 + δ−1)

∫
‖P−V 1/2RB∗(λ+ iε)f‖2dλ

+(1 + δ)
∫
‖2P−V 1/2RB∗(λ+ iε)V 1/2P+V

1/2RA(λ+ iε)f‖2dλ

≤(1 + δ−1)
∫
‖P−V 1/2RB∗(λ+ iε)f‖2dλ+ (1 + δ)C2

1

∫
‖P+V

1/2RA(λ+ iε)f‖2dλ.

(2.3)

On the other hand, inequalities (2.1) and (2.2) and the obvious relation

RA(λ + iε) − RB(λ− iε) = RB(λ − iε)[2iV P− + 2iε]RA(λ + iε)

imply the inequality∫
‖P+V

1/2RA(λ+ iε)f‖2dλ ≤ (1 + δ−1)
∫
‖P+V

1/2RB(λ − iε)f‖2dλ

+ (1 + δ)2
∫
‖2P+V

1/2RB(λ − iε)V 1/2P−V
1/2RA(λ+ iε)f‖2dλ

+ (1 + δ)(1 + δ−1)
∫
‖2P+V

1/2RB(λ − iε) · iεRA(λ + iε)f‖2dλ

≤ (1 + δ−1)
∫
‖P+V

1/2RB(λ − iε)f‖2dλ

+ (1 + δ)2C2
1

∫
‖P−V 1/2RA(λ+ iε)f‖2dλ+ C̃3

∫
‖P+V

1/2RB(λ− iε)f‖2dλ,

(2.4)

which is valid with C̃3 := 4(1 + δ)(1 + δ−1)C2
3 .

Choose δ > 0 sufficiently small so that C̃1 := (1+δ)C1 < 1. Summing inequalities (2.3) and (2.4) and applying
Lemma 1.2, we arrive at the estimate

(1− C̃2
1)

∫
‖V 1/2RA(λ + iε)f‖2dλ ≤ (1 + δ−1)

∫
‖V 1/2RB(λ− iε)f‖2dλ

+C̃3

∫
‖P+V

1/2RB(λ − iε)f‖2dλ ≤ 2π(1 + δ−1 + C̃3)‖f‖2.

(2.5)

The proof of the second estimate,

(1− C̃2
1)‖V 1/2RA∗(z)f‖2H2

+(E) ≤ 2π(1 + δ−1 + C̃3)‖f‖2, (2.6)

is similar. Estimates (2.5)–(2.6) prove the required implication.
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(iii) The implications (4) =⇒ (5) and (5) =⇒ (6) are valid even if condition (2.1) fails; these implications were
proved in Theorem 1.4. The equivalence (6)⇐⇒ (7) follows from identity (1.15).

Let us show that (6) =⇒ (8). Similarly to the L2-estimate (2.3), we get the inequality

‖P+V
1/2RA∗(λ+ iε)V 1/2‖ ≤ ‖P+V

1/2RB∗(λ + iε)V 1/2‖+ C1‖P−V 1/2RA∗(λ+ iε)V 1/2‖. (2.7)

Further, the above-mentioned relations imply that

‖RA∗(λ+ iε)V 1/2‖ = ‖V 1/2RA(λ − iε)‖ ≤ C6/
√
ε and ‖V 1/2RB(λ− iε)‖ ≤

√
2/ε. (2.8)

Repeating the proof of inequality (2.4), we arrive at the estimate

‖P−V 1/2RA∗(λ + iε)V 1/2‖ ≤ ‖P−V 1/2RB(λ− iε)V 1/2‖
+2‖P−V 1/2RB(λ− iε)V 1/2P+V

1/2RA∗(λ+ iε)V 1/2‖
+2‖P−V 1/2RB(λ− iε) · εRA∗(λ+ iε)V 1/2‖
≤1 + 2

√
2C6 + C1‖P+V

1/2RA∗(λ + iε)V 1/2‖.

(2.9)

Summing up inequalities (2.7) and (2.9), we obtain the estimates

‖θA(λ+ iε)‖ ≤ 1 + 2‖V 1/2RA∗(λ + iε)V 1/2‖ ≤ C8 := 1 + 4(1 +
√

2C6)(1− C1)−1.

The estimate ‖θA(λ − iε)‖ ≤ C8 is proved in a similar way.
(iv) Let us prove the implication (8) =⇒ (2). Since the implications (8) =⇒ (7) and (7)⇐⇒ (6) are obvious,

it suffices to prove the implication (6) =⇒ (2). The latter implication is valid regardless of condition (2.1) and
is contained in Theorem 1.4.

Indeed, the implication

‖V 1/2RA(λ+ iε)‖ ≤ C6ε
1/2 =⇒ ε

∫
‖RA(λ + iε)f‖2dλ ≤ C2

2‖f‖2

is proved in inequality (1.18). The proof of the implication

‖V 1/2RA(λ− iε)‖ ≤ C6ε
1/2 =⇒ ε

∫
‖RA(λ − iε)f‖2dλ ≤ C2

2‖f‖2

is completely the same.
It remains to note that if any one of conditions (2)–(8) is valid, then the similarity of a simple operator A to

a self-adjoint operator with absolutely continuous spectrum follows from the implication (4) =⇒ (1), which was
already proved in Theorem 1.4. �
Example 2.2. Consider the operator A : f → signx · f′′(x) with the natural domain D(A) = W2

2 (R). The
operator A is a completely non-self-adjoint extension of the symmetric operator A0 := AdD(A0) with domain
D(A0) = {f ∈ W 2

2 (R) : f(0) = f′(0) = 0} and deficiency indices n±(A0) = 2. These facts allow us to calculate
the characteristic function θA(λ) as follows:

θA(λ) =
(

2 + i (1− i)/
√
−λ

(1− i)
√
λ 2 + i

)
.

Here
√
λ is the branch of the multifunction on the complex plane C with a cut along R+ singled out by the

condition
√

1 = 1.
It is easy to see that both the characteristic function θA(λ) and its J-form J − θ∗A(λ)JθA(λ), where J =(
0 i
−i 0

)
, are not bounded on C+. Nevertheless, the operator A is similar to a self-adjoint one: LAL−1 =

T = T∗ (see [24] and [27], where a different proof is presented). Since the function θA(λ) is unbounded only in
neighborhoods of zero and infinity, the spectrum of T is absolutely continuous. Note that an analog of Theorem
1.4 is also valid for the operator A, though this operator is not of the form (1.1).

This example shows that the conditions of Theorem 1.4 (without additional restrictions of the form (2.1)) are
only sufficient for similarity to a self-adjoint operator with absolutely continuous spectrum.

Note also that det θA(λ) = 5 + 4i. We conclude from this equality that the absolutely continuous spectrum
σac(A) 6= ∅ since |det θA(λ)| 6= 1.

2.2. In the proof of Theorem 2.1, we have obtained the following complement to the known Davis–Foias
theorem [25].

2209



Theorem 2.3. Let A = G + iJV be an operator of the form (1.1)–(1.2) satisfying condition (2.1). Then the
following conditions are equivalent:

(1) the operator A is similar to a self-adjoint one;

(2) sup
ε>0

∫
ε‖RA(λ− iε)f‖2dλ ≤ C2

2‖f‖2, f ∈ H;

(3) ‖(A − z)−1‖ ≤ C3(| Im z|)−1, z ∈ C−;

(4) V 1/2(A∗ − z)−1f ∈ H2
+(E), f ∈ H;

(5) V 1/2(A − z)−1f ∈ H2
−(E), f ∈ H;

(6) ‖V 1/2(A− z)−1‖ ≤ C6(| Im z|)−1/2, z ∈ C−;

(7) ‖θA(z)∗JθA(z)‖ ≤ C7, z ∈ C+;

(8) ‖θA(z)‖ ≤ C8, z ∈ C+.

Proof. The implications (2) =⇒ (3) =⇒ (4) =⇒ (5) =⇒ (6) =⇒ (7) =⇒ (2) have been established in the proof
of Theorem 2.1.

For example, in the proof of inequality (2.5) ((2.6)) we apply only the estimate ε‖(A− λ− iε)−1‖ ≤ C2 (the
estimate ε‖(A − λ + iε)−1‖ ≤ C2, respectively) in the upper (lower) half-plane, i.e., only a “half” of condition
(3).

In fact, by the same reasons, we have proved two implications, the second of which is

ε‖(A − λ+ iε)−1‖ ≤ C2 =⇒ V 1/2RA∗(z)f ∈ H2
+(E), f ∈ H,

i.e., the implication (3) =⇒ (4).
The final implication (8) =⇒ (1) coincides with the known Davis–Foias theorem [25]; this implication is valid

without imposing condition (2.1). �
Remark 2.4. The equivalences (1) ⇐⇒ (3) ⇐⇒ (5) ⇐⇒ (8) in Theorems 2.1 and 2.2 have been proved by
Naboko [13] by means of the functional model. The remaining equivalences seem to be new.

Conditions (2) and (3) of Theorem 2.1 are obviously necessary but fail to be sufficient (see [11] and [13],
respectively) for similarity to a self-adjoint operator without imposing condition (2.1). The examples above
show that conditions (4)–(7) of Theorem 2.1 are neither necessary nor sufficient for the similarity of an operator
A to a self-adjoint one and that conditions (4) and (5) as well as (5) and (6) are not pairwise equivalent.

§3. Similarity of a triangular operator to a self-adjoint one

3.1. Let A be a closed operator in H with real spectrum, σ(A) ⊂ R. Recall that a projection function F (t)
defined on R is called a spectral function of A if the following statements hold:

(a) the subspaces Ht := F (t)H form a nondecreasing family, i.e., Ht1 ⊂ Ht2 for t1 < t2;
(b) any subspace Ht is invariant for A;
(c) F (−∞) = 0 and F (+∞) = I, i.e., the intersection of all subspaces Ht is {0}, and their union is dense in

H.
Denote by P (t) := PA(t) (t ∈ R) the orthogonal projection in H onto Ht. It is clear that P (t) is an orthogonal

spectral function of A. We call this function the rectified spectral function of A. In addition, P (t) is continuous
from the left if F (t) has this property.

The starting point of our investigations in this section is the following Gohberg–Krein theorem.

Theorem 3.1 [5]. Let A be a maximal dissipative operator in H with real spectrum and with bounded imaginary
component V ≥ 0. The operator A is similar to a self-adjoint operator if and only if A has a continuous from
the left orthogonal spectral function P (t) (t ∈ R) separating its spectrum and the operator-valued function
V 1/2p(t)V 1/2 is Lipschitz continuous, i.e.,

‖V 1/2
(
P (t2)− P (t1)

)
V 1/2‖ ≤ C|t2 − t1|, t1, t2 ∈ R. (3.1)

In general, condition (3.1) is not necessary for a nondissipative operator A to be similar to a self-adjoint one.
Nevertheless, the following proposition holds.
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Proposition 3.2. Let an operator A = G+ iJV satisfy the second group of conditions of Theorem 1.4. Then:
(1) there exist two continuous from the left (orthogonal) resolutions P (t) and P∗(t) of the identity separating

the spectra of the operators A and A∗, respectively;
(2) the operator-valued functions V 1/2P (t)V 1/2 and V 1/2P∗(t)V 1/2 are Lipschitz continuous.

Proof. (1) By Theorem 1.4, the operator A is similar to a self-adjoint one: L−1AL = T = T∗. Let Et be the
(continuous from the left) resolution of the identity of T . Then F (t) := LEtL

−1 is the oblique spectral function
of the operator A since Ht := F (t)H = LEtH ∈ LatA for any t ∈ R, and the family {Ht}t∈R of subspaces is
nondecreasing.

In addition, the equalities
AF (t) = LTEtL

−1

and
A∗(I − F∗(t)) = (L−1)∗T (I −Et)L∗

imply the relations
σ(AdHt) = σ(T dEtH) ⊂ (−∞, t]

and
σ(A∗dH⊥t ) = σ

(
A∗(I − F∗(t))dH⊥t

)
= σ

(
T d(I −Et)H

)
⊂ [t,∞).

These relations mean that the rectified spectral function P (t) = P∗(t) := PA(t) of the operator A separates
its spectrum.

(2) It was shown in the proof of Theorem 1.4 that the operator V1/2(L−1)∗ is T -smooth. Since the operator
T is self-adjoint, the Kato criterion [28] implies the following equivalent form of the T -smoothness condition for
the operator V 1/2(L−1)∗:

‖V 1/2(L−1)∗(Et2 − Et1)‖2 ≤ C|t2 − t1|, t1, t2 ∈ R. (3.2)

In terms of the oblique spectral function F (t) of the operator A, condition (3.2) may be rewritten as follows:

‖(F (t2)− F (t1))V 1/2‖2 = ‖V 1/2(F (t2)∗ − F (t1)∗)‖2 ≤ C‖L∗‖ · |t2 − t1|. (3.3)

To complete the proof, it suffices to show that estimate (3.3) remains valid if we replace F (t) by the rectified
spectral function P (t) = PA(t).

For this purpose, set ∆P := P (t2) − P (t1) and ∆F := F (t2) − F (t1). Note that ∆P ·∆Fh = ∆Ph for any
h ∈ H2 := Ht2 , hence

‖(P (t2)− P (t1))h‖ ≤ ‖(F (t2) − F (t1))h‖, h ∈ H2. (3.4)

This inequality proves inequality (3.1) under the additional assumption that P (t2) = I (i.e., H2 = H).
Let us now drop the restriction P (t2) = I. We put Ã = AdH2 and note that the operator Ã is similar to the

self-adjoint operator T̃ := T dEt2H.
It is clear that the rectified (orthogonal) spectral function P̃ (t) of the operator Ã is defined by the formula

P̃ (t) =
{
P (t)dH2, −∞ < t ≤ t2,

P (t2)dH, t2 ≤ t <∞.

Further, the obvious equality Ã∗ = P (t2)A∗dH2 implies that Ṽ1 := (Ã − Ã∗)/2i = P (t2)V1dH2. It follows that
P (t2)EV1

t P (t2)dH2 is the resolution of the identity for the operator Ṽ1, where EV1
t is the similar resolution for

V1. Hence, Ṽ := |Ṽ1| = P (t2)|V1|dH2 = P (t2)V dH2.
Since P̃ (t2) = IH2 , the application of inequality (3.4) to the operator Ã gives us the estimate

‖∆P̃ · Ṽ ·∆P̃‖ = ‖Ṽ 1/2 ·∆P̃ · Ṽ 1/2‖ ≤ C‖L∗‖ · |t2 − t1|, (3.5)

where ∆P̃ := P̃ (t2) − P̃ (t1). It is easily seen that ∆P̃ · Ṽ ·∆P̃ = ∆P̃ (P (t2)V dH2)∆P̃ = (∆P · V · ∆P )dH2.
Therefore, inequality (3.5) implies the inequality

‖∆P · V ·∆P‖ = ‖(∆P · V ·∆P )dH2‖ = ‖∆P̃ · Ṽ ·∆P̃‖ ≤ C‖L∗‖ · |t2 − t1|, (3.6)

which is equivalent to inequality (3.1).
The estimate

‖V 1/2 ·∆P∗ · V 1/2‖ ≤ C‖L−1‖ · |t2 − t1|
is proved similarly on the basis of the T -smoothness of the operator V1/2L established in Theorem 1.4. �
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Corollary 3.3. Let A = G + iJV be an operator of the form (1.1)–(1.2) and let condition (2.1) be satisfied.
Then condition (3.1) is necessary for A to be similar to a self-adjoint operator.

Proof. If A is similar to a self-adjoint operator, then by Theorem 2.1, the operator V 1/2 is both A-smooth and
A∗-smooth. It remains to apply Proposition 3.2. �

Remark 3.4. (a) Each of the (equivalent) conditions of the first group in Theorem 1.4 implies that only one
(not both) function V 1/2∆P∗(t)V 1/2 is Lipschitz continuous.

(b) Proposition 3.2 and Corollary 3.3 generalize the necessity part of Theorem 3.1 to the nondissipative case.
The proof of Proposition 3.2 is similar to that given in [9] for dissipative operators. In the latter work, the proof
of Gohberg and Krein was significantly simplified. The proof of the implication (3.4) =⇒ (3.6) is similar to that
of [5].

We supplement Proposition 3.2 with the following simple result. Its proof will be published elsewhere.

Proposition 3.5. Let V1 be a bounded self-adjoint operator in H with a polar decomposition V1 = JV (V ≥ 0
and J = J∗ = J−1) and let P (t) be a continuous from the left orthogonal resolution of the identity. If the function
V 1/2P (t)V 1/2 is Lipschitz continuous, then there exists a unique operator A with real spectrum separated by
P (t) and with the imaginary component AI := (A− A∗)/2i = JV . In addition, this operator is of the form

A =
∫ b

a

tdp(t) + 2i
∫ b

a

P (t)JV dp(t).

3.2. Let µ be a finite positive continuous Borel measure on [a, b]. Denote by L2
m(dµ) := L2

m([0, 1]; dµ) =
L2([0, 1]; dµ)⊗ l2m the Hilbert space of m-dimensional vector-valued functions f = {fj}m1 equipped with the norm

‖f‖2L2
m

=
m∑
j=1

∫ 1

0

|fj(x)|2dµ(x) =
∫ 1

0

‖f(x)‖2l2mdµ(x),

where l2m = Cm if m <∞, and l2∞ := l2.
We consider a triangular operator A in L2

m(dµ) defined by the equality

A = Qα + iK : f → α(x)f(x) + 2i
∫ 1

x

k(x, t)f(t)dµ(t), (3.7)

where α(x) = α(x) is a real B-measurable function on [0,1] and k(x, t) = (kij(x, t))m1 is a Hermitian matrix
kernel on [0, 1]× [0, 1].

It is clear that σ(A) ⊂ R since dµ is continuous, and the imaginary component JV of A has the following
form:

JV = KI := (K −K∗)/2i, where KI : f →
∫ 1

0

k(x, t)f(t)dµ(t).

In addition, the resolution of the identity EQα(t) of the operator Qα (Qα : f → αf) separates the spectrum of
the operator A. Therefore, if A is similar to a self-adjoint operator, then by Proposition 3.5, P (t) := EQα(t) is
its rectified (orthogonal) spectral function.

Note that we express condition (3.1) in terms of the measure µ and functions α and k(x, t).
In this subsection, we consider only dissipative operators of the form (3.7).
We say that a kernel k(x, t) is factorable if it admits a factorization k(x, t) = Φ(x)Φ∗(t). Here Φ = (ϕij) =

row (ϕ1, ..., ϕn, ...) is a matrix-valued function with m rows and infinitely many columns ϕj = col (ϕij)mi=1 ∈
L2
m(dµ) such that the map

Φ : l2 → L2
m(dµ), Φ : a = (aj)∞1 → (Φa)(x) = (

∑
j

ϕij(x)aj)mi=1, (3.8)

is bounded.
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Proposition 3.6. Let A be a dissipative operator of the form (3.7) with k(x, t) = Φ(x)Φ∗(t) as above. Then

the operator V 1/2 = K
1/2
1 satisfies condition (3.1) if and only if the function

β(x) :=
∫
−∞<α(t)≤x

‖k(t, t)‖dµ(t) =
∫
α−1(−∞,x]

‖k(t, t)‖dµ(t) (3.9)

is Lipschitz continuous.

Proof. Sufficiency. Let β be a Lipschitz-continuous function. Since the kernel k(x, t) is factorable, we have
‖k(x, t)‖2 ≤ ‖k(x, x)‖ · ‖k(t, t)‖ for µ × µ− a.e. (x, t) ∈ [0, 1]× [0, 1]. Next we note that the spectral measures
EQα and EQ of the operators Qα and Q (Q : f → xf) are connected by the equality EQα(∆) = EQ(G∆), where
∆ = (s1, s2) is an arbitrary interval and G∆ := α−1(∆) = {x ∈ [0, 1] : s1 < α(x) < s2}. These relations imply
that

‖V 1/2EQα(∆)f‖2 = (V EQα(∆)f,EQα(∆)f) =
∫
G∆

dµ(x)
∫
G∆

(
k(x, t)f(t), f(x)

)
l2m
dµ(t)

≤
∫
G∆×G∆

‖k(x, x)‖1/2 · ‖k(t, t)‖1/2 · ‖f(t)‖l2m · ‖f(x)‖l2mdµ(t)dµ(x)

=
(∫
G∆

‖k(x, x)‖1/2 · ‖f(x)‖l2mdµ(x)
)2

≤
∫
G∆

‖k(x, x)‖dµ(x) ·
∫
G∆

‖f(x)‖2l2mdµ(x) ≤ (β(s2) − β(s1)) · ‖f‖L2
m(dµ).

(3.10)

Thus, ‖V 1/2EQα(t)‖2 is a Lipschitz-continuous function since the function β has this property.
Necessity. Let now ‖V 1/2EQα(t)‖2 be a Lipschitz-continuous function. It follows from formula (3.8) that the

adjoint map Φ∗ is defined by the equality

Φ∗ : L2
m(dµ)→ l2, Φ∗ : f →

∫ 1

0

Φ∗(t)f(t)dµ(t). (3.11)

Hence, KI admits the factorization KI = ΦΦ∗ through the space l2.
Denote by σ(t) := σα(t) := mes {x ∈ [0, 1] : α(x) ≤ t} the distribution function of α, where t ∈ [α1, α2],

α1 := inf{α(x) : x ∈ [0, 1]}, and α2 := sup{α(x) : x ∈ [0, 1]}.
Since ‖EQα(t)Φ‖ = ‖Φ∗EQα(t)‖ = ‖V 1/2EQα(t)‖, for any a = {aj}∞1 ∈ l2 and any interval ∆ = (s1, s2) ⊂

[α, α2], we have the equality

‖EQα(∆)Φa‖2 =
m∑
i=1

∫
G∆

|
∞∑
j=1

ϕij(x)aj|2dµ(x)

=
∫ s2

s1

‖Φ(σ(t))a‖2l2mdµ(σ(t)) ≤ C|∆| · ‖a‖2l2 .

(3.12)

Let ν = µ◦σ be the composition of the functions µ and σ (here µ is the distribution function of the measure dµ)
and let ν = νac + νs be its Lebesgue decomposition. It follows from equality (3.12) that Φ(σ(t))a = 0 for νs-a.e.
t ∈ [α1, α2] and a ∈ l2. The latter equality implies that

Φ(σ(t)) = 0 for νs-a.e. t ∈ [α1, α2]. (3.13)

Relations (3.12) and (3.13) imply the following inequality:

‖Φ(σ(t))a‖2l2m · ν
′
ac(t) ≤ C‖a‖2l2m for a.e. t ∈ [α1, α2] and a ∈ l2.

The latter inequality is obviously equivalent to the following one:

‖Φ(σ(t))‖2 · ν ′ac(t) ≤ C for a.e. t ∈ [α1, α2].

Combining the latter inequality with relation (3.13), we arrive at the estimate∫ s2

s1

‖k(σ(t), σ(t))‖dν(t) =
∫ s2

s1

‖Φ(σ(t))‖2dν(t) =
∫ s2

s1

‖Φ(σ(t))‖2dνac(t) ≤ C|s2 − s1|.

This estimate means that β is a Lipschitz-continuous function. �
Proposition 3.6 can be supplemented for operators with imaginary component of the trace class.
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Proposition 3.7. Let A be a dissipative operator in the space L2
m(dµ) of the form (3.7) with a factorable kernel

k(x, t) = Φ(x)Φ∗(t) such that
∫ 1

0
tr k(t, t)dµ(t) <∞. Then the operator V 1/2 = K

1/2
I satisfies condition (3.1) if

and only if the function

β1(x) :=
∫
α−1(−∞,x]

tr k(t, t)dµ(t) (3.14)

is Lipschitz continuous.

Proof. Sufficiency. If β1 is a Lipschitz-continuous function, then β has the same property. It remains to apply
Proposition 3.6.

Necessity. First we show that if k(x, t) is a factorable kernel, then the condition
1∫
0

tr k(t, t)dµ(t) < ∞ is

equivalent to the statement that KI ≥ 0 is an operator of trace class.
Let {ei(t)}∞1 be an orthonormal basis in L2(dµ) and let δj = (δkj)mk=1 be an orthonormal basis in l2m (where

δkj is the Kronecker symbol). Then {ei ⊗ δj}∞i,j=1 is an orthonormal basis in the space L2
m(dµ) = L2(dµ)⊗ l2m.

Relations (3.8) and (3.11) imply that KI = ΦΦ∗. Therefore, calculating the trace with respect to the basis
{eij}∞i,j=1, where eij := ei ⊗ δj , and applying the Parseval identity, we arrive at the formula

trKI =
∑
i,j

(KIeij , eij) =
∑
i,j

‖Φ∗eij‖2l2 =
∑
j,k

∑
i

|(ϕjk, eij)|2

=
∑
j,k

‖ϕjk‖2L2(dµ) =
∫ 1

0

tr k(t, t)dµ(t) <∞.

(3.15)

Thus, KI ∈ S1. Of course, the same is true for the operator EQα(∆)KIEQα(∆), where ∆ = (s1, s2) ⊂ [α1, α2].
Denote by {ej(∆)}∞1 the orthonormal basis consisting of eigenvectors of the latter operator. Denote by {λj(∆)}∞1
the set of corresponding eigenvalues.

For any vector f ∈ L2
m(G∆; dµ), we denote by aj := (f, ej(∆)) its Fourier coefficients. The Parseval identity

implies the inequality∑
j

λj(∆)|aj|2 = (KIEQα(∆)f, EQα(∆)f) ≤ C|∆| · ‖f‖2L2
m

= C|∆| · ‖a‖l2 . (3.16)

Since inequality (3.16) holds for all a ∈ l2, we see that λ(∆) := {
√
λ(∆)}∞1 ∈ l2 and

∑
λj(∆) ≤ C|∆|.

On the other hand, since EQα(∆)KIEQα(∆) is a nonnegative integral operator in L2
m(dµ) with the factorable

kernel χG∆(x)k(x, t)χG∆(t) = χG∆(x)Φ(x)(χG∆(t)Φ(t))∗, the trace formula (3.15) implies the relations∫
G∆

tr k(t, t)dµ(t) =
∫ 1

0

tr χG∆(t)k(t, t)dµ(t)

= trEQα(∆)KIEQα(∆) =
∑

λj(∆) ≤ C|∆|.

Hence, the function β1 is Lipschitz continuous. �
The following theorem generalizing Gohberg and Krein’s result [5] is the main result of this subsection.

Theorem 3.8. Let A be a dissipative operator in L2
m(dµ) of the form (3.7) in L2

m(dµ) with a factorable kernel.
Assume that the measure dµ is continuous. Then

(1) the operator A is similar to a self-adjoint one if and only if the function β of the form (3.9) is Lipschitz
continuous;

(2) if, in addition,
∫ 1

0 tr k(x, x)dµ(x) < ∞, then the preceding criterion remains valid with β replaced by a
function β1 of the form (3.14);

(3) if, in addition to condition (1), k(x, x) > 0 for µ-a.e. x ∈ [0, 1], then the operator A is similar to a
self-adjoint operator with absolutely continuous spectrum.

Proof. To prove statements (1) and (2), we combine Theorem 3.1 with Propositions 3.6 and 3.7, respectively.
To prove statement (3), it suffices to note that the operator A is simple if k(x, x) > 0 for µ-a.e. x ∈ [0, 1]. �
The following simple lemma shows that a continuous kernel with finite trace is factorable.
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Lemma 3.9. Let KI be a nonnegative integral operator of trace class in L2
m(dµ) with a continuous kernel

k(x, t). Then the kernel k(x, t) is factorable.

Proof. Since the operator KI is of trace class in L2
m(dµ), there exists an orthonormal basis {ej}∞1 consisting of

its eigenvectors, i.e., KIej = λjej (1 ≤ j <∞). Setting

φj :=
√
λjej =: col (φij)∞i=1 and Φ(x) = row (ϕ1, ...ϕn, ...) = (ϕij(x)),

we arrive at the required factorization k(x, t) = Φ(x)Φ∗(t). Indeed, it suffices to check that the mapping
Φ : l2 → L2

m(dµ) is bounded. Since the kernel k(x, t) is continuous, we apply the trace formula to show that

m∑
i=1

∫ 1

0

|
∞∑
j=1

ϕij(x)aj |2dµ(x) ≤
m∑
i=1

∫ 1

0

∑
j

|ϕij(x)|2 ·
∑
j

|aj|2dµ(x)

= ‖a‖2l2 ·
∑
i

∫ 1

0

kii(x, x)dµ(x) = ‖a‖2l2 ·
∫ 1

0

tr k(x, x)dµ(x) = ‖a‖2l2 · trKI

for any a = {aj}∞1 ∈ l2. �
Remark 3.10. If K1(≥ 0) is a trace-class operator in L2

m(dµ), then Lemma 3.9 and Propositions 3.6 and 3.7
imply that the functions β and β1 are Lipschitz continuous simultaneously.

Remark 3.11. (a) If α(x) = x and the kernel k(x, t) is factorable, then the condition β ∈ Lip 1 is equivalent
to the condition k(x, t) ∈ L∞(dµ × dµ). This form of the Q-smoothness condition for the operator K1/2

I with
dµ = dx is due to Kato [29]. Propositions 3.6 and 3.7 provide two criteria for the Qα-smoothness of the operator
K

1/2
I for factorable kernels in terms of their restrictions to the diagonal.
In the case of general (nonfactorable) kernels, the condition of Qα-smoothness of the operator K1/2

I can also
be expressed (similarly to [29]) in terms of the kernel k(x, t), but, in general, this cannot be done in terms of
k(x, x). Indeed, the values k(x, x) (as well as the functions β and β1 of the form (3.9) and (3.14), respectively) are
well defined only for factorable kernels. In general, these values do not make sense (if k(x, t) is not continuous)
since one can change k(x, x) on a set of positive µ-measure preserving the operator K. The most important part
of these considerations is the trace formula (3.15), which fails to be valid for nonfactorable kernels.

(b) Statement (1) of Theorem 3.8 is a generalization of a result announced by Gohberg and Krein [5]. This
statement coincides with the mentioned result if m < ∞, dµ = dx, k(x, t) ∈ C(Ω) ⊗ Cm×m, and the function
α(x) is continuous from the left. For the case where m ≤ ∞, α(x) = x, dµ = dx, and KI ∈ S1, statement (1) of
Theorem 3.8 is proved in a different (and rather complicated) way in [17]. For the case where m = 1, dµ = dx,
and k(x, t) = 1, Theorem 3.8 is proved in [33] (see also [20]).

(b) In the recent work of Vasyunin and Kupin [30], a triangular dissipative operator A of the form (3.7) in
L2(dµ) is studied. It is assumed that the operator has a factorable (for m = 1) kernel k(x, t) and an arbitrary,
not necessarily continuous, measure dµ. In this case, the operator A may have a discrete spectrum in C+, and
certainly it is not similar to a self-adjoint one. In [30], necessary (as well as sufficient) conditions for the similarity
of an operator A to a normal operator are obtained. The considerations of [30] are based on a resolvent criterion
for the similarity of a dissipative operator to a normal one obtained by Benamara and Nikolskii [22].

3.3. Let us present one more result on the similarity of a nondissipative operator

A = Q+ iK : f → xf(x) + 2i
∫ 1

x

k(x, t)f(t)dt, f ∈ L2[0, 1],

to a self-adjoint one.

Theorem 3.12. Let ϕj(x) ∈ C[0, 1] and let

k(x, t) =
∞∑
j=1

εjϕj(x)ϕj(t), εj = ±1 (1 ≤ j <∞).

Assume also that
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(1) Φ(x) := row (ϕ1, ..., ϕn...) ∈ Lip 1, i.e.,

‖Φ(x1)− Φ(x2)‖ =
(∑
j

|ϕj(x1)− ϕj(x2)|2
)1/2 ≤ C|x1− x2| for x1, x2 ∈ [0, 1],

and
(2) K(x, x) > 0 for x ∈ [0, 1].
Then the operator A is similar to a self-adjoint one in the space L2[0, 1].

The proof is omitted for lack of space.

Example 3.13. Consider the nondissipative operator A = Q+ iK in L2[0, 1] defined as follows:

A : f → xf(x) +
1

m + 1

∫ x

0

[(x
t

) 1
m −

( t
x

)]
f(t)dt, m > 2.

Introducing the Hardy operator Rm : f → 1
mx

∫ x
0 f(t)dt and noting that ‖Rm‖ = 2/m, one easily checks the

equality
(I − Rm)−1A(I −Rm) = Q.

Thus, the operator A is similar to a self-adjoint operator with absolutely continuous spectrum.
At the same time, the operator |KI |1/2 is not Q-smooth. Indeed, ortherwise |KI | is an integral operator with

a kernel K1(x, t) ∈ L∞([0, 1]× [0, 1]). But this is not the case since the kernel of the operator |KI |2 = K2
I does

not belong to the space L∞([0, 1]× [0, 1]).
This example shows that the Q-smoothness of the operator K1/2

I is not, in general, a necessary condition
under which a simple operator is similar to a self-adjoint one with absolutely continuous spectrum.

§4. Similarity of a triangular operator to a diagonal one in the spaces Lp[0, l]

In this section, we study the problem of the similarity of a triangular operator

A = Qα + iK : f → α(x)f(x) + i

∫ x

0

k(x, t)f(t)dt (4.1)

to a diagonal operator Qα : f → α(x)f(x) in the spaces Lp[0, l] for l ≤ ∞ and 1 ≤ p ≤ ∞.
4.1. In this subsection, we consider operators of the form (4.1) such that their kernels k(x, t) are degenerate

on the diagonal.
Denote by X1(X2) the set of all functions f measurable in Ω = {0 ≤ t ≤ x ≤ l} and satisfying the condition

vraisup
t∈(0,l)

∫ l

t

|f(x, t)|dx <∞
(
vraisup
x∈(0,l)

∫ x

0

|f(x, t)|dt <∞, respectively
)
. (4.2)

Identifying any two functions coinciding for a.e. (x, t) ∈ Ω, we obtain two Banach spaces. We keep the previous
notation X1 and X2 for the spaces.

Further, for an operator T acting in the scale Lp[0, l] (1 ≤ p ≤ ∞), we denote by ‖T‖p and spr p(T ) the
corresponding norm and spectral radius in Lp[0, l].

Theorem 4.1 [8]. Let l ≤ ∞ and let α(x) be a bounded strictly increasing function on [0, l]. Assume that the
kernel

R(x, t) :=
|k(x, t)|

α(x)− α(t)
(4.3)

generates an operator R : f →
∫ x
0
R(x, t)f(t)dt of Volterra type which is bounded in the spaces L1[0, l] and

L∞[0, l] and satisfies the condition max{spr 1(R), spr∞(R)} < 1/2. Then the operator A defined by equality
(4.1) is similar to the operator Qα in Lp[0, l] for 1 ≤ p ≤∞.

Proof. (i) Let us first show that there exists an operator M : f →
∫ x
0
M (x, t)f(t)dt of Volterra type with kernel

M (x, t) ∈ X1 ∩X2 satisfying the equation

(I +M )(Qα + iK) = Qα(I +M ). (4.4)
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Note that the boundedness of the operator K in L1[0, l] (L∞[0, l]) is equivalent to the condition k(x, t) ∈
X1(X2). Therefore, if M (x, t) ∈ X1 ∩X2, then the operator MK is an integral operator in Lp[0, l] with kernel
(M ∗ k)(x, t) :=

∫ x
t
M (x, s)k(s, t)ds since the operators M and K are regular (see [7]) in L1[0, 1] and L∞[0, l].

It is now easy to see that Eq. (4.4) is equivalent to the equation

[α(x)− α(t)]M (x, t) = ik(x, t) + i

∫ x

t

M (x, s)k(s, t)ds. (4.5)

Let us apply the method of successive approximations to show that Eq. (4.5) has a solution M (x, t) ∈ X1 ∩X2.
We set

M0(x, t) = 0 and Mn+1(x, t) =
ik(x, t)

α(x)− α(t)
+ i

∫ x

t

Mn(x, s)k(s, t)
α(x)− α(t)

ds. (4.6)

Let Rn(x, t) be the iterated kernels of the operator R having a kernel of the form (4.3). We prove by induction
that the following inequalities are valid:

|Mn(x, t)−Mn−1(x, t)| ≤ Rn(x, t), n ∈ Z+. (4.7)

The inequality |M1(x, t)| ≤ R1(x, t) := R(x, t) easily follows from relations (4.6) and (4.3). Assume that estimate
(4.7) holds for n ≤ j and establish this estimate for n = j + 1. It follows from formulas (4.6) and (4.7) that

Mj+1(x, t)−Mj(x, t)| ≤
∫ x

t

|Mn(x, s) −Mn−1(x, s)|
α(x)− α(t)

· |k(s, t)|ds

≤
∫ x

t

|Mj(x, s) −Mj−1(x, s)| · |k(s, t)|
α(s)− α(t)

ds

=
∫ x

t

Rj(x, s)R1(s, t)ds = Rj+1(x, t). (4.8)

Inequality (4.8) proves the induction hypothesis (4.7).
Note further that the norms ‖R‖1 and ‖R‖∞ of the operator R in the spaces L1[0, l] and L∞[0, l] can be easily

expressed in terms of its kernel as follows:

‖R‖1 = ‖R(x, t)‖X1 and ‖R‖∞ = ‖R(x, t)‖X2.

Therefore, the condition max{spr1(R), spr∞(R)} < 1 implies the convergence of the series
∑∞
n=1Rn(x, t) in the

spaces X1 and X2. Now we apply estimates (4.7) to show that the series
∑∞
n=1 |Mn(x, t)−Mn−1(x, t)| converges

in the spaces X1 and X2, i.e., that the series
∞∑
n=1

∫ l

t

|Mn(x, t)−Mn−1(x, t)|dx and
∞∑
n=1

∫ x

0

|Mn(x, t)−Mn−1(x, t)|dt (4.9)

converge in the space L∞[0, 1]. In turn, the convergence of each of the series (4.9) implies (by the Levi theorem)
the convergence of the series

∑∞
n=1 |Mn(x, t) − Mn−1(x, t)| a.e. in Ω. Consequently, there exists the limit

M (x, t) := limn→∞Mn(x, t) a.e. in Ω. This limit defines the solution of Eq. (4.5). The convergence of the series
(4.9) yields that M (x, t) ∈ X1 ∩X2. Therefore, the operator M (M : f →

∫ x
0
M (x, t)f(t)dt) is bounded in both

spaces L1[0, l] and L∞[0, l]. By the Riesz interpolation theorem [6], the operator M is also bounded in Lp[0, l]
for 1 < p <∞.

Hence, we have established equality (4.4) with an operator M bounded in Lp[0, l] (1 ≤ p ≤ ∞).
(ii) To prove the required similarity, it remains to show that −1 ∈ ρ(M ). For this purpose, it suffices to apply

the condition max{spr 1(R), spr∞(R)} < 1/2 and prove that spr p(M ) < 1 for 1 ≤ p ≤ ∞.
By the Riesz interpolation theorem, we have the inequality ‖Rn‖p ≤ ‖Rn‖1/p1 · ‖Rn‖1−1/p

∞ , and consequently,
the inequality

spr p(R) ≤
(
spr 1(R)

)1/p ·
(
spr∞(R)

)1−1/p ≤ (1/2)1/p · (1/2)1−1/p = 1/2.

By the spectrum mapping theorem, σ
(
R(I −R)−1

)
is contained in the open disk with center (1/3, 0) and radius

r = 2/3. Therefore, spr p
(
R(I − R)−1

)
< 1 for 1 ≤ p ≤ ∞. Now we note that the operator R(I − R)−1 is an

integral operator with the kernel S(x, t) :=
∑∞
n=1Rn(x, t). Inequalities (4.7) show that |M (x, t)| ≤ S(x, t), and

hence spr p(M ) ≤ spr p
(
R(I − R)−1

)
< 1 for 1 ≤ p ≤ ∞. Thus, −1 ∈ ρ(M ), and equality (4.4) means that the

operators Qα +K and Qα are similar in the spaces Lp[0, l] for 1 ≤ p ≤ ∞. �
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Corollary 4.2. If the operator R is bounded in L∞[0, l] and spr 1(R) = 0, then the operators A and Qα are
similar in the spaces Lp[0, l] for 1 ≤ p <∞.

Proof. The Riesz interpolation theorem implies that sprp(R) = 0 for p ∈ (1,∞). �
Corollary 4.3. If l <∞ and the operator R is weakly compact in L1[0, l] and bounded in the spaces L∞[0, l],
then A is similar to Qα in Lp[0, l] for 1 ≤ p <∞.

Proof. Since the operator R is weakly compact in L1[0, l], the operator R2 is compact (see [6, 7]). Since R2 is a
Volterra-type operator, it is a Volterra operator, and the equality σ(R2) = {0} holds. It follows that spr 1(R) = 0,
and we can apply Corollary 4.2. �
Corollary 4.4. If l < ∞ and there exists a function Φ ∈ L1[0, l] (a majorant) such that R(x, t) ≤ Φ(x − t),
then the operators A = Qα + K and Qα are similar in the spaces Lp[0, l] for 1 < p <∞.

Proof. The convolution operator Φ : f →
∫ x
0

Φ(x− t)f(t) is compact in Lp[0, l] for 1 ≤ p ≤ ∞ and, in particular,
the equalities sprpΦ = 0 hold for 1 ≤ p ≤ ∞. Therefore, the spectral radius of the operator R with the majorized
kernel R(x, t)(≤ Φ(x− t)) also equals zero: sprpR = 0 (1≤p ≤∞). �
Corollary 4.5. Let l <∞ and let the kernel k(x, t) be of the form

k(x, t) =
n∑
j=1

ϕj(x)ψj(t), where ϕj(x)ψj(x) = 0 (1 ≤ j ≤ n). (4.10)

If there exist continuity modules wj and w̃j such that ϕj ∈ Lip (wj), ψj ∈ Lip (w̃j), and∫
0

wj(τ )w̃j(τ )
τ

dτ <∞, j ∈ {1, ..., n}, (4.11)

then the operator A = Q+ K is similar to Q in the spaces Lp[0, l] for 1 < p <∞.

Proof. It is easy to see that

|k(x, t)| ≤
∑
j

(|ϕj(x)ψj(t)|+ |ϕj(t)ψj(x)|) =
∑
j

(|ϕj(x)| − |ϕj(t)|)(|ψj(t)| − |ψj(x)|)

≤
∑
j

wj(x− t)w̃j(x− t).
(4.12)

Estimates (4.11) and (4.12) allow us to apply the preceding corollary with the majorant Φ(x) :=
∑
j

wj(x)w̃j(x)/x.

The conditions (quite restrictive) ϕj(x)ψj(x) = 0 (1 ≤ j ≤ n) guarantee that the kernel k(x, t) of the form
(4.10) in Corollary 4.5 is degenerate on the diagonal. The following statement shows that these conditions can
be removed if the kernel k(x, t) is real.

Corollary 4.6. Let l <∞, let n ≥ 2, and let

k(x, t) =
n∑
j=1

εjϕj(x)ϕj(t), εj = ±1, and k(x, x) = 0,

where ϕj = ϕj (1 ≤ j ≤ n). If there exist continuity modules wj such that ϕj ∈ Lip (wj) and
∫
0
w2
j (t)t

−1dt <∞
for j ∈ {1, ..., n}, then the operators A = Q+ K and Q are similar in the spaces Lp[0, l] (1 < p <∞).

Proof. Since k(x, x) = 0, we have the estimate

2|k(x, t)| = |
∑
j

εj(ϕj(x) − ϕj(t))2| ≤
∑
j

|ϕj(x)− ϕj(t)|2 ≤
∑
j

w2
j (x− t).

To complete the proof, apply Corollary 4.4 with the majorant Φ(x) := 2−1
∑
j w

2
j (x)/x. �

We provide one more corollary of Theorem 4.1 describing the nonuniqueness of a “triangular model” of the
form (4.1). In other words, we explain a connection between the kernels ki(x, t) of simple operators Ai (i = 1, 2)
of the form (4.1) with coinciding characteristic functions.
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Corollary 4.7. Let the kernels ki(x, t) (i = 1, 2) satisfy the conditions of Theorem 4.1. If the operators
Ai = Qα + Ki (i = 1, 2) are unitary equivalent in L2[0, l], then

k2(x, t) = k1(x, t) exp[i(ϕ(x)− ϕ(t))], where ϕ(x) = ϕ(x).

Proof. In Theorem 4.1, we have proved that there exist invertible operators I+Mi of Volterra type intertwining
the operators Qα + Ki and Qα, i.e., such that (I + Mi)(Qα +Ki) = Qα(I + Mi) (i = 1, 2). By the hypotheses
of the corollary, the equality U (Qα + K1) = (Qα + K2)U holds with some unitary operator U . It follows that
the operator Ψ := (I + M2)U (I + M1)−1 commutes with Qα, i.e., Ψ ∈ {Qα}′. Therefore, Ψ is the operator
of multiplication by a function ψ(x) ∈ L∞[0, l] such that ψ−1 ∈ L∞[0, l]. Since (I + M2)−1 = I + M3, where
M3 : f →

∫ x
0
M3(x, t)f(t)dt, the equality

U = (I + M2)−1Ψ(I + M1) = (I + M3)Ψ(I +M1) = Ψ(I +M )

holds, where M : f →
∫ x
0
M (x, t)f(t)dt is a Volterra-type operator with the kernel

M (x, t) = ψ(x)M1(x, t) +M3(x, t)ψ(t) +
∫ x

t

M3(x, s)ψ(s)M1(s, t)ds.

The unitary property of the operator U is equivalent to the equality

(I +M )−1Ψ−1 = (I + M∗)Ψ∗. (4.13)

Let P (t) : f → χ[0,t](x)f(x) (t ∈ [0, l]) be the resolution of the identity of the operator Q. Equality (4.13)
and the triangular form of the operator M imply that the subspaces Ht := P (t)H ∈ LatM∗ reduce the operator
M , i.e., P (t)M = MP (t), t ∈ [0, l]. In other words, M (x, t)χ[0,a](t) = χ[0,a](x)M (x, t), a ∈ [0, l]. Therefore,
M = 0, U = Ψ, and ψ(x) = exp(iϕ(x)). �
Remark 4.8. (a) Under the conditions of Corollary 4.4, the operator R is compact, and hence it is a Volterra
operator in the spaces Lp[0, l] for 1 < p < ∞. Indeed, it is known that an integral operator with a majorized
kernel in the spaces Lp[0, 1] for 1 < p <∞ preserves the compactness property (see [7]). Since the operator Φ is
compact, the required statement immediately follows. It can be shown that the operator R is weakly compact
in the spaces L1 and L∞. Since there exist noncompact integral operators with bounded kernels in L1 and in
L∞ (see [7]), one cannot claim that the operator R is compact either in L1 or in L∞.

(b) Theorem 4.1 and Corollaries 4.2–4.4 and 4.7 were proved by the author in 1976 and announced in [8].
Independently, a similar result was recently obtained by Mykytyuk and Hryniv [26] by the Friedrichs method.
Corollary 4.5 in the case of a twin kernel k(x, t) = ϕ(x)ψ(t) (for p = 2) was recently obtained by Naboko and
Tretter [31]. Applying the special structure of the kernel k(x, t), the latter authors derive estimates (1.4) for the
resolvent RA(λ) and then apply Theorem 1.1. We also note that Corollaries 4.5 and 4.6 have been inspired by
[31].

4.2. We consider the following triangular operators with difference kernels:

A = Q+ iK : f → xf(x) + i

∫ x

0

k(x− t)f(t)dt. (4.14)

For operators of the form (4.14), we can complement Theorem 4.1, eliminating the condition of degeneracy of
the kernel on the diagonal, i.e., the condition k(0) = 0.

Proposition 4.9 [10]. Let l < ∞, let k(x) ∈ C[0, l], and let k(0) = k(0). If the function k satisfies the Dini
condition, ∫

0

wk(t)
t

dt <∞, (4.15)

where wk is the continuity module of the function k, then the operators A and Q are similar in the spaces
Lp[0, l] for 1 < p <∞.

Proof. It is known (see [21]) that complex powers of the integration operator Jz : f → 1
Γ(z)

∫ x
0

(x − t)z−1f(t)dt,
Re z > 0, form a holomorphic semigroup in the spaces Lp[0, l] (1 ≤ p ≤ ∞). It is also known [21, p. 676] that
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there exist the strong limits Jiη := s − limξ↓0 J
ξ+iη and the operators {Jiη}η∈R form a C0-group of bounded

operators in the spaces Lp[0, l] (1 < p <∞). In addition, the boundedness of the operator

J iη : f → xiη−1 ∗ f =
1

Γ(1 + iη)
d

dx

∫ x

0

(x− t)iηf(t)dt (η ∈ R)

immediately follows from the Mikhlin theorem on multipliers.
Let us now establish the similarity of the operators A and A1 := Q+ iK1, where K1 : f →

∫ x
0
k1(x− t)f(t)dt

and k1(x) = k(x)− k(0). For this purpose, we apply the identity Jiη(Q+ iηJ) = QJiη, η ∈ R (see [17]). The
identity above follows from the obvious equality Jξ+iη

(
Q + (ξ + iη)J

)
= QJξ+iη, ξ > 0, after passing to the

limit as ξ ↓ 0 (taking into account the above-mentioned boundedness of the operators Jiη).
The above-mentioned identity, the commutativity of the operators K1 and J iη, and the equality K = k(0)J +

K1 imply the relation

J ik(0)AJ−ik(0) = Jik(0)(Q+ ik(0)J + iK1)J−ik(0) = Q+ iK1 = A1.

This relation means that the operators A and A1 are similar in the spaces Lp[0, l] (1 < p <∞).
The similarity of the operators A1 and Q now follows from Corollary 4.4. Indeed, since k1(0) = 0, formula

(4.14) implies that Φ(x) :=wk(x)/x is a summable majorant for k1(x)/x. �
Remark 4.10 (a) Condition (4.15) is obviously fulfilled if k ∈ Lipα, α > 0. It is known that for any α ≤ 1/2,
there exist 2π-periodic functions ϕ(x) = ϕ(−x) ∈ Lipα satisfying the condition

∑
n |ϕ̂(n)| =∞. By Proposition

4.9, an operator A of the form (4.14) with the kernel k(x− t) := ϕ(x− t) is similar to Q = Q∗ in L2[0, 2π], while
its imaginary component AI = KI

(
KI : f →

∫ 2π

0
k(x− t)f(t)dt

)
is not of trace class, AI /∈ S1. Note that if A

is a dissipative operator of the form (4.1) (with α(x) = x) similar to a self-adjoint one, then AI = KI ∈ S1.
(b) Proposition 4.9 was announced in [10] among several other results.

§5. Concluding remarks

After this paper was prepared for publication, note [34] was published. In [34], two criteria for similarity were
obtained in terms of the limit values of the characteristic function for operators of the form (1.1)–(1.2) with
absolutely continuous spectrum.

Recall (see [12]) that the closure of the lineal Ñe := {f ∈ H : V 1/2RA(z)f ∈ H2
±(E)} is called the absolutely

continuous subspace Hac(A) of an operator A of the form (1.1)–(1.2).
An operator A is said to have absolutely continuous spectrum if Hac(A) = H.
We present some “prelimit” analogs of Theorems 1 and 2 of [34]. These analogs remain true without the

condition Hac(A) = H and can be easily deduced from Theorem 1.1. In turn, Theorems 1 and 2 of [34] easily
follow from these analogs.

Denote by wA(z) and wA∗(z) the following two J-forms: wA(z) := θA(z)Jθ∗A(z) − J and wA∗(z) := J −
θ∗A(z)JθA(z).

Proposition 5.1. Let A be an operator of the form (1.1)–(1.2) such that σ(A) ⊂ R. Then A is similar to a
self-adjoint operator if and only if the estimates∫

(wA(λ − iε)P+V
1/2RB∗(λ + iε)f, P+V

1/2RB∗(λ + iε)f)dλ ≤ C‖f‖2

and (5.1)∫
(wA∗(λ + iε)P−V 1/2RB∗(λ + iε)f, P−V 1/2RB∗(λ − iε)f)dλ ≤ C‖f‖2

hold for any ε > 0.

Proof. The Hilbert identity (1.12) (where the first and second factors are transposed) and Lemma 1.3 imply that
the first estimate in (1.4) is equivalent to the following one:

tε[f ] := ε

∫
‖2RA(λ+ iε)V 1/2P+V

1/2RB∗(λ+ iε)f‖2dλ ≤ C‖f‖2. (5.2)
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Let us transform tε[f ] by applying identity (1.16). We have the equalities

tε[f ] = 4ε
∫ (

V 1/2RA∗(λ − iε)RA(λ+ iε)V 1/2P+RB∗(λ + iε)f, P+RB∗(λ + iε)f
)
dλ

=
∫

(wA(λ − iε)P+V
1/2RB∗(λ + iε)f, P+V

1/2RB∗(λ + iε)f)dλ.
(5.3)

Comparing formulas (5.2) and (5.3), we conclude that the first estimate in (1.4) is equivalent to the first estimate
in (5.1). In the same way, one shows that the second estimate in (1.4) is equivalent to the inequality∫

(wA∗(λ+ iε)P−V 1/2RB∗(λ + iε)f, P−V 1/2RB∗(λ+ iε)f)dλ ≤ C‖f‖2. (5.4)

This completes the proof. �
Proposition 5.2. Let A be an operator of the form (1.1)–(1.2), let σ(A) ⊂ R, and let wB∗(z) := I−θ∗B(z)θB(z).
Then A is similar to a self-adjoint operator if and only if the following estimates hold for any ε > 0:∫

(wB∗(λ + iε)P+V
1/2RA(λ+ iε)f, P+V

1/2RA(λ+ iε)f)dλ ≤ C‖f‖2

and (5.5)∫
(wB∗(λ+ iε)P−V 1/2RA∗(λ + iε)f, P−V 1/2RA∗(λ+ iε)f)dλ ≤ C‖f‖2.

Proof. Apply identity (1.12) without transposing its factors. �
Theorems 1 and 2 of [34] are the limit forms of Propositions 1 and 2 for operators A with absolutely continuous

spectrum. The authors of [34] claim that they prove the results in question by applying the functional model
for a dissipative operator (see [16, 33]).

Note that Theorems 1 and 2 of [34] easily follow from Propositions 5.1 and 5.2. For example, the estimate∫
(wB∗(λ + i0)P+V

1/2RA(λ + i0)f, P+V
1/2RA(λ+ i0)f)dλ ≤ C‖f‖2

on “smooth” vectors f ∈ Ñe is equivalent to the first estimate in (5.5). In this case, the condition f ∈ Ñe
provides the existence of the limit values V 1/2RA(λ+ i0)f . If Ñe is dense in H (i.e., Hac(A) = H), then the first
estimate in (5.5) is valid for all f ∈ H.

The author is grateful to V. Vasyunin and V. Kapustin for stimulating the writing this paper and for very
useful discussions.

Translated by M. M. Malamud.
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