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Abstract. We give sign-reversing involution proofs of a pair of two variable Pfaffian identities. Applications to

symmetric function theory are given, including identities relating Pfaffians and Schur functions. As a corollary
we are able to compute the plethysm p3 o sgn.
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1. Introduction

Our main result (Theorem 2.1) is a two-variable generalization of the following pair of
identities:

Xi—Xj X —Xj)
pe( 5% = it} (L)
(xi +xj> 15,'l<—j[52,, (xi + x;

x;—xj) (xi—xj)
pr( F=X ) = LiTX (12)
(1+Xin 15i1<—j[§2n 1+x,-xj

These identities are interesting in that they are related to the Weyl identities for the classical
root systems. In the proofs (Section 3) we will see how an identity of Littlewood corre-
sponding to the root system of type D, plays arole in (1.2), and in Section 6 we generalize
this connection to types B, and C,.

In Sections 4 and 5 we give some applications to symmetric function theory, including
several identities which express Schur functions in terms of Pfaffians. In particular, we
obtain a Pfaffian expression for the plethysm p; o 532 (Corollary 4.1) for which we are able
to give an explicit expansion into Schur functions (Theorem 5.3).

2. Two Pfaffian identities

In this section we state two-variable generalizations of (1.1) and (1.2) (Theorem 2.1). The
proofs are in Section 3. Many of the following definitions are taken from [7].

*This work is partially supported by NSA grant MDA904-94-H-2011.
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Definitions Forn aninteger let [2n] = (1, 2, ..., 2n}. Let K3, denote the complete graph
on the vertex set [2n] (no loops or multiple edges.) We represent edges in K, as ordered
pairs; by convention the first element of the pair is the smaller vertex. A perfect matching
(henceforth called a matching) is a set of edges

7 = {G1, j1) G2: j2)y - os Gy jwd} with  [2n]) = {iy, ji} Uiz, j2}U- - Ulin, ji}.

Let >, denote the set of perfect matchings on [2r]. The following two matchings in 73,
will be used in Sections 3 and 4:

wo={(1,2),(3,4),....(2n ~ 1, 2n)}
m={1,2n),2,2n-1),...,(n,n+ 1}

Givenmw € Fy, let e(r) = (—1)°%@) where cross(m) is the crossing number of 7, which
we can take to be the number of intersections when edges of & are drawn in the upper
half-plane as semicircular arcs between integer points of the x-axis.

If A = (a;,j) is a 2n x 2n skew-symmetric matrix then we define the Pfaffian of A to be

Pi(A) = Y e ] ;-

nweFa, @i.j)en

In this way we view the Pfaffian as a weighted generating function for matchings. We often
write Pf(a;, ;) for Pf(A).

In our main result, we express Pfaffians in terms of skew-symmetrizations of certain
monomials. Let x = {x1,x3,...,x3,} and y = {y1, y2, ..., ¥2n} be two sets of variables
and let Sy, act on each by permuting indices. For « and B compositions of length n define

o, ) = Y €@)o(xy 1 Xt yn Xy - Xhy).

€S,

For example, a;, 5, (x,x") = det(x,-z""j ) is the usual alternant in x, where 8, =(n —
1,...,1,0).
We are now ready to state the main result; (2.1) is also due to Proctor.

Theorem 2.1
Vi — y] = )
Pf I'[(x, +x)) = (=1 ag, 2, (x, y) (e3))
x; +x; i<j
Pf(1 n xy’ ) [Ta+xxp = Z rtsa, ks, (%5 Y) 22)
i<j
where the sum is over pairs of partitions . = (ay,...,aplog + 1,...,ap + 1) and

w= B ....84 1 B1+1,..., B4+ 1) in Frobenius notation, with oy, fy <n — 1.
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Remark 2.1 Equations (2.1) and (2.2) are generalizations of (1.1) and (1.2) respectively.
Setting y = x in (2.1) gives

P(E ) [T+ = DD Cero e~ el o)
f i<j
= n(xi = Xj).

i<j

Setting y = x in (2.2) we see that

e R 3 M )

i<j
The inner sum vanishes unless the exponents Ay +=n, . .., U, are distinct. Since Ay, u; < n,
the exponents must be a permutation of {0,1,...,2n — 1}. We see immediately that

Ay =n ~1and u, = 0. By induction we get A = (n — 1)" and u = @, as desired.

Remark 2.2 The shapes A and p which occur in the last sum are those which occur in the
expansion of [J(1 + x;x;) into Schur functions. In fact (see [4, pp. 46, 47])

I'[(l +xixj) = st(x)

i<j

where the sum is over all partitions A = (@1,...,0p | 1+ 1,..., 0, + 1) with oy <
n — 1. Moreover, the right hand side of (2.1) has a similar interpretation as a sum of terms
Gr+s.u+8(x, y) where A and p range over all shapes in the expansion of [](x; + x;), namely
the single shape §. The reason for this will become apparent in the proofs.

3. Proofs

In our proofs we use sign-reversing involutions similar to those found in [1] and [3]. Our
involutions are defined on sets of matchings and tournaments. A tournament on [2n] is an
assignment of a direction (i — j or j — i)toeachedge (i, j) € Ky,; let T2, denote the set
of tournaments on [2n]. We represent tournaments as sets of ordered pairs; the pair (i, j)
corresponds to the directed edge i — j. Pairs (j,{) € T withi < j are called upsets in
T, and for T € Ty, the sign of T is €(T) = (— 1) where up(T) is the number of upsets
in T. Given T € Ty,, the degree (or more specifically, the outdegree) of the vertex & is

deg(k) =#{j € (2n] | k, j) € T},

that is, the number of edges out of vertex k. In the proofs of (2.1) and (2.2) we make use of
the fact that a product of (25') binomials can be written as a weighted sum over Ty,:

2
[T —xp = 3 e £V 8@, 3.1)

i<j TeDh,
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Given a tournament T and a matching w, we refer to the undirected edges of T as either
matched or unmatched, according to whether or not they are contained in 7. We will use
the following lemma to show that our involutions are sign-reversing.

SignLemma Let w be amatching and T atournament. Let mup(n, T) denote the number
of edges in w which are upsets in T (matched upsets). Suppose i and j are matched (in )
to k and | respectively. Let &’ be the matching obtained by interchanging i and j, and let
T’ be the tournament obtained by interchanging i and j in the edges which contain k or .
Then

€(m)(=1)™PETD) = _e(g')(—1)m0 T

Proof: The Sign Lemma is closely related to a lemma of Stembridge [7, Lemma 2.1].
Using his argument we can reduce to the case where there are only four vertices, {i, j, k, 1},
and so we have only to check a small number of cases. If neither k nor [ is between i and
J then we have ¢(7) = —e(7’) and it is easy to check that mup(sr, T) = mup(n’, T’). If
both k and ! are between i and j then €(;r) = —e () and in that case it is easy to see that
two matched upsets are changed, so again (—1)™P@.T) = (—1)mp(".T") Finally, if exactly
one of k and / is between i and j, then €(7) = €(), and exactly one matched upset is
changed. m]

Remark The interchange mentioned in the Sign Lemma occurs in our involutions and
will be called a simple i-j interchange.

To prove (2.1) we expand the left hand side as a sum over matchings and tournaments.

LHS = Pf(-)yc%_—ﬁ) [T +xp

i+ X i<j
=Y e [] 0r=yp [] ®i+xp
weFan G.j)en . )gn
- Z () (—1)™eper.T) x;ldeg(l)__, x;gesm) y;ndeg(l)“_ yanndes(zn), (3.2)

neF,
TeTy

where udeg(i) is the number of unmatched edges out of i, and mdeg(i) is the number of
matched edges out of i.

Given (m, T) € JFu, X Toy, let Vi be the set of vertices with mdeg = 1 and Vj the set
of vertices with mdeg = 0. Let E; be the set of unmatched edges between vertices of V;
and vertices of Vj, and let E; be the remaining unmatched edges. We now describe an
involution on F,, x 7, by considering the subgraph on edges E;.

Description of ¢. Given (, T) find the lexicographically smallest pair of integers (i, ;)
with mdeg(i) = mdeg(j) and degg, (i) = degg, (j); i.e., we seek a pair of vertices in V or
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in Vp with the same degree in the subgraph induced by the edges E;. If no such pair exists
then (7, T) is a fixed point of ¢. Otherwise, suppose i is matched to k and j is matched
to . We define a new pair (z', T') = ¢ (;r, T) by making the following changes:

o Make a simple i-j interchange.
e In T replace every pair of E; edges of the form (i, s), (s, j) with (j,s), (s, i), and
conversely.

In almost all cases it is immediately clear that mdeg and udeg are preserved by these
operations, the only difficult cases being udeg(i) and udeg(j). Call a vertex type 1 if it
contributes to deg g, (i) but not to deg, (/) and type 2 if it contributes to deg, (j) but not to
degg, (i). By the choice of i and j we see that there are equal numbers of type 1 and type 2
vertices. After the interchange, the roles of type 1 and type 2 have switched, so udeg(i)
and udeg(j) are preserved as well. If we apply ¢ to the pair (r’, T’) we see that the same
pair (i, j) is selected (since the choice depends only on degrees) and repeating the switches
returns the original pair (7, T). This shows that ¢ is a weight-preserving involution, and
the Sign Lemma shows that ¢ is sign-reversing.

If (w, T) is a fixed point of ¢, the vertices of V; and V, must have distinct E;-degrees.
Since 0 < degy, < n — 1, the Ey-degrees must be 0, 1, ..., n — 1 for each set. Note: if
i € Vyis matched to j € Vp and degg, (i) = n — 1 then all vertices in Vg other than j have
degg, < n—1,sodegg (j) = n—1as well. By induction we see that deg, (i) = degg, (j)
whenever (i, j) € .

Thus each fixed point of ¢ determines a permutation o € Sz, by the following equations:

udeg(o;) =n —i mdeg(o;)) =1 i=1,...,n
udeg(o,4;) =i —1 mdeg(o,4i) =0 i=1,...,n,

that is, the match winners in E; order determine the first half of o while the match losers in
reverse E; order determine the second half of o. Let {o] be the equivalence class of fixed
points (r, T) which correspond to 0. Note that equivalence classes are exactly determined
by matched edges together with edges in E|, and so all pairs in [0} have the same sign.
Thus

udeg . mdeg __ n—1 0 .0 n—1
X y £ — yﬂl”.y"nxﬂ) ...x”nx””.l... o
(7, T)elo]
X n (x,,, + x”l) 1_1 (x,,, + x”})’
I<i<j<n n+1<i<j<2n

the products arising from all possible choices of edge sets E,.

We claim that if (r, T) € [o] then €(0) = €()(—1)™P@™ D) This is clear if o is the
identity since then pairs must be of the form (1, Ty) where m, is defined in Section 2 and Ty
satisfies mup(rr;, Tp) = 0. Any other equivalence class can be obtained by making simple
interchanges or by interchanging the elements in a matched edge, both of which change the
sign of pairs in the class, and both of which correspond to acting on o by a transposition.
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Thus by induction we see that the sign is correct for all classes of fixed points. Now we
return to (3.2):

LHS = 25(”)(_1)mup(n.T) yudes(D) ymdeg(1) . udes(Zn) yn;des(zn)

n,T
2n
= Y €©) Yo Yo 0 X0 H (% +x0,) [T (5 + %5,)
a€S n+l1
Now write this last sum as a sum over triples (A, p, T) where A (= {o01,...,0,}) is an

n-element subset of [2n] ang p and T are permutations on A and A. Let inv(A) be the
number of i < j withi € A and j € A, and let V(x4) = [](xi + x;) overi < j in A.
Then

LES = 3 (=@ 3 e(0) ya p(x) V() D e@-DP 2(x}) V&xp)
A P T
= (DD Y~ iy, Ze(p) p(x3) Z () T(x3)
A

= (DD Y €@y - Yo, 2"V xf x0T xl

= (=DDaz(x, y),
which completes the proof of (2.1).

The proof of (2.2) is entirely analogous; this time we use an involution on %3, x Ty,

which preserves a pair of statistics to reduce to equivalence classes of fixed points which
have generating functions of the form x5 x4 ivA [T(1 4 x:x;). We begin as before by expand-

ing the left hand side over matchings and using a modification of (3.1) to expand products
over tournaments:

LHS = Pf(y' y’)]'[(1+x,x,)

14 xx;

i<j
=Y em [] oi—-yn [] Q+xxp)
n€Fam .))en (.j)¢gr
- Z G(N)(_l)mup(zr.T) x;lUp(l),“ uup(2n) y]mdeg(l) ”yzr:deg(Zn)
neFy,
TeTy,

where uup(¢) is the number of unmatched upsets that 7 is contained in. As before define
vertex sets V; and V) and edge sets E; and E,. We now describe an involution ¢ on F», x 75,
which preserves mdeg and uup.

Description of @. Given (x, T) find the lexicographically smallest pair of integers (i, j)
with mdeg(i) = mdeg(j) and uupg, (i) = uupg, (j); i.e., we seek a pair of vertices in V)
or in Vg having the same number of E;-upsets. If no such pair exists then (7, T) is a fixed
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point of ¢. Otherwise, suppose i is matched to k and j is matched to I. We define a new
pair (', T') = ¢(, T) by making the following changes:

o Make a dual i-j interchange.

e In T, whenever there is an E; upset involving i and some vertex s together with an
E, non-upset involving s and j, reverse both edges so that the upset status of each
changes. Similarly, reverse pairs with an E; non-upset involving i and s and an E,
upset involving s and j.

A dual i-j interchange consists of a simple i - j interchange with the extra condition that after
the interchange, edges in T are reversed if their upset status was altered by the interchange;
i.e., the interchange does not effect the number of E; upsets containing k or I. The proof
that ¢ is a sign-reversing involution is the same as the proof that ¢ is a sign-reversing
involution.

If (m, T) is a fixed point of , the statistic uupg, must be distinct on V; and V,. Since
0 < uupg, < n—1, the valuesmust be 0, 1,...,n — 1 for each set. Note: ifi € V; is
matched to j € Vo anduupg, (i) = n—1 then all vertices in V, other than j have uupg, > 0,
so we must have uupg (j) = 0. By induction we see that uupg (i) +uupg (j) =n —1
whenever (i, j) € n. Thus equivalence classes of fixed points correspond to permutations
o € S, and the weight of an equivalence class is

uup . mdeg _ n—1 0 .n-1 0
x py g_ym...ynnxm ...xanxa'“...xo_u
(n.T)elo]
X n (1+ x6%q,) ]—I (1 + x0,%4)).
I<i<j<n n+l<€i<js2n

Now we proceed with a computation similar to the one at the end of the previous proof, the
crucial difference being that the identity

> ey oGH [ [ +x) =D e(p) p(x**%)

P i<j p

gets replaced by the corresponding D, identity
Y @) [T +xx) =33 e(p) p(**),
[ i<j A op

where the last sum is overall A = (o, ..., |1 +1,...,0, + D) withey <n—1.
Setting W(x4) = [](1 + x;x;) overi < j in A we have the computation

Yi—Yj
LHS = Pf{ ————— 1 i
Bs = pi( 2 ) [0 +0r)

= Z e(,t)(__l)mup(rr.T) xuupymdeg
(. T)
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Now we use the sign-reversing involution ¢ to cancel terms leaving behind equivalence
classes of fixed points which correspond to permutations o € §;,. This gives:

LHS = Z €(G) Yo+ Yo, xg,“ ---xgn xh=hl -xgu Wx)W(xz)

T4l
aES),

= Y (—1)™Pe(p)e(z) ya p(x3) Wixa) T(x5) Wxp)
(A,p,7)

=D D™Dy, D " e(p)p(xh) Wixa) Y e()r(x5) Wixg)
A p T

=D D™Dy, 3N e@)p(xiH) Yo D e@a(xh™)
A A p Lot

— Ar+n~1 A 14+n—~1 I
- E E e(a) Yo '“y”nxml ...xa_: xl'rl;,.,.] ...x{,z:
Ap o

= Z Ats,u45 (%1 ).
A

This completes the proof of (2.2).

4. Pfaffians and Schur functions

In this section we obtain identities expressing Schur functions in terms of certain Pfaffians.
For « a composition of length 2n let

ay(x) = Z €(@)a(x -+ x5™).

TES),
The Schur function of shape A is 55 (x) = ay+5(x)/as(x). In (2.1) or 2.2), if we replace x

and y by powers of x and divide both sides by as(x) the right hand side is easily expressed
in terms of non-standard Schur functions. One case of interest is

Proposition 4.1

1 xV—xV\ 2
Pf 2 I_I (xM +x§") = Espu (X1, - ., X¥on),

as(x)  \xM +x,’."' i<j

AY = D(@2Mé, + N,2M$,) — 8on,
where D(2M 8,4 N, 2M$é,,) is the decreasing rearrangement of 2Mé,+ N, 2M$,), and the
sign is (—1)$2) times the sign of the permutation in S, which rearranges 2M8,+N, 2M38,)
into D2Mé, + N, 2M$5,).

Proof: In(2.1) replace x by x*, replace y by x¥, and divide both sides by as(x). ]
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The next corollary, originally due to Proctor [6], expresses the plethysm p; o 54« in terms
of a Pfaffian.

Corollary 4.1

1 ( (2R _ 24k

d ] = () 2 2
= (—1)'s{xy, ..., x5,)-
as(x) X+ x5 ) (= 1)@ spn (] x3,)

Proof: Set N = (n+ k) and M = 1/2 in Proposition 4.1 and replace x by x2. Then
A;,{ik) = k" and the shuffle permutation is the identity. On the left hand side, the factors

[T + x}")/as(x) become 1/a;(x) as desired. m
There is another way to express Schur functions in terms of Pfaffians. More generally

any determinant can be written as a Pfaffian [2, 5]. Given an even order matrix A, choose
J skew symmetric with determinant 1 and set B = AJ A’. Then

Pf?(B) = det(B) = det?(A) so Pf(B) = det(A). “.10
For A of odd order let A = A ® (1) (matrix direct sum) so that A has even order and
det(A) = det(A).

Thus any Schur function can be written as a quotient of a Pfaffian by a;(x) in many ways.
One such way is given by the following proposition, which is a special case of Theorem 5.1:

Proposition 4.2

1
sx) = mpf(fx(xnxj)),

where

-1
fA(X, )’) ~ (—l)i x(5+A)a+1y(8+l)u-t .
Proof: Apply (4.1) to a,.5(x) where J has entries (—1)*! on the antidiagonal. a

Remark 4.1 We can express a Schur function as a single Pfaffian by applying our method
to the Jacobi-Trudi identity. Let A be a partition of length atmost2n. For1 <i < j <2nlet

Sij = Sn~itlag—j+2 T S —idda—jrd o S i 2n—10— 420,
(sums of Schur functions with two parts), and for i > j lets; ; = —s, ;. Then

sx(x) = Pf(si ;).
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Actually, this is a special case of a theorem of Stembridge [7, Theorem 3.1}, but we can
also obtain it by applying (4.1) to the Jacobi-Trudi identity with J equal to a block diagonal
matrix with blocks (_{ §).

Remark 4.2 Using the matrix J with entries —1 on the upper half of the antidiagonal and
1 on the lower half of the antidiagonal we can show

i =y — 2
a2s,,26, (%, ¥) =Pf( - jz( — ) :
x? - x?

4.2)
Then we have
o xftn — x@n . x?n _ x2.n L x2n _ xgn
Pf(y’ y’)Pf 5 o @ 2 e & yfz)( L A
X; + x; x;+x; X +x; Xi —X;

To obtain this, multiply both sides of (2.1) by as,, (x) = (=1)@ay;, 25, (x, x). Then use
(4.2) to convert determinants to Pfaffians.

5. Symmetric function expansions

In this section we study how Pfaffians give rise to alternating functions and give a technique
for expanding such Pfaffians.

We say that the formal power series f(xi, ..., X2,) is alternating if o f(x) = €(o) f(x)
for all permutations ¢ € S;,. We say that the formal power series f(u, v) (in two variables)
is skew symmetric if f(u,v) = —f(v, u).

Lemma 5.1 Let f(u, v) be skew symmetric and define a; ; = f(x;, x;). Then Pf(a; ;) is
alternating.

Proof: Given o € 5y, let P be the permutation matrix corresponding to o. Then o (a;,;)
= P'(a; ;)P. Hence

a(Pf(a,-'j)) = Pf(P'(a,;j)P) = det(P)Pf(a,-,j). D
Consequently we have

Theorem 5.1 Let f be a skew symmetric formal power series in two variables, f(u, v)
=3, Crsx"y". Then

1
as(x)

PF(f(x;, xj)) = pr(cus) s.(x),
x

where C,, is the skew symmetric matrix with entries cy, .
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Proof: ByLemmaS$.1 we know that the left hand side is a symmetric function so it suffices
to show that the coefficient of x# in Pf(f(x;, x;)) is Pf(C,,) for any shape u = A + 4. Let
(x*} f denote the coefficient of x# in f. Then

RV PECf (xiy xp)) = (2#) 3 e [T £ xp)

neF, (.))en

Yo em*) [] Fanxp

neF, (=

Z €(m) n Cuiy

neFa, (. j)em

= Pf(C,,). o

We give two applications of Theorem 5.1.

Theorem 5.2

1 X~ Xj _
a;(x)Pf<l —x,-ZX}) - Zl:sl(x)v

where the sum is over all shapes with even length rows and even length columns.

Proof: To apply Theorem 5.1 we must expand (u — v)/(1 — u?v?) = s st V.
Evidently

1 r=s5s+1, seven
¢s=4¢—-1 s=r+1, reven
0 otherwise.
Suppose Pf(C,,) # 0 for some p = A +8. Let w # mo be a matching that makes a non-zero
contribution to Pf(C},). There must be an edge (i, j) € x with j > i + 1. Sincecy, ,, # 0
and u; > u;, wemusthave u; = u;+1. But u; > p;4 > u; which is impossible. Hence
PE(Cpu) = Cppops ** * Crgyoine 7 0. This forces ¢y, uy = 1 forall i, so paj—1 = pa + 1
and py; must be even. But this is equivalent to A having even rows and columns. D

Remark$5.1 Wecanuse(2.2)to getadifferent expansion of the previous Pfaffian involving
plethysms.

D sm(x) = Y _(=DM2s,(x%) ) e(h, u)(— D@L (),
n v A

where 7 has even rows and columns, v has Frobenius type (o, ... |a; 4+ 1--:) witha; <
2n — 1, A and p have Frobenius type (¢;,... ]y + 1--) withay < n -1, A(A,u) =
DO+ 26, + 1, + 28,) — 824, and €(A, u) is the sign of the shuffle that rearranges
(A +28,+ 1, n+ 28,).
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Proof: In (2.2), move [](1 + x;x;) to the denominator of the right hand side, make the
change of variables x +> ix? and y — x, and then divide through by as(x). |

As a second application, we can expand the Pfaffian in Corollary 4.1 to get an explicit
expansion of the plethysm pz o s4» into Schur functions. This is also in [6].

Theorem 5.3

2 Aot
Sgn (xf, R xzn) = Z(-—l) 1t iK1y ey X)),
A

where the sum is over all self-complementary partitions inside the 2n x 2k rectangle, i.e.,
partitions satisfying A; + Azpp1-1 =2k fori=1,...,n.

Proof: We apply Theorem 5.1 to Corollary 4.1. First we expand the formal power series
f(u, v) = (u2(n+k) — 02('”’"))/(14 +v) = Z” Crs u v

1 r+s=2(n+k)—1, seven
cy=14—1 r+s=2n+k)—1, sodd
0 otherwise.

Suppose Pf(C,) # 0 for some i = § + A. Then only m; can contribute to Pf(C,) since
(C,.) has all its non-zero entries on the antidiagonal. Then

PE(CL) = Cppottnn ** * Cotmopinar = (_1)#2n+'~+ltn+l = (_1)(;)+A..+1+~~-+Az,.'

and u; + tapy1-i = 2(n+ k) —1fori = 1,...,n. This last condition is equivalent to
Ai + Aopt1-i = 2k, and so also

(_1)).,,+,+...+A1,. = (__1))‘1+...+)\n‘ g

6. Remarks

Remark 6.1 Identity (2.2) corresponds to the root system D, in the sense that the shapes
which occur in the expansion on the right hand side are those which appear in [T(1 — x;x;),
the product half of Weyl’s identity for the root system D, [4, p. 46]. Other identities
corresponding to root systems B, and C, can easily be developed. More generally we
have

2n
l_[(l —Xixj) = Z c;f’)c,([’) Dz prs(x, y) (6.1)

1-— XiXj i<j ot

Pf<(y: - (1 -+/)(1 -xf))
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where the coefficients ci” ) are determined by

ﬁ(l 7)) ﬁ (1-x)= Zc,({’) s (x).
i=1 Py

i<j
The cases p = 1, p = 2, and p = oo correspond to root systems B,, C,, and D, respec-
tively.

The factors (1 —x/”) and (1 — x}) can be factored out of the Pfaffian in (6.1) as [ (1 —x/).
This leads to the identity

2n
[T =236 i pesle, y) =Y PP aris uas(x. y). (6.2)
=] Ap )\.[L

i
We can similarly modify (2.1) to get

Pf(@i (=) (1 - xf))

2n
[10i +x)=)"dPdP arys5.415(x, y), (6.3)
xX; +x;j

i<j Ap

where the coefficients d{" )

ﬁ(x; +x;) ﬁ (1-x")= dep) s, (x).
i=1 A

i<jf

are determined by

Remark 6.2 It is easy to modify Theorem 5.2 to obtain other symmetric function expan-
sions. For example, it is known how to find the coefficient of 5, (x) in

L_pe( =5
az(x) l—x‘.’”xj ’

and all coefficients are —1, 0, or 1 (see [8]). In some cases, the Pfaffian can be computed
from (1.2), resulting in a Littlewood formula.

Remark 6.3 The two-variable identities may have three-variable generalizations. For
instance, it is known that

o . 2n
Pf((y, ¥ z,)) [Tei = x) = asax, y) as 55, 2).

Xi — Xj i<j

This generalizes (2.1) since the change of variables x — x2, z — x yields (2.1). There is
also a conjecture for a three-variable version of (2.2). These and other generalizations will
be presented in a following paper.
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