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Abstract

Traditionally, policyholders in life insurance are classified in simple mortality tables, most often according to only
a few risk characteristics. Instead of a risk classification according to the numerical rating system, this article
describes how to classify by using a fuzzy inference methodology. By defining risk factors as fuzzy sets, it is
shown that an insurer can utilize multiple prognostic factors that are imprecise and vague. The presented fuzzy
risk classification provides a more realistic way of modeling mortality risks since it allows for compensations and
interactions between multiple risk factors.
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1. Problems in traditional risk classification

1.1.

The purpose of risk classification in life insurance is to decide which applicants should
receive life insurance protection and what rates should be charged. Most life insurance
companies use the “numerical rating system” to accomplish these objectives. First described
by Rogers and Hunter in 1919, this method did not make any significant impact in Europe
until after the Second World War, but it is now the established underwriting technique
(Sankey [1991], p. 7). The underlying principle in the numerical rating system rests on
the assumption that the average risk accepted by a life insurer has a value of 100 percent.
Percentage debits and credits due to various risk factors, such as health status and hazardous
occupations, are added to this base. Consider the following example:1 A man aged 30,
who is 180 cm tall and weighs 120 kg applies for a 25 year endowment policy. The average
of three blood pressure readings recorded at the medical examination is 178 mm Hg. The
numerical rating system at work is showed in Table 1. If we deduct the basic mortality we
are left with an extra mortality of 100 percent, meaning that expected mortality for this
applicant is 100 percent in excess of the standard.

A major problem with the numerical rating system is that class rates are constructed
under the assumption of homogeneous risks. In reality, risks are heterogeneous and when
class rates are based on just a few factors, many other characteristics of each risk are
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Table 1.

Basic mortality 100%

Overweight +50%

High blood pressure +100%

Credit for short term policy −50%

Total mortality 200%

ignored. A better match between risks and class rates is achieved if the insurer includes
multiple risk factors in the underwriting procedure. However, increasing the number of
risk factors, directly increases the number of rating classes. And as the number of classes
increases, the number of insureds in each class decreases, therefore implying that the Law
of Large Numbers may not work adequately. Moreover, usually the risk of a parameter is
continuously changing over an interval from ‘not risky’ to ‘very risky’. In that case, a risk
factor must be subdivided into multiple subgroups which increases the number of rating
classes even further.

Perhaps the basic problem of the numerical rating system can be traced back to the
assumption of a two-value, Boolean, logic. The limitation of the two-value logic is its
sharp borders: either an attribute belongs to a group or it does not. As soon as an attribute
lacks precision, we have to work with a fuzzy variable. While some attributes of prospective
policyholders, such as sex and marital status, are easy to classify in distinct groups, other
variables, such as health status does not fit into a sharp classification like ‘belonging to’
or ‘not belonging to’. Health status cannot fully be described by a binary criterion such
as ‘healthy’ or ‘ill’. Our notion of health is rather a question of ‘more or less’. Medical
impairments are not anything absolute that an applicant has or does not have. When a doctor
says that systolic blood pressure above 160 mm Hg is risky, he is not insinuating that 159
mm Hg is harmless. The linguistic variable ‘risky blood pressure’ merely expresses a fuzzy
set, where 160 mm Hg is an imprecise border ranging from an interval of less to more risky
blood pressure values. Nevertheless, due to the Boolean assumption, the numerical rating
system claims a sharp categorization, and it leads to such abnormal border values where
160 mm Hg belongs to the category ‘risky’ and 159 to another subgroup.

1.2.

We see that an adequate risk classification is faced by at least three fundamental problems.
First, diseases affecting the mortality risk are, in general, characterized by multiple pa-
rameters. Forecasting extra mortality for a special disease results in a complex system of
interdependent variables. Second, a higher degree of traditional risk classification leads to
rating classes that apply to only a small number of applicants. Third, many risk factors are
typically fuzzy. A sharp classification of risk levels results in abnormal border values that
are not acceptable from a medical point of view.

Considering these threads together, it is not surprising that the actual proportion of
underwriting is very small. Experience has shown that in Germany most life insurance
applications are accepted at standard rates; only 0.5 to 1 percent of all life insurance appli-
cations are rejected, 2 to 5 percent are accepted with a risk surcharge, and the remaining 94
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to 97 percent are accepted at the normal premium.2 We claim that the roots to the very low
degree of differentiation are to be found in the methods of numerical rating system. The
main problem is that insurers lack appropriate tools for evaluation of multiple and fuzzy
risk factors.3 In order to integrate multiple fuzzy factors in the evaluation and classifica-
tion of risks, we introduce a new inference technique—fuzzy inference—and apply it to
underwriting in life insurance.

1.3.

The article is organized as follows. In Section 2, some important differences between
statistical and fuzzy inference are discussed. Here we also specify the fuzzy classification
model. In Section 3 of the article, a fuzzy inference system for evaluation of medical
risk factors is introduced. This fuzzy inference system is constructed for underwriting the
increased mortality risk of policyholders who suffer from a cardiovascular disease. For
a better understanding of the fuzzy inference system, much of Section 4 is devoted to a
numerical example. In Section 5, we give the concluding remarks. As fuzzy inference is a
new inference technique, an introduction into this fascinating inference methodology may
be needed. For those who are not familiar with fuzzy set theory and fuzzy inference, some
basic concepts are given in the appendix.

The benefits of the article are twofold. First, it is shown that fuzzy inference is useful for
specific problems in insurance economics. When an insurer is faced with multiple attributes
and imprecise information, fuzzy inference provides the appropriate tools. Although this
article deals only with classifications in life insurance, the key arguments apply to all types
of insurance lines where underwriting is profitable. In this way, the article enlarges the
line of significant applications of fuzzy set theory to property liability and life insurance
issues that have emerged through the work of Lemaire [1990], Cummins and Derrig [1993],
Ostaszweski [1993], Derrig and Ostaszweski [1995], and recently of Young [1996]. Second,
it attempts to clarify the complementary relationship between probability theory and fuzzy
set theory. In this respect, this article continues the important methodology discussion on
insurance economics that Lemaire initiated but that other authors on fuzzy insurance have
overlooked.

2. Toward a fuzzy risk classification

2.1.

Statistical inference is a well-known deduction procedure where conclusions about pop-
ulations are drawn from samples. In this context, an event ω is defined as a subset of a
sample space �. Consider, for example, an urn containing white and black balls. From
the frequentist point of view, the probability of drawing a white ball, π(ωwhite) ∈ [0, 1],
is the proportion of drawings of ωwhite in a long series of experiments. As long as the colors
of the balls can be clearly defined in the categories of black and white (ωwhite, ωblack), this
statistical inference method is sufficient. However, when the colors of the balls gradually
shift from white to black, (ωwhite, . . . , ωblack), the assignment of memberships in two cate-
gories of black and white balls becomes a problem. It is evident that the dichotomy of black
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and white balls does not work in a sample space where the color of the balls is gradually
changing from white to black.

The situations where probability theory is applicable is limited to those cases where
an event can be allocated to clearly defined categories or a proposition can be deciphered as
either true or false. When this property of clarity is not fulfilled, the assignment of an event
into a crisp set is infeasible. In that case, a numerical probability may not reflect an ob-
server’s incomplete knowledge about the true state of affairs. In essence, the fuzziness
of a property, such as the color of the balls, lies in the lack of well-defined boundaries
of the set of objects to which this property applies. The fuzziness may be due to sub-
jectivity or to the context within which an event is defined. For example, the proposition
that Swedes usually are blond contains both fuzzy imprecision (blond) and probabilistic
uncertainty (usually). Even though the blond property is vague and imprecise, it offers
some additional information. However, blond is perceived differently in Sweden than,
for example, in Italy. The attribute blond is subjective and context dependent. Likewise,
usually relays something meaningful about the frequency of the hair color of Swedes,
but it is not suitable to be analyzed by probabilistic measures. In any expert system
where new information cannot be modeled as probability measures, fuzzy inference seems
promising.

2.2.

Fuzzy inference is any reasoning procedure involving fuzzy concepts.4 It expresses a
generalized deduction process, where imprecise conclusions are inferred from impre-
cise premises. A fuzzy inference system denotes a system that maps an output y from
an input space x in some particular way. Specifically, the map x → y depends on three
parts:

• The assignment of membership functions,
• Fuzzy logical connectives, and
• Defuzzification procedures.

Since these three parts specify the input-output map, they are referred to as a fuzzy inference
methodology. All parts are more or less subjective. The specification of membership func-
tions, the selection of fuzzy connectives, as well as the choice of defuzzification strategies
may vary considerably between persons. This subjectivity stems from the indefinite nature
of abstract concepts the system tries to map. While probability theory provides powerful
tools for the objective treatment of random events, the strength of fuzzy set theory lays in
the ability to incorporate both random and nonrandom, objective and subjective information
in formal decision-making models.

2.3.

An adequate risk evaluation must be disease oriented and not built around single variables.
Recent medical research states that around 45 percent of all deaths can be traced back
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to a cardiovascular disease (Kohlmeier, Kroke, Pötzsch, Kohlmeier, and Martin [1993],
p. 14). The correlation between a cardiovascular disease and mortality risks is known to
be very strong. Although risk evaluation for a cardiovascular disease is difficult to summa-
rize because its ethiology is highly complex, some of the most reliable predictors are in-
creased systolic blood pressure, high levels of cholesterol, and obesity (cf. Hoffmeister and
Stolzenberg [1992]). These three variables make out a complex system of multiple and
interacting variables. As was mentioned in Section 1, the basic problem in traditional risk
classification is that increasing the level of differentiation directly increases the number
of rating classes. This means that a special combination of the predictors systolic blood
pressure, cholesterol, and obesity would apply to only a small number of applicants, thus
implying a greater risk per insured.

By using fuzzy inference, we introduce a new theoretical framework for how a life
insurer can differentiate policyholders on the basis of cardiovascular disease. Consider a
life insurance policy that is priced at two levels. The first level is an ordinary class rate where
classification is made according to sharp criteria, and the second level is a proportional risk
adjustment according to fuzzy variables.

The sharp class rating is calculated in accordance with age, sex, and smoking behavior.
To achieve further differentiation between applicants, insureds have to pay a risk loading λ

on top of the class rate. Persons with a greater risk of having cardiovascular disease have
to pay a positive risk loading (λ > 0), whereas persons with a lower risk pay a negative
risk loading (λ < 0)—that is, healthy people get bonuses. The risk loading is proportional
to class rate and the gross premium is calculated as

P(n | i, j, k) = Ci jk + λ(n)

100
Ci jk, i = age; j = sex; k = smoking behavior, (1)

where P(n | i, j, k) = gross premium for person n with age i , sex j , and k = 1 if smoker or
k = 0 if nonsmoker; Ci jk = class rate; and λ(n) = risk loading in a percentage. This
pricing technique makes use of the relative strengths of both statistical inference and
fuzzy inference. As statistics generates stable class rates with low variation for a lim-
ited number of risk factors, we classify on the first level according to the important char-
acteristics age, sex, and smoking behavior.5 On the next level, we risk adjust the class
rates according to fuzzy risk factors for propensity to cardiovascular disease. To evalu-
ate the fuzzy risk factors and determine the risk loading λ, we employ a fuzzy inference
system.

3. Risk evaluation by fuzzy inference

3.1.

The basic idea of a fuzzy inference system is to use fuzzy logic to define an output as a
function of measured inputs. In general, a fuzzy inference system consists of three steps.
First, the inputs have to be modified to linguistic values. This process is called fuzzification
because it resolves all inputs to a degree of membership between 0 and 1. The second step
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Figure 1. Three essential parts of a fuzzy inference system.

is fuzzy reasoning or fuzzy inference. The output from the process of fuzzy reasoning is a
fuzzy set as well. It is difficult, however, to make decisions from a fuzzy set. A risk analysis
system must generate crisp outputs so the decision-maker can instantly make adequate
judgments. Therefore, fuzzy outputs have to be decoded into a crisp number in what
is called defuzzification. In figure 1, the different parts of a fuzzy inference system are
summarized.

Relying on the three risk factors for a cardiovascular disease—systolic blood pressure,
level of cholesterol, and weight—we need rules (implications) by which mortality risk
can be predicted. From expert knowledge in insurance medicine, two inference rules are
constructed.

Rule 1: If the blood pressure is increased and level of cholesterol is mild, then risk loading
is about 30 percent.

Rule 2: If the blood pressure is very high (hypertension) and level of cholesterol is mod-
erate and the applicant is overweight, then risk loading is about 60 percent.

Systolic blood pressure is measured in mm of mercury (mm Hg) and level of cholesterol
in mg per deciliter blood (mg/dl). Weight is measured according to the Body-Mass-Index
(BMI), where the body weight is related to the height of the person: weight/height2 = kg/m2.
The fuzzy sets increased blood pressure, mild level of cholesterol, very high blood pressure,
moderate level of cholesterol, and overweight could be much more fine tuned, such as rather
increased, very high, and so on. This kind of fine tuning of risk adjustment turns out to be
difficult in the multiple regression approach examined by Cummins et al. [1983]. The main
reason is that a multiple regression generates class rates with too few number of exposures
and, consequently, too large variation in the observed mortality rate in each class.6 However,
in this application we do not win more than computational exercise by modifying the sets
in finer subgroups. For the purpose of an outline of the inference procedure this limited
rule base is enough.

For each of the three linguistic variables systolic blood pressure, level of cholesterol,
and weight, a medical expert has defined the fuzzy intervals in the rule base for which
increased blood pressure, mild level of cholesterol, and so on are valid. Initially, the medical
expert defined where a linguistic variable has no membership—that is, at which value the
membership function (here denoted μ) equals 0—and for which values the variable has
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complete membership—that is, the membership function equals 1. After determined the
extreme values, the functional form between no membership and complete membership had
to be defined. This is not trivial though. The assignment of a membership function over the
fuzzy sets is subjective. In applications, one needs to suggest a rationale for this assignment.
This could be common sense, empirical-based reasons, expert knowledge, and so on. Here
we relied on empirical knowledge from insurance medicine and how a doctor described
the fuzzy intervals. As the medical expert could not mention any reasons why the most
simple membership functions were not appropriate, the influence of Occam’s razor implied
a linear course of membership between μ = 0 and μ = 1. The membership functions take
therefore the simple appearance of triangular, trapezoidal, or monotonic curvatures.

Pictorially, the fuzzy sets in the two rules are represented in figure 2. Each linguistic
variable—systolic blood pressure, level of cholesterol, and weight—has been transformed
into linguistic values—increased blood pressure, mild level of cholesterol, and so on—and
defined as fuzzy sets over the respective universe.

Before the rules can be evaluated, the inputs must be fuzzified against the fuzzy linguistic
sets. For example, to what extent is 135 mm Hg regarded as increased blood pressure?
According to the membership function of increased blood pressure (figure 2, Rule 1), 135
mm Hg belongs to the set “increased blood pressure” to a degree of 0.5—that is, μ = 0.5.
Similarly, all inputs are fuzzified over the membership functions required by each rule.

Figure 2. Pictorial representation of fuzzy set variables.
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3.2.

The fuzzy sets are connected by the and operator. A linguistic and denotes that all premises
shall be fulfilled. However, this would imply that an applicant with low weight but with
very high levels of cholesterol and high blood pressure would not qualify for membership
in the set of 60 percent risk loading (Rule 2). Such an implication interferes with medical
experiences and is unsatisfactory. The problem we face is that the minimum operator con-
siders only one of several inputs, and it is incorrect that a single predictor shall determine
the whole result.7

Interestingly, in human reasoning we often apply and in an approximate manner; one con-
dition can partly compensate another requirement. It is simply irrational for weight alone
to exclude the applicant from 60 percent risk loading. High blood pressure and high choles-
terol must to some degree compensate the low weight of the applicant. Hence, a linguistic
and corresponds in a certain degree to a linguistic or. In this direction, Zimmermann
and Zysno [1980] have carried out real experiments in order to find connectives that fit
human decision making. They have developed a parameterized operator that allows for
compensations between criteria. This so-called Gamma operator is defined by

∀x; γ ∈ [0, 1]: Gγ = [min(μA(x), μB(x))]1−γ [max(μA(x), μB(x))]γ , (2)

where x is the element of interest, μA(x) and μB(x) are the membership functions of x in
the subsets A and B, respectively, and x is defined over the universe of discourse X .

It is worth noting that the Gamma operator is an aggregation of T -norm (min) and
T -conorm (max) operators defined in the appendix.8 To verify this, let γ take the border
values

γ = 0: G0 = min(μA, μB) (3a)

γ = 1: G1 = max(μA, μB). (3b)

With the Gamma operator, the fuzzy connectives can be easily customized if desired. If
we choose γ -values close to 0, then the degree of compensation is stronger for the and-
operator. Greater γ -values indicate preferences for the or-operator. The essential advantage
of the Gamma operator is that it connects premises softer than maximum and minimum
connectives. We thereby have the possibility of a more flexible interpretation of logical
couplings. Since the or-operator generates higher risk loading, γ -values closer to 1 give
better risk protection. For reason of prudence, we choose γ = 0.6.

4. Determining the risk loading by fuzzy inference

4.1.

For a better understanding of the main components of the fuzzy inference system, we
consider a numerical example. Let N be a set of prospective policyholders n, n ∈ N .
The increased mortality risk due to a cardiovascular disease is estimated by the variables
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vk, n = n(v1, v2, v3), where v1 = systolic blood pressure, v2 = cholesterol, and v3 =
weight. By examining the risk levels of these inputs, the fuzzy inference system infers the
degree of risk loading an applicant must bear. Let λ denote the risk loading in a percentage.
We formalize Rule 1 and 2 as follows:

Rule 1: If v1 is A1 and v2 is B1, then λ is D1.

Rule 2: If v1 is A2 and v2 is B2 and v3 C2, then λ is D2.

The corresponding membership functions are those defined earlier in figure 2. The
mathematical interpretations are listed below, where each rule is to be read vertically.

Rule 1 Rule 2

μA1 =

⎧⎪⎪⎨
⎪⎪⎩

v1−130
10 130 ≤ v1 ≤ 140

1 140 < v1 ≤ 160
170−v1

10 160 < v1 ≤ 170

μA2 =
{

v1−150
20 150 ≤ v1 ≤ 170

1 170 < v1

μB1 =

⎧⎪⎪⎨
⎪⎪⎩

v2−200
20 200 < v2 ≤ 220

1 220 < v2 ≤ 230
250−v2

20 230 < v2 ≤ 250

μB2 =

⎧⎪⎪⎨
⎪⎪⎩

v2−230
20 230 < v2 ≤ 250

1 250 < v2 < 260
260−v2

20 260 < v2 < 280

μC2 =
{

v3−22
8 22 < v3 ≤ 30

1 30 < v3

μD1 =
{ λ−10

20 10 < λ ≤ 30
50−λ

20 30 < λ ≤ 50
μD2 =

{
λ−40

20 40 < λ ≤ 60
80−λ

20 60 < λ ≤ 80

Let us assume a prospective policyholder shows the following health profile:

v1 = 160 mm Hg,

v2 = 240 mg/dl,

v3 = 27 kg/m2.

At first we match the inputs against the fuzzy sets A1, B1, respectively. This fuzzification
procedure will produce μA1 = 1 and μB1 = 0.5. Similarly, we match the inputs against
the fuzzy sets in the second rule, A2, B2, C2. The result is that μA2 = 0.5, μB2 = 0.5, and
μC2 = 0.625. The strength of each rule is calculated by the Gamma operator G0.6.

α1 = 0.50.4 · 10.6 = 0.50.4 ≈ 0.8 (4a)

α2 = G0,6[0.50.4 · 0.50.6] μC2 = 0.50.4 · 0.6250.6 ≈ 0.6. (4b)

Applying α1 = 0.8 and α2 = 0.6 to each conclusion results in the outputs D′
1 and D′

2.
By aggregating these inferred outputs of each rule with the max operator, the membership
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Figure 3. Aggregated output from Rule 1 and Rule 2.

function for the connected conclusion is found, D′ = max(D′
1, D′

2). This step is illustrated
in figure 3.

4.2.

The aggregated output D′ is a fuzzy set as well. By using the defuzzification strategies
defined in the appendix (Eqs. (21) and (22)), we are able to defuzzify D′ into a crisp
risk loading value. The center of area (coa) method generates the center of gravity of the
distribution,

λcoa = 20 · 0.5 + 30 · 0.8 + 40 · 0.5 + 50 · 0.5 + 60 · 0.6 + 70 · 0.5

0.5 + 0.8 + 0.5 + 0.5 + 0.6 + 0.5
≈ 44. (5)

With this defuzzification method, the applicant would have to bear a risk loading at 44
percent. The center of area method does not discriminate any extreme values in the aggre-
gated output. Since it computes for all values, its logic is appealing. This defuzzification
strategy is also widely used in fuzzy control applications.

By employing mean of maximum (mom), the insurer discriminates other values from
those that reach the maximum membership values. In this case, the highest membership
value is generated from Rule 1, α1 = 0.8. The mean of maximum method calculates the
mean value of the set of λ for which membership functions take μD1 = 0.8. We must,
therefore, take the mean of all λ between 26 and 34 percent. As the membership function
(μD1) is symmetric, the mean of maximum generates

λmom = 26 + 34

1 + 1
= 30, (6)
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which is smaller than λcoa. We now have crisp outputs and can adjust the class rates by
applying the risk loading to the insurance premium. Our applicant would now pay

P(n | i, j, k) = Ci jk + 44

100
Ci jk, (7)

if the insurer would defuzzify with the center of area method or

P(n | i, j, k) = Ci jk + 30

100
Ci jk, (8)

if the insurer used the mean of maximum strategy. The great advantage with this differ-
entiation method is that the underlying class rates Ci jk are the same. Insured persons are
classified on the basis of their age i , sex j , and smoking behavior k. In addition to the class
rate, premiums are risk adjusted according to increased mortality due to a cardiovascular
disease. We have achieved a higher grade of differentiation without decreasing the number
of policyholders in each class rate. Without denying the efficiency of the law of large
numbers, this fuzzy inference system suggests a flexible way to differentiate applicants.

4.3.

Comparing the defuzzification strategies, one finds that the risk loading values vary greatly.
Other defuzzification strategies, such as bisector of area, largest of maximum, smallest of
maximum, and so on increase the range of possible outputs. It appears that the choice of
defuzzification strategy determines the quality of the fuzzy inference system. There is no
doubt about the importance of the right choice of defuzzification strategy. However, there is
no scientific way to select one over another. Defuzzification can be implemented in several
ways that are arbitrary. In order to achieve a good defuzzification, the strategy must be
tested as to how it generates useful results and, last but not least, how the market reacts on
the risk adjustment.

5. Concluding remarks

5.1.

In this article, the focal point of interest is on pricing life insurance. Class rates predominate
in life insurance. In Germany, for example, about 95 percent of all life insurance applications
are accepted at standard rates. In light of potential producer surpluses of differentiated
premiums, we presume that the reason for undeveloped insurance pricing is the insufficiency
of traditional inference methods to deal with multiple risk factors and fuzzy information.

One of the most frequent causes of death is cardiovascular disease. A cardivascular
disease can be predicted by analyzing measures of systolic blood pressure, cholesterol, and
weight. However, each prognostic factor is imprecise in its relationship to the disease, and
a prospective policyholder can possess a prognostic factor to various degrees. This means
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that the prognostic factors are fuzzy sets and their relationships to a cardiovascular disease
are fuzzy as well.

Instead of statistical classification, we have examined the possibilities of evaluating
increased mortality risk with the use of a fuzzy inference system. In general, a fuzzy
inference system maps an output from an input space. In this article, the risk loading is
determined from three fuzzy prognostic factors and a rule base consisting of two inference
rules. Each prognostic factor is defined as a fuzzy set via membership functions. Once the
inputs have been fuzzified, the fuzzy inference procedure describes how prognostic factors
are associated to risk loading by using fuzzy operators and fuzzy relations. The inferred risk
loading is, however, a fuzzy set as well. For an efficient use, a defuzzification strategy is
applied to extract a crisp risk loading. According to this design, the fuzzy inference system
presented implements a nonlinear mapping from a fuzzy input space of several prognostic
factors to a crisp output of risk loading. With the fuzzy inference system, an insurer can
evaluate risk by using combinations of fuzzy risk attributes in the same manner that human
underwriters evaluate risk.

5.2.

The inputs into the fuzzy inference system are uncertain. Normally, uncertainty is treated in
the framework of probability theory. However, as uncertainty is a multifaceted concept, it is
important to distinguish between different qualities of uncertainty. The kind of uncertainty
that is dealt with in probability theory represents knowledge about degrees of belief (Dean
and Wellmann [1991], p. 255) or degrees of knowledge about real entities (Lemaire [1990],
p. 34). On the other hand, fuzzy set theory deals with imprecise information and probabilistic
uncertainty (Zadeh [1988], p. iii).

The application of fuzzy inference to evaluate prospective policyholders shows clearly
that fuzzy logic is not a substitute for probability theory. Pricing of life insurance (P(n | i,
j, k)) depends on both a probability measure (the class rate Ci jk) and a fuzzy measure
(the risk loading λ(n)). Probabilistic and fuzzy techniques are not competing but different
approaches to uncertainty modeling. The most fruitful way to analyze uncertainty issues
is to accept that uncertainty is multifaceted. For problems in which uncertainty cannot be
described in a statistical two-value logic, fuzzy set theory may be more appropriate than
probability theory.

5.3.

Many real-world problems are characterized by fuzziness. This is especially true in the field
of studies where social sciences and medicine work. In spite of fuzzy environments, most
research tools are crisp. The development of multivalue logic is a response to problems for
which the simple true-false dichotomy seems to be too crude. Many before Zadeh have tried
to extend the two-value logic during the present century (cf. Skala [1988]). The innovation
of Zadeh’s approach was that he introduced fuzzy sets in general system theory, thereby,
constructing an elegant theory to cope with vague and imprecise phenomena. The great ac-
ceptance and quick evolution of fuzzy set theory can probably be traced to Zadeh’s principle



RISK CLASSIFICATION BY FUZZY INFERENCE 75

to extend well-known operations that apply to fuzzy sets. The scientific Denkkollektiv was
already familiar with the Denkstil, and the approach was simply a generalization of cus-
tomary concepts.9 After experiencing a tremendous success in control theory and other
engineering sciences, the applications of fuzzy set theory are now being introduced to
social sciences in a larger extent.10

Appendix: Fuzzy set theory and fuzzy inference—Basic concepts

1.

The fuzziness of a concept arises from the lack of well-defined boundaries. To describe
concepts that are vague, Zadeh [1965] introduced the theory of fuzzy sets. Basically, fuzzy
set theory is a generalization of classical Boolean set theory. A usual characterization of a
fuzzy set A in X is

A = {(x, μA(x)) | x ∈ X, μA(x) : X → [0, 1]}, (9)

where x is the element of interest, μA(x) is the membership function of x in the subset A,
and X is the universe of discourse. The membership function for a fuzzy set defines how
each element is mapped to a membership value between 0 and 1. The closer the value of
μA(x) is to 1, the more x belongs to A. As long as the membership function is convex,11

the function itself can be an arbitrary curve. Most common are monotonic, triangular,
trapezoidal, and bell-shaped membership functions.

2.

Corresponding to ordinary set operations, Zadeh [1965] defined the logical operations or
and and as extensions of the classical union and intersection, respectively. For the union of
A and B, Zadeh proposed the maximum operator

μA∪B(x) = max(μA(x), μB(x)), (10)

and for the intersection of A and B, Zadeh defined by the minimum operator

μA∩B(x) = min(μA(x), μB(x)). (11)

Operators that define the connectives intersection and union can be classified in two
different groups according to some specific conditions.12 These conditions are termed T -
norm and T -conorms for intersection and union, respectively.

Definition 1 (T-norm, conditions for fuzzy intersection). A two-place function T from
[0, 1] × [0, 1] to [0, 1] is called T -norm, when the following conditions are satisfied for all
μA, μB, μC , μD:

(i) T (0, 0) = 0, T (μA, 1) = T (1, μA) = μA
13

(ii) T (μA, μB) ≤ T (μC , μD) ∀μA ≤ μC , μB ≤ μD
14
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(iii) T (μA, μB) = T (μB, μA)15

(iv) T [μA, T (μB, μC)] = T [T (μA, μB), μC ].16

Note that T is no special connective but is a replacement for those connectives that fulfill
the T -norm properties. Hence, the intersection of two fuzzy sets A and B is specified by a
function T that aggregates two membership categories as follows

μA∩B(x) = T (μA(x), μB(x)) = μA(x) ⊗ μB(x), (12)

where ⊗ is a binary operator for the function T that satisfies the conditions (i) to (iv).

Definition 2 (T-conorm (or S-norm), conditions for fuzzy union). A two-place opera-
tion S from [0, 1] × [0, 1] to [0, 1] is a T -conorm if for all μA, μB, μC , μD

(i) S(1, 1) = 1, S(μA, 0) = S(0, μA) = μA

(ii) S(μA, μB) ≤ S(μC , μD) ∀μA ≤ μC , μB ≤ μD

(iii) S(μA, μB) = S(μB, μA)

(iv) S[μA, S(μB, μC)] = S[S(μA, μB), μC ].

Similar to fuzzy intersection, the union operator is specified by a function S as

μA∪B(x) = S(μA(x), μB(x)) = μA(x) ⊕ μB(x), (13)

where ⊕ is a binary operator for the function S. The families of T -norm and T -conorm
operators provide suitable generalization of Zadeh’s definition of union and intersection as
maximum and minimum connectives of membership functions.

3.

The classical inference rule is modus ponens: if x is A, then y is B. For example, if a tomato
is red, then the tomato is ripe. In reasoning, we normally employ the modus ponens in an
approximate manner. The color of the tomato is matter of degree just like ripe is. To allow
for statements that are characterized by fuzzy sets, the modus ponens must be expanded to
include for gradual numerical values.

Assume that the linguistic values A = tomato is red and B = tomato is ripe are defined
by fuzzy sets on the universes X and Y , respectively. Now the modus ponens can be gen-
eralized as follows (Mizumoto and Zimmerman [1982]):

Implication: If a tomato is red, then the tomato is ripe. If x is A, then y is B.
Premise: This tomato is very red. x is A′.
Conclusion: This tomato is very ripe. y is B ′.

Basically, the generalized modus ponens expresses a relationship between objects. We
could therefore express the implication as a relation on A and B—that is, R = if x is A,
then y is B, where R denotes fuzzy relation. Zimmerman [1987] has shown how classical
relations can directly be transformed to fuzzy sets.
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Definition 3 (Fuzzy relation). Let X, Y be universal sets. Then Rxy = {((x, y), μR(x, y) |
(x, y) ⊆ X × Y )} is called a fuzzy relation on X × Y . If two fuzzy sets A and B are con-
nected by a fuzzy relation, then Rxy is a binary fuzzy relation on A and B if, and only if,
μR(x, y) ≤ μA(x) and μR(x, y) ≤ μB(y) for all x and y ∈ X × Y .

If we have more than one rule, such as (X ⇒ Y ) and (Y ⇒ Z ), then we have to find
a compositional rule for a correct output. The most well-known compositional rule is the
max min composition.17 Let R1xy be the rule if X, then Y and let R2 yz be the rule if Y,
then Z. Then the composition between R1xy and R2 yz is established by

(R1 ◦ R2)xz → μR1◦R2(x, z) = max
y∈Y

min(μR1(x, y), μR2(y, z)), (14)

where ◦ denotes the composition operator and μR1(x, y) and μR2(y, z) denote the respective
membership functions. The composition in (14) can be interpreted as the strength of a set
of chains linking x to z. The chain has the form x ⇒ y ⇒ z and the strength of such a
chain is that of the weakest link.18

4.

Fuzzy reasoning is the process by which imprecise conclusions are inferred from impre-
cise premises by means of implications (rules).19 For a single implication with a single
antecedent, the logic is the same as above. Let A, A′ and B be fuzzy sets of respective X ,
X , and Y . We assume that the implication operator (A ⇒ B) is a fuzzy relation Rxy on
X × Y . In this case, the fuzzy set B ′ is defined by

μB ′(y) = max
x

min(μA′(x), μR(xy)). (15)

In Eq. (15), the max and min operators are used for the fuzzy or and and, respectively. As
other operators are possible we can express (15) in a general way as

B ′ = Rxy ◦ A′ = (A ⇒ B) ◦ A′, (16)

where ◦ denotes an appropriate composition operator that satisfies the T -norms or T -
conorms defined earlier. The inference procedure can be graphically illustrated like figure 4.

Figure 4. Fuzzy reasoning for a single implication with a single antecedent.



78 PER-JOHAN HORGBY

5.

In general, a fuzzy inference system consists of multiple implications containing multiple
antecedents. In such an environment, fuzzy reasoning takes the following form:

Implication (1): If x is A1 and y is B1, then z is C1.
Implication (2): If x is A2 and y is B2, then z is C2.
Premise: x is A′ and y is B ′.
Conclusion: z is C ′.

If we have two antecedents in a rule, such as If x is A1 and y is B1, the fuzzy implication
is defined as a ternary fuzzy relation Rxyz on the product space X × Y × Z :

μR1(x, y, z) = min(μA1(x), μB1(y), μC1(z)) = μA1(x) ∧ μB1(y) ∧ μC1(z). (17)

If we use max min operator for implication, then the membership function for the con-
clusion of the first implication C ′

1 is

μC ′
1
(z) = max

xy
min(μA′(x), μB ′(y), μR1(x, y, z))

= max
xy

(μA1(x) ∧ μB1(y) ∧ μC1(z)) ∧ (μA′(x) ∧ μB ′(y))

=
{

max
x

(μA1(x) ∧ μA′(x))
}

∧
{

max
y

(μB1(y) ∧ μB ′(y))
}

∧ μC1(z), (18)

since max min operators are commutative and associative. The same is done for impli-
cation 2.

The only additional step with multiple implications is the result of multiple outputs C ′
1

and C ′
2. These fuzzy outputs must be aggregated into a single output C ′. The interpretation

of multiple implications is usually taken as the union of the fuzzy relations, which in this
case would imply

μC ′(z) = μC ′
1
(z) ∨ μC ′

2
(z). (19)

To corroborate this inference method, we use the ternary fuzzy relations:

μR1(x, y, z) = μA1(x) ∧ μB1(y) ∧ μC1(z),

μR2(x, y, z) = μA2(x) ∧ μB2(y) ∧ μC2(z).

Now the resulting C ′ is calculated by applying a union operator to the outputs:

μC ′(z) = max
xy

min(μA′(x), μB ′(y), μR1 , μR2)

= max
xy

[μR1 ∧ μA′(x) ∧ μB ′(y)] ∨ max
xy

[μR2 , μA′(x) ∧ μB ′(y)]

= μC ′
1
(z) ∨ μC ′

2
(z). (20)
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Figure 5. Fuzzy reasoning for multiple implications with multiple antecedents.

This inference procedure is shown in figure 5, and it is similar to the fuzzy inference
system in Section 3. The only difference is choice of operator. In Section 3, we used the
Gamma operator, which allows for some compensation between criteria. Here we apply
the simple min-max inference. Observe that the fuzzy inputs A′ and B ′ are the same in
the reasoning procedure but the implications are different. From the same input space, the
system generates two outputs C ′

1 and C ′
2 that are aggregated into a single fuzzy output C ′

by the maximum operator. In many cases, however, a decision-maker cannot use a fuzzy
output. It may be preferable to decide on a crisp statement, so we need to move from a
fuzzy output to a final crisp output. This is done by using a defuzzification strategy.

6.

Several defuzzification strategies have been suggested in the literature. Among them, the
best-known methods ought to be center of area, weighted fuzzy mean, mean of maximum,
largest of maximum, and smallest of maximum.20 Probably the most used method is center
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of area (coa). Let Z represent the output from an arbitrary implication. The center of area
is described as the gravity of the distribution in the following way:

Zcoa =
∑q

j=1 z jμC ′(z j )∑q
j=1 μC ′(z j )

, (21)

where q is the number of quantization levels of the output, z j is the amount of output at the
quantization level j , and μC ′(z j ) is the membership value of the output in C .

The mean of maximum (mom) method discriminates those parts of a fuzzy output of
which the membership values are below the maximum. For a discrete universe, the mean
of maximum is calculated by

Zmom =
l∑

j=1

z j

l
, (22)

where l is the number of quantized outputs that reach their maximum memberships. The
mean of membership provides a way for the defuzzification to tend toward the maximum of
the output. Other extreme forms of discrimination are the largest and smallest of maximum
because they only consider the endpoints of the maximum of the fuzzy output set.
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Notes

1. The example is due to Sankey ([1991], p. 8).
2. The German experiences are compiled by the Federation of the German Life Insurers (Verband der

Lebensversicherungsunternehmen E.V., Verbandrundschreiben No. 31, 1992).
3. In most countries regulators have significantly restricted certain types of information that can be used for risk

classification. Advocates of these restrictions mean that a risk differentiation is unfair and even arbitrary.
A recent survey over the economics and politics of risk classification was conducted by Harrington and
Doerpinghaus [1993]. We do not address this problem here but point out that life insurers do not use their
legal possibilities of a refined risk evaluation that they are actually having. Undifferentiated life insurance
policies are not only a function of legal restrictions but also a consequence of poor underwriting methods.

4. This view is similar to the fuzzy inference theory that is presented by Grabisch, Nguyen, and Walker ([1995],
pp. 77–105).

5. Smoking behavior is thus defined on a binary set. The reasons for this assumption is that even light smokers
are more exposed to a increased mortality risk.
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6. In fact, Cummins et al. [1983] did not go much further in underwriting multiple risk factors than traditional
medical underwriting. The variables they used in their regression models were taken from medical under-
writing manuals (Cummins et al. [1983], p. 252). However, the information available on a specific disease in
those manuals is usually not adequate enough for it to be accurately designed to a specifically defined diag-
nosis. Hence, the underwriting is so vague that it applies to a large group, and as a consequence most of the
applicants are accepted with a normal premium. For an extended critique of traditional medical underwriting
manuals and methods, see Horgby, Lohse, and Sittaro [1996].

7. One solution to consider could be to change operator to the linguistic or, but that connective does not map
the inference procedure very well. A connective or expresses the union operator and is normally considered
as the maximum of fuzzy sets (Zadeh [1965]). The fuzzy or considers, however, only the max-value of one
of more inputs. For example, an applicant who has a cholesterol level of 250 mg per deciliter blood belongs
to the set of very high cholesterol to a degree of 1 (figure 2, Rule 2). Since this is the maximum membership
value an input can take, the membership values of the other inputs do not matter. Even if blood pressure is
low and no obesity exists, the second rule would derive a degree of fulfillment at 1. It is evident that this
connective leads to unsatisfactory results.

8. See further Eqs. (12) and (13) in the appendix.
9. Compare the evolution of a scientific fact described by Fleck [1934]. A further development of Fleck’s

philosophy of science is made by Kuhn [1962]. However, in a strict interpretation, Kuhn’s terminologies of
Paradigm and Scientific Revolution are valid only for sciences. Denkkollektiv and Denkstil are more general
terms to describe similar phenomena that Kuhn’s Paradigm expresses. Therefore, Fleck’s work is better suited
to recapitulate the evolution of new knowledge in social sciences.

10. One of the best works in economics is Billot’s [1995] analysis of fuzzy equilibria.
11. A fuzzy set A is convex if and only if

μA(λx1 + (1 − λ)x2) ≥ min(μA(x1), μA(x2)) ∀x1 ∈ X, ∀x2 ∈ X, λ ∈ [0, 1].

12. See, for example, Dubois and Prade ([1980], pp. 11–16), Grabisch, Nguyen, and Walker ([1995], pp. 78–84).
13. The boundary condition imposes correct generalization to crisp sets.
14. The monotonicity condition says that a decrease in μA or μB cannot imply an increase in μA∩B .
15. The commutativity condition states that the T -operator is indifferent to the order of the fuzzy sets.
16. The associativity condition allows for arbitrary pairwise groupings.
17. See Zadeh [1973, 1992]; Tzafestas, Venetsanopoulos, and Terzakis ([1994], p. 24).
18. How to solve this kind of relation-matrices is, for example, shown in Zimmermann ([1987], p. 32).
19. See further Hellendoorn [1990], Berenji [1992], Yager [1992], and Böhme [1993].
20. See further Jager, Verbruggen, and Bruijn ([1994], pp. 179–181), Tzafestas et al. ([1994], pp. 25–26), and

Berenji ([1992], pp. 77–80).
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