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The theory of the computer calculation of the stability of ion motion in periodic quadrupole
fields is considered. A matrix approach for the numerical solution of the Hill equation and
examples of calculations of stability diagrams are described. The advantage of this method is
that it can be used for any periodic waveform. The stability diagrams with periodic rectangular
waveform voltages are calculated with this approach. Calculations of the conventional stability
diagram of the 3-D ion trap and the first six regions of stability of a mass filter with this method
are presented. The stability of the ion motion for the case of a trapping voltage with two or
more frequencies is also discussed. It is shown that quadrupole excitation with the rational
angular frequency � � N�/P (where N, P are integers and � is the angular frequency of the
trapping field) leads to splitting of the stability diagram along iso-� lines. Each stable region
of the unperturbed diagram splits into P stable bands. The widths of the unstable resonance
lines depend on the amplitude of the auxiliary voltage and the frequency. With a low auxiliary
frequency splitting of the stability diagram is greater near the boundaries of the unperturbed
diagram. It is also shown that amplitude modulation of the trapping RF voltage by an auxiliary
signal is equivalent to quadrupole excitation with three frequencies. The effect of modulation
by a rational frequency is similar to the case of quadrupole excitation, although splitting of the
stability diagram differs to some extent. The methods and results of these calculations will be
useful for studies of higher stability regions, resonant excitation, and non-sinusoidal trapping
voltages. (J Am Soc Mass Spectrom 2002, 13, 597–613) © 2002 American Society for Mass
Spectrometry

The diagram for the stability of ion motion is
central to any discussion of the operation of
quadrupole ion traps or mass filters. In quadru-

pole radio frequency (RF) fields, “unstable” ion motion
means that the amplitude of ion oscillation increases
exponentially with time and an ion is lost from the trap
or filter. “Stable” motion means that the amplitude
remains finite and an ion is confined. Generally both
DC and RF voltages are used, and for a pure quadru-
pole potential this leads to the Mathieu equation for ion
motion. The stability diagram for this equation was
published more than 75 years ago [1]. The calculation
methods are described in detail in the book of

McLachlan [2]. Application of the theory of the Mathieu
equation to quadrupole ion traps and mass filters has
been discussed in monographs [3, 4]. Despite this long
history, calculation of the stability of ion motion in RF
quadrupole fields remains of interest for several new
areas of mass spectrometry. These include the use of
higher stability regions [5], application of resonant
excitation [6], and the use of non-sinusoidal trapping
voltages [7].
This paper discusses a general approach to the

calculation of stability diagrams. The stability of ion
motion is investigated with the use of the general
theory of ion motion in periodic fields. The most
general differential equation describing ion motion is
known as the Hill equation. The stability conditions can
be derived from the calculation of two independent
solutions of this equation through a single cycle of the
RF voltage. All calculations are performed by matrix
methods. An advantage of this approach is that it can be
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applied to any periodic waveform, and is not limited to
cases described by the Mathieu equation.
The paper is organized as follows. The equations of

ion motion in the quadrupole fields of traps and mass
filters are discussed in the next section. The properties
of the ion motion, which follow from the general theory
of linear differential equations with periodic coeffi-
cients, are then described briefly. This is followed by a
description of matrix methods for the solution of the
Hill and Mathieu equations. New examples of stability
diagram calculations for the case of rectangular wave-
form voltages, the conventional Mathieu stability dia-
gram for motion in one dimension, and stability dia-
grams of both the ion trap and mass filter, are
presented. Calculations of ion stability with auxiliary
quadrupole excitation and modulation are also shown.
This is followed by a general discussion of the new
results derived here. An appendix gives a brief review
of the matrix mathematics used in this article.

Equations of Ion Motion

In mass spectrometry, time varying quadrupole fields
are used to confine ions. The time dependent electric
potential may be expressed as follows:

�� x, y, z, t� � V�t� � �2� x, y, z� (1)

Here V(t) is a periodic trapping voltage and �2(x,y,z) is
the spatial dependence of the quadrupole potential. In a
suitable Cartesian coordinate system �2(x,y,z) for the
linear mass filter and 3-D ion trap is expressed as:

�2
filter� x, y, z� �

x2 � y2

r0
2 or

�2
trap� x, y, z� �

2z2 � x2 � y2

r0
2 . (2)

Here r0 is the field radius (the distance from the center
of a trap to the ring electrode or the distance from the
center of a mass filter to a rod). In this article the
influence of field imperfections, Coulomb interactions,
and ion collisions with buffer gas are not considered.
All of these lead to shifts in ion oscillation frequencies,
to coupling of the x, y, and z motion, and to nonlinear
phenomena. We are interested in the new properties of
the ion motion, which appear with the use of non-
sinusoidal periodic voltages, the use of trapping volt-
ages that contain two or more frequencies, and the use
of higher regions of stability of a mass filter. For this
reason we consider the ion motion in a pure quadrupole
field. The force on an ion in direction u, is eZiEu, where
eZi is the charge on an ion and Eu is the component of
the electric field in direction u given by
Eu��	�(x,y,z,t)/	u. From eq 2 the ion motions in
different directions are independent and the electric
force is linearly proportional to the ion position. The

equation of motion (Newton’s law) is

M
d2u
dt2

� �eZiV�t�
	�

	u
, u � � x, y, z�, (3)

where M is the ion mass. A dimensionless time scale,

 � �t/2, based on �, the main trapping RF angular
frequency, is usually used for the solution of eq 3 which
can be written

d2u

d
2
� fu�
� � u � 0,

fu�
� � �u

4eZi

Mr0
2�2

V�2
/��, fu�
 � T� � fu�
�. (4)

(�x,�y,�z) � (�2, �2, 4) in the case of an ion trap, and
(�x,�y,�z) � (2, �2, 0) for a linear mass filter. The
function fu(
) is periodic with period T.
In the simplest case T is equal to the period of the

main trapping RF, which occurs when 
 � � in dimen-
sionless units. However the theory can be applied to
trapping voltages that contain two frequencies where
both frequencies are related by a rational fraction. For
example, in the case of quadrupole excitation, where the
auxiliary AC voltage has frequency � � (N/P)� with N
and P integers. In this case the voltage has a period P
times longer then the period of the main trapping RF. In
dimensionless units the period of the function f(
) is
equal to T � P�. With the condition f(
) � f(
 	 T), eq
4 is a linear differential equation with periodic coeffi-
cients, the Hill equation [8, 9]. Analytical methods for
the solution of the Hill equation have been developed
[9]. Matrix methods are reviewed here.

Matrix Method in the Theory of
Equations with Periodic Factors

Matrix Methods and the Stability Condition

The method applied here to investigate the stability of
the solutions of the Hill equation is described in detail
in [10]. It is based on two fundamental characteristics of
eq 4: Linearity and periodicity. Consider the pair of
independent solutions u1(
) and u2(
) of eq 4 through
one single RF period (0 
 
 
 T). Define these solutions
by the initial conditions

u1�0� � 1; u1'�0� � 0; u2�0� � 0; u2'�0� � 1.

(5)

where u1'(
)�du1/d
 and u2'(
)�du2/d
.
Because eq 4 is linear, the general solution with

initial conditions u(0) � x0 and u'(0) � v0 can be
expressed as a linear superposition of the two indepen-
dent particular solutions as follows:
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u�
� � x0u1�
� � v0u2�
�. (6)

Because the solutions u1(
) and u2(
) may be calculated
for any time 
, eq 6 is valid for any time. However, as
shown below, we need to calculate these solutions
through only one RF period. Because of the periodicity
of eq 4, the same solutions u1() and u2() will be valid
for  � 
 � T during the second period T 
 
 
 2T. In
order to express the solution with the same initial
conditions at 
 � 0, consider the solution at 
 � T. From
eq 6 one derives

u�T� � x0u1�T� � v0u2�T� � x1, (7)

u'�T� � x0u1'�T� � v0u2'�T� � v1.

The solution during the second period is expressed as

u�
� � x1u1�� � v1u2��,  � 
 � T (8)

With the same considerations, the solution after the (n
	 1)th period can be expressed as follows

u�
� � xn � u1�� � vn � u2��,  � 
 � nT (9)

The representation of the solution as in eq 9 is called a
state vector representation [11]. With eq 9 it is possible to
calculate the trajectory of an ion at any time. In order to
do this we need to (1) calculate the pair of independent
solutions u1() and u2() through one period 0 
  
 T
and (2) calculate the sequence of state vectors (xn,vn). Eq
9 can be written in matrix form as

� xn	1
vn	1

� � M � � xn
vn

� � Mn � � x0
v0

� , (10)

where � u1�T� u2�T�
u1'�T� u2'�T� � � � m11 m12

m21 m22
� .

Methods to calculate the nth power of a 2*2 matrix are
described in [12] and in Appendix 1 and give:

Mn �

� cos�nT�� � A sin�nT�� B sin�nT��
�� sin�nT�� cos�nT�� � A sin�nT�� � .(11)

A �
m11 � m22

2 cos�T��
, B �

m12

sin�T��
, � �

�m21

sin�T��
.

Here � is a stability number, which can be calculated
from the equation

2cos���� � m11 � m22. (12)

Note that m11 	 m22 is the trace of the matrix.
In the mathematical literature the M matrix is usu-

ally called the monodromy matrix [9, 12c], in the engineer-
ing literature it is called the transmission matrix [11], and
in ion optics it is called the transfer matrix [12b]. It
determines the global stability of the solutions of an
equation with periodic coefficients. For stable solutions
it is necessary that �m11 	 m22� 
 2. In this case � is a real
number which can be calculated from eq 12 with unit
uncertainty: If � is a solution of eq 12, then each number
� � N will also be a solution. In mass spectrometry the
number � is called the stability parameter [3]. The space of
trapping voltage parameters is divided into an infinite
number of stable and unstable regions depending on
the value of �. For motion in a single direction the stable
regions can be numbered in increasing order N �
1,2,3,. . . . Inside each stable region eq 12 has roots from
0 to 1. Because of the uncertainty in the definition of �,
it is useful to acceptN � 1
 � 
 N inside theNth stable
region.
If �m11 	 m22�  2 the motion is unstable. In this case

the solutions of eq 12 for � are imaginary. It is useful to
consider �, the increment of exponential growth of the
ion oscillation amplitude during one period. It is given
by

2cosh��� � �m11 � m22�. (13)

The calculation of the general solution of the Hill
equation is thus reduced to the calculation of two
independent solutions of the equation through one
period. This may be done by any suitable numerical
method. For the special case of rectangular waveforms,
the solutions can be obtained analytically. The next
section describes a matrix method for the numerical
calculation of the pair of solutions of eq 4.

A Matrix Method to Calculate Independent
Solutions of the Hill Equation

From the calculation of the two independent pair of
solutions one derives the values of matrix

U�� � � u1�� u2��
u1'�� u2'�� � (14)

at each moment  inside the first period [0,T]. In
particular, the transfer matrix M is equal to U(T). The
calculation of this matrix must be as accurate as possi-
ble. The matrix M has a special property. The determi-
nant of the matrix is unity, i.e., det[M] � 1, because at
any time we have det[U()] � 1. This property is a
consequence of the general Liouville theorem [12b, 13]
which requires that the area in phase space of a beam of
ions be conserved. In any numerical solution of the
equation of motion (eq 4) one must carefully check that
this condition is fulfilled.
To solve the equation numerically we approximate
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the varying voltage with a constant value over short
times. In this approach the full period of the function
f(
) is divided into a finite number of elements, K, and
the voltage is taken to be constant during each element
[10]. For each element the solution of the equation is
calculated exactly and analytically and the solution over
the entire period is then calculated consecutively. The
condition of the Liouville theorem, det[U()] � 1, is
strictly valid for each step, because the solution is
calculated from exact analytical expressions.
The method is described in references [10–12a]. The

period [0,T] is divided into a number of intervals at
points k, k � 1,2,. . .K � 1. Consider the kth interval. The
voltage is equal to fk � f(k), and the duration is �k � k

� k	1. The particle position and velocity at the begin-
ning of the interval are xk and vk. For the case of a constant
voltage f() � fk, eq 4 can be solved analytically:

u�� � xkCos� � k��fk

�
vk

�fk

Sin� � k��fk, if fk � 0, (15a)

or

u�� � xk Cosh� � k���fk �
vk

��fk

Sinh�

� k)��fk, if fk � 0. (15b)

The position xk � 1 � u(k	1) and velocity vk � 1 �
u'(k	1) of a particle at the beginning of the next interval
is calculated from eq 15. Again, this can be written as a
matrix equation:

� xk	1
vk	1

� � V� fk, �k� � � xk
vk

� , (16)

where

V� f, �� � � Cos��f
1

�f
Sin��f

��f Sin��f Cos��f
	 , if f � 0,

(17a)
or

V� f, �� �

� Cosh���f
1

��f
Sinh���f

��f Sinh���f Cosh���f
	 , if f � 0.

(17b)
With the use of eq 16 the solution can be calculated at
any desired time directly from the initial conditions x0
and v0. In order to calculate the pair of independent
solutions with the initial conditions of eq 5, we need to

do the calculation twice. It is useful to combine these
two calculations in one matrix equation. According to
eq 5 the initial condition for the U matrix at  � 0 is
U(0) � 1. It follows from eq 16 that

U�k� � V� fk, �k� � V� fk�1, �k�1� � . . .

� V� f1, �1�. (18)

Eq 18 gives the matrix of fundamental solutions U at
any desired moment. It is the consecutive product of
transmission matrices of all preceding intervals. In
particular, the transfer matrix for one period (the mono-
dromy matrix) is the product of the matrices of all
intervals over one cycle i.e.,

M� U�K� � V� fK, �K�

� V� fK�1, �K�1� � . . . � V� f1, �1�. (19)

This method is simple, general and the condition of the
Liouville theorem (det[M] � 1) is valid automatically.
The method is approximate because it represents the
smooth function f(
) by a series of steps. The error in
calculating � is proportional to h, where h � p/K, the
interval width.
Conventional methods of calculating the stability of

ion motion and thus the stability diagram [2, 4] require
the numerical solution of a nonlinear algebraic equa-
tion, and this requires the calculation of infinite frac-
tions. A complicated procedure for distinguishing be-
tween the infinite number of roots is needed. In the case
of the Hill equation, the stability parameter � is defined
as an eigenvalue of an infinite matrix [2]. The calcula-
tion of eigenvalues is one of the most complicated
procedures in computational mathematics. The time
required for the calculation increases exponentially
with the size of the matrix. In comparison, the matrix
method described here gives answers in one simple
calculation. There is only one limit to the matrix method
described here: The smooth voltage function V(t) is
represented by a series of steps. However, this concerns
only the method as it is used in this paper. The accuracy
of the method may be improved easily by the use of any
good program for the numerical solution of the Hill
equation over one period with the actual smooth volt-
age function. In all the applications which are discussed
below, the approximate method used here gives suffi-
cient accuracy, provided the time step is small.

Examples of Stability Diagram
Calculations

Stability Diagrams with Rectangular Waveforms

A square wave voltage is the simplest case. This was
first considered by Richards et al. [7] who calculated the
first stability region for a rectangular wave with differ-
ent periods for the positive and negative parts of the
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waveform over one cycle. Here we extend the calcula-
tion to higher stability regions and consider other
waveforms. The time dependence of the voltage in this
case can be written as

V�t� � 
 U1, for _0 � t � t1
U2, for _t1 � t � TRF

, V�TRF � t�

� V�t�, TRF �
2�

�
. (20)

It is appropriate to use dimensionless units

f1,2 �
8eU1,2

m�2r0
2, d �

t1
TRF

, �1 � �d,

�2 � ��1 � d�. (21)

This choice of parameters follows from averaging of the
ion motion for the case of a pulsed voltage waveform,
as described in [14]. It is useful to present the stability
diagram on the plane of parameters

a � df1 � �1 � d� f2, q � � f1 � f2�d�1 � d�. (22)

For the simplest case of a symmetric pulsed voltage, q is
equal to a quarter of the f(
) min–max difference (Figure
1a). The parameter a equals the average DC component
of the time dependent voltage. A comparison of the
conventional Mathieu stability diagram and the dia-
gram with a pulsed voltage waveform is given in [14].
With a fixed value of f1/f2 it is possible to calculate

analytically the boundaries of the stable regions in the
plane of pulse parameters (f1�1, f2�2) [15]. Here we use
the more general matrix methods. From eq 19 the
transmission matrix is calculated as follows:

M� V�a �
q

�1 � d�
, �2� � V�a �

q
d
, �1� . (23)

It is possible to calculate the transmission matrix from
eq 23 for any given values of the parameters a and q.
Depending on the value of s(a,q) � 0.5�m11 	 m22�, one
can find the stability parameter � from eq 12, or the
increment � from eq 13. In order to determine the
stability diagram we need only to define the stability or
instability of the ion motion. Each point on the plane of
parameters is marked with a black color where it
corresponds to stable ion motion, and with white in the
opposite case. The resulting stability diagram is shown
in Figure 1b. The higher regions of stability are shown
here for the first time.
Figure 1b shows the stability diagram with a non-

harmonic voltage waveform. The Fourier spectrum of a
periodic rectangular wave consists of an infinite num-
ber of overtones of the main trapping frequency � with
frequencies �n � n�, n � 0,1,2,. . . . Each of these
overtones causes a series of parametric resonances (see

below). For the overtone with frequency �n, parametric
resonance bands start from the a-axis at the positions
a � (0.5K�n)

2 � K2n2. Here we use dimensionless units,
so �n � 2n, and K � 1,2,3. . .is the order of resonance.
Hence, the parametric resonance band, which starts
from a � 1 is governed by the first order resonance at
the main frequency �1. The second band, which starts
from a � 4, is governed by the second order resonance
(K � 2) at the main frequency �1 (n � 1), and first order
resonance (K � 1) at the second overtone�2 (n � 2), and
so on. In the particular case of a symmetric square wave
as in Figure 1a, the amplitude of the second overtone is
zero due to symmetry, and the waveform does not
contain a second overtone. The first and second para-
metric bands in Figure 1b do not have any singularities,
because they are governed by the resonance at the
lowest frequency �1 � �. The third band is governed
by the third order resonance at �1 and the first order
resonance at �3 � 3�. The width of a resonance band
depends on the amplitude of the excitation harmonic.
The complicated behavior of the width of the third
resonance band in Figure 1b is explained by the com-
bined influence of two harmonics, with well defined
amplitudes and phases. Even more complicated behav-
ior is seen in higher regions of instability of Figure 1b.

Figure 1. Stability diagram with a pulsed trapping voltage of the
simplest form. (a) The form of the dimensionless �-periodic
function f(
) and definition of the dimensionless parameters a and
q. (b) Stability diagram for the Hill equation (eq 4) solutions. Black
regions have stable motion.
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This can be called an interference of parametric excita-
tions. In the case of a pulsed waveform of general
asymmetric shape, which has �1 � �2 (Figure 2a), the
amplitude of the second overtone is not equal to zero.
The second unstable band has a first order resonance at
�2 and a second order resonance at �1. Interference
phenomena are present in the second unstable band of
Figure 2b.
As a third and new example of pulsed voltages,

consider the voltage waveform of Figure 3a. The trans-
mission matrix is calculated as

M� V�a, � � �� � V�a � 2q, 0.5�� � V�a

� 2q, 0.5�), � � �
t1
T

(24)

The stability diagram for the case � � 0.5�, is shown in
Figure 3b. Each overtone causes a first order parametric
resonance at small q when a is close to the resonance
points a � K2. Thus the width of each unstable area in
the region of small q values is linearly proportional to q.
There is no such point inside higher unstable bands,
where the width of the band equals zero. Interference of
overtones leads to complex behavior of the boundaries
of stable regions.

Ince Diagram for the Mathieu Equation

For the usual case of an RF waveform, the trapping
voltage is given by V(t) � U � VRFCos(�t). The
corresponding dimensionless function f(
) in eq 4 is:

f�
� � a � 2qCos�2
�, a �
8eZi

Mr0
2�2

U, q �
4eZi

Mr0
2�2 VRF. (25)

In this case eq 4 is the Mathieu equation. The stability
diagram for solutions of this equation was calculated
and shown for the first time by Ince [1]. Here we
describe the matrix method for the calculation of the
diagram. In order to calculate the transmission matrix
the entire period is divided into a number of intervals
during which the voltage is assumed to be constant [12].
In our experience, dividing the period into 1000 equal
intervals leads to at least 4 digits of accuracy in the
calculation of the stability parameter. This is not suffi-
cient if higher accuracy is needed, for example for ion
trap experiments with very high resolution [16]. How-

Figure 2. Stability diagram with a pulsed waveform of duty
cycle d � 1/3. (a) The waveform and definition of the parameters
a and q. (b) Stability diagram for the Hill equation (eq 4) solutions.
Black regions have stable motion.

Figure 3. Stability diagram with a pulsed bipolar waveform. (a)
The waveform and definition of the parameters a and q. (b)
Stability diagram for the Hill equation (eq 4) solutions. Black
regions have stable motion.
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ever, this accuracy is sufficient for calculation of the
stability diagram. In practice, there are many different
factors that influence the ion oscillation frequency [17]
and which can lead to shifts and shape perturbations of
the stability diagram. The nature of these factors some-
times is unknown [18].
In the case of the Mathieu equation, we use the

method described above. In order to derive information
about the comparative stability of different points on
the plane of voltage parameters, it is advantageous to
use different shades depending on the value of the
increment in the unstable regions. This is shown in
Figure 4. At a resolution of 600*400 pixels and 500
intervals in one RF period, such a calculation takes 0.5 h
with a Pentium computer (166 MHz). This is quite
reasonable, considering that we need to calculate this
diagram only once. The speed of the calculation may be
increased if the array of s(a,q) is calculated over a
coarser mesh and used later with interpolation.

The Combined Stability Diagram for a Trap and
for a Mass Filter

The stability diagrams in Figures 1–4 are for motion in
only one direction, z-motion in a trap, or x-motion in a
mass filter. Ion motion in a quadrupole field occurs in
three independent directions. The parameters of motion
for each are different. For example, the Mathieu param-
eters for a trap are ax � ay � �0.5az, qx � qy � �0.5qz.
The sign of q does not influence the stability of ion
motion, because a change of sign is equivalent to an
RF-voltage phase shift and the stability diagram is
symmetric about the a axis (q � 0). Thus the stability
diagram is usually shown for positive q. Stable 3-D
motion occurs for the points where motion in all three
independent directions is stable simultaneously. In or-
der to present the general diagram, the transmission
matrix can be calculated for the equation of motion for
each direction. The ion motion will be stable in both x
and z if the maximum of the numbers sx, or sz is less
than unity. In order to plot the general diagram we use
the same method as with the Ince diagram (previous
section), but with the use of the number s � max(sz,sx).
This reproduces the well known first region of stability
of a 3-D trap on the plane (az, qz) as is shown in Figure 5.
In a mass filter the quadrupole field influences the

ion motion transverse to the z axis only, and ax � �ay,
qx � �qy. Figure 6 shows the calculated boundaries of
stable regions for a wide range of ax and qx. The bound-

Figure 4. The map of stability for the Mathieu equation. (a) The
waveform and definition of the parameters a and q. (b) Stability
diagram. White regions have stable motion. Unstable regions are
split into a number of bands according to the value of exponential
increment. Boundaries of regions are the lines of equal �. Light
gray areas have 0
 � 
 2.8, medium gray 2.8
 � 
 7.0, and black
�  7.0.

Figure 5. First region of stability of a 3-D trap. The white area has
stable motion. Solid lines are the boundaries � � 1 and � � 0 of the
first stable zone for axial and radial motions. Dotted lines are iso-�
lines. Regions in the unstable area are shaded according to the
value of � � max(�z, �r) as follows: gray 0 
 � 
 0.8, medium
gray 0.8 
 � 
 2.1, and black �  2.1.
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aries of stability are roots of the equation �s(a,q)� � 1 which
was solved numerically. Figure 6 shows the notation for
higher regions of stability, which will be used later in
this article. (Others have used different notations.) The
higher regions of stability are of interest because they
offer high mass resolution or the ability to mass analyze
ion beams of high kinetic energy (for example up to
R1/2 � 13,900 at m/z � 39 or unit resolution with ions of
10 keV energy, in region IV [19]). In order to derive the
diagram for combined stability in x and y, we used the
maximum of the numbers sx and sy, as for the trap. The
first (I), second (II), and fourth (IV) regions of stability
calculated this way are shown in Figure 7. Results of the
calculations for regions III, V, and VI are shown in
Figure 8. Values of the a and q parameters at the tips of
the stability diagrams are listed in Table 1. For these
calculations one RF period was divided into 5000 inter-
vals. The trace of the monodromy matrix at the bound-
aries was 2.0 within an accuracy of 10�6. The (a,q)
values in Table 1 agree with values calculated from
integer Mathieu functions to four significant digits.

Stability Diagrams with Additional Quadrupole
Excitation

An auxiliary AC voltage of frequency � which is
different from the trapping frequency �, is often used
for resonant excitation of ion oscillations. Within the
first stable region, the ion motion has the strongest
Fourier harmonic at frequency �s � 0.5*�� (�s is the
fundamental, secular frequency). A comparatively
small auxiliary AC voltage can lead to significant
changes in ion trajectories. Both dipole and quadrupole
excitation are used in ion trap mass spectrometry. With
dipole excitation, the electric field is independent of
position. When the excitation frequency is close to the
secular frequency �s, this leads to the usual resonance
of a damped harmonic oscillator. In the absence of
damping, the ion oscillation amplitude for excitation
near the resonant frequency is finite and has a beat-like

structure. With quadrupole excitation the electric field
is proportional to the distance from the center of the
field. In this case the resonance has a parametric nature.
Resonance appears at an infinite number of frequencies
[20, 21]. In particular, resonance at the secular fre-
quency appears when the excitation frequency, �K, is
given by �K � 2�s/K, where K � 1,2,. . .is the order of
resonance. There is an entire interval of frequencies
near each resonance value �K, and the amplitude of
oscillation increases exponentially if the excitation fre-
quency is inside this interval. The width and position of
the resonance band, and also the exponential increment,
depend strongly on the auxiliary AC voltage amplitude.
Linear viscous damping leads to a threshold for excita-
tion [12c, 20]. The auxiliary voltage must be greater than

Figure 6. General stability diagram for the ion motion in a 2-D
quadrupole field. The boundaries of stable regions are shown with
solid lines. Numbers indicate different regions of simultaneous
stability of x- and y-motion.

Figure 7. Regions of the general stability diagram for a mass
filter: (a) First zone I; (b) second zone II; (c) fourth zone IV. These
regions are symmetric about the line a � 0, so the figure presents
the upper part only. Solid lines are the boundaries of stability.
Dotted lines are iso-� lines. Regions in the unstable area are
shaded according to the value of � � max(�x, �y) as follows: gray
0 
 � 
 0.5, medium gray 0.5 
 � 
 1.4, and black �  1.4.
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the threshold in order to observe parametric resonance.
If the voltage is greater than the threshold, then the
amplitude of ion oscillation increases exponentially,
even with linear viscous damping. Unlike dipole exci-
tation, resonant quadrupole excitation causes the ion
oscillation amplitude to become infinite (in practice,
ions strike the electrodes). The ion stability condition
depends on the auxiliary quadrupole AC voltage and
frequency.
The equation of ion motion in an RF quadrupole

field with a second AC voltage, �VACcos(�t) is

u� � �a � 2qcos2
 � 2q'cos�2�
 � ��� � u � 0. (26)

Here the relative amplitude q'�4eVAC/m�2r0
2 � q

VAC/VRF, � � �/� is the relative frequency, and � is
the phase of the quadrupole excitation. If � � N/P,
where N and P are integers, then the two harmonic
functions in eq 26 have the same joint period P�. In this
case eq 26 is periodic. The stability of the ion motion can
then be investigated by the general theory of equations
with periodic factors. To use this method it is necessary
to calculate the solution matrix through the common
period P� and define the monodromy matrix M over
the longer period. If the value s(a,q,q',�)� 0.5�m11 	 m22�
is greater then unity, then the ion oscillations are
unstable and the amplitude of ion oscillation increases
exponentially. The increment over one period, �, is
defined by

cosh��P� � 0.5 � �m11 � m22�. (27)

With a fixed excitation frequency, �, the stability dia-
gram for eq 26 occupies a 3-D space (a,q,q'). It is useful
to present results of the calculation for a fixed value of
the excitation parameter q'. This picture is a cross
section at q' � constant, of the full stability diagram.
Results of such a calculation for � � 1/5 and several
values of the excitation parameter, q', are shown in
Figure 9. Figure 10 shows results of the calculation with
q' � 0.04 (as in Figure 9c) but with several values of �

Figure 8. Additional regions of stability of a mass filter (a) zone
III; (b) zone V; (c) zone VI. Solid lines are the boundaries of
stability. Dotted lines are iso-� lines. Boundaries of regions in
unstable areas in (a) and (b) are: Gray 0 
 � 
 1.5, medium gray
1.5 
 � 
 4.2, and black �  4.2. Within the scaling of (c) the
stable region VI is a thin line that passes through the � 
 3
region, shown in light gray.

Table 1. The values of (a,q) at the tips of the first six stability regions of a mass filter

Region Tip �x �y ax qx

I Upper 1� 0	 0.236994 0.705996
Lower 0	 1� �0.236994 0.705996

II Upper 2� 1	 0.029550 7.5472754
Lower 1	 2� �0.029550 7.5472754

III Upper 2� 0	 3.164296 3.234075
Lower 1	 1� 2.5209999 2.8153045

IV Upper 3� 2	 0.0020608 21.300906
Lower 2	 3� �0.0020608 21.300906

V Upper 3� 1	 6.178418 13.396347
Lower 2	 2� 6.130176 13.358318

VI Upper 3� 0	 8.963711 6.993808
Lower 2	 1� 7.976744 6.383490
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with the same value of P � 10. The values of a and q in
Figure 9 and 10 are limited to the first stability region of
the Mathieu equation. The auxiliary AC voltage leads to
the appearance of lines of instability, which we call
resonance lines. With a small excitation parameter, the
resonance lines occur along iso-� lines of the unper-
turbed diagram. The resonance values of � are equal to
(see Discussion):

� � k/P, k � 1,2,. . .P � 1. (28)

This equation follows from the general parametric
resonance condition [21] for the case of a rational
connection between the AC and RF frequencies, � �
�/� � N/P. The number of resonance lines is equal to
P � 1. Hence, the first stability region splits into P stable
bands.

Figure 9. Stability diagram sections for the Mathieu equation
with quadrupole excitation and by an auxiliary AC voltage of
frequency � � �/5. The sections are calculated for a constant
excitation parameter equal to (a) q' � 0.01; (b) q' � 0.02; (c) q' �
0.04. Black regions have stable motion.

Figure 10. Stability diagram sections for the case of quadrupole
excitation with excitation parameter q' � 0.04 and with frequency
(a) � � �/10, (b) � � 9�/10, (c) � � 11�/10. Black regions have
stable motion.
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Combined Stability Diagram of a Mass Filter with
Quadrupole Excitation

Here we consider the combined stability diagram for
both x and y motion with additional quadrupole exci-
tation. Without quadrupole excitation the combined
stability diagram of a mass filter is derived by overlap-
ping the stable regions for x and y motion, with both
expressed in terms of ax and qx. (For the linear mass
filter, the region of stability for y motion in terms of ax,
qx is obtained by reflecting the diagram for x motion in
the qx axis). This diagram is useful because for a given
rod size, operating frequency, DC and RF voltages, the
a and q parameters are inversely proportional to ion
mass. Ions with different mass are positioned along a
scan line a � �q where � depends only on the ratio of
DC to RF voltage: � � 2U/V. The stability diagrams
shown above were calculated with a fixed value of the
excitation parameter q'. The excitation parameter as
well as trapping parameter q depend on the ion mass.
Ions with different masses have different excitation
parameters q'. Hence, the diagrams are not directly
applicable to the analysis of the stability of ions of
different masses in the same way as the Ince diagram.
With auxiliary quadrupole excitation the stability of

ion motion depends on the four parameters (a,q,q',�). It
is difficult to imagine the stability diagram in four
dimensions. With fixed values of q' and � we can draw
2-D sections of the full four-dimensional diagram. Con-
sider quadrupole mass filter operation near the tip of
the first stability region. For a small mass range �M
near some mass M*, we can assume that the change in
excitation parameter q' with ion mass is relatively small.
In this case, the mass filter diagrams with instability
lines caused by quadrupole excitation are directly ap-
plicable.
The calculated combined stability diagram near the

tip of the first stable region of a mass filter with
additional quadrupole excitation is shown in Figure 11.
Here the quadrupole excitation frequency is a perfect
fraction of the main trapping frequency, � � 9/10. The
boundaries of the normal stability diagram (without
quadrupole excitation) are shown as solid black lines.
The auxiliary quadrupole field leads to splitting of the
tip into several islands of stability. The splitting is due
to the appearance of several parametric resonance lines
that are positioned along iso-� lines. For the case � �
9/10 these are �x,y � 1/10, 2/10,. . ., 8/10, 9/10. As the
excitation parameter q' increases, the widths of the
resonance lines increase and the stable islands move
outside the boundaries of the normal stability diagram.
That is, ion motion becomes stable in regions where it
would be unstable without the auxiliary excitation.
Results for other values of the quadrupole excitation
frequency are similar.
The islands of stability can all be used in the usual

manner for mass analysis. The most evident islands are
labelled A, B, C, D in Figure 11. Ions with different
mass to charge ratios have a and q parameters at (a,q)

operating points positioned along a scan line a � �q.
The value of � defines the slope at which the scan line
crosses the upper tip of the Mathieu diagram, and
determines the range of ions of a particular m/z that
remain stable in the mass filter. Referring to Figure 11b,
the scan line with slope � can cross island A only (� �
0.333), or two islands B and C (� � 0.320), or the three
islands B, C, andD (� � 0.310), depending on � and the
excitation parameter q'. In these cases, singly, doubly, or
triply overlapped mass spectra can be observed, respec-
tively. Mass selection in islands B and C occurs with ion
motion in different directions. In island B mass separa-
tion is achieved in the y direction only, because x

Figure 11. The combined stability diagram of a mass filter near
the tip of the first stability zone with quadrupole excitation at
frequency � � 9/10. The calculation is performed with constant
values of the excitation parameter q' (a) 0.005, (b) 0.01, (c) 0.02.
Grey regions give stable motion. The boundaries of the unper-
turbed diagram are shown with solid lines. Three scan lines with
different ratios of U/V are shown.
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motion is stable along the scan line at the left and right
sides of island B. Conversely, in island C mass separa-
tion occurs in the x direction. The scan line crosses
island D through the tip, hence mass separation in this
island takes place as in the usual mass filter operation.
Mass separation in island A was used previously to

modify and improve the peak shape [22]. The use of
mass separation in the islands B, C, and D was recently
tested experimentally with an ICP-MS system [23]. The
experiment showed the effects of splitting of the stabil-
ity diagram into a number of stable islands and the
results were in good quantitative agreement with the-
ory. Although the use of auxiliary quadrupole excita-
tion does not give a significant increase in limiting
resolution, the degradation of resolution and abun-
dance sensitivity with increasing ion energy is consid-
erably reduced. The peak tail of 40Ar	 at m/z � 39 was
eliminated and an abundance sensitivity of 109–1010

was achieved. For the ICP ion source, which has rela-
tively large ion energy spread (up to several electron
volts), this is very difficult to achieve by other means
with operation in the first stability region. (An abun-
dance sensitivity 109 with operation in the third
region has been described [24].)

RF-Only Quadrupole with Auxiliary Quadrupole
Excitation

The use of quadrupole excitation in a linear ion trap [25]
provides an interesting case for theoretical and experi-
mental discussion. Normally, the range 0 
 q 
 0.4 of
the first stability region is used for ion trapping. This
simplifies the theoretical approach because the method
of trajectory averaging (the pseudopotential approxi-
mation) is applicable. In this section we will mainly
follow reference [26]. Consider the equations of ion
radial motion in a 2-D quadrupole field with additional
quadrupole excitation. These are eq 26 in which
a � ax � �ay , q � qx � �qy , q' � q'x � � q'y. Following
Landau and Lifshitz [20a], substitute

x � X � hx cos2
, y � Y � hy cos 2
. (29)

Here X and Y are relatively slow averaged radial
motions, and hx and hy are amplitudes of fast oscilla-
tions at the frequency of the trapping RF. If trajectory
averaging is applicable, then hx and hy follow the
average motion and one can derive from eq 26 the
following approximate expressions:

hx �
q
2

X, hy � �
q
2

Y. (30)

When these expressions are substituted back into eq 26
the equations for the averaged variables X and Y only
are:

d2X
d
2

� �a �
q2

2 �X � 2q'cos�2�
 � �� X,

d2Y
d
2

� ��a �
q2

2 �Y � �2q'cos�2�
 � ��Y. (31)

After substitution of a new dimensionless time variable
� � �
, eq 31 becomes Mathieu equations in canonical
form:

d2X
d�2

� �AX � 2QX cos 2��X � 0,

d2X
d�2

� �AY � 2QY cos 2��Y � 0. (32)

Here

AX �
1
�2

�a �
q2

2 � , AY �
1
�2

��a �
q2

2 � ,
QX � �QY � �

q'
�2

(33)

The stability of the ion motion with quadrupole excita-
tion is described by the Mathieu equations (eq 32). The
usual stability diagram is not useful in practice in this
case, because AX and AY depend on ion mass in a
complicated manner (a � 1/m and q � 1/m2). However
this can be simplified for an RF only quadrupole. With
a � 0 one has AX � AY � A and the parameter A is
inversely proportional to the square of the ion mass.
Hence the value of �A/Q is independent of mass. It
follows from this discussion, that the most appropriate
parameters for the stability diagram are�A/Q. The Ince
diagram for the Mathieu equation in the �A/Q plane is
shown in Figure 12a. This diagram can be used in the
same manner as the diagram for normal quadrupole
operation equation because the scan line �A � � � Q
has the same slope � for ions with different mass:

� �
�q

�2 q'
�

�V

�2 �Vex

(34)

One must keep in mind that this diagram is limited to
an RF-only quadrupole. If even a small DC voltage is
added to the quadrupole field, then AX and AY are
different. In this case the stability diagrams for x and y
motion have different shapes. The same consideration
applies to the 3-D quadrupole field. With RF-only
operation the axial frequency is approximately twice
the radial frequency. It follows that the RF diagram of
Figure 12a is not applicable to 3-D quadrupole ion
traps.
The result is approximate because of the averaging

procedure. The result may be checked by means of
direct calculation with the matrix method. The proce-
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dure is the same as described previously for the calcu-
lation of the diagram with quadrupole excitation. The
difference is that the diagram is drawn in the plane of
the �q/��2, q'/� �2� parameters. The result of such a
calculation for the case � � 1/10 is shown in Figure 12b.
Although the details of Figure 12a and b are a bit
different, the qualitative structure of the diagrams is the
same. Previous theoretical approaches to quadrupole
excitation in quadrupole fields [6c, 21, 27] were based
on perturbation theory for small values of a and q. The
perturbation result is valid if the parameter Q is small.
It requires the following conditions:

Q 

 1, or q' 

 �2 or
4Ze

M�2r0
2 Vex 

 1 (35)

For a small excitation frequency � this condition signif-
icantly restricts the area of application. The matrix
calculation which gives Figure 12b is not limited to
small parameters. The quadrupole excitation may be of
any value, even much higher than the trapping voltage.
For the case of V � 0 (no main trapping voltage) the
scan line is positioned along the Q axis. In the absence
of trapping voltage the auxiliary quadrupole field be-
comes the usual RF trapping field of frequency � and
voltage Vex. According to definition (eq 33) the param-
eter Q has the exact meaning as the q value for this
quadrupole field. It follows from Figure 12 that in the
case A � 0 the first stable area is at Q 
 0.908, the

second stable area is near Q � 7.6. This result is
consistent with previous calculations of higher regions
of stability, shown in Figure 7a and b and demonstrates
the non-perturbative character of the calculations lead-
ing to Figure 12.

Stability Diagram with Amplitude Modulation of
the Trapping Voltage

A periodic change of the main trapping RF voltage
produces resonance lines in the stability diagram. Meth-
ods other than quadrupole excitation such as modula-
tion of the RF amplitude [27] can produce similar
results. With amplitude modulation at frequency �, the
equation of ion motion is

u� � �a � 2q cos 2
� � �1 � m cos�2�
 � ��� � u � 0.

(36)

Here m is the modulation parameter, and � � �/� is
the relative modulation frequency. The resulting trap-
ping voltage function in eq 36 can be expressed as

a � 2qcos2
 � am � cos�2�
 � �� � 2mq � cos2


� cos�2�
 � �� � a � 2qcos2
 � m�a � cos�2�
 � ��

� q � cos�2�1 � ��
 � �� � q � cos�2�1 � ��
 � ��}.

(37)

From eq 37 it follows that modulation of the RF ampli-
tude may be considered as simultaneous quadrupole
excitation with two frequencies 1 � � and 1 	 �, and
also an additional signal at the frequency �.
For the case of modulation with a rational frequency

� � �/� � N/P the stability of ion motion may be
investigated by the same methods. Several calculated
stability diagrams with a fixed modulation parameter,
m � 0.1, are shown in Figure 13. The number of stable
bands is the same as for the case of simple quadrupole
excitation with one rational frequency.

Discussion

This paper describes the theory for calculating the
stability of ion motion in pure quadrupole fields with
periodic time varying potentials. The method of stabil-
ity diagram calculation is based completely on matrix
methods. This method allows calculating the diagram
in the case of rectangular trapping waveforms (Figures
1–3). It is used to calculate the well known Ince diagram
for the Mathieu equation (Figure 4) and the known
general stability diagrams for an ion trap (Figure 5) and
a mass filter (Figure 6). It can also be used to calculate
higher regions of stability of a mass filter (Figures 7 and
8). Region V is shown here for the first time.
The calculation of stability diagrams with auxiliary

Figure 12. (a) Direct redrawing of the Ince diagram in the (a, q)
plane. (b) The stability diagram of the eq 26 for the case of � �
1/10 calculated by the matrix method.

609J Am Soc Mass Spectrom 2002, 13, 597–613 MATRIX METHOD FOR QUADRUPOLE STABILITY DIAGRAMS



quadrupole excitation and modulation is described in
detail for the first time. The results of these calculations
show that with a periodic change of the RF voltage, the
stable regions split into stable bands. The number of
stable bands is P, the general multiple of the RF
frequency and the auxiliary periodic excitation fre-
quency. With low excitation amplitudes the resonance
lines occur along iso-� lines of the unperturbed dia-
gram. The widths of the resonance lines increase with
the excitation amplitude. The comparative widths of

different resonance lines depend strongly on the exci-
tation frequency, the excitation waveform and the exci-
tation method. Each case needs independent investiga-
tion.
Unstable resonance lines and splitting of the stability

diagram are general phenomena with auxiliary periodic
changes in the main trapping RF. This follows from
abstract mathematical models [28]. From the point of
view of vibration theory, it is the usual manifestation of
parametric resonance in a system with complicated
vibration spectra, as is the case for ion motion in a
periodic quadrupole field. The most general condition
of parametric resonance, for ions in a periodic sinusoi-
dal trapping field [21], is

K� � ��n � ��, n � 0, � 1, � 2, . . .,

K � 1, 2, . . . . (38)

Here n is an integer, K is the order of a resonance, and
� is the main trapping frequency. It is evident from eq
38 that for the case of a rational excitation frequency
� � N�/P the values of � � K/P, K � 1,2,. . ., P � 1 will
satisfy the resonance condition. Equation 38 has a
simple physical meaning: Resonance appears in a pro-
cess when the energy of K excitation quanta goes into
the energy of two ion oscillation quanta. Equation 38
does not contain information about the resonance
strength or about the width of a resonance line. The
actual probability of the process depends on the excita-
tion amplitude, on amplitudes of the corresponding
Fourier spectrum harmonics, and also on the phase
relations. In spite of the condition in eq 38, a resonance
may not occur, if other conditions prevent it. (For
example, if the excitation amplitude is below threshold
for a damped oscillator).
This article considers only the case of rational exci-

tation frequencies � � N/Q. The matrix method is not
applicable to the case of an irrational frequency ratio, �0,
because the voltage waveform is not periodic. How-
ever, this work gives a qualitative approach to the
description of the general case. Consider the series of
rational frequencies �1 � N1/P1, �2 � N2/P2, �3 �
N3/P3,. . . . Each of these numbers is closer and closer to
the irrational number �0, and denominators go in in-
creasing order: P1 
 P2 
 P3 
. . . . The present
investigation proves that the diagram of stability will
split into a number of stable bands. The number of
unstable resonance lines in each case is equal to P1, P2,
P3. . . . Most of these resonance lines are very weak.
They will not appear in a practical experiment because
of damping and nonlinear shifts of ion oscillation
frequencies. Only the strongest resonance lines will
survive. Hence, in practical experiments we see a lim-
ited number of resonances instead of the infinite series
which is predicted by eq 38.
In general the width of the splitting of a diagram is

greater near the boundaries of stable regions compared

Figure 13. Stability diagram sections for the case of amplitude
modulation with modulation parameter m � 0.10 and frequency
(a) � � �/5, (b) � � 3�/7, (c) � � 9�/10. Black regions have
stable motion.
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to the width of resonance lines near the center of a
stable region. An exception to this rule can be seen in
Figure 13 for the case of amplitude modulation with
frequency � � �/7. In this case the phase relations
between the three excitation harmonics in eq 37 lead to
some kind of forbidding of the resonances � � 1/7, 2/7,
5/7, 6/7. These resonance lines are present, but the
widths are much smaller compared to the width of the
main resonance at � � 3/7 and 4/7. The � � 3/7 and 4/7
resonances are the K � 1 resonances for n � 0 and n �
1 in eq 38. The � � 1/7, 2/7, 5/7, and 6/7 resonances
require higher combinations of n and K. Experiments
show these have higher threshold voltages [29] and this
may explain why they are weak in Figure 13. For the
other cases the diagram splitting is stronger near the
boundaries, especially when the excitation frequency is
small or close to the RF frequency. This phenomena
helps to explain the requirement for the high quality of
supply voltages in quadrupole mass spectrometry de-
vices.
In practice ion motion occurs in the presence of a

buffer gas and the field may contain other multipoles
and is different from that of a pure quadrupole. If the
motion of assemblies of many ions is considered, then
the influence of space charge must be considered.
Collisions lead to damping of ion oscillations. With
damping, quadrupole excitation has a threshold [12c,
20, 30]. Resonance does not appear if the excitation
voltage is smaller than the threshold (in this case the
amplitude of ion motion decreases exponentially). The
positions of resonance lines depend on the excitation
amplitude. The actual resonant frequency may differ
slightly from that predicted by eq 38, when the excita-
tion voltage is increased above threshold. This has been
observed experimentally [25]. Higher order field imper-
fections lead to nonlinearity of ion oscillations. As a
result, the ion oscillation frequency depends on ampli-
tude. Space charge can also cause significant shifts in
the ion oscillation frequency. The combination of non-
linearity and the space charge can lead to complicated
shifts of resonance frequencies. Coulomb interactions
may also cause collective phenomena that were de-
scribed more than 30 years ago by Rettinghaus [31]. The
equation of motion of the center of mass of an ion cloud
does not contain internal ion–ion Coulomb forces and
the mass to charge ratio of the ion cloud is the same as
that of a single ion (provided ions of only one m/z
comprise the cloud). This equation of motion for the
center of mass is the same as the equation of motion for
a single ion in the absence of space charge. Collective
parametric resonance has been observed under high
vacuum conditions, when the energy of chaotic ion
motion is small compared to the trapping well depth
[32]. The above discussion and recent experiments
indicate that the phenomena of parametric resonance of
trapped ions is complex. The practical use of these
phenomena will require further theoretical and experi-
mental research.
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Appendix 1

The theory of the stability of ion motion, determined by
matrix methods, is described in this appendix. The
application to periodic focusing systems and a more
detailed mathematical description can be found in
references [12b] and [12c] respectively.
For eq 4 with a periodic function, f(
), the state vector

representation is useful. An ion trajectory can be de-
scribed by a sequence of state vectors (xn,vn), n �
0,1,. . .where xn and vn are the position and velocity after
n cycles. The sequence is defined by the matrix recur-
rence relation, eq 10. An ion trajectory is stable if, and
only if, the sequence of state vectors is stable, that is, if
x remains finite. The recurrence eq 10 can be solved
explicitly. The matrix M has det(M)� 1. Hence, as a real
matrix, M has exactly two eigenvalues, �1 and �2, and
two eigenvectors m1 and m2 which obey the equations:

Mm1 � �1m1, Mm2 � �2m2 (I.1)

The initial state vector (x0,v0) can be expressed in terms
of the eigenvectors m1 and m2 as

� x0
v0

� � C1m1 � C2m2 (I.2)

Here C1 and C2 are constants, which can be found from
eq I.2 once the eigenvectors m1 and m2 are calculated.
From the recurrence eq 10, with the use of eq I.2 and

eq I.1 it follows that

� x1
v1

� � M� x0
v0

� � M�C1m1 � C2m2�

� C1Mm1 � C2Mm2 � C1�1m1 � C2�2m2

� x2
v2

� � M� x1
v1

� � M�C1�1m1 � C2�2m2�

� C1�1
2m1 � C2�2

2m2

� xn
vn

� � C1�1
nm1 � C2�2

nm2 (I.3)

It follows from eq I.3 that the sequence of state vectors
(xn,vn) will be stable if and only if the absolute values of
both �1 and �2 are less than or equal to unity i.e.,

��1,2� � 1 (I.4)

611J Am Soc Mass Spectrom 2002, 13, 597–613 MATRIX METHOD FOR QUADRUPOLE STABILITY DIAGRAMS



Eq I.4 is the stability condition for ion motion in terms
of the eigenvalues of the transmission matrix. From this,
we can derive the stability condition in terms of the
elements of the matrix.
In order to find the eigenvectors write eq I.1 as

follows

� m11 m12
m21 m22

� � � x
y � � � � x

y �
or 
 �m11 � �� x � m12y � 0

m21x � �m22 � �� y � 0 (I.5)

Here x and y are the unknown elements of an eigenvec-
tor, which are to be found from eq I.5. The latter is a
system of linear equations with zero on the right side. It
will have nonzero solutions if and only if the determi-
nant of the system is equal to zero:

det� m11 � � m12
m21 m22 � � � � 0, or

�2 � �m11 � m22�� � m11m22 � m12m21 � 0. (I.6)

An additional simplification of eq I.6 follows from the
condition det(M)� m11m22 � m12m21 � 1. eq I.6 can then
be solved explicitly as follows:

�1 � s � i�1 � s2, �2 � s � i�1 � s2

where

s �
m11 � m22

2
� 0.5Tr�M�. (I.7)

and i � ��1. Note that �1�2 � 1. If �s� 
 1 then both
eigenvalues are complex numbers with unit absolute
value: ��1� � ��2� � 1. With complex eigenvalues we can
still use eq 10, eq I.2, and eq I.3. In this case we can
consider the actual solution for an ion trajectory to be
the real part of a complex solution. This is possible
because eq 10 is linear with respect to the state vector
(the matrix M does not depend on the state vector).
In terms of the matrix elements the stability condi-

tion can be written as:

�Tr�M�� � 2 or �m11 � m22� � 2. (I.8)

Note from eq I.7 that the eigenvalues are complex
conjugates, �1* � �2. Writing �1 � Aei� we have A � 1
and cos(�)�m1	m2/2. It is useful to introduce the
parameter � � �/� and so � is given by

cos���� � s �
m11 � m22

2
. (I.9)

Once the eigenvalues are found, we can calculate the

eigenvectors from eq I.5. Then we can calculate coeffi-
cients C1 and C2 from eq I.2. Once this is done, we can
use eq I.3 to calculate the state vector after any number
of periods n. The equation for the n-th power of matrix
M (see eq 11 in the paper) is a result of this procedure.
It is useful to discuss unstable motion of ions. For the

case s � 1 the ion motion is exactly on the stability
boundary. As noted,

�1�2 � 1, or �1 �
1
�2
. (I.10)

For the case of s  1 the eigenvalues are real numbers.
It follows from eq I.10 that if one eigenvalue is greater
than one, the other is less than one. Assume that ��1� 
1. Then, according to eq I.3, the coordinates of the ion
increase exponentially: xn�C�1

n. An exception to this is
the special set of initial conditions (xn*,vn*) for which the
coefficient C1 in eq I.3 happens to be exactly zero. Such
initial conditions are unusual and consist of only a
single line in the two dimensional space of all possible
initial conditions. Even a very small departure from
these special initial conditions results in an exponential
increase of the ion trajectory. The rate of increase is
determined by the increment � � ln(�1). It is usually
defined by the following equation:

cosh��� �
�m11 � m22�

2
(I.11)

which is similar to eq I.4. The parameter � has the
physical meaning of the exponential increment in one
RF cycle. The amplitude of the ion oscillation increases
by a factor of exp(�) in each RF period. The kinetic
energy of the ion increases by a factor of exp(2�). This
is a consequence of parametric resonance because in
this process the energy gain is proportional to the
energy of the ion vibration.
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