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Abstract
The paper presents the results obtained in modeling the creep phenomenon of unidirectional composites reinforced 
with fibers. Thus, several models that have proven their validity and results obtained with their help are discussed. Ana-
lyzing a multitude of models described in the paper presented in references the authors describe the most used by the 
researchers. The micromechanical model, the homogenization method, the finite element method and the Mori–Tanaka 
formalism are described. These methods are most used in engineering applications studies in the last time. Following 
the analysis of each method, the advantages and disadvantages are presented and discussed. The results obtained are 
compared with experimental determinations. The application of the methods is done to composite materials reinforced 
with aligned carbon fiber. The methods are, sure, valid for every type of composite reinforced with fibers. Since the creep 
of materials is a frequently encountered phenomenon in practice, the knowledge of material properties and the exist-
ence of convenient calculation models become important for designers, which is why the paper presents the most used 
calculation methods to model this behavior.

Keywords Fiber reinforced composite · Viscoelastic model · Mechanical constants · Creep behavior · Constitutive low · 
Carbon fiber

1 Introduction

The technology of advanced composites has developed to the stage where these materials are more and more in the 
attention of engineers in different and varied industrial fields. Viscoelastic materials manifest the phenomenon of creep, 
very important in practice through the consequences it can have on the behavior of structures or machines. This phe-
nomenon is defined/utilized in commercial, military, aerospace and several other industries. Composite are ideal for 
structural applications where high strength-to-weight and stiffness-to-weight ratios, improved fatique resistance and 
improved dimensional stability are required. Despite the numerous advantages of fiber reinforced plastics over their 
metallic counterparts, there is a great concern regarding their long term durability due to their time-dependent behav-
ior. That is, composite materials which contain one or more polymeric constituents, show a significant amount of time-
dependent mechanical behavior in many service conditions. This effect known as “viscoelasticity” is reflected for instance, 
in composite materials with resin matrices for which moduli and strength properties are time dependent. In the recent 
years the subject of viscoelasticity has received considerable attention from both analytical as well as experimental 
points of view. Viscoelastic behavior must be accounted for in service environments if an efficiently design structure is 
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to be achieved. Although most fiber reinforcements have been shown to be essentially time independent, i.e. they show 
minimal viscoelastic behavior, the currently used polymeric matrix exhibits significant viscoelastic response. It is indeed 
an oversimplification to visualize composites as anisotropic homogeneous materials and thereby ignore the role of the 
individual constituents—the matrix and the fibers. There are of course some properties which are predominantly con-
trolled by only one constituent, but on the other hand, other properties may very well rely on the interaction between 
the resin and fibers.

Viscoelastic materials manifest the phenomenon of creep, very important in practice through the consequences it can 
have on the behavior of structures or machines. This phenomenon is defined as the time-dependent deformation of the 
studied material, if subjected to a force [1]. Usually the phenomenon manifests itself at high temperatures in relation to 
the temperature of the environment in which the structure or machine is currently located [2]. However, there are cases 
in which this phenomenon can occur even at room temperature for certain materials (such as, for example, stainless 
steel). Obviously this elongation of the material, which can occur after a long time of operation of a structure or machine, 
can lead to the destruction of the structural member. There are three intervals of creep manifestation, i.e., primary, sec-
ondary and tertiary creep [2], defined by the appearance of the creep curve. Engineering applications generally refer to 
the first two stages of creep. The third stage of creep is characterized by the rapid increase of the deformation rate and 
results in a geometric instability, i.e., it leads to the destruction of the material. The strain rate increases significantly in 
tertiary creep. Of course it is avoidable to reach this region so a study in this area becomes uninteresting. For practical 
applications, designers must know the deformation rate over time for the first two creep zones. This can be done theo-
retically, using creep models or by experimental investigations and corresponding measurements. Such models, useful 
for design activities, are presented in [2, 3]. The study of creep has been conducted in numerous papers (i.e. [4–6]) due 
to the practical importance of this phenomenon.

At the moment the engineering field is characterized by an unprecedented diversity of materials used, which cor-
respond to certain special requirements determined by the application that is made. As a result, the properties of these 
materials are extremely diverse. The creep diagrams of these materials can differ greatly, if the same loading and tem-
perature conditions are maintained. The most commonly used method of obtaining a creep diagram is the experimental 
method, making measurements for the material and obtaining the diagram. But this procedure, absolutely correct and 
established for a long time, is obviously expensive and time consuming. Numerous determinations are required, at dif-
ferent loads and at different temperatures. As a result, the researchers focused on obtaining these diagrams using less 
expensive methods. Thus in [7] is presented a scheme that proposes to perform accelerated tests to study the creep 
behavior of laminated composites. Obviously, this type of approach allows to decrease the time to obtain a creep diagram. 
The measurements aimed at short-term testing of a material at high temperature, to predict the long-term behavior 
of the material using the principle of time–temperature overlap (TTSP) [8–10]. Obviously, the development of models 
and calculation methods that allow the determination of creep properties would be much more advantageous. This has 
been done by many researchers. For example, paper [11] studies the nonlinear viscoelastic behavior of a unidirectional 
fiber composite. The method applied to obtain the results is the finite element method (FEM). In the paper is studied a 
composite that has symmetries at the geometric level but the method can be applied to a material with a more complex 
topology. To achieve this goal in [12–14] a set of nonlinear constitutive equations for viscoelastic materials is developed. 
One can thus obtain the possibility to study the stress field if one considers a diversity of conditions (i.e. thermal effects 
or humidity).. The paper [15] develops the results obtained for unidirectional composites reinforced with graphite and 
glass. In this way it obtained a good correlation with micromechanical models [11].

These models are improved in [16–18] for the study of the nonlinear creep behavior in a wide variety of materials. 
This was done with the help of an empirical model, obtaining a method that is very suitable for numerical approaches.

The previously presented works [16–18] allowed the development of a nonlinear viscoelastic model [19, 20] which 
was used in the analysis of graphite/epoxy composites. The model can be successfully applied to the study of orthotropic 
materials.

In [21] specific aspects of the viscoelastic behavior of composites were studied. Thus, it was found that a mois-
ture concentration of about 1% is a critical limit for carbon epoxy laminates. If the limit is exceeded, the viscoelastic 
deformation of the material is much faster. Shear stresses exceeding 50% of the final tensile strength can lead to 
irreversible deformation during creep. The viscous behavior of epoxy resin matrix composites reinforced with uni-
directional aramid fibers was studied in [22]. An adequate mathematical model usable in both linear and nonlinear 
fields was verified. The originality of the paper consists in the introduction of nonlinear viscoelastic coefficients, 
dependent on stress and temperature. The method of analysis proved its validity in the study of the nonlinear 
model presented in [12]. In [23–26] variational principles are used to improve the time-dependent elastic model 
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with a relatively simple mathematical description. The analysis is made on composites with randomly distributed 
fibers, of different diameters, but with a constant average volume ratio of the fiber everywhere. In this description 
a fiber, geometrically perfectly circular, is surrounded by a circular matrix. The condition that allows to obtain the 
equivalent engineering coefficients of the material is that the stored deformation energy is equal to the one existing 
in the equivalent homogeneous material. In [27] the influence of temperature on a polymeric composite but at low 
temperatures is studied (the analyzed application is for a spacecraft). It is found that the geometry of the composite 
microstructure becomes a very important element. In [28] it is synthesized the results obtained by other researchers 
and determined the elastic constants for an orthotropic and a transverse isotropic composite. Another approach for 
a transverse isotropic material is the one developed by Hill [29–32], which gives us upper and lower limits of elastic 
constants, which are extremely useful for designers.

An extension of the well-known Mori–Tanaka method [33] for the study of the viscoelastic response of a biphasic 
composite is made in [34]. In [35] the nonlinear viscoelastic/viscoplastic response of graphite/bismaleimide IM6 /5260 
is studied. Another micromechanical analysis of a fiber-reinforced composite is presented in [36, 37] which proved to be 
in good agreement with the results obtained in [11]. Biphasic composites represent the most used composite in engi-
neering applications. As a consequence their mechanical properties have been addressed by many researchers due to 
the practical applications required by industry [38–49], considering different type of pair of materials used and different 
properties necessary to be studied. New aspects concerning of the new type of composite material are studied in [50–52].

The main objective of the work is to present of the most used methods for determining the behavior of fiber-reinforced 
composite materials. Due to the frequency with which these methods are used in engineering practice, they have proven 
to be extremely useful and easy to apply to obtain results in a short time and with minimal costs. The main models used 
by researchers are described. Experimental procedures prove the theoretical results obtained. The material presented in 
our review paper is strongly supported by the results obtained in [53–57]. Other useful results are presented in papers 
[58–67].

2  Micromechanical models

2.1  Micromechanical approach

In a micromechanical analysis of the composite material it is desired to obtain the elastic constants based on models 
that use the values of these constants for each component of the composite. It is considered that the properties of the 
composite members, their placement and their dimensions are known. For example, if it is considered a unidirectional 
composite, the reinforcing fibers can be randomly placed in the matrix material or can be placed in a regular network 
with known geometric parameters. In the case of the models we use, symmetry can help us to considerably simplify 
the calculations.

A model of a reinforced fiber composite is presented in Fig. 1. In a micromechanical analysis the following hypothesis 
are made:

The fibers are continuous and circular. These fibers, oriented in the X1-direction, are distributed regularly in a rectan-
gular array in the transversal X2–X3 plane.

The materials of fibers are considered to be linearly elastic and anisotropic. The material of the matrix is isotropic but 
being nonlinear viscoelastic.

No crack or holes may appear and develop and the contact between fibers and matrix is merely mechanical.
The periodicity of the structure of a one-dimensional composite material with fibers makes it possible to study a 

single representative unit cell (RUC) and, therefore, the size and complexity of the problem can be significantly reduced. 
Figure 2a shows a RUC of the previous periodic pattern (see Fig. 2). For analysis, the RUC used for the study consists of 
two sub-cell that together shape only a quarter of a fiber, as in Fig. 2b. The hypothesis is that the RUC is small compared 
to the dimensions of material.

The RUC is referred to a local frame (X1, x(�)
2

 , x(�)
3

 ) (Fig. 2b). We consider that the displacement in each sub-cell is obtained 
via the linear relations [27, 28]:
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Here uo
i
 are the displacement components of the origin. We note that “ � “ represents both, i.e., fiber (when � = f  ) 

and matrix (when � = m).
For a linear elastic material we have the well known relation for the engineering strain:

Equation (2) becomes, in an unified form, considering both fiber and matrix:

If i ≠ j the following relation can be written:
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Fig. 1  Model of a one-dimen-
sional fibers composite

Fig. 2  a The repeating unit cell. b The representative unit cell for a symmetric material.
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The notation � (�)
ij

= 2�
(�)

ij
; i, j = 1, 2, 3; i ≠ j, for the engineering shear strain is used.

Using Eq. (1) in Eq. (2) and considering Eqs. (3) and (4) it obtains:

The constitutive equation for a linear and transversely isotropic composite is:

or, using the engineering constants Eij , �ij , Gij:

E11 and E22 = E33 are the Young’s moduli, G23 and G12 = G13 are the shear moduli and �23 and �12 = �13 are the Pois-
son’s ratio.  X1 is the direction of anisotropy and the  X2–X3 plane is the plane of isotropy. From (12) it can be obtained:
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where:

Equation (13) can be written in a compact form as:

In the case of a polymeric fiber reinforced composite the overall behavior should be considered as viscoelastic. This 
viscoelastic material, loaded with an applied constant stress, has a behavior described using the Boltzmann’s superposi-
tion principle described by Schapery’s equation [12], in the modified form:

where:

Using [12] the constitutive equations can be written as:

In Eq. (18), Dn is offered by Eq. (17), �(t) is the Poisson’s ratio (time-dependent), and �ij is the Kronecker’s delta. In the 
present study, Poisson’s ratio is considered to be time-independent.

To determine the overall behavior of the composite, the next steps are taken. First, determine the average stress based 
by the stress calculated in each subcell if a constant load is applied to the RUC. Then, the average strain in the representa-
tive cell are calculated based on the strain that occur in each subcell. All these stresses and strains are mediated for the 
whole studied section. Thus the general behavior of the material is obtained based on the average stresses and average 
strains evaluated by the method described above.

2.2  Average stress

The composite material element considered is a rectangular parallelepiped having parallel edges with coordinate axes 
(X1, X2, X3) of volume V. The element considered is structurally representative for the whole material. We can have the 
problem of determining the average stress �ij in the considered volume cell. The volume average of the stress is:

For a one-quarter of a fiber and matrix, it can be written:
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where S
(�)

ij
 are the average stresses in the subcells “f” and “m”, and A and A� are the areas of the representative cell and 

of the subcells “f” and “m”, respectively. A unit depth of the representative volume has been considered, i.e., V = A × 1. 
Considering the notation from Fig. 2b. it results:

In a similar way, the average stress can be obtained with the relations:

It is appropriate to use polar coordinates for integration. In this case the Jacobian must be calculated:

and Eq. (23) for the fiber (sub-cell “f”) becomes:
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 has the components introduced in Eq. (15). Substitution of Eqs. (5)–( 11) into Eq. (25) leads to:
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Similarly, the average stresses in the matrix (sub-cell "m") are determined. For this one can calculate the total 
stress in the unit cell made up only of matrix material and then the stress in subcell "m" is obtained by subtracting 
that in sub-cell "f" from the total stress of the unit cell, previously determined. The following relationship is obtained:
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Equation (28) together with Eq. (5)–(11) and (18) yields:

2.3  Average Strain

The average of the internal strain over volume is defines by:

and for RVE (35) is particularized by:

where A = Am + Af  and �(�)
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 are the strain offered by Eqs. (5)–(11) ( � = f ,m).
Using Eq. (1) and (3) it results (considering i = j = 1)
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The procedure by which the unknowns can be determined is incremental. The unknowns are:

the six values of the stress in the two sub-cells: S
(�)

11
 , S

(�)

22
 , and S

(�)

33
;

the four micro-variables in the two sub-cells: �(�)
2

 and � (�)
3

;

the three strains in the composite �11 , �22 , and �33.
The goal is to obtain a liaison between the stress in the matrix and the stress in the fiber of a RUC. The assumptions 

made by Aboudi in [36, 37] can be considered an oversimplification compared to the real case. If we are in the case of a 
biaxial state of stress in the plane (X2, X3), the relation that can be applied in the X2 direction is:

for the fiber and a similar relation for the matrix:

It results:

In the X3 direction it results the equation:

The concentration factors �� and �� should satisfy the relations:

and

When the composite is loaded in only one of the directions, X2 or X3, the relation related to the other direction (unloaded), 
becomes:

and:

In the case of a uniaxial load one obtains 13 equations with 13 unknowns:
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The made presentation shows that a micromechanical model for the analysis of a composite material (in our case 
unidirectional) is a good method of study and the result can be easily obtained. The results offer us the analytical rela-
tionships that provide the engineering constants of such a composite. Schapery’s nonlinear constitutive equation in 
the case of a uniaxial isothermal load is the model used in the analysis. This approach allows the nonlinear viscoelastic 
response of the material to be taken into account. Papers with numerous experimental results [53–57] demonstrate the 
potential of applying this method.

3  Homogenization methods

3.1  Introduction

A homogenization theory is a mathematical method of mediating physical properties, a method used since about seven 
decades to study differential equations with periodic coefficients, which have a rapid variation. This method proves to 
be very suitable for studying the properties of composite materials, characterized essentially by repetitive structures. 
The experimental results obtained in papers indicated in the references give a good concordance with the theoretical 
predictions [53–57].

In the numerous studies of the bi- and multiphasic materials made in the last decades [33, 34, 36, 37, 39–41, 57] the 
researches lead to the subject of the homogenization method to obtain the mechanical material properties of such 
composites.
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;
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In the design process of a composite material, an important step is the estimation of the mechanical properties. Several 
calculation methods are applied to determine them. It has been found that the homogenization method has proven to 
be a very suitable method to be applied to the study of composite materials.

In other works, a theoretical study of the method is made, which involves the transition from a periodic structure, by 
homogenization, to a composite material considered homogeneous throughout its structure [44]. Various analytical and 
numerical methods have been proposed to obtain the properties of the homogeneous material. The obtained results 
were verified by experimental tests that proved a good concordance between the theoretical results obtained and the 
experimental ones, for a composite material reinforced with fibers [45]. The use of Euler’s integration algorithm allows 
the development of a new method for homogenizing elasto-viscoplastic composites [68]. Three methods are used for 
this approach: direct, secant and tangent. A method that describes the interaction between the phases of the composite 
is based on the introduction of a second-order tensor. The main advantage is the unification of homogenization prob-
lems regarding heterogeneous elasto-plastic and elasto-viscoplastic materials [69, 70]. An example calculation predicts 
results that match values   obtained by other methods. Experimental tests increase the confidence in the results obtained. 
Methods of improving the proposed methods and presenting practical applications are treated in [69–77]. Other related 
methods are considered in [78, 79]. The development of reliable models that can be easily applied by designers is a goal 
for researchers in the field. This section presents the homogenization theory to calculate the engineering constants of 
a composite material. The application is made for the case of a unidirectional composite reinforced with carbon fibers. 
Differential equations are obtained which, when solved, will provide the desired values. In order to obtain them, numeri-
cal procedures are used.

3.2  Homogenized model

After the appearance of the homogenization approach, during the development of the method, it was found to be a 
useful way to study the equations with partial differences with coefficients with rapid variations. The application of the 
homogenization theory has proved useful in the study of composite materials with periodic geometric structure allow-
ing the determination of engineering constants useful in applications, which result from averaging operations. From a 
practical and design point of view, it is much more useful that such a material, with its periodic structure, can be treated 
as a homogeneous material, despite the fact that the material has a certain microstructure. Thus, this method replaces 
an equation with periodic coefficients with large variations, with an equation with constant coefficients. In this way the 
concept of continuum is extended to a new class of materials: microstructured materials. The basics of the method are 
presented in [80–85].

In this section the theory is applied to the study of the creep behavior of a carbon fiber one-directional composite.
The stress field �� for a repeating unit cells having the dimension � must respect the equations:

where ��
ij
= ��

ji
 , for i, j = 1, 2, 3.

The contour conditions for the displacements are:

The boundary conditions can be written:
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+
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on the contour �2Ω,(�1Ω ∪ �2Ω = �Ω ). The Hook’s law reads:

or using a compact notation:

The elasticity matrix C is semi-positive definite:

for 𝛼 > 0 and ∀xij, xkh ∈ R . Cijkh(x) are periodical functions of x with the period equal with the dimension � of the 
unit cell. Introduced a new function y, y = x∕� , it obtains:

The stress in the unit cell can be expressed as:

The dependence of stress on y is “quasi-periodical”. Introducing Eq. (74) in the equilibrium Eq. (67) it results:

We have used the relation:

but since y = x∕� and thus dy = dx∕� ; therefore:

The coefficients of �−1 in Eq. (75) must be 0, so:

Equation (58) is called the “local equation”. The first term of stress, �o
ij
 is theoretical, a function in two variables, y 

and x. But the dependence of this term on x is weak and so we can consider x being a constant in the domain Γ . The 
stresses �o

ij
 are periodic functions on y, so (72) is defined only in the domain of a cell Γ.

In a similar way, identifying the terms of � 0 , one obtaines:
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By applying the average operator to Eq. (73), it follows:

But:

The stresses �1

ij
 , due to the property of periodicity, take equal values on the corresponding points of the boundary 

of the cell Γ . At the same points, nj takes opposite values, so:

Integrating Eq. (76), it is possible to obtain the homogenized displacement field uo in the domain Ω.
We denote:

The displacement field can be expressed by the series:

Here uo(x) is a function only on x and the others terms u1(x, y) � and u2(x, y) are considered as quasi-periodical. With 
these new notations, using (77–79) one may write:

which can be simplified to:

where:
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The infinitesimal term u1(x, y) � represents a finite component of �kh , that should be considered when applying 
the linear Hooke’s law:

From the Eq. (84), it follows:

or:

The terms �
kh,x

(uo) depend only on x. Equation (86) can be written in the alternative form:

Introducing:

Considering the Eqs. (87) si (88) with k(x) being an arbitrary function on x, it results:

Equation (89) becomes:

The Eq. (90) should remain valid for any strain field �kh,x(uo) . Thus, Eq. (90) becomes:

We have the relations (using the Green’ s theorem):
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In Eq. (93), the indices i and j have been interchanged and the property Cijlm = Cjilm has been used. From (92) and (93) it 
results:

Multiplying both sides of Eq. (94) by v and considering the property Cijlm = Cjilm , it follows that:

Interchanging the indices i and j one obtains:

Integration and addition Eqs. (95) and (96) while making use of the Eq. (94) leads to:

The problem is to find wkh in Vy such that ∀v ∈ Vy , Eq. (97) holds. If wkh is obtained, then:

By applying the average operator, it follows:
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A comparison of Eq. (100) with:

and using the notation 𝜀kh,x(uo) ≡ �̃�kh(u
o) , one obtains the homogenized coefficients:

As a consequence, it can be considered that there are two ways to determine the homogenized coefficients:
using the local equations, it is determined the strain and stress field. Then using the averages, the coefficients 

can be calculated;
using the variational formulation is possible to determine the function wkh which allows calculus of the coefficients.
In the case of a fiber reinforced composite, there exists a class of solution wkh , with k,h = 1,2,3 which satisfies the 

differential equations:
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with the boundary conditions:

and the supplementary conditions:

If (x1, x2, x3) are the principal material axis, we denote, in the case of a transversely isotropic material:

The other components of Cijkl are identically zero. The stress–strain relations become:

or:

The equilibrium conditions of Eq. (61) are:

Equation (109) can be expressed in compact form:

Furthermore, Eq. (82) becomes:

and (100) becomes:

In the situation of plane strain loading conditions it results:
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If the functions wkh are determined, one can write:

or, in an alternative form:

Additionally:

Equation (107) should remain valid for all {�}u
o

,x
 . Equation (103) becomes:

For the case of plane strain i = 2, 3 and j = 2, 3 , therefore:
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corresponding to the boundary conditions:

and:

This function (w) verifies the condition of zero average and has the value zero on the contour and it is also a verifica-
tion of Eq. (120). For the “quasi-periodical fields” u 1 , it follows that:

The strain becomes:

and:

or:

If we consider a composite with unidirectional parallel fibers, the homogenized coefficients can be calculated via 
the relations:

where

One obtains:

For the plane strain loading conditions, we have:

(123)w = w∗ − u ,

(124)w |�Γ = 0 ,

(125)⟨w⟩ = ⟨w∗ − u⟩ = ⟨w∗⟩ − ⟨u⟩ = 0.
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and:

From the considerations presented above it results that in order to determine the sought coefficients Co
ij
 it is nec-

essary first to obtain the real field of deformations of the material and then to calculate the average values of the 
deformation in the two considered phases.

4  Mori–Tanaka method

4.1  Model

The theory developed by Mori-Tanaka can be used successfully to obtain the mechanical constants used in the calculation 
of a material or structures in the viscoelastic zone, particularly in the case of composites reinforced with one-dimensional 
fibers [34]. The analyzed material consists of an epoxy matrix with viscoelastic behavior, reinforced with parallel carbon 
fibers, distributed inside the matrix (Fig. 3). In this situation the resulting material is generally orthotropic. But if the 
fibers formed by the elliptical cylinders are distributed randomly, then the resulting composite will have a transverse 
isotropic behavior.

The Mori–Tanaka’s [34] mean-field theory is applied using Eshelby’s approach [8] used in [28] for a reinforced mate-
rial with continuous cylindrical fiber having an elliptic section. In [86] the two phases of the composite are considered 
isotropic but in this presentation it is considered that the fibers have an anisotropic behavior.

We consider a comparison material (CM). Consider two identical representative volume elements (RVE), one represent-
ing the real composite and the other representing the CM. Cm represents the elastic coefficients matrix and Cf  the elastic 
coefficients fiber. Under a traction � , the average strain field in the matrix and in the fiber are different in the considered 
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Fig. 3  Reinforced composite 
with elliptical fibers
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material and in the CM. Let �̃� represent the difference between the average values of the strain. The same thing happens 
with the stress field where the difference is �̃�.

In the CM, we have:

a linear relation between the mean strain field � ° and the mean stress field � .
The average strain field in the RVE is �m = �0 + � and the mean stress field is 𝜎m = 𝜎 + �̃� . So, it results

The mean strain field in the fiber and in the matrix are different through an additional term �pt and hence 
𝜀f = 𝜀m + 𝜀pt = 𝜀0 + �̃� + 𝜀pt . In a similar way the average stress field differs by the term �pt and therefore, 𝜎f = 𝜎 + �̃� + 𝜎pt . 
The generalized Hooke law becomes:

or:

We introduce �pt in Eq. (138).

The Eshelby’s transformation tensor P from Eq. (129) is presented in [56].
The average stress in the whole RVE, is:

reduced to:

With a similar procedure, it results:

where I is the unit tensor.
Using Eqs. (142) and (139) it results:

or:

or:

and:

The final form results:

(136)� = Cm�
0 ,

(137)𝜎m = 𝜎 + �̃� = Cm(𝜀
0 + 𝜀) .

(138)𝜎f = 𝜎 + �̃� + 𝜎pt = Cf (𝜀
0 + �̃� + 𝜀pt) ,

(139)𝜎f = 𝜎 + �̃� + 𝜎pt = Cf (𝜀
0 + �̃� + 𝜀pt) = Cm(𝜀

0 + �̃� + 𝜀pt − 𝜀∗) .

(140)�pt = P�∗.

(141)
�̄� = vf𝜎f + vm𝜎m = vf (�̄� + �̃� + 𝜎pt) + vm(�̄� + �̃�)

= (vf + vm)�̄� + (vf + vm)�̃� + vf𝜎
pt = �̄� + �̃� + vf𝜎

pt
,

(142)�̃� = −vf𝜎
pt .
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Now it is possible to obtain:

The coefficients Aij are presented in [56]. The shear strains are [30]:

To obtain the longitudinal Young’s modulus Em of the considered orthotropic body, the composite specimen is sub-
jected to a pure traction �11 . It follows that �11 = E11�11 for the composite and �11 = Em�

0

11
 ; �0

22
= �

0

33
= −�m�

0

11
 if the 

comparison material is considered.
Using Eq. (148) one obtains:

where: a
ij
= A

ij
∕A , A

ij
 and A are presented in [56].

One obtains:

In the same way, it results:

and

For the shear moduli, we have:
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Considering:

Comparing Eq. (22) and Eq. (23) G12 is obtained as:

and

The Poisson’s ratio is determined with the relations:

Note that:

and:

or:

Introducing Eq. (164) in Eq. (165) one obtains:

or:

In a similar way one obtains:
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Fig. 4  RUC with a circular fiber

Table 1  Average values of 
stress and strain (Case 1)

�

MPa

Fiber Matrix RUC �

%

Fiber Matrix RUC 

�22 0.146 ×  103 0.122 ×  103 0.138 ×  103 �22 0.16 ×  100 0.263 ×  101 0.106 ×  101

�33 0.71 ×  100  − 0.906 ×  100 0.118 ×  100 �33  − 0.445 ×  10−1  − 0.137 ×  101  − 0.529 ×  100

�11 0.324 ×  102 0.413 ×  103 0.357 ×  102 �11 0.0 ×  100 0.0 ×  100 0.0 ×  100

�23 0.194 ×  10−4 0.412 ×  102 0.359 ×  10−4 �23 0.539 ×  10−7 0.447 ×  10−5 0.167 ×  10−5

Table 2  Computed values of 
elastic moduli (Case 1)

Modulus [MPa] Matrix Fiber Average

E11 4140.0 86,900.0 56,278.0
E23 = E13 4140.0 86,899.0 12,741.0
�1 0.34 0.22 0.259
�23 0.34 0.22 0.475
G23 1544.0 35,614.7 4318.2
K23 4827.4 63,597.7 12,886.2

Table 3  Average values of 
stress and strain (Case 2)

�

MPa

Fiber Matrix RUC �

%

Fiber Matrix RUC 

�22 0.147 ×  103 0.122 ×  103 0.138 ×  103 �22 0.134 ×  100 0.183 ×  101 0.757 ×  100

�33 0.857 ×  102 0.702 ×  102 0.801 ×  102 �33 0.485 ×  10−1 0.157 ×  100 0.881 ×  10−1

�11 0.512 ×  102 0.653 ×  102 0.564 ×  102 �11 0.0 ×  100 0.0 ×  100 0.0 ×  100

�23 0.992 ×  10−5 0.322 ×  10−4 0.181 ×  10−4 �23 0.306 ×  10−7 0.190 ×  10−5 0.717 ×  10−6

Table 4  Computed values of 
elastic moduli (Case 2)

Modulus (in MPa) Matrix Fiber Average

E11 4140.0 86,900.0 56,278.0
E23 = E13 4140.0 86,900.0 12,741.0
�1 0.34 0.22 0.259
�23 0.34 0.22 0.475
G23 1544.0 35,614.8 4318.2
K23 4827.4 63,597.8 12,886.2
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The method presented is a convenient way for designers to quickly obtain the elastic / viscoelastic constants of a 
multiphase composite material. Within this method the determined values are unique, unlike most of the methods 
used, which are methods of boundedness, obtaining lower and upper limits of those values [87–94]. The behavior of 
the material over time is determined using Schapery’s constitutive equation [12]. Thus, nonlinear viscoelastic materials 
can be studied.

5  Finite element method

The finite element method (FEM) is a useful method to study a mechanical system with elastic elements, it can also be 
a composite material [79]. The influence of temperature was studied using FEM in [80]. In [81], a unidirectional silicon 
carbide fiber composite was studied. In [82] a similar model is used. In the works [11, 83] using the FEM a transverse 
isotropic composite is analyzed. The symmetry of the model allows, in most cases, the analysis to be performed only on 
a quarter or half of the unit cell, the so-called "representative unit cell" (RUC). The finite element unit cell model is shown 
in Fig. 4 (model 1 and 2).

The time independent material properties for the constituents of the studied composite are:
Em = 4.14 GPa; vm = 0.22; Ef = 86.90 GPa; vf = 0.34.
The results are presented in Tables 1, 2, 3, 4, 5, 6 ( � is the average stress, � is the average strain and RUC is the representa-

tive unit cell).
Finally, a three-dimensional model was used to determine the shear modulus and Poisson’s ratios in a plane perpendicular 

to x2x3 . A few of the foregoing models are listed in Table 7.

(169)v31 =
vm − vf

[
a33 − vm

(
a31 + a32

)]

1 + vf
[
a11 − vm

(
a12 + a13

)] .

Table 5  Average values of 
stress and strain (Case 3)

�

MPa

Fiber Matrix RUC �

%
Fiber Matrix RUC 

�22 0.147 ×  103 0.123 ×  103 0.138 ×  103 �22 0.160 ×  100 0.263 ×  101 0.106 ×  10−1

�33 0.644 ×  100  − 0.983 ×  100 0.049 ×  10−1 �33  − 0.446 ×  10−1  − 0.137 ×  101 0.530 ×  100

�11 0.324 ×  102 0.414 ×  102 0.357 ×  102 �11 0.0 ×  100 0.0 ×  100 0.0 ×  100

�23 0.899 ×  10−5  − 0.979 ×  10−4  − 0.301 ×  10−4 �23 0.258 ×  10−7  − 0.638 ×  10−5 0.232 ×  10−5

Table 6  Computed values of 
elastic moduli (Case 3)

Modulus (in MPa) Matrix Fiber Average

E11 4140.0 86,900.0 56,279.0
E23 = E13 4140.0 86,899.0 12,754.0
�1 0.34 0.22 0.259
�23 0.34 0.22 0.475
G23 1544.0 35,614.7 4322.2
K23 4827.4 63,597.7 12,900.8

Table 7  Finite element 
models and associated 
boundary conditions (BC)

Case Model B.C.(x2 Direction) B.C.(x3 Direction)

1 Model 1-a px = 137.90 (MPa) py = 0.00 (MPa)
2 Model 1-b px = 137.90 (MPa) py = 80.0 (MPa)
3 Model 2-a px = 137.90 (MPa) py = 0.00 (MPa)
4 Model 2-b ux = 0.01 (mm) uy = 0.01 (mm)
5 Model 2-c ux = 0.01 (mm) uy = 0.01 (mm)
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If the boundary conditions for the FE model are linear ui = �ijxj (where �ij = �ji ), the average strain is �ij = �ij . We will 
show this:

Applying Green’s theorem it results:

or:

If i ≠ j it results that �ij = 0 . The results obtained are completely in accordance with the theoretical results. A discrep-
ancy identified with the result of [49] can be assigned to the different type of finite elements used.

The average strains and stresses are �22, �33, �11, �23 = �23, �22, �33, �11, �23 = 1∕2 �23 . Using these determined values, 
it is possible to obtain the mechanical constants [51]. For the longitudinal elastic modulus E11 it is proposed the rule of 
mixture [94]:

The ratios of fiber and matrix are:

and we have A = Af + Am, where Af  is the cross section of the fiber and Am the cross section of the matrix.
We have:

from where it results:

and:

so:
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,
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(173)E11 = Ef �f + Em�m .

(174)�f =
Af

A
; �f =

Am

A
,

(175)

�22 = C22�22 + C23�33;

�33 = C23�22 + C22�33;

�11 = C12

(
�22 + �33

)
;

�23 = C66 �23,

(176)
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It results to C12 and C66:

The fibers are parallel with the “1” direction and randomly distributed in the “2–3” plane which is referred to as the 
plane of isotropy. The bulk modulus K23 is:

The longitudinal Poisson’s ratio is determined with:

and the shear modulus:

or:

Using the parameter,

it results the transverse moduli and Poisson’s ratio:

and:

So it is possible to determine E11, E22 = E33, �12 = �13, �23, G23,K23.
Using the relation:

it results:

Considering the well known notations from elasticity one obtains:

and the relation:

(178)C22 =
�22�22 − �33�33

�
2

22
− �

2

33

; C23 =
�33�22 − �22�33

�
2

22
− �

2

33

.

(179)C12 =
�11

�22 + �33
; C66 =

�23

�23
.

(180)K23 =
C22 + C33

2
=

�22 + �33

2
(
�22 + �33

) .

(181)�1 = �21 = �31 =
1

2

(
C11 − E11

K23

)1∕2

=
C12

C22 + C33

=
�11(

�22 + �33

) ,

(182)G23 =
C22 − C33

2
=

�22 − �33

2
(
�22 − �33

) ,

(183)G23 = C66 =
�23

2�23
.

(184)� = 1 +
4�2

1
K23

E11

,

(185)E22 = E33 =
4G23K23

K23 + �G23

,

(186)�23 =
K23 − �G23

K23 + �G23

.

(187)C22 + C33 = 2K23; C22 − C33 = 2G23

(188)C22 = K23 + G23; C23 = K23 − G23.

(189)C44 = G1 = G12 = G13;C12 = �1
(
C22 + C23

)
= 2�1K23,
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A similar way can be used to determine the average stresses and strains in a 3D elastic solid, 
�11, �22, �33, �12 = �12, �23 = �23, �31 = �31,�11, �22, �33, �12 = 1∕2 �12, �23 = 1∕2 �23, �31 = 1∕2 �31.

The general Hooke’s law can be written:

The last of Eqs. (191) offers:

From Eq. (191) it is possible to write:

Using the law of mixture:

the redundant fourth relation from Eq. (191) becomes:

Summarizing the second and third equation in Eq. (191) one obtains:

Equation (191) offers:

Introducing Eq. (197) into that of E11 one obtains:

and it is possible to determine C12.
This presentation proves that FEM is a method that can be successfully applied in determining the overall mechanical 

properties of multiphase composites. The engineering constants required in the design process are obtained by averaging 
the values of stresses and strains obtained with FEM. These results were experimentally verified by different researchers 
resulting in a good concordance between the theoretical results obtained and the experimental verifications. Thus the 
method proves to be a useful and relatively simple method of identifying the constituent laws of a composite material. 
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1
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)
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1

2

(
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)
�23 ,
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The obtained results were also applied to the study of the creep behavior of a composite material. In this case, relations 
become more complicated because in the case of creep phenomena, the influences of temperature prove to be nonlinear.

6  Discussions

In the paper experimental and analytical models are used to study the temperature dependence of the nonlinear viscoe-
lastic response of biphasic composites. Termoset and the thermoplastic matrix system are considered. Some conclusion 
can be drawn:

An excellent modeling of the experiments is possible using Schapery’s approach for nonlinear viscoelastic charac-
terization. For the materials investigated the influence of temperature on both, the nonlinear instantaneous response 
and the nonlinear transient response was assured. It is shown that the former is significantly less sensitive to tempera-
ture than the latter. For the temperature range investigated, it can be assumed that the instantaneous response is 
linear and temperature- independent over the range of stress levels relevant in practical applications. This observation 
is very useful because it simplifies thermoviscoelastic characterization of composite materials.

Micromecanichal model presented in the paper is capable to model a unidirectional composite subjected to lon-
gitudinal and/or transverse normal loading. Scapery’s nonlinear constitutive equation for isothermal uniaxial loading 
condition is incorporated into the analysis to take into account the nonlinear viscoelastic behavior.

Usually most fibers show minimal viscoelastic behavior and as a consequence one needs only to determine the 
time dependent properties of the matrix. This will immensely reduce the time and also the cost for the evaluation of 
the viscoelastic response of different types of composite materials.

An alternative analytical procedure is used in the current study to determine creep response of the composite and 
the neat resin specimens. The method is based on Mori–Tanaka approach but is extended into viscoelastic domain 
to account for the time dependent overall response of the composite body.

The analysis and methods presented in this review are effective tools for determining the time dependent overall 
response of any unidirectional composite under various loading conditions with reasonable accuracy. However the cur-
rent analysis in the present form does not claim to characterize composite for all thermomechanical histories, such as 
physical and thermal aging or hygrothermal loadings.

7  Conclusions and further development

The main theoretical models used to determine the mechanical properties of composite materials with fibers were pre-
sented in the paper, with examples taken from the field of composite materials reinforced with carbon fibers.

A micromechanical model, which represents a classical approach to the problem, the homogenization method which 
is a mathematized method that requires knowledge of the stress and strain field for certain loading situations, the Mori-
Tanaka method widely used by engineers and the finite element method were analyzed.

Each of the methods presents its advantages and disadvantages. The micromechanical models are relatively compli-
cated and the simplifications introduced make the values obtained for the mechanical properties somewhat imprecise. 
The homogenization method has obvious advantages in terms of precision, but it is not easy to apply, researchers having 
to have special skills for manipulating equations and a deep understanding of the phenomena that occur in the mate-
rial. The Mori-Tanaka method stands out for its simplicity and ease of application, and countless applications and results 
published by researchers are behind it. Finally, the FEM is a method that benefits from high-performance software and an 
extremely rich experience. The work time in this case is high, but the results can model the studied system extremely well.

The decision to apply a certain method belongs to the researchers, depending on their expertise, the complexity of the 
problem, the time available for the design, the costs involved and the precision with which we want to obtain the results. 
Since the homogenization method implies the knowledge of the stress and strain field, which implies the use of a numerical 
calculation method to determine this field, it seems that the application of the finite element method has some advantages in 
such calculations. Until now, it has been relatively little used, especially because of the complexity of modeling these materials, 
but we assume an accelerated development of the use of FEM in the design and development of new composite materials.
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