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Abstract

In this paper, we examine a general bond-pricing model with respect to its solutions
that satisfy a given terminal condition. Firstly, we obtain reversible transformations
that change the model to a classical and well known partial differential equation, the
one dimensional heat equation. We further show that the terminal condition is trans-
formed into a nonsmooth initial condition. The important result that emerges is that
the Lie symmetries are adopted to solve the equation subject to its unique configura-
tion of initial conditions.
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1 Introduction
Consider the general bond-pricing equation
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where k., f, p, A (the market price of risk) and y are constants, ¢ is time, x is the stock
price or instantaneous short-term interest rate at current time ¢ and u(x, 7) is the cur-
rent value of the bond.
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This model, like many other related bond-pricing models, exhibits a terminal condi-
tion, namely

x—k if x>k

where k is the strike price and T is the time of expiry of the option. The terminal
condition is continuous but not smooth at x = k.

Bond-pricing originated in the remarkable paper by Bachelier [1] that connected
stock prices to Brownian motion. This later led to major developments by Merton
and Black and Scholes [2, 3] in mathematical finance. Equation (1) is a linear para-
bolic partial differential equation (PDE), that is formulated from stochastic differen-
tial equations. Various modified versions of equations of this type exist, for example,
the Vasicek model (y = 0), Cox-Ingersoll model (y = 1/2, 4 = 0) and Dothan model
(xk =p =0,y =1), see [4-7]. In [8], the above model was considered in order to ren-
der it into Lie canonical forms and obtain solutions. The key difference with this paper
is that the invariant surface condition (ISC) is invoked to find a symmetry generator
that incorporates a transformed version of the terminal condition. This itself is a non-
trivial task and it is the first time that symmetry invariant solutions that satisfy the ter-
minal condition are presented for the model under study. Additionally, we consider
novel transformations and different cases of the model that yield unique boundary con-
ditions and hence new solutions.

The theory of Lie’s classification of linear second-order PDEs, translated in Eng-
lish, can be found in Ibragimov’s remarkable contribution [9]. Subsequently, Ibragimov
showed that the Black-Scholes model, which has a similar symmetry group to the heat
equation, is then included in Lie’s classification, via equivalence transformation formu-
lae [10]. Lie’s formulae may then be extended to any model that satisfies these classifi-
cation properties.

The model in this paper is first transformed and then its initial value problem is
derived. The method of Lie symmetries plays a pivotal role in constructing solutions
to the initial conditions. We emphasize that symmetries are not at the forefront when
solving initial or boundary conditions. This method is categorically avoided for PDEs
with nonsmooth boundary conditions, where derivatives may not exist at certain points
and/or the imposed conditions result in asymptotic behaviour. However we show how
to engage with such problems in light of the equation under study.

The plan of the paper follows. In Sect. 2, we introduce the parameters and transfor-
mations required to manipulate the model into the classical heat equation. Section 3
contains the main results, whereby we detail certain features of the boundary condition,
and go on, to provide exact solutions of the model subject to the condition (2). Finally,
we conclude in Sect. 4.

2 Transformations
In this section, we establish successive transformations that convert the model (1) to

the well-known heat equation. The change of variables is necessary to apply some
of the forthcoming initial value results to the model (1). It turns out that this model
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is transformable under precise forms of its arbitrary parameters. Hence we prove the
following result.

Theorem 1 The option pricing model Eq. (1), is reducible to the heat equation

w; — @y, =0, 3)

where w = w(y, 1), under the following specific parameter settings.

(@) Casel.y=2, k=p=0, Ai= -1 and p is arbitrary. The transforma-

tions are

t=—1, 4)
y=—ﬁ ®)

(b) Casell:y = % K= %, B =V2p, p=i and A=0.The transforma-

tions are

P=—1, (©6)

@)

Proof For Case I, an invertible change of the independent variables of the form y
and 7, reduces Eq. (1) to the form

a(y, ?)uy +c(y, Du+ u; — u,, =0, 8)

2 2
Where M(y, i)? a(y’?) = y<_% - i) and C(y,?) = —i
y y-p y-p

Thereafter, under another transformation, the dependent variable u(y, 7) undergoes a
transformation, viz.

u(y,7) = o(y,?) - e 0D, ©)
where

Yy 7
+— +1Inly|. (10)

D=t
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This transformation procedure converts Eq. (8) to the heat Eq. (3). -
The proof for Case II is analogous, but where a(y,?) = —% and c(y,7) = %

Similarly, we define the transformation (9), wherein this case admits the function

7 ¥
242 42 (b
Naturally, the above result gives rise to the following lemma. a

Lemma 2 The corresponding terminal condition (2) is transformed into a boundary
condition of the heat equation, viz.

. oLt , 2
oy, 1) = max{ — eﬁ-ﬂ+2”2+lnbl<£ + k),O}, (12)

y-p

for Case I, and

2

2\ i
w(y,i)=maX{ (—k—%>e 22 M,O}, (13)
for Case II.

Proof The terminal condition (2) may be expressed as u = max{x — k,0}, and with
the application of the transformations (4), (5), (9) and (10) from Theorem (1), a
boundary condition for the heat equation follows for Case 1. Similarly, the transfor-
mations (6), (7), (9) and (11) yield a boundary condition for Case II. O

3 The Initial Value Problem

The heat equation is often bench-marked as one of the most useful PDEs. It
admits the Gaussian function as a fundamental solution, which leads to several
analytical applications. We note that many studies of parabolic PDEs involve the
heat equation, we refer the reader to [11-18]. In our context, we showcase that
the heat equation is an easy facilitator of boundary conditions.

From Lemma 2, we construct the initial value problem for the heat equation

w; — W, = 0, inR x(0,c0), 14
©(y,0) = F(y), on R x {i=0}. (14
In particular, we have the initial conditions
2 +In 2
Casel : @(y,0) = — eVir ™" '”(i +k>, (15)
y-p
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2 2
Casell : w(y,0) =¢ V3 (—k - %) (16)

Note that these initial conditions need not be smooth. To proceed, we consider the
well known symmetries of (3), viz.

N N A 0
X = t — t — t —
¢, ,w)ay + 10, ,w)ai + 0.1, w)=~, (17)
or, equivalently

X =(4c,? + 20,0 + c6)% + (el + cy + 2c5 + c4)ai

; (18)
(e (=27 =y*) = c3y + ¢5)w + a(y, D) =—,
; ow
where a(y, 7) is an arbitrary solution of the heat equation, i.e. a; = Ay
We apply the ISC
é(y’ ,i’ a))wy + 7](}}, ,i’ a))w? - d)(y’ ,i’ a)) = O’ (19)

which holds at the boundary where we impose 7 = 0 and w(y, 0), to obtain the condi-
tion [19]

¢(y’ 0’ F(}’)) - é(y9 O’ F()’))F/(Y) _

= w,,(,0).
7.0, F(y) @y 0) (20)
From condition (20), we have that
a(y,0) = (Clyz +c3y — CS)F(y) + (Czy + C4)F/(y) + CGF”(y). @1

Equation (21) is an ordinary differential equation which when solved yields the most
general initial condition. This condition gives less restrictive conditions on the ini-
tial conditions such that they be defined by a particular symmetry. We shall demon-
strate several special conditions and solutions below. Now, the known fundamental
solution of the heat equation is

1 -2 N
A =4 Vamo G ER,7>0), (22)
0, yeR,7<0)

which is singular at the point (0,0). The knowledge of A(y,?) allows the construction
of a solution to the initial value problem of the heat equation. Since A(y —m,7) is
also a solution for each fixed y € R, then consequently the convolution [20]

w(y,1) = /A(y - m,Dw(m,0)dm (y € R,7>0), (23)
R

is a solution to the one dimensional heat equation as well.
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Next, we apply the theory above to explore various solutions to the heat equation
and subsequently, the general bond-pricing equation. All solutions are subject to the
initial conditions given above, while solutions to the general bond-pricing equation is
subject to the terminal condition (2).

To start, consider Case I. For simplicity, let
Therefore a(y,0) = F'(y), and the symmetry we apply is X = a% + a(y, i)%. Hence,

with the ISC (19), we find that the solution to the heat equation is
w(y,1) = [ a(y,Ddy + H(?). Without loss of generality, we let H(f) = 0, and we are
now faced with the challenge of finding a(y, ). Since a(y,?) is a solution to the heat
equation, it will also satisfy the convolution property (23). Thus by integration with
Maple, we obtain

C4=1,61=C2:C3:C5=C6=O

Yo+ \61)

anh == <2\/_kp\[+e w \/;<2+\/5kyp+2k(pz+i))

e
(,\‘/)+\fr) n
+e W \/7_1'(2 + \/Ekyp + 2k(p2 + ?) >Erf ly—p + \/Et] >
20Vi
(24)

We integrate again to find

w(y, 1) =—

g V2yp+i
<4e—72fkp2\/%+2e (V24 ko + V24

44/7p?
Vaypti
— 2\ 27 pErf l%/] te 27rp<2 +V2kyp + 2k?) 25)
2V1

+ /2%
ot lw_\f] )
2oV
which is a solution to the heat Eq. (3).

Now recall the transformations from Theorem 1 to reverse the substitutions and
yield the solution to the general bond-pricing model (1), viz.

u(x, 1) = ! 62;2+M]72x<2e 27 \/_<\/— \/_kt— £>p+4eméﬂzk\/—_tp2

44/2mp

\f

te i \/_<2 2kt——>pErf{_ \/_p

”@”E”[\fﬁxp”

(26)
Slmllarly, suppose wesetc; =c, =c3 =c¢, = ¢5 =0, ¢ = 1to obtain the symmetry
X== + a(y, t) and function a(y,0) = F"(y). Thus, with (19), the solution to the

heat equatlon is w(y, 7= / a(y, H)d? + H(y). Once again we let the arbitrary function
vanish, i.e. H(y) = 0 and by integration we obtain
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\p+fr)
a(y,B) = — — e <2kp\f+e \/Z(\/E+kyp+ \/Ek(2p2+i))
44/7p
(vp+\/§i)2 2"
+e 4 \/%(\/E + kyp + \/5/{(2/)2 +1) )Erf M >,
20V
27
followed by
2 Vaypti
oy, B) = — — < —de T p\i4+2e 2 \Jap? <\/5+kyp + \/5"?)
4y/7p3
-2\7 ypErfl ] ) 27tp2Erfl ] — 2k\/z. yp3Erfl ]
Vi 2v/i 2v/i
2\;7+t N yp + \/E,l:
+2¢ 5 Vrp? (V2 + kyp + V2K JErt | 2 ),
2pV'1
(28)
Therefore, the solution to the original equation in this scenario is:
u(x,t) = ! e#+~%x<—4eﬁ\/_p+26 2? \/_<\/_ \/_kz— \/_k>
4\/Zp2
V2 2rErf ]
V2t - = o
+2e 7ﬂz \/_<\/_ \/_kt \/_k> l \/_ x :| _ ffﬂ
2\/:‘;) X
, [ | :| Zk\/ﬂp Erf[fﬁxp] >
+ 2V 272 p*Brf :
V2+/Zixp *
(29)

As a solution for Case II, suppose we let ¢ = % andcy =c,=c,=c5=¢5=0, 50
that X = ?a% + (—yw/2 + a(y, i))% and from the ISC, the solution to the heat

equation is
n ) 2 M\ -2
w(y.1) = </ —“(yi )e4?dy+H(t)>e v (30)

Hence, from the same procedure as described above, we have the functions

Vive T (k{7 + 333 +6) +2V2) +1(31( VE+4) +22) + V361 +2))
a(y,) = v .

V=i(Va-h - 2) !

3D
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ey L
‘ <4k(?3 +3V272 + 61 + 2\/5) + V2P + 482 +?(y2 + 2\/5) + \/§y2>>,

e zﬁ%2+47
(32)

and it follows that the solution to the original equation is

2x t

<\/§— t)peﬁ_rﬁ_ o

9/2
<\/§t— 2)
<4k<—\/§t3 +622—6V2r + 4) 28 +4V22 - t<4 -8 2x> . 16x).

(33)

We plot the solution of (33) in Fig. 1 and see that this solution, at a strike price

of one, predicts a sudden drop in bond-value within a short time. We remark that by

convention, one may rewrite all of the above solutions for the general bond-pricing

model as u(x, ) where T = T — ¢, and thereafter, if we let T = ¢, it is obvious that the
terminal condition (2) is satisfied.

u(x,t) =

4 Conclusion

A general equation linked to bond-pricing has been solved subject to its terminal
condition, for several parameter values. We have transferred the problem of solv-
ing this equation to a different problem corresponding to the heat equation. Spe-
cifically, we have employed symmetry generators to solve for invariant solutions that
satisfy some resulting initial values. In fact, the analytical solutions at the boundary
involved the nontrivial computations of functions that solve the heat equation. Note
that these conditions may be badly behaved but the technique used is up to the chal-
lenge. In the wider context of other applications, one may encounter integration dif-
ficulties for the solutions itself.

The heat equation possesses other well-known solutions aside from (22). As an
example, take the infinite series solution [21]. However, such solutions also admit
other boundary conditions. Hence, we remark that in principle, it is the fundamental
solution or heat kernel defined above that fits perfectly when we transform the
terminal condition into a specific initial condition, and thereby set up the convolution
and any ensuing integrations required to solve the equation.

For nonlinear equations, it is possible to apply the above approach, in one of two
ways, namely: either by first linearising the equation and then constructing transfor-
mations to the 141 heat equation, or secondly if one can find direct transformations
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Fig. 1 Graphical 3D illustration of the analytical solution (33) with k = 1

to the heat equation. Both scenarios would certainly pose interesting challenges to
pursue.
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