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Abstract
The fast growing solutions of the following linear differential equation (x) is investi-
gated by using a more general scale [p, g] -order,

f(k) +Ak_1(z)f(k_1) + .- +A0(Z)f = O, (*)

where A;(z) are entire functions in the complex plane, i = 0,1, ...,k — 1. The growth
relationships between entire coefficients and solutions of the equation (x) is found by
using the concepts of [p, g] ,-order and [p, g] ,-type, which extend and improve some
previous results.

Keywords Linear differential equations - Entire functions - [p, g] ,-order - [p, q] ,
-type

Mathematics Subject Classification 34M10 - 30D35

1 Introduction and Main Results

We assume that the reader is familiar with the fundamental results and the standard
notation of Nevanlinna theory in the complex plane C, see [8, 15] for more details.
Considering the linear differential equation

L(f) ::f(k) +Ak_1(Z)f(k_1) + .- +A0(Z)f = O, (11)

P4 Jianren Long
longjianren2004 @163.com

Hongyan Qin
aginhongyan@ 163.com

Lei Tao
shidataolei@163.com

School of Mathematical Science, Guizhou Normal University, Guiyang 550025,
People’s Republic of China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s44198-023-00107-7&domain=pdf

Journal of Nonlinear Mathematical Physics (2023) 30:932-955 933

where A((2), ... ,A;_,(z) are entire functions in C and k(> 2) is integer. Usually, order
and hyper order are used to study the growth of solutions of Eq. (1.1), for example,
see [7, 10, 14, 15, 18, 19, 20, 21] and therein references. For the fast growing entire
function, the iterated order is defined to measure their growing. It is well-known that
Kinnunen firstly used the idea of iterated order to study the fast growing of solutions
of Eq. (1.1) in [13]. Since then, the iterated order of solutions of Eq. (1.1) is very
interesting topic, many results concerning iterated order of solutions of Eq. (1.1)
have been obtained, for example [3, 9] and therein references. To estimate precisely
the fast growing of entire functions, the concept of [p, g]-order is defined in [12].
From then, many results concerning [p, g]-order of solutions of Eq. (1.1) have been
found by different researchers, for example [16, 17] and theirin references.

In [4], Chyzhykov and Semochko have pointed out that the definition of [p, ¢]-
order have weaknesses is that it do not cover arbitrary growth, and given Examples
1.4 and 1.7 in [4] to show the case. And the same time, they given more general
growth scale of meromorphic function as follows.

Definition 1 ([4]) Let ¢ be an increasing unbounded function on [1, +o0), and fbe a
meromorphic function. The @-orders of fare defined by

0 L (p(eT(r,f))
po(f) = lim sup =
o(T(r.f))

p(lﬂ(f) - rEIPoo sup logr

If f is an entire function, then the p-orders are defined by

o @(M(r. )
P) = T sup =

log M(r,
5= tim sup PIOEME).
@ r—+00 logr

Remark 1 ([4]) Let ¢ € ® and f be an entire function. Then
oL = B, (i =0.1.

The properties of @ and @ will be shown in the following Sect. 2. Furthermore,
Chyzhykov and Semochko studied the growth of solutions of Eq. (1.1) by using the
concept of g-order.

Theorem 1.1 ([4]) Let ¢ € ©, Ay(2), ..., A;_,(z) be entire functions. Then all non-
trivial solutions f of Eq. (1.1) satisfy

sup{p;(f)m(f):o} = sup{pg(Aj)U:o,...,k— 1}.

Theorem 1.2 ([4]) Let ¢ € ®, and | = max {jlpg(Aj) >p,i=0,.. k- 1}. Then
Eq. (1.1) possesses at most [ entire linearly independent solutions f with p(lp(f) < p.
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Theorem 1.3 ([4]) Let ¢ € ®, Ay(2),...,Ar_1(z) be entire functions such that
pg(AO) > max {pg(Aj),j =1,...,k—1 } Then all nontrivial solutions f of Eq. (1.1)

satisfy p,,(f) = p)(Ag)-

Recently, Belaidi defined the concept of @-type of meromorphic functions which
is used to study the growth of solutions of Eq. (1.1), and the following Theorem 1.4
is obtained.

Definition 2 ([2]) Let ¢ be an increasing unbounded function on [1, +o0), and f be
a meromorphic function with p;(f) € (0,400),i =0, 1. The @-types of f are defined
by

exp {@(e™"N)}
0 _ .
T(ﬂ(f) - rEﬂ—rio sup Q) ’
) = i exp {o(T ()}
7p() = lim sup ——2r5——

If f is an entire function, then the @-types of f are defined by

0, 1 exp {@WM(r,f))}
) = Jim sup =S
e exp {p(log M(r,/))}
£p(f) = lim sup G :

Theorem 1.4 ([2]) Let p € ®, Ay(2), ... ,A;_,(2) be entire functions. Assume that
max { A, =1, k= 1} < 7(A4) = py < +oo,
and
max {%EW(A].) A= (AO)} <® (A =r.
Then all nontrivial solutions f of Eq. (1.1) satisfy ﬁ;(f) = ﬁg(AO).

Motivated to the [p, g]-order of meromorphic function. We introduce the concepts
of [p, gl ,-order and [p, q] ,-type, where p > g > 1. For all r € (0, 4+c0), exp, r = ¢,
exp,. r = exp(exp, r) and log, r = log r and log, | r = log(log, r), n € N. We also
denote exp, r = r = log, r, exp_, r = log, r. The [p, q] ,-order and [p,q] ,-type are

defined as follows, respectively.

Definition 3 Let ¢ be an increasing unbounded function on [1,+c0), and f be a
meromorphic function. The [p, ¢] ,-orders of f are defined by
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log,_, T(rf)
0 Qe )
lim sup ———
p[[]’q]#’(f) r——+o00 p logq r

@(og, | T(r.f))
1 _ 1 P
plp’qj’(/’(f) - r1—1>1-;—noo sup logq r ’

If fis an entire function, then the [p, g] ,-orders of f are defined by

log, M(r)

~0 T @(e®% )

Plpgre(f) = lim sup g, r
@(log, M(r.f))

~1 _ .
p[PaCI]»(P(f) - rkﬂ—noo sup logq r

Definition 4 Let @ be an increasing unbounded function on [1,+c0), and f be a
meromorphic function with p{p Jl w(f) € (0,+00),i =0, 1. The [p, q] ,-types of f are
defined by

exp { p(e8-1 70}

0 .
T[p,q]’qj(f) = lim sup

r—->+oo [logq_l r]"gwlﬂ’(f)
. exp { @(log,_; T(r.f)}
r[lpq](o(f) = lim sup L - - .
»q1s r—+o0o [Iqu_1 r]p[p,q],tﬁ(f)

If fis an entire function with ,5’['[) J (p(f) € (0, +00),i =0, 1, then the [p, q] ,-types of f
are defined by

exp { (e MrD) )

[]()gq_1 r]ﬁ(llp-qJ,w(f)

exp { p(log, M(r.f)) }
r]ﬁ Iln:z/]«ﬂ o ‘

Iqu (p(f) lim sup

r—>+oo

Lqu(f)— 11m sup
[Iqu—l

The following two examples show that [p, g] ,-order is indeed superior to g-order
when studying the same fast growth functions.

Example 1 It follows from [5] that exp,(a(log r)?) is convex in logr. Then there
exists an entire function f that satisfies

log, T(r,f) = (a + o(1)){log r)’,

where a, f§ > 0. .
For ¢(r) = (log, )7, we can get that

P ) _ o [expa@+ o(D)log )i _
p (f) = lim sup ————— = limsup

r—t0  lOgr Fo+oo logr
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however,

1

| _i plog, T(rf) _ . (allogr))r 1

P31 = limsup —————— = limsup ————— =a’.
roto0 logr roto0 logr

Example 2 Tt follows from [5] that exp,(a(log )?) is convex in logr. Then there
exists an entire function f that satisfies

log, T(r,f) = (@ + o(1))(log r)’,

where a, § > 0. 1
For ¢(r) = (log, )7, we can get that

T(r, 1
¢ r—+o00 lOg r
however,
L
| . p(log, T(r,f)) . (logy[(a + o(1))(log r)P1)s
3o (f) = limsuyp ——————— = limsup =0.
3.2l r—+co 10g2 r r—>+oo 1Og2 r

Here, we study the growth of solutions of Eq. (1.1) by using the concepts of
[P, q] ,-order and [p, q] ,-type, Theorems 1.5-1.8 are obtained which are generaliza-
tion of previous results from Chyzhykov-Semochko [4] and Belaidi [2].

Theorem 1.5 Let ¢ € @, Ay(2), ..., A,_;(2) be entire functions. Then all nontrivial
solutions f of Eq. (1.1) satisfy

sup {pgp’q],(p(f)lL(f) - o} = sup {p?pm(Aj)U —0,.. k- 1}.

Theorem 1.6 Let p €D, Ap(2), ..., A 1(2) be entire functions,
m = max {ﬂp?qu(Aj) >A,j=0,....,k—1¢. Then Eq. (1.1) possesses at most m
entire linearly independent solutions f with p[lp i (p(f) < A

Theorem 1.7 Let o € ®, Ay(2),...,A,_(2) be entire functions such that

pgj’q]!¢(A0) > max p([)p,q],(p(Aj)’j =1,...,k— 1. Then all nontrivial solutions f of

Eq. (1.1) satisfy p[lp,q]’(p(f) = /’([)p,q],(p(Ao)-

Theorem 1.8 Let ¢ € @, Ay(2), ..., A,_(2) be entire functions. Assume that
max {7, A= Lo k= 1} <7 (4 = py < +oo,

and

~0 . =0 _ =0 ~0 _
max {T[p,ql,w(Af) C Pipgre@) = ”[p,q],w(Ao)} < pgrelBo) =7
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Then all nontrivial solutions f of Eq. (1.1) satisfy ﬁ[lp P q](f) = ﬁ([)p p (,(Ao)-

2 Properties of [p, q] ,-order

In [4], Chyzhykov and Semochko defined the class of positive unbounded increasing
function on[1, +c0) by @ such that p(e’) is slowly growing, i. e.,

p(e)
—_—
o(e’)

Ve>0:

1, t- 4oo.

First, we recall properties of functions from the class ®.

Proposition 2.1 ([4]) If ¢ € ®, then

“(log x"
Vm > 0, szo:&kg)—>+oo, X — +00; 2.1
X
log ' (1 +6
vs>0: g HOW L e 2.2)

log p~!'(x)
Remark 2 1f ¢ is non-decreasing, then (2.2) is equivalent to the definition of the
class @.

Next, we obtain some basic properties of [p, g] ,-order by using standard method.

Proposition 2.2 Let ¢ € @, and f be an entire function. Then

o) = Pl d =0, 1.

Proof First, we prove that this is true when j = 1, and it can be proved for the case
of j = 0 by using similar reason as the case of j = 1.
According to the monotonicity of function ¢ and the following inequality

R+

T(r.f) < 1ogM(r.f) < 2= T(r.f). 0 <r <R 2.3)

we get that
1 ~1
p[ﬂ,q]’rp(f) < p[ﬂ,q]xp(f)'

Next, by (2.3) and choose R = kr, k > 1, we have
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@llog, M(rf)) _ @log, 1 ZHTR.S) _ gllog, , (5 TGr.)

log, r - log, r - log, r
(L +o(1)e(log,_, T(kr.f)) log, kr
< ,F = +00.
log, kr log, r

In fact, by the properties of function ¢,
Va>1: o@at) <o) <(1+0)p), t > +co.

Hence,

plog, | (5TKrf) _ ¢GE log,, Tkr.f)

log, r - log, r
(1 +o())e(og,_, T(kr,[)) log, kr
< , r = +00.
log, kr log, r

It is implies that

1 ~1

Pipgrol) Z Pipgpf)-

Therefore, this is completely proved. O

Proposition 2.3 Let ¢ € ©, and let f,f,,f, be three meromorphic functions. Then the
following statements hold.

W) g0 +1) < max{pl, ()4, 0, ()} = 0.1
(11) p,Lp,q],(p(flf2) SAmaX {p/[p’q]@(fl)v pl[p,q]’(o(f2) }’J = 07 L.
i) 7, 00 (F) = Pl gD forf #0,7=0,1.

,q], . .
(iv) forae€ C\{Oi,qwq:z have pllp (af) = p,Lp

s 10@) = 7, 1 (=01,

4ql.e .q1.¢ .q1.¢ 4ql.e

Proof (i) We prove that this is true when j = 1, and similarly it can be proved for the
case of j =0.Leta = pEp g (p(fl), b= pﬁn a q)(fz)' Without loss of generality, suppose

that a < b < +o00. Now by the definition of p[lp J (p-order, for any € > 0 and suffi-
ciently large 7,
o(log,_ T(r.f))
log, r
o(log,_, T(r.f)) < (b + e)log, r,
T(r.f,) < exp,_ [~ (b + e)log, ).k =1,2.

1
S PlpgreVi) + &

It follows from the properties of Nevanlinna characteristic functions that
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T(r.fi +f2) S T(rf) + T(r.f) + O(1)
<3exp,; (¢~ '[(b+e)log, 1)
<exp, , (¢7'[(b+3e)log, r]).

Hence,

p(og,_ T(r.f; +1>))

<b+3e.
log, r

It is implies that

p[]p,q],w(fl +/) < max {p[lpqusw(fl)’ p[lpvq],rp(fz)}'

The properties (ii), (iii) and (iv) can be proved by using similar way as in the proof
of the case (i). O

Proposition 2.4 Ler ¢ € ®, and f,.f, be two meromorphic functions. If
p,[ﬁ,q],w(ﬂ) < /’][p,q],(,,(fz),j =0, 1, then

p/[.p,q],rp(fl th) = p/ip»q],w(f‘f2) = p{p,q]xﬂ(ﬁ)’j =0,1. (24)

Proof Obviously, we can easily conclude that this is true by Proposition 2.3. O

Proposition 2.5 Let ¢ € @, and f,,f, be two meromorphic functions. Then the fol-
lowing statements hold.

@ Ifo<y (2).j = 0,1, then

p.ql.e

[P q](ﬂ(fl +h) = [p aeif2) = [pqlw(fz)'
(@@ 10 < Pl () = Pl o) = 4]

p.ql.® p.ql.¢

Tj[g,q],w(fl +f) < max {H@,q],w(fl)’ T{M],(p(fz) }

(f1)<ﬂ{

p.ql.e

() < +00,0 < r{piyquw(fl) <7

[p.al.e

(fi +12).j = 0,1, then

Moreover, if r’ (fl) +7 . (p(fz), then
q] L1 +f2) = max { o) T 7 a2 }
(iif) If0 < pI[.p,q]xp(f‘) = P{p,q],(/,(fz) - p/ip,q],¢(f1f2)’j =0,1, then
qujq,(ffz) < max{ qulqo(fl)’ [p.ql co(f2)}

Moreover, if 7 (f;) # 7 019 (2): then

p.ql.e
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o ety =max (e, ()5l ()],

Proof We just prove the case of j = 1, and the case of j = 0 is very similar.

(i) By the definition of the T[lpq] »type, for any given &£ > 0, there exists a

sequence {rn} which tending to infinity and N, € Z*, such that for n > N,,
1
T0,£5) 2 exp,oy { 97 log (5, (h) — € ) Hog, 7, o™ 1
On the other hand, there exists N, € Z*, such that for n > N,,
1
T(r,.f1) < exp,_ {(p—l [log <(TL1,,,qJ,(,,(fl) + zz)[logq_1 rn]p[p,q]vq)(fl))] } (2.5)
Obviously,

T(r.fy +f,) = T(r.f,) — T(r,f;) — log 2.

Set N = max {Nl ,Nz}. By the properties of @ and n > N, we have

TG, fi +£) 2 exp, {07 [log (G2, ., (5) = 2¢ ) log, 1, Vb )] }.

It follows from Proposition 2.4 that p[lp p (,,(f1 +f) = (f,). By the monotonicity

1
p [p.ql.@
of ¢, we have

e?0g,_1 T, fi+1))

>
S1HH)

1
7 (fy) — 2e.
[logq_l l"n]ptlpqu, [p.ql.oV2

And then
1 1
T[p,q],(p(fl +f2) > TU?,q]»W(fZ)'
: 1 _ 1 1 _ 1 _
Since p[p’q]’(p(fl +f2) - p[p’q]’(ﬂ(fZ) > p[p,q],(p(fl) - P[p’q]’(p( fl)’ then
1 1 1
T2 = Tpaolh T =) 2 7, , (i +12).

Thus T[qu],w(fz) - T[iv,q],rp(fl +h)

Next we prove that T o1 = 70, 1., (- Obviously,
T(r.fify) =2 T(r,f,) — T(r,f;) —log2. By using similar discussion as in the proof
above, we obtain easily that

1 1
T[p,ql,w(flf )2 T[p,ql,rp(ﬁ)'
: 1 _ 1 1 _ 1 1
Since p[p,q],(/J(fle) - p[p,q],(p(fz) > p[p,q],(p(fl) - P[p,q]’(p(f] )7 then

1
—1) 2 T[ll,,q],q, (if2)-

1 _ 1
T[p,q],fp(fz) - T[p,q],fp(flf 2 ,
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SO7 T[l,,,q],(p(fz) = T[lp,q],q,(fle)
(ii) By (2.5), we have

I(r,(fy +/) < T(r.f) + T(r,fr) + O(1)
< Cpr_l {qo_l [log <maX {T[Ip,qj,(p(fl)’ T[Ip,q],q)(fz)} + 36>[1qu—1 r]p[ljttllv(t?(fl"'fz)):l }

Hence, by the monotonicity of ¢,
T[lp”’]"”(fl /) < max {T[lpsq].w(fl)’ T[iv.q],w(}%) } (2.6)

Without loss of generality, suppose r[lpq](p(fl) < T[lpq]q,(fz)- Then, by (2.6) and

oot 12 = ppy 1., 01) = Pl 01,1, We get
T[iv,q],w(fZ) = T[lp,q],(p(fl +h =)
S max {T[L,ql,qo(fl)’ Tllp,qj,(p(fl +f2)} (27)

—_ 1
- T[p’q],(p(fl +f2)-

By (2.6) and (7). 7, | (f; +/»)=max {r['p!qw(fl), 7 () }
(iii) is proved by using similar reason as in the proof of (i) and (ii). O

The following Corollary can be obtain from (i) and (ii) of Proposition 2.5.

Corollary 2.6 Let @ € D, and let fi,f, be two meromorphic functions.

. j -, =4
@ If 0< P][p,q],w(fl) = P2 = Plrgle

T][;r),q],(p(fl) < max {Tl[lp,q]xﬂ(fl +f). T/[.p,q],w(fz) }

(fl +f2),] = 0, 1, then

() I 0< 4,0, () = A, 0102 = gy o (if2)e = 0. 1, then
T]l;,qJ,¢(f]) < max {T]l'ml,w(flfz)’ T]L'v,ql,w(fz) }
Proposition 2.7 Let ¢ € @, and f be a meromorphic function. Then

.j=0,1.

!
/’][p,ql,(p(f )= Plpgle

Proof Set P[lp quo(f) = a. From the definition of /’|1p J (p-order, for any € > 0, there
exists 7y > 1, such that for all r > r,

log, | T(r.f) = O{¢™'[(« + £)(log, )]}

Obviously, T(r, f’) <2T(r, f)+m(r,f?). By the Lemma of logarithmic deriva-
tive (p.34 in [8]), we have '
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log, | T(r.f ) < log,_, {O(og rT(r.f)} +log, | T(r.f)
= 0{¢ ' [(a + e)(log, N1}, r ¢ E,

where E C [0, +00) is of finite linear measure. By Lemma 3.2 in Sect. 3 and for all
sufficiently large r,

ollog, | T(r.f)]
log, r

It is implies that p[ (f) > p[p a (p(f/)
On the other hand we prove the inequality p[p 1o < p[p 1o (f). The definition

of p[p A (p(f ) = p implies that for any given above € > 0, there exists r; > 1, such
that for all r > ry,

fa+e.

log,_; T(r.f ) < @' [(B + £)(log, ).
By the properties of ¢ and
T(r.f) < O(TQr,f) +1logr), r = +oo,
we can get that

log, | T(r.f) < O(log,_, TQr.f') + log, 2r)
< 0(¢7'[(B + €)(log, 2r) + (log, 2r)])
< O(p™'[(B + 2e)(log, 2)]), r — +c0.

By the monotonicity of ¢, we get
p(og,_; T(r,f)) < (1 +o(1))(B + 2¢)log, 2r < (B + 3¢)log, 2r.

Itis implies that p!, . (F) < pl . (F). O

3 Auxiliary Results

In the proof of Theorems 1.5 and 1.6, the classical reduced order method is adopted
for Eq. (1.1), which alms to find the estimation of m(r,A;)(j = 0, . — 1) by usmg
the estimation of m(r, —)(k > 1). The following lemma is an estlmatlon of m(r, —)
Lemma 3.1 Let f be a meromorphic function of order P[lp q]w(f) =p, keN, and
@ € ©. Then for any € > 0,

fo I
m(r, T) = O{exp, ,[o~'(log, r"*)1}.
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outside, possibly, an exceptional set E of finite linear measure.

Proof Let k = 1. The definition of p[lp g (p—order implies that for any € > 0, there
exists ry > 1, such that for all r > r,

T(r.f) = O{exp,_,[¢~' (log, r"*)]}. (3.1)

It follows from (3.1) and the lemma of logarithmic derivative that

m <r,fi> = O(log T(r,f) + logr)
7 (3.2)
= O{Gpr_z[(P_l(Iqu rp+£)]}’ r ¢ E’

where E C (0, +00) is of finite linear measure.
Now, we assume that for some k£ € N,

f(k) |
m<r, 7) = O{exp, ,lp~'(log, "*)]}.r ¢ E.

Since N(r,f®) < (k + 1)N(r,f), we deduce
T(r,f©) = m(r,fO) + N(r, f©)

f(k)
< m<r, T) + m(r,f) + (k+ DN(r,f)

< (k+ DT(r.f) + Ofexp, ,[@™" (log, )1}
= O{exp,_,[o~'(log, r"*)1}.

f(A+ 1)

It follows from (3.2) and (3.3) that m<r, hi ) = O(exp,_ylg~! log, 1), r ¢ E.

Thus,
(5l ()

= O0{exp,_,l¢~'(log, r"™)]}.r ¢ E.

The following lemma is needed to prove Theorems 1.5 and 1.6.

Lemma 3.2 ([1]) Let g : [0,4+00) > R and h : [0,4+00) > R be monotone nonde-
creasing functions such that g(r) < h(r) outside an exceptional set E of finite linear
measure. Then for any a > 1, there exists r, > 0 such that g(r) < h(ar) for all r > r,,.

Wiman-Valiron theory is needed in proving our results, which can be found
+o0

[15]. Let f(z) = D, a,7" be an entire function. Then
n=0
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u(r,f) = max {lanlr" ‘n> ()}, v(r,f) = max {n Da, |7 = ﬂ(r,f)}

are called the maximal term and the central index of f, respectively.

Lemma 3.3 ([15, p. 51]) Let f be a transcendental entire function, let 0 < 6 < and
z such that |z| = r and [f(2)| > M(r,f)v(r, f)_'+5 Then there exists a set E C IR of
finite logarithmic measure such that

) = ( — ) (14 0(1) )
holds for integer m > Q andr ¢ E.

The following estimation of the radius r of the polynomial P(z) is used in the
proof of Theorem 1.5.

Lemma 3.4 ([15, p.10]) Let P(z) = a,z"+a, @' + -+ +a, be a polynomial,
where a, # 0. Then all zero of P(z) lie in the discs D(0, r) of radius

a

k>
a,

r <1+ max (
0<k<n—1

We need the following two lemmas to get estimations of 7(r, f) and m(r, f), which
is used in proving Theorems 1.6 and 1.8.

Lemma 3.5 Let f be a meromorphic function with p([)p 4l (p(f) = py € (0,+00). Then,

Jor all u(< p,), there exists a set E € [1,400) of infinite logarithmic measure, such
that ("% 10Dy > log, r holds for all r € E.

Proof The definition of p([)p a (p—order implies that there exists a sequence (Rj);;°1°
satisfying
1T(R~f))

log,_ Vi
<1+ 1,>R <Ry, lim G

J j=+o  log, R, = o

From the equality above, for any € € (0, p, — p), there exists an integer j, such that
for j > j,,

TR,

(&1 TRy > (po — €)1og, R;. 33)

Since u < p, — &, there exists an integer j, such that for j > j,,

Py — € 1)
log, R. > lo 1+ = |R.
u gq J gﬂI< J J

It follows from this inequality and (3.4) that for j > j; = max {jl, jz} and for any
re (R, (1+ )R]
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1 T(rf log, | T(R.f
@ 10D > (el T8 > (py — €) log, R,

py—¢ log,R;

=— lo
u HT— log, g7
po—¢e  logR; 1
N H0g T
U
log, (l + ;)Rj
> plog,r.
+o0
Set E=|JIR (1 + })Rj]. It is easy to show that E is of infinite logarithmic
J=Is
measure,
(1+)R;
dr +00 ; +00
mE =/—=2 / —=210g<1+—> =+
E = R =

O

We can also prove the following result by using similar reason as in the proof
of Lemma 3.5.

Lemma 3.6 Let ¢ € @, and f be an entire function with ﬁﬁp qJ(p(f) = p, € (0, +o0)
and %[Op 4 (,,(f) € (0,40). Then for any given f < fgj 7l (p(f), there exists a set
E € [1,4+0) of infinite logarithmic measure such that for allr € E,

exp {@(e°% M)} > p(log, | ).

The following lemma is used to prove Theorem 1.7 for the case of g = 1.

Lemma 3.7 ([9]) Let f be a solution of Eq. (1.1), and let 1 <y < +o0. Then for all
0<r<R,where) <R < 400,

2
m, (r.f)" <C<Z/ / |A(se“9)|kfdsd0+1>

where C > 0 is a constant which depends on y and the initial value of f in a point z,
where Aj # 0 for some j=0,...,k — 1, and where

2r

m(r ) = zi (| log* [f(re®)[|)7db.
T Jo

The following logarithmic derivative estimation was found in [6] from
Gundersen.
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Lemma 3.8 ([6]) Let f be a transcendental meromorphic function, and let « > 1 be a
given constant. Then there exists a set E C [1,+00) with finite logarithmic measure
and a constant B > 0 that depends only on a, and i,j,0 < i < j < k — 1, such that for
all z satisfying |z| = r & [0,11J E,

19@) T@rf) o
FO(2) SB{ p (log r)logT(ar,f)} .

Lemma 3.9 Let ¢ € ® and Ay(2), ... ,A,_,(z) be entire functions. Then, every non-
trivial solution f of Eq. (1.1) satisfies

7 o) < max {ﬁ‘[;’qw(Ai) =01, k=1 }
Proof Set
— ~0 P
§ = max {p[p,q]’(p(Aj) =01, k- 1}.
By the definition of ﬁ[p q],(p(A ;), for any £ > 0 and for sufficiently large r,

M(r,A)) <exp, ; {o” (B+€)log,N}.j=0,....k—1. (3.4)

By Lemma 3.7 for y = 1, we have

k—1
T(r.f) = m(r.f) < 22C(1 + Y rM(r, A)). 3.5)
j=0

It follows from (3.5), (3.6) and Proposition 2.2 that

51 ~0 L 3
P o) < max {/’[p,q],(,,(Aj) 2j=0,1,... k=1 }

4 Proofs of Theorems 1.5 and 1.6

The classical way of reducing the order is adopted for Eq. (1.1) in proofs of Theo-
rems 1.5 and 1.6, and T(r,A_,-)(j =0,1,...,k— 1) is estimated by T(r,’%f))(k >1)in
reducing the order. ‘

To state our proving concisely, let E represents the finite logarithmic measure, /
represents the infinite logarithmic measure and F represents the finite linear measure
in the proofs of Theorems 1.5-1.8. Next we start prove our results by using the simi-
lar way as in the proofs of Theorems 1.1-1.4.
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Proof of Theorem 1.5 Set y,, 1, = SUp { o o ILE) = 0}, and

Gpatar = 5P { P, AP =01, k= 1}

First, we prove that a[p aho < Vipaer M Vpge = 00, it is trivial. Hence we just
con51der the case of Vipgle < T0. Let fi, ... .f; be a solution base of Eq. (1.1) with
p[p g (p(f) <+4o00,j=1,. k. It is clear that W = W(fi, ... .f;) # 0 by the properties
of the Wronsky determinant.

It follows from Propositions 2.3 and 2.7 that p['p’q]’(p(W) < o0. By properties of the

Wronsky determinant ([15, p.55]),

A @) ==W_ (fi.....f) - Wlhse{l,.. k)

where
fl f}(
G- G-
Lo fk(k)
‘alj(flv"'xfk): fl o fk .

G+ gD

l . . k .
(=) kD)
1 k

In view of Proposition 2.3 we can conclude that p[lp al (p(A,-) <00,i=0,1,...,k— 1L
By Lemma3.1to f,,i=1,...,k,

i

()
m<r7> O{exp, olo™' (log, rivae™)]} r g F.1=12,....k.

We now apply the standard order reduction procedure ( [15, p.53-57]). Denote

we =2 (£2),
A =1, andv( b ; ie., (v( Dy = = v;. Hence,

l
l m —1-m
=3 <m>f]( y, E=mm 1= 0, .k “.1)

m=0

Substituting (4.1) into (1.1) and using the fact that f; solves (1.1), we obtain
v D+ AL L@ P+ e+ A gy =0, 4.2)

where

S i 1+m £
Al‘ _]+1+ z < >A/+1+mf ,]—0 ,k—2.

@ Springer



948 Journal of Nonlinear Mathematical Physics (2023) 30:932-955

BY ¥|p.q1.0 < o0 and Proposition 2.7, the meromorphic functions

S ()
VIJ(Z)_dz<f1(z) J=1,..k-1, 4.3)

are solutions of (4.2) of finite pEp a (p—order.

Next, we claim that
m(r,A;) = O{exp, L@~ '(log, rvas™)|}, r g F,i=0,....k—1,  (4.4)
when
m(r, A, ;) = O{exp, ,[@~' (log, rrae* )]}, r € F,j=0,....k=2, (4.5)
In fact, we prove it by induction on i following [15]. By equality (4.2) for j = k — 2,
wehave A\, , =A,_| + k’%. By Lemma 3.1 and (4.4),

m(r,Ap_) S m(r,Ap ) + m(r,?) o
= 0{exp, ol log, Firas)1}.
We assume that
m(r,A) = Ofexp, ,[@” (og, e} i=k=1,....k=1  (46)

Since

[}

m+k—I-1 f]

I+1 (m)
m+k—1-1 i
A2y = Ay T+ Z < m >

m=1
by Lemma 3.1, (4.4) and (4.6), we have
m(r, Ak—(l+1)) < m(”7A1,k—(1+2)) +m(r,A_) + - +m(r,A_)

/ (I+1)

+m(r,];7)+~-+m(r, lfl Y+ O(1) 4.7

= O{CXPp—z[(P_l(logq roasto)]},r ¢ F.

We may now proceed as above the order reduction procedure for (4.2). In each
reduction step, we obtain a solution base of meromorphic functions of finite /’[lp e

order according to (4.3), and the implication (4.4) and (4.5) remains valid. Hence,
we finally obtain an equation of the form w’ + B(z)w = 0, and w is any solution of
the equation with p%p J1.o(W) < c0. Then

’

m(r, B) = m<r, W;) = O{exp,_,[¢~" (log, r'vae*)]},r & F.
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Observing the reasoning corresponding to (4.4) and (4.5) in the subsequent reduc-
tion steps,

m(r,A;) = O{Cpr—z[(P_l(logq Pt} r @ FLj=0,... k1.
It implies that
T(r,A) = O{exp, ,lg~ (log, Firaa®)|},r & F,j=0,1,... .k 1.
By Lemma 3.2 and Proposition 2.1, for sufficiently large r, j =0, ...,k — 1,
T(r,A)) = O{exp,_,[@~' (log,(2r)rast*)]}
< O{GXPP_Q[go_l(logq r}’[py,“'q,+2£)]}.

@le
log, r

We next prove the converse inequality under the assumption that ¢, ;, , < +00.
By Lemma 3.3, there exists a set E C R, of finite logarithmic measure, such that
for all z satisfies |[f(z)| = M(r,f)and |z| = r € E,

logp_] T(r',Af))

Hence, < Vipgle + 2€. This implies that ay, .1 , < ¥}, 1.4

@ = < v, f)> I +o()f(2).i=0,....k. (4.8)

Substituting (4.8) into (1.1),

v(r, OF + 24 @V, A+ o(D) + -+
+ Z7TA, v, (A + o(1) + ZA,() (1 + 0o(1)) = 0

The definition of ﬁ([)p p q)—order and Proposition 2.2 yields that for any € > 0 there
exists ry > 1, such that for all r > r,

M(r,A)) < exp,_;[@~' (log, rfrae*®)],j=0,1,... .k — 1.
By Lemma 3.4 and Proposition 2.1,
vrnf) S 1+ max |7 A2)(1 + o(1))]
<l+ ogﬁi ) 27k expp_l[(p_l(logq roraete)]
<1+27 eXp,_i (o~ (log, roralete)]
<exp,_[¢~" (log, rras**)], r ¢ E.

It follows from [11, p.36-37] that
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T(r.f) <logM(r,f) <log u(r.f) +log(v(2r.f) +2)
<v(r,f)logr + log(2v(2r, f))
< exp,_ 7 (log, rraet2€)] log r + log(2 exp,_; o~ (logq(Zr)"U’ﬂJv”E)])
< exp,_; [~ (log, rrae™3)] +log 2 + exp,_, ¢~ (log, (2r) et
< exp,_ [p! (log, rorale 4],

This implies that Yipale < Ul

O

Proof of Theorem 1.6 By the assumption there exist two numbers A, and 4 such that
p([’pm(Am) > Aand p([)p!q],(p(Al) <A <Aforl=m+1,..., k-1

Let fi, ..., f,,41 be linearly independent solutions of (1.1) such that /’E,,,q],<p(fi) < 4,
i=1,....m+1.Ifm=k—1,thenall f,...,f, are of pEp’qm(fi) < A, this contradict
with Theorem 1.5. Hence, m < k — 1. Applying the order reduction procedure as in
the proof of Theorem 1.5. We use the notation v, instead of f, and Ay, ...,Ag_
instead of A, ...,A;_;. On the general reduction step, we obtain an equation of the
form

V;k_j) +A/’k_j_1(z)\/;k_j_l) + .- +A]»0(Z)V/ = O,J = 1, ,k - 1, (49)
where
k=l—j N0
I+1+n i—1,1
Ajy = Aj e + Z < n )Aj—l,l+1+nv_11’ (4.10)
n=1 J—1L

and the functions

V(@) = d (w>,z= Lo k=jvg=fv() = i( Vi1 (2) >

d_Z Vj—l,l(Z) dz Vo,j—1 ()

determine at each reduction step a solution base of (4.9) in terms of the preceding
solution base. We may express (1.1) and the mth reduction steps by the following
Table. The rows correspond to (4.9) for v, ..., v, i.e., the first row corresponds to
(1.1), and columns from & to O give the coefficients of these equations, while the last
column lists those solutions with p[lp’q]’(p(f) < A

2 - 1 :
k k-1 . m m-1 . 0 p[p,q],q:(f) <A
Vo 1 Agpor - Aom Ag -1 . Agp Vo,15 -+ s Vom+1
Vi 1 . Alm Aima . Ao Vil Vi
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k k-1 . m m-1 . 0 1

P Lr’vqlvw(f) <4
Vin—1 Amfl.m Amfl,mfl Am,() mel,l’vmfl,l
Vin Am,m Am,m—l Am,O Vm,l

By Lemma 3.1 and (4.10), we see that in the second row, corresponding to the
first reduction step, m(r,A, ;) = O{expp_z[(p‘l(logq r’“*f)]}, ré F,l=m,....k—2,
while 4, + & < Aand m(r,A,,,_,) # O{exp, ,[@~'(log, r'*)]}, r & F.

Similarly, in each reduction step (4.10) implies that

m(r,A;;) = O{exp,_,l¢~ " (log, )]}, r ¢ F, @.11)

whenl=m+1—j,...,k—(G+ 1), i.e., for all coefficients to the left from the bold-
face coefficient A, while for j=1,...,m,

Jm=j’
m(r,A;,,_;) # O{exp, ,lo~" (log, r'"*)]}.r & F.
In particular,
m(r,A,,) # O{exp, ,l¢~" (log, r**)]},r & F.
Applying Lemma 3.5 to the coefficient A, , with the constant 4, and obtain that

T(r,A,o) > expp_z[qo_l(logq )], r > +oo,r € 1. 4.12)

On the other hand, after the mth reduction step, by (4.10), (4.11) and Lemma 3.1, we
have

k— k—m—1 4
vr(n 1m) V;(n o ) Vin,1
Am,O == _Am,k—m—l - _Am,l .
Vm,l Vm,l m,1

That implies that

m(r,A,,o) = O{exp,_,le¢~" (log, r"*)]},r ¢ F.
Since p?p’q]’(ﬂ(vm’l) < 44, in view of Propositions 2.3 and 2.7,

N(r.A,,) = O{exp, ,[o~ ' (log, r'"*)]}.r ¢ F.
Therefore,

T(r,A, ) = O{exp, 5~ (log, r"*)]},r ¢ F.
By Lemma 3.2, for sufficiently large r,

T(r.A,,0) = Of{exp, oo™ (log, (2 *)1}

4.13
= O{exp, ¢~ (log, H*2)]1. (4.13)
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By (4.12) and (4.13), we obtain the contradiction with our assumption. Hence, there
exists at most m linearly independent solutions Eq. (1.1) with p[lp g (p(f) < A. a

5 Proofs of Theorems 1.7 and 1.8

Proof of Theorem 1.7 Let f be a nontrivial solution of Eq. (1.1). We denote
/’qu]q,(f) =p, and p([;q]q](Ao) = p,. The inequality p, < p, follows from Theo-

rem 1.6 when m = 0 and 4 = p,,
To prove the conserve inequality, by Lemma 3.7 for y = 1, Proposition 2.1 and
the definition of p([)p J q]-order, for any € > 0,

2z
m(rf)<C<Z/ / A, (se’9)|mdsd9+1>
2r r . .
< C(k max / / |Aj(se’9)|k_fdsd6+l>
osi<k—1 fo  Jo

' 1
Pote —
< Cogﬁi]/ (exp,_i [~ (log P d

<C / exp,_ Lo~ (log, s"%*)]ds
0

< Crexp,_j[¢~' (log, r’*)]

< exp,_;[¢~" (log, 7).

Therefore,
o(log, | T(r.f))
———— < py +2e.
log, r
It is implies that p; < p,, and then Theorem 1.7 is proved. O

Proof of Theorem 1.8 Suppose that f is a nontrivial solution of Eq. (1.1). From (1.1),
we can write

DA 6]
f@

P @)
@)

f(z)
f@|

[Ap(2)| < + |41 @) + -+ A @) == (5.1

If max {p‘?pyq]’w(Aj), =1, k= 1} <, ,(A0) = py < +oo, and by Theo-

rem 1.7, then
P (=5 . (A
[p.ql.e [p.qlo™ 07

Suppose that
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max {ﬁ&’m(Aj),j =1, k- 1} = 3 1, (A0) = py < +oo
and
max{2 (A): 70 A= A< | (A) =T < +oo.
[p.gl.o i palo™ i [pgl.o™0 [p.ql.p™0

First, we prove that p; = ﬁ[lp’q]’(p(f) > ﬁ?p,q],q,(Ao) = p,. By assumption there exists a
set K C {1,2,...,k— 1} such that

51 _ 50 _ .
Pipare @) = Pppg1.0A0) = PosJ € K,
and
B @) < Py g ,Ao) € (1,2, k= 1} \ K.
Thus, we choose 4, and 4, satisfying

~0 .o ~0 _
max {Tmm(Aj) e K} <A<k < A)=rT.

For sufficiently large ,
|A,<z>| <exp,_; {¢ '[log(4,(log, , N*)1}.j € K, (5.2)
and
[4,)| < exp,; {o™" llog(4, log,, 7)1} 53
<exp,_, {¢ ' [log(2,(og,_; *)1}.j € (1.2, .k=1}\ K,

where 0 < a < p,. By Lemma 3.6, there exists a set I C [1, +o0) with infinite loga-
rithmic measure, such that for all r € I,

|40(2)| > exp,_, {@ ' [log(4,(log,_, r)")1}. (5.4)

By Lemma 3.8, there exists a constant B > 0 and a set E C [1,+o0) having finite
logarithmic measure, such that for all z satisfying |z| = r & E |J[O, 1],

@)

f@

< B[TQr,AHIj=1,2,...,k

Set p; = ﬁgp g (p(f). By Proposition 2.2, for any given € € (0, max { ’12;'1‘ ,P0 — P })
and sufficiently large |z| = r ¢ E [0, 1],
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()

k1
7© < B(T(Q2r.f))

(5.5)

_ k+1 .
< B{exp,_,[¢~" (log,(2r)" )]} ")

Hence, substituting (5.2),(5.3), (5.4) and (5.5) into (5.1), for sufficiently large
lz2l =r e I\ (EV][0,1]),

=1,2,...,k

exp,_; {@~'[log(A(log,_, ry")]}
< kBexp,; {7 [log(A,(log, r/™)]}  {exp,-,[#™" (log,(2r)" )]}
<exp,_, {¢ ' [log((4, +2¢e)(log,_; r)™)]}.

k+1

(5.6)

Obviously, I\ (E U [0, 1]) is of infinite logarithmic measure. By (5.6), there exists a
sequence of points {|zn|} = {rn} C I\(E U [0, 1]) tending to +o0, such that

exp,_; {@ ' [log(4,(log,_; )"} < exp, ; {¢~'[log((4, + 2¢)(log,_, r,)")]}.

By the monotonicity of the function ¢~!, we obtain that A, > A,. This contradiction
implies

~ ~0
p[p-q],w(f) 2 p[ﬂyq],w(AO)'

On the other hand, by Lemma 3.9, we have
Py ) < max { B @A) 1= 1o k= 1} = 70,0 (Ao)-

Hence, every nontrivial solution f of Eq. (1.1) satisfies ﬁfp,q],(,,(f) = ﬁ([)p,q],(p(Ao)- O

6 Conclusions

We define new measure [p, ¢] ,-order to describe the growing of meromorphic func-
tion, and the new measure is used to study the growth of solutions of complex dif-
ferential equations.
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