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Abstract

In this paper, we study the affine generalized Ricci solitons on three-dimensional
Lorentzian Lie groups associated canonical connections and Kobayashi-Nomizu
connections and we classifying these left-invariant affine generalized Ricci solitons
with some product structure.
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1 Introduction

The notion of generalized Ricci soliton or Einstein-type manifolds is introduced by
Catino et al. as a generalization of Einstein spaces [5]. Study of the generalization
Ricci soliton, over different geometric spaces is one of interesting topics in geome-
try and normalized physics. A pseudo-Riemannian manifold (M, g) is called an gen-
eralized Ricci soliton if there exists a vector field X € A(M) and a smooth function
Aon M such that

aRic + gﬁxg +uxX* @ X = (pS + Ag, (1)

for some constants @, f, u, p € R, with (a, g, u) # (0,0, 0), where L, denotes the Lie
derivative in the direction of X, X* denotes a 1-form such that X*(¥) = g(X,Y), S
is the scalar curvature, and Ric is the Ricci tensor. The generalized Ricci soliton
becomes
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(i) the homothetic vector field equation whena =y =p=0and § # 0,
(i) the Ricci soliton equation whena = 1, y = 0, and p = 0,
(iii) the Ricci-Bourguignon soliton ( or p-Einstein soliton equation when @ = 1 and
u=0.

In the special case that (M, g) is a Lie group and g is a left-invariant metric, we say
that g is a left-invariant generalized Ricci soliton on M if the Eq. (1) holds.

In [11, 14, 16, 17, 21, 22], Einstein manifolds associated to affine connections
were studied and affine Ricci solitons had been studied in [7, 10, 12, 13, 15]. In
[4], Calvaruso studied the Eq. (1) for p = 0 on three-dimensional generalized Lie
groups. Also, in [20] Wang classified affine Ricci solitons associated to canonical
connections and Kobayashi-Nomizu connections on three-dimensional Lorentzian
Lie groups. In [8], Etayo and Santamaria investigated the canonical connection and
the Kobayashi-Nomizu connection for a product structure. Motivated by [1, 19, 23,
24], we consider the distribution V = span{e,,e,} and V* = span{e;} for the three
dimensional Lorentzian Lie group G;,i = 1, ....., 7, with product structure J such that
Je, =e,, Je, = e,, and Je; = —e;. Then we obtain affine generalized Ricci solitons
associated to the canonical connection and the Kobayashi-Nomizu connection.

The paper is organaized as follows. In Sect. 2 we review some necessary concepts
on three-dimensional Lie groups which be used throughout this paper. In the Sect. 3
we state the main results and their proof.

2 Three-Dimensional Lorentzian Lie Groups

In the following we give a brief description of all three-dimensional unimodular
and non-unimodular Lie groups. Complete and simply connected three-dimensional
Lorentzian homogeneous manifolds are either symmetric or a Lie group with left-
invariant Lorentzian metric [3].

2.1 Unimodular Lie Groups

Let {e, e,, e5} be an orthonormal basis of signature (+ + —). We denote the Lorent-
zian vector product on IR? induced by the product of the para-quaternions by X i.e.,

€1X€2=—63, €2X€3=—el, 63Xe] 2—62.

Then the Lie bracket [, ] defines the corresponding Lie algebra g, which is unimodu-

lar if and only if the endomorphism L defined by [Z,Y] = L(Z X Y) is self-adjoint

and non-unimodular if L is not self-adjoint [18]. By assuming the different types of

L, we get the following four classes of unimodular three-dimensional Lie algebra

[9].

g, If L is diagonalizable with eigenvalues {a, b, c} with respect to an orthonormal
basis {e,,e,, e} of signature (+ + —), then the corresponding Lie algebra is

given by
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le), e,] = —ces, e}, e3] = —be,, le,,es;] =ae,.

g,: Assume L has a complex eigenvalues. Then, with respect to an orthonormal
basis {e;, e,, 5} of signature (+ 4+ —), one has

a0 O
L=]0c —-b|, b#0,
0b ¢

then the corresponding Lie algebra is given by

le),e;] = bey, —ces, [e),e5] = —ce, — bes, ey, es] = ae.

g3 Assume L has a triple root of its minimal polynomial. Then, with respect to
an orthonormal basis {e,, e,, e;} of signature (+ + —), the corresponding Lie
algebra is given by

[ej,e,] = ae; — bes, [ey,e3] = —ae| — be,, [e,,e3] =be,; +ae, +ae;, a#0.

g4 Assume L has a double root of its minimal polynomial. Then, with respect to
an orthonormal basis {e|, e,, e;} of signature (+ + —), the corresponding Lie
algebra is given by

[e,e,] = —e, — (2d — b)es, [e),e3] = —be, +e3, [ey,e3] =ae;, d==+]1.

2.2 Non-unimodular Lie Groups

Next we treat the non-unimodular case. Let ® denotes a special class of the solva-
ble Lie algebra g such that [x, y] is a linear combination of x and y for any x,y € g.
From [6], the non-unimodular Lorentzian Lie algebras of non-constant sectional
curvature not belonging to class & with respect to a pseudo-orthonormal basis
{e, e,, e;} with e, time-like are one of the following:

gs: [e;,e,]1 =0, [e),e3] =ae; + be,,
[ey,e3]1 =ce; +dey, a+d#0, ac+bd =0.

[e;,e,] = aey + bes, [e,e3] = ce, +des,
% les,e51 =0, a+d#0, ac—bd=0.

@ Springer



4 Journal of Nonlinear Mathematical Physics (2023) 30:1-33

le|,e,] = —ae, — be, — bes, [e,,e;] = ae; + be, + bes,

ley,es] =cey +dey +de;, a+d#0, ac=0.
Throughout this paper, we assume that G;,i =1,2,.....,7 are the connected,
simply connected three-dimensional Lie group equipped with a left-invariant
Lorentzian metric g and having Lie algebra g;,i =1,2,.....,7, respectively. Let
V be the Levi-Civita connection of G, and R(X, Y)Z = [Vy, Vy]Z — V|y yZ be its

curvature tensor. The Ricci tensor of (G;, g) with respect to orthonormal basis
{e,,e,, e5} of signature (+ + —) is defined by

Ric(X,Y) = —g(R(X, e))Y, e;) — g(R(X, e,)Y, €;) + g(R(X, e3)Y, e3).

We consider a product structure J on G; by Je, = e, Je, = e,, Je; = —e;. Similar
[8], we consider the canonical connection and the Kobayashi-Nomizu connection as

1 1
VoY =V,Y - E(VXJ)JY, VY =Vy - Z[(VYJ)JX —(V,yDX],

respectively. We define

RX,NZ=[Vy,V,]Z-V|

i P
[X,Y]Z, i=0,1,

and the Ricci tensors of (G, g) associated to the canonical connection and the Kob-
ayashi-Nomizu connection are defined by

Ric'(X,Y) = —g(R'(X,e,)Y, ;) — g(R'(X,e,)Y, e,) + g(R'(X, e5)Y, e5), i=0,1.
Let

Ric'(X,Y) + Ric'(Y,X)

2 9
Similar to definition of (L,g) where (Lyg)(Y,Z)=g(V,V,Z)+g(Y,V,V), we
define

Ric (X, Y) = i=0,1.

(L)Y, Z) :=g(ViV,Z) + g(Y,V,V), i=0,1.

Definition 1 The Lie group (G, g, J) is called the affine generalized Ricci soliton
associated to the connection Vi, i = 0, 1if it satisfies

aRic (Y, Z) + gﬁ;g(y, 2)+uX' @X°(Y,Z) = (pS' + Ng(Y.Z), i=0,1, (2)
where ' = gfkRicjk.

Throughout this paper for prove of our results we use the results of [19, 20].
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3 Lorentzian Affine Generalized Ricci Solitons on 3D Lorentzian Lie
Groups

In this section, we investigate the existence of left-invariant solutions to Eq. (2) on
the Lorentzian Lie groups discussed in Sect. 2. We completely solve the correspond-
ing equations and obtain a complete description of all left-invariant affine general-
ized Ricci solitons.

Theorem 1 The left-invariant affine generalized Ricci soliton associated to the con-
nection VO on the Lie group (G,, g, J,X) are the following:

Dpu=4A=0,a+b—c=0,andforall x;,x,,x5, a, , p such that (a, p, ) # (0,0, 0)

) pu=0,a+b-—c#0,a=0,#0,x, =x,=0,1=pcla+b —c), and for all
X3, P,

(i)pu=0,a+b—c#0,a #0,c=p=41=0, and for all x|, x,,x3, p,

V)u=0,a+b—-c#0,a#0,c=41=0,0#0, x; =x, =0, and for all x5, p,

M) u#0, X, =x,=0, A=(p—sa0)cla+b—c), ka, and for all

3
X3, @, B, p,a, b, c such that”c(”iﬂ > 0.

Proof From [19, 20], we have

. —%c(a+b—c) 0 0
Ric = 0 —%c(a+b—c)0
0 0 0
and
0 0 - %xz(a+b—c)
(LYg) = 0 0 %xl(a +b-0¢)
—%xz(a+b—c) %xl(a+b—c) 0

with respect to the basis {e,e,,e;}. Therefore S=—cla+b—c) and
X ® Xb(el-, ej) = €,6X,; where (€, €,, €3) = (1, 1, —1). Hence, by Eq. (2) there exists
a affine generalized Ricci soliton associated to the connection V if and only if the

following system of equations is satisfied

@ Springer



6 Journal of Nonlinear Mathematical Physics (2023) 30:1-33

r—%occ(a+b—c)+,ux% =—pcla+b—c)+ A,
Hxxy =0,
—gxz(a +b—c)— ux;x3 =0,
9 3)

—%ac(a+b—c)+;4x§ =—pcla+b—c)+ 4,

gxl(a +b—c)— pxyx; =0,

\,ux%:pc(a+b—c)—/1.

Using the first and fourth equations of the system Eq. (3) we have ,u(x% - x%) =0.
From the third and fiveth equations of the system Eq. (3) we get

g()c1 —x)(a+b—c)— uxz(x; +x,) =0.

Multiplying both sides of last equality by (x; — x,) we conclude
p(x; —x)(a+b—c)=0. )

The second equation of the system Eq. (3) implies that 4 = 0, or x;, =0 or x, = 0.
Suppose that 4 = 0. In this case, the system Eq. (3) reduces to

acla+b—c¢c)=0,
px,(a+b—c)=0,
px(a+b—-c)=0, ®)
pcla+b—c)= A

If a + b — ¢ = 0 then the system Eq. (5) holds for any x,,x,, and x;. If a+b—c #0
for the cases (ii)—(iv) the sytem Eq. (5) holds. Now we assume that 4 # 0 and
x, =0, then x, = 0 and the system Eq. (3) becomes

—%ac(a+b—c)=—pc(a+b—c)+/l, 6
yx%:pc(a+b—c)—/1. ©)
This shows that the case (v) holds. O

Theorem 2 The left-invariant affine generalized Ricci soliton associated to the con-
nection V' on the Lie group (G, g,J, X) are the following:

1 u=0,c=0,4=0,p=0,andforall a,b,x,,x,,x3,a, p such that a # 0,
(i) u=0,c=0,A=0,#0,a=>b=0,andforall x,x,,x5,, p,
(i) u#=0,c=0,A=0,#0,a=x, =0, and forallb,x,,x;,a,p,
iv) u=0,c=0,A=0,#0,a#0,x,=b=0, and for all x|,x;,a, p,
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v) u4=0,c=0,A=0,#0,a#0,x, =x; =0, and for all b, x5, a, p,
vi) u=0,c#0,A=pcla+b),b=0,p=a=0,and forall x;,x,,x5,a, p such
thata # 0,
(i) u=0,c#0,A=pca+b),b=0,+#0,a=0,and forall x,,x,,x3, a, p,
(viii) u=0,c#0,A=pcla+b),b=0,#0,a#0,x,=0,andforall x,,x;, a, p,
(ix) u=0,c#0,A=pcla+b),b#0,a=0,a=x, =0,and forall xy,x3, f, p,
such that g # 0,
x) u=0,c#0,A=pcla+b),b#0,a=0,a#0, x,=x; =0, and for all
X3, B, p, such that § # 0,
xi) u#0,x,=0,x3=0,c=0,A=x,=0,foralla,b,a,p,p,
i) u#0,x,=0,x%3=0,c#0,a=0,1=pcla+b),x, =0, foralla,b,p,p,
xii)) u#0,x,=0,x3=0,c#0,a#0,b=0,A=x,=a=0,forall §,p,
(xiv) u#0,x, =0,x3=0,c;é0,0576(),b=0,xz7é0,/l=pca,ﬁ=0,x§=ﬂ

"
forall a, p,

xv) u#0,x,=0,x#0,x, =0, xg = % >0, foralla,b,c,a,p, p, A such that
bca = aca = pc(a+ b) — A,

(xvi) u#0,x #0,x,=x3=0, A=pcla+Db), for all a,b,c,a, p, such that
pb = aca = 0.

Proof From [19, 20], we have

. -bc 0 O
Ric =1 0 —-acO
0 0 O
and
0 0 —ax,

L= 0 0 bx
—ax, bx; 0

with respect to the basis {e;,e,,e;}. Therefore S= —c(a+b) and the Eq. (2)
becomes

—bca + /,tx% =—pcla+b)+ A,

uxx, =0,
—gaxz — px;x3 =0,
1 —aca + yxg =—pcla+b)+ A, O

gbxl — pxyx3 =0,
ﬂxg = pc(a +b) — A

“

The second equation of the system Eq. (7) implies that 4 =0 or x; =0 or x, = 0.
We consider u = 0, then the first equation yields bca = 0. If ¢ = O then we get A =0
and the cases (i)-(v) hold. If we assume that ¢ # 0 and A = pc(a + b) and in this we
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obtain the cases (vi)-(x). Now, we consider the case y # 0 and x; = 0. In this case
the system Eq. (7) reduces to

—bca = —pc(a + b) + 4,

pax, =0,
—aca + yx% =—pcla+b)+ A, (8)
XZ.X:)) = 0,

yx% = pc(a+b) — A.

The fourth equation of the system Eq. (8) implies that x, =0 or x3 =0. If x3 =0
then we obtain the cases (xi)-(xiv). If x; # 0 and x, = 0 then the case (xv) holds.
Also, if we consider ¢ # 0 and x; # 0 then x, = 0 and the case (xvi) is true. O

Theorem 3 The left-invariant affine generalized Ricci soliton associated to the con-
nection VO on the Lie group (G,, g,J, X) are the following:

O u=0,#0,x,=x,=a=0,1= p(2b% + ac), for all a, b, c, x5, p such that
b #0,
) p#0,x%=0,x,=0,a=0,A= p(2b% + ac), x3 =0, forall B, p,a,b,c such
that b # 0.
(i) p#0,%=0,x, =0, #0,a="2c, A= @2p—a)b?>+c?), x% = %(b2 +¢?),
forall B, p,b such thatb # 0 and au > 0,
iv) u#0,x=0,x = —% #0,x=0,4A= p(2b* + ac), for all a,b,c,a, p,p

such that p # 0, au(2b* + ac) + p*b* = 0, and ap(2c + a) — f*a = 0.

Proof From [19, 20], we have

—(b? + %) 0 0
R=| o —prex_2
272 %
0 be _ b 0
2 4
and
0  bx, %
Ly =| bx, —2bx, X
—Exz Exl 0

with respect to the basis {e,, e, 5 }. Then S = —(2b? + ac) and the Eq. (2) becomes
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—a(b® + %) + ﬂx% = —pQ2b* + ac) + A,

pa —
=% — uxx3 =0,

| —a@? + %) = pox, + u = —p(2b? + ac) + 4. ©)
a(% - Z—b) + i—“xl — pxyx3 =0,
ux; = p(2b* + ac) — A.
At the first we assume p = 0. In this case, the system Eq. (9) reduces to
—a(b? + 5)=0,
ﬂx2 = 0,
Bx; =0, (10)
(E-2y 4y =0,

2 4 4
p(2b* + ac) = A.

The second equation of Eq. (10) implies that f =0 or x, =0. If # =0 then o #0
and the fourth equation of the system Eq. (10) yields a = 2¢ and replacing it in
the first equation we obtain b? + ¢ = 0 which is a contradiction. Thus # # 0 and
x=x=a=0.

Now we consider ¢ # 0. Using the first and fourth equations of Eq. (9) we obtain

/UC% + pbx, = ,uxi. (11)
The second equation of the system Eq. (9) implies that x, = 0 or x;, = —%. Ifx, #0
then x; = —% and plugging it in Eq. (11) we get x% + % = 0 which is a contradic-

tion. Therefore x, = 0 and in this case we have

-

—a(b® + %) + yx% = —p2b* + ac) + A,
,ux% + pbx; =0,
x1x3 =0,
| —a®? + %) = pbx, = —p(2b* + ac) + A, (12)
al% - ‘Z—b)+ i—axl =0,
yxg = p(2b* + ac) — A.

The third equation of the system Eq. (12) implies that x;, =0 or x; =0. If x;, =0
then @(2c — a) = 0. Thus @ = 0 or @ = 2c. In the case @ = 0 we have 4 = p(2b* + ac)
and x; =0. In the case a #0 and a=2c we get A= (2p—a)(b®+c?) and
x% = %(b2 + ¢?). Now we assume that u # 0, x, = 0, x; # 0, and x; = 0. In this case

we have (iv). O

Theorem 4 The left-invariant affine generalized Ricci soliton associated to the con-
nection V' on the Lie group (G,, g,J, X) are the following:
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@
(i1)
(iii)
@iv)

v)

(vi)

(vii)

(viii)

n=0,a=0,#0,x =x, =x; =O,/1=p(2b2+cz+ac),f0rallp,a,b,c
such thatb # 0,

HFF0x,=x3=0,=0,0a=0,x, =0,4A = p(2b* + ¢? + ac),forallp,a,b,c
such thatb # 0,

H#0,x=x=0,#0,c=0,a =0, x; =O,ﬂzp(sz),forallp,a,b,c
such thatb # 0,

HFOx,=x3=0,#0,c=0,0a #0,a =0, x; :—%,i:p(2b2+cz),for
all p,a, b, c such that b # 0, pab* = p*(b*> + ¢?),

H#FF0, x,=x=0, f#0,c#0, x; = aﬂicb, /1=p(2b2+cz+ac),f0r all
a, p,a, b, c such that b # 0, aab®> = —ac(b® + ac), u(aab)? = af>c*(b* + ¢*),

_ 2 _ a2 2y _ B _ Bb
u#0, x,=0, x3—;(b +c)—m;50, xl_ﬂ’ A= p(2b% + % + ac)

2, 2y _ B _p2
—a(b” + ¢ )_7’ for all a,p,p,a,b,c such that b#0, 2aau = f-c,

3p%b% — dpac(c —a) =0,
u#0, x%:—%c(c—a);éo, x=0, p=0, x3=%(b2+c2),
A= —ab® + 2) + p(2b% + % + ac) for all a,p,a,b,c such that b#0,

—4c(c —a)(b* + 2) = azbz,ﬁ >0,—c(c—a) >0,

=0 — 4 — _2auabicfh
u#0, xz?é(), X1 = % p#0, x3_2bx2_ W )
27,2
/l=—a(b2+cz)+%+p(2b2+c2+ac), for all a,p,a,b,c such that
b 2p2
X = —(5—”)2 —fe(c—a) g = S0P + N~ iT > 0.

Proof From [19, 20], we have

and

- +ch) 0 0
Ric' = 0 -(Ptac) -2
ab
0 -3 0
0 bx, —ax,+bx;
(L')l(g) = bx, — 2bx, X,
ax, +bx;  cx, 0

with respect to the basis {e,, e,, €3 }. Therefore S = —(2b2 + ¢ + ac) and the Eq. (2)
becomes

—a* + )+ yx? = —p(2b* + ? + ac) + A,
be2 + pxx, =0,
5 (=axy + bx3) — px;x3 =0,
—a(b?® + ac) - pbx; + ,ux% =—p2b* + * 4+ ac) + A,
—_g% + g — =0
a= + Scxyp — pxyx3 =0,
,ux% = p(2b* +c* +ac) — A.

(13)
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We first consider ¢ = 0. In this case, the system Eq. (13) becomes

—a(b* + ) =0,

pbx, =0,

p(—ax, + bx;) =0,
—a(b? + ac) — pbx, = 0,
—aab + fcx; =0,

p(2b* + c* + ac) = A.

(14)

Since b #0, the first equation of Eq. (14) implies that « =0. Due to
(a, B, n) # (0,0,0) we conclude f # 0. Then the second equation of the system
Eq. (14) yields x, = 0. Using, the third and fourth equations of Eq. (14) we obtain
x, =x3=0.

Now we consider u # 0. The second equation of the system Eq. (13) implies that
x;=0o0rx = —%. If x, = 0 then we get

—a(b* +c*) + yx% + yx% =0,

gbx3 — pxx3 =0,

—0:(22 +ac) — pbx, + ,ux% =0, (15)
—aZ 4 Ecxl =0,

,ux% = p2b> +* +ac) — A.

From the second equation of the system Eq. (15) we obtain x; =0 or x; = %. It
x3 = 0 then the cases (ii)-(v) hold. If x; # 0 and x; = % then the case (vi) holds.

Now we assume that 4 # 0, x, # 0 and x; = —%. In this cases, the system Eq. (13)
reduces to

—a(® + ) + % = —p(2b* + 2 + ac) + 4,

gbxz + px;x, =0,

p(—ax, + 2bx;) =0,

—a(b® + ac) + ﬂz—zz + Mx% =—p2b* + ? + ac) + A,
ab cp*b _

A T T T HXYX3 = 0,

yxg = p(2b> + c* +ac) — A.

L

(16)

Thus the cases (vii)-(viii) are true. O

Theorem 5 The left-invariant affine generalized Ricci soliton associated to the con-
nection VO on the Lie group (G5, g,J, X) are the following:

i u=0,a=0,#0,x, =x,=0, forall p,a,b,c,x;such thata # 0,

() p#0,x,=0,x=0x=0,a=0,1=pQ2a*+b*, forall p,a,b,c such
that a # 0,
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0 =0 _ pa 0 _ aa A=(2p— 2 b? pa? I
(i) u#0, x = ,xz—ﬂyé X3 =00 =Q2p—a)a +7)+7,f0ra

) azuz_g 5 17_2_ﬂ2u2
a,B,a,b,c,psuchthata # 0, yab = b, e —ﬂ(a + 2) o

Proof From [19, 20], we have

2 b? ab
~ —(Cl + 7) 0 , 72
Ric = 0 —-(@+%) %
ab a* 0
N 2

and

b
. 2ax, —ax, —b 7%
(Lyg) = —ax; O =X

b b
3% 3% 0

with respect to the basis {e,, e, €5 }. Then S = —(2a* + b?) and the Eq. (2) becomes

[ —a(a® + %) + pax, + ,ux% =—pQRa* +b>) + 4,
—Eaxl + uxx, =0,
aa pb
— — =X, — uxyx;3 =0,
1 a7
—a(a” + 7) + px5 = —p(2a” + b7) + 4,
a2 b
as + %xl — pxyx3 =0,
L yx% = p(2a* + b*) — A.
Let u = 0. In this case, the system Eq. (17) reduces to
px, =0,
px, =0,
a9

A= pQa* + b?).

Since (a, g, #) # (0,0,0) we get f #0 and x; = x, = 0. Thus the case (i) holds.
Using of the first and fourth equations of the system Eq. (17) we get

pax, + ,ux% = ,ux%. (19)

Now, we consider u # 0, in this case, the second equation of the system Eq. (17)
implies that x;, =0 or x, = f—: If x;, # O then x, = S_Z Substutiting it in Eq. (19) we
have (g—l‘:)z +x7 = 0 which is a contradiction. Hence x; = 0 and the system Eq. (17)
and Eq. (19) become
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(2 P _ 2 2
ala” + 2)+,Bax2— pQa” + b)) + 4,
aah _ fb,  _

4 4727

—a(@® + Z) + ux? = —p(2a® + b?) + A,
e 2) HXy p(2a ) (20)

a=: — pxyx3 =0,

yx% = p(2a* + b*) — 4,

2
| Bax, = ux;.

The sixth equation of Eq. (20) yields x, = 0 or x, = ﬁ”—a If x, = 0 then the case (ii) is
true. If x, # O and x, = ljl—athen the case (iii) holds. O

Theorem 6 The left-invariant affine generalized Ricci soliton associated to the con-
nection V' on the Lie group (G,, g,J, X) are the following:

Ou=0,a=0,#0,x, =x, =x3 =0, 4=2p(a* +b?), for all p,a,b, c such
that a # 0,

() pu#0,ab =0, x, =ﬂ=x2=a=x3=0,/1=2p(a2+b2),

(ii) u#0,ab=0,x, =0, =0,x, =0, x3 =—%,/1=(2p—a)(a2+b2),
a?a’u = fra(a® + b?),

(iv) u#0,ab=0,x,=0=0,x,= l;—“,b:O,ay = x =ﬂ2a2””;2,
A:(2p-a)(a2+b2)+¥,

v u#0,ab#0,

, € ==+l1,

—p2a + \/ﬁ4a4 + 64p2a2b2a?
X = € 852

—pa+e, \/%ﬂzaz + %\//34614 + 64u2a’b*a?
2u

X, = , € =i1’

2

—pa+e, \/%ﬂzaz + %\/ﬂ“a“ + 64u%a’b*a?
—2u

A=Qp—-a) @+ b)) +u

and
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2

—pa+e, \/%ﬁzaz + %\/ﬂ“a“ + 64u’a’b’a?

X3 =€ %(02 +b?) -

—2u ’
where e; = +1, aab = €,¢,||aab]],
b b —pa+e, \/%ﬂzaz+%\/ﬂ4a4+64;42a2b2u2
aab + p =y
— Ba
—pa?+\/Ba+642a’bd>
€1 8/42
2
—pa+e, \/lﬂzaz + 1y/prat + 64utatb2a?
=2ue; | 2@ +b?) - = 2 ,
U —2pu
and
2 —pPa+\/ P a+62a’ b2 a’
2uaa — ZMﬂbel\/ "

Vo224 1, /p4 4 202h242

—ﬁa+€2\/5ﬂ a +5\/ﬂ a* + 64u*a’b’a
\/1 1 \/ 2
—Pate,\/ 5 2a>+5 \/ frat+64u2a’ba?
a2 2\ _ 2 2
2uafesy| “(@ + b?) ( = )
+ —ap
~pa+ e\[ 102 + 1Bt + A2 a
2

—fa+ ¢, \/%ﬂzaz + %\/ﬁ“a“ + 64p2a’b%a?

= 2ue, g(cl2 +b?) —
U

—2u
Proof From [19, 20], we have
—(d® +b?) ab _
[oyd 1 2 2 azz
Ric = ab —(a” + b°) 5
ab a? 0
2 2

and
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1 2ax, —ax, ax, — bx,
(Lyg) = —ax; 0 bx; — ax, — ax,
ax, — bx, bx; —ax, — ax; 0

with respect to the basis {e,,e,,e;}. Therefore S = —2(a® + b%) and the Eq. (2)
becomes

( —a(a® + b?) + Pax, + ﬂxf = -2p(a®> + b*) + A,
B

aba — Sax; + pxx; = 0,
) —aT”b + g(axl —bxy) — uxx3 =0,

—a(a® +b*) + yx% =2p(@* +b>) + 4, @D

a? p _
—a= + S(bx) —ax, — ax;) — puxx3 =0,

,ux% =2p(a* + b*) — A.

Let 4 =0 then we have a =0 and f # 0. Thus x; =x, = x; =0 and the case (i)
holds. Now, we assume that u # 0. The first and fourth equations of the system Eq.
(21) imply that

Paxy + px; — px; = 0, 22)
and the fourth and sixth equations imply that
a
x% + x% = ;(a2 +b%). (23)

From the second equation we have
QQaba)* = x?(ﬂa - 2/4x2)2 = x?(ﬂ2a2 + 4u(/4x§ — fax,)).
Plugging Eq. (22) into last equality we get
4uPx} + pra’x; — (2aba)® = 0. 24)

If @b = 0 then x; = 0 and we obtain three cases (ii)-(iv). If @b # 0, then x; # 0 and
the case (v) is true. O

Theorem 7 The left-invariant affine generalized Ricci soliton associated to the con-
nection V° on the Lie group (G,, g,J, X) are the following:

A =0, a=0, p#£0, x;,=x=0, A=—p((2d — b)(a+2d) —2) for all
a,b,c, p,x;such thatd = +1.

(i) u=0,a#0,d=b,a=0p=0,4A=0,forall x,x,,x5, psuch that d = +1,

(i) uy=0,a#0,d=b,a=0p+#0,x, =x,=0,4=0, for all x5, p such that
d=+l],
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iv) u#0,x=0,x=0,x=0,a=0, A=—p(2d - b)(a+ 2d) - 2), for all
a,b,p,f,d = =1,

V) u#0,%=0,%3=0,x,=0,0a #0,b=d,a=0,A=0, forallp,f,d = +1,

vi) u#0, x,=0, x3=0, x; = % #0, A=—p(2d — b)(a+ 2d) —2) for all
a,b,p,a¢ such that d==+1, ﬂ2=—a/4((2d—b)(§+d)—1)>0,
ala+b— (2d - b)(5 +d)*) =0,

(vii) p#0, % =0, x3#0, x, =0, x§=—§((2d—b)(§+d)—1)>o,
/l=(0t—2p)((2d—b)(§+d)—l), for all p,p such that d==+l1,
ala+2b—-2d)=0.

Proof From [19, 20], we have

2d-b)(5 +d) -1 0 0
Ric' = 0 Qd-b(E+d)—1 4442
a b
0 iti73 0
and
0 — X - (g + d)xz
Ly = —x 2 (G+dx

~(§ +d)x, (§ +d)x, 0

with respect to the basis {e;, e,,e;}. Then S= (2d — b)(a + 2d) — 2 and the Eq. (2)
becomes

’a((Zd - b)(g +d)-1)+ pxs = p((2d — b)(a +2d) — 2) + A,
—Exz + pxx, =0,
——(g + d)x, — px;x; =0,

3
a(Q2d = b)(§ +d) - 1) + Bx; + ux = p((2d — b)(a + 2d) — 2) + 4, (25)
| ,ux% = —p(2d — b)(a+2d) - 2) — A.
We consider ¢ = 0, then the system Eq. (25) reduces to
a((2d - b)(% +d) - 1) =0,
ﬁxZ = 0,
px; =0, (26)

a d b
a(f+5-3)=0,
A=—p((2d — b)(a + 2d) — 2).
If « =0 then f # 0 and x; = x, = 0. Thus the case (i) holds. If @ # 0 then d = b,

a = 0 and the cases (ii)-(iii) hold. Now we consider ¢ # 0. The first and third equa-
tions of the system Eq. (25) yield
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,ux% = fx, + ,ux%. 27
In this case the second eqution of the system Eq. (25) implies that x, = 0 or x; = %

ﬂZ

~— = (0 whichis a
4u?

If x, # 0 then x; = % and substutiting it in Eq. (27) we get x% +
cotradiction. Hence, x, = 0 and the system Eq. (25) becomes

a(@d = b)( +d) = 1) + pux? = p((2d — b)(a +2d) = 2) + A,

x1x3 =0,
a(Qd—b)(E+d)— 1) +fx, = p(2d = b)a+2d) =2+ 4 (28)
a(4+5-2)+LE +d, =0,

uxg = —p((2d — b)(a+2d)—-2) — A.
In this cases (iv)-(vi) hold. O

Theorem 8 The left-invariant affine generalized Ricci soliton associated to the con-
nection V' on the Lie group (G,, g,J, X) are the following:

@D u=0,a=0,x,=x,=x3=0,A=2p[1 + (b —2d)b], foralla,b, p,d = +1,
(i) u=0,0#0,#0,x,=x3=0,b=d,a=2b, x; = ;—ﬂ,i:O,forallp,
d=+l,
i) u#0,x%=0,x3=0,a=0,x,=0,4=2p[1+((b-2d)b], forall a,b,p,
such that d = +1,
iv) u#0,x%=0,x=0,a #0,§#0,b#0,x, = %,ﬂ=2p[l + (b —2d)b], for
all a,b, p such thatd = +1, b[1 + (b — 2d)a] = a,

—B2[1 + (b = 2d)b] + pall + (b — 2d)al* = 0,

_ 2_«a i __2
v) u#0, X% =0, x3—;[1+(b—2d)b]—m>0, X =g
A=Qp—-a)l +(b—2d)b]+%,foralla,b, p, a such that
352 )
d==1, a-2d)a->b)= —4—, 2uaa = —bp-,
u

W) u#0, x#0, x=L., p=0, A=Qr-)ll+@®-24d0],

u

X, =€ \/—%[(b =2d)(b — a)], x5 = €4 /%[1 + (b — 2d)b), for all p such that

d==21,%[(b - 2d)b - )] <0,%[1 + (b - 2d)b] 2 0,¢; = x1, 6, = %1,

aa

_ax _ elez\/—ﬂ[(b —2d)(b — a)]\/g[l + (b —2d)b]
H H H

‘e 2
(vil) u#0,x, #0,x = % F#0,x;= —gxz, A=Q2p—a)[l+ (b —2d)b] + f—”
2 _ “2uall+(b=2d)al+5? >0

x
2 —22(1+2)
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2 - - 2
d=+1, —aa+ﬂ_b+% 2uall + (b =2d)al + f~ _

2 O’
w2 ~22(1+ %)

p? _a*2ua[l + (b —2d)a] + p?
—a[l +(b_2d)b]+@ =—u— .

b+
Proof From [19, 20], we have
| —[1+ (b —-2d)b] 0 0
Ric = 0 —[1+(b—2d)a]§
a
0 3 0
and
0 —X, —ax, — X3
L= —x 2x bx,
—ax, —x3 bx, 0

with respect to the basis {e;, e,, e;}. Therefore S= —2[1 + (b — 2d)b] and the Eq.
(2) becomes

( —a[l + (b = 2d)b] + ux; = —=2p[1 + (b — 2d)b] + A,
—gxz + px;x, =0,
g(—axz —X3) — ux;x3 =0,
—a[l + (b —2d)a] + fx; + yx% = =2p[1 + (b —2d)b] + 4,
—as + g(bxl) — pxyx3 =0,
| ,uxg =2p[l + (b —2d)b] - A.

(29)

Let u = 0, then the system Eq. (29) becomes

a[l + (b —2d)b] =0,

px, =0,

px; =0,

—a[l + (b —2d)a]l + px, =0,
—aa + fbx, =0,

A=2p[1+ (b —-2d)b].

(30)

\

and the cases (i)-(ii) holds. Now we consider u # 0. In this case the second equation
of the system Eq. (29) implies that x, =0 or x; = % If x, = 0 then the system Eq.
(29) gives
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—a[l + (b —2d)b] + Mx? = —2p[l + (b —2d)b] + A,

fx; 4+ 2uxx3 =0,

—a[l + (b —2d)a]l + px; = =2p[1 + (b —2d)b] + A, 31
—aa+ f(bx;) =0,

,ux% =2p[1 + (b —2d)b] — A.

The second equation of the system Eq. (31) implies that x; =0 or x; = —%. We
assume that x; = 0, thus

—a[l + (b —2d)b] + yx% =0,

—a[l + (b —2d)a]l + px, =0,

—aa+ fbx; =0,

A=2p[1+(b-2d)b],

and the cases (iii)-(iv) are true. If x3 # 0 and x; = —% then the case (v) is true.

Now, we consider x, # 0 and x; = % In this case the system Eq. (29) yields

—a[l + (b - 2d)b] + f—ﬂ = —2p[1 + (b = 2d)b] + A,

pax, +2px; =0,

d —a[l + (b - 2d)a] + f—” + 2 = =2p[1 + (b — 2d)b] + 4, 32)
2

—aa + f_,,b — px,x3 =0,

= 2p[1 + (b = 2d)b] — A.

v

The second equation of Eq. (32) implies that § = 0 or x; = —%xz. If p =0 then we
obtain the case (vi). If § # 0 then x; = —§x2 and the case (vii) holds.
O

Theorem 9 The left-invariant affine generalized Ricci soliton associated to the con-
nection VO on the Lie group (Gs, g,J, X) are the following:

(i) u=p=4i=0and for all a,p,x;,%,,%3,a,b,c,d such that a+d # 0 and

ac+bd =0,

(i) u=4=0,0#0,b=c,andforalla,p,x,x,,x3,a,d suchthata + d # 0 and
ac+bd =0,

(i) u#0,x, =xy =x3 =A=0andforalla,p,a,b,c,d suchthata+d # 0 and
ac + bd = 0.
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~0
Proof From [19, 20], we have Ric = 0 and

0 0 by,
Ly)=| 0 0 - =
Ex2 - l%xl 0

-

(33)

v

The first, fourth and sixth equations of system Eq. (33) imply that
y(xf + xg) = ,u(x% +x§) =0.

We consider 4 = 0, then 4 = 0. If § = 0 or b = ¢ then the system Eq. (33) holds for
any x,, x,, and x;. Now, if y #Othenx;, =x, =x; =41 =0. O

Theorem 10 The left-invariant affine generalized Ricci soliton associated to the con-
nection V' on the Lie group (Gs, g,J, X) are the following:

Du=p=4A=0 and for all a,p,x,x5,%x3,a,b,c,d such that a+d+#0 and
ac+ bd =0,

ipu=41=0,#0,a=b=x, =0, and for all &, p, x|, x5, ¢, d such that d # 0,

(iduy=4=0,#0,a #0, x, =x, =0, and for all @, p, x5, ¢, d such thatd # 0,

Vu=4=0,#0,a#0,x, =c=d=0,x, #0, and for all @, p, x5,

WMu#0, x,=x, =x3=A=0and for all a,p,a,b,c,d such that a+d # 0 and
ac+bd = 0.

—~1
Proof From [19, 20], we have Ric = 0 and

0 0 —ax, —cx,
(Ly8) = -0 0 — bx, — dx,
—ax; —cx, —bx; —dx, 0

with respect to the basis {e;, e,, 5 }. Therefore S = 0and the Eq. (2) becomes
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ux; = A,

uxx, =0,

g(—axl —cxy) — px;x; =0,
2

ux; = A,

g(—bxl —dx,) — pxyx3 =0,
2

ux5 = —A.

L

(34)

The first, fourth and sixth equations of system Eq. (34) imply that
Pt +x3) = p(; +x3) = 0.

We consider u = 0, then 4 = 0. Let § = 0, then the system Eq. (34) holds for any
Xy, Xy, and x3. If f # O then the third and fiveth equations of Eq. (34) given

ax; +cx, =0,
b.xl + dX2 = 0.

Since ac+bd =0 we get (a*>+b*)x; =0 and (c* +d*)x, =0. We consider
a=20. In this case we obtain d #0 and b =x, =0. if a #0 then x; =0 and
¢x, = dx, = 0. For case x, # 0 we have ¢ = d = 0. Now, we assume that y # 0, then
Xp=x=x3=4=0. O

Theorem 11 The left-invariant affine generalized Ricci soliton associated to the con-
nection VO on the Lie group (G, g,J, X) are the following:

1 u=0,a=0,d#0,b=0,c=0,41=0, for all a, , p,x,,x,,x3, such that
(a, B) # (0,0),

(ii) ,u=O,a=O,d¢0,b=0,c;ﬁ0,ﬁ#0,A=0,x2=O,x1=—%df0ralla,p,x3,

(iii) ;4=0,a760,ﬂ=0,a;60,/1=0,c=%,forallb,d,p,xl,xQ,x3,suchthat
b*(a—d) =2d% da—d) =2a,

iv) u=0,a#0,#0,x, =x,=0,a=0,c= lll,/l: —p(b(b—c)—2a2)f0rall
b,d, x5, p such thata +d # 0, ‘

(V) u#0x,=0x =0x2= —%(%bz ~a®) 204= (—2p+a)(§b(b—c) ~a?),
foralla,b,c,d,p, f,a such that ac = 0,ac —bd = 0,a+d # O,

Vi) u#0, x,=0, x3=0, x1=—%¢o, A=—pbb—c)-2a%, for all
a,b,c,d,p, p,a such that

2.2 2
a(%b(b— ) —d®) + ﬁT“ =0, a%[—ac+ %d(b—c)] - i—:(b—c) =0,

ac—bd =0, a+d#0.
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Proof From [19, 20], we have

%b(b —¢)—a? 0 0
Ric = 0 %b(b —0)—a? %[—ac + %d(b - 0)]
0 L—ac+ Yaw - o) 0
2 2
and
c—b
ax, X
(L‘?(g) =| ax, —2ax ?xl
c—b b—c
_.x2 _.xl 0

2 2

with respect to the basis {e;,e,,e;}. Then §:b(b—c)—2a2 and the Eq. (2)
becomes

a(%b(b —-c)— az) + yxf = p(b(b —c) —2a%) + A,
cax, + pxx, =0,

;

(c = b)x, — ux;x; =0,

140 ) ) ) (35)
a(ib(b—c) —a ) — fax, + px; = p(b(b —c) —2a") + 4,
a%[—ac + %d(b -]+ g(b —0)x) — pxx; =0,
L yxg = —pb - ) —2d%) — A.
Let u = 0, then the system Eq. (35) becomes
(/1
a(zb(b —-c)— a2) =0,
pax, =0,
ﬁ(c - b)xz = O,
4 fax, = 0, (36)
2a[—ac + 3d(b— )] + p(b — c)x, =0,
A= —pbb - c) - 2d>).

Ifa=0thend+#0, b =0, and fcx, = 0. If ¢ = 0 then the case (i) holds. Now, if
¢ # 0 then f # 0 and the case (ii) holds. For a # 0 the cases (iii)-(iv) hold.

Now we assume that y # 0. The first and fourth equations of the system Eq. (35)
give

ﬂxf = —fax, + ,ux%. 37

The second equation of the system Eq. (35) yields x, =0 or x; = —g—Z. The Eq. (36)

implies that x; # —Z—Z thus x, = 0. The third equation of the system Eq. (35) implies
that x; = 0 or x; = 0. If x; = 0 then we have
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a(%b(b — )= a?) = p(b(b — ¢) — 2a%) + A,
ac—bd =0,

a[—ac + %d(b —0)]=0

,uxg =—p(b(b—c)—2a*) — A

(38)

Hence, the case (v) holds. If x; # 0 and x; = O then the Eq. (37) gives x; = —ﬂ”—a and
we get

a(3bb— o) —a?) + L5 = 0,
ail-ac+ td(b - o)) - %’(b —¢) =0, (39)
A= —pbD - ) —24d3).

Therefore the case (vi) holds. O

Theorem 12 The left-invariant affine generalized Ricci soliton associated to the con-
nection V' on the Lie group (Gg, g,J, X) are the following:

1 u=0,a=0,b=0,d#0,=0,A=0,forallc,p,a,x;,x,,x35uch thata # 0

(i) u=0,a=0,b=0,d#0,#0,A=0,x3 =0, forallc, p, a,x,,x, such that
cx; =0,

(i) u=0,a#0,p#0,x,=0, a=0,x1=0,/1=p(2a2+bc),f0rallx3,b,c,d,p
such thata+d # 0, c—bd

@iv) ,u;éO,xz—O,x3—0,a—0,b=0,d¢0,x1=0,l=0,f0rallc,d,p,a,ﬂ
such that (a, p) # (0,0),d # 0,

(V) H#0,x=0,x=0,a#0, c—bd d#0,a=0,x, =0, 1= p2ad +bc),
foralld, p,a, p such that (a, ) # (O 0),

(vi) ¢o,x2_0,x3_o,a;éo,dqéo,a;éo,c:o,xl=—%,b:0,/1:2pa2,
forall p, B, such thata +d # 0,

.. _ 2 _ ad pad _ pd _ bd
(vil) u#0 , x, =0, x3—ﬂ+—2M2>0, xl_z,,’ c=—,

A=—aad® - % + p(2a® + be), for all a,b,p,a,f such that a+d #0,
f2cd =0, p2d? = Zﬂzad
2 ) ﬂ a? pa 2 bd
(viii) p#0,x5 = P >0,x, = o= 0,4 =pQRa*+bc),c = ;,forall
b,d,a,p,a,f such thata +d#0, pac =0, 4ua(a® + be) + p*a*> =0

Proof From [19, 20], we have

. —(@+bc) 0 0
Ric = 0 -d2 0
0 0 O
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and

(Ly8) =] ax, —2ax; —cx,
dx; —cx; O

with respect to the basis {e;,e,,e;}. Therefore S= —(2a® + bc) and the Eq. (2)
becomes

[ —a(@® + bo) + px? = —p(2a? + be) + 4,
Eaxz + pxxy =0,

2dx; = pxyx3 =0,

—aa® — fax, + ﬂx% = —p2a* + bc) + A,
—gcxl — pxyx3 =0,

| yx% = p(2a® + bc) — A.

(40)

Let 4 =0, then

a(a* +bc) =0,
apx, =0,

dpx; =0,

—aa® - pax; =0,
fex; =0,

A = p2a* + bo).

L

(41)

If we assume that a = 0 then the cases (i)-(ii) hold. If we consider @ # 0 then f # 0
and x, = 0, @ = 0 and the case (iii) holds.

Now we consider ¢ # 0. The second equation of the system Eq. (40) implies that
x,=0o0rx = —g—Z. If x, = 0 then the system Eq. (40) becomes

—a(d® + be) + ,uxf = —p(2d® + bc) + A,

lz—jdx3 — pxx;3 =0,

—aa® — fax, = —p(2a* + be) + A, 42)
pex; =0,

,uxg = p(2a® + bc) — A.

The second equation of the system Eq. (42) yields x; =0 or x; = % We consider
x3 = 0, then A = p(2a* + bc) and

—a(a® + be) + ,ux% =0,
—aa® — fax, =0, (43)
Pfex; =0.

_ pd
Thus, the cases (iv)-(vi) hold. If x; # 0 then *1 = 3, and

@ Springer



Journal of Nonlinear Mathematical Physics (2023) 30:1-33 25

—a(d® + be) + % = —p(2a® + be) + A,
J —aa® — %id = —pQa* + bc) + A,
fPed =0,

,uxg = p(2a® + bc) —

(44)

Hence, the case (vii) holds. Now we assume that x, # O, then x; = —g—z and we have

-

2 pa® 2
—a(a” + bc) + T —pa® + bc) + A,
ﬂX3 = 0’
d—aa® + BZ 4 132 = —p(2a® + be) + A (45)
2u 2 ’

Fac _
v - ﬂXZX3 = 0,

ux% = p(2a® + bc) —

L

Therefore x; = 0 and the case (viii) holds.

O

Theorem 13 The left-invariant affine generalized Ricci soliton associated to the con-
nection VO on the Lie group (G-, g,J, X) are the following:

()
(i)
(iii)
(iv)
v)
(vi)

(vii)

(viii)

(ix)

u=0,=0,0a#0,a=0,d#0,c=0,1=0, forall p, x|, x,,x;,
u=0,#0,a =0,d;é0,b=0,c=0,/1=0,f0rallp,a,x1,x2,x3,
u=0,p+#0,a ,d#O,b=0,c;é0,/1=0,x1=0,x2=—a—dccf0rall
P, 0, X3,

u=0,#0,a=0,d#0,b#0,x, =x, =0,4 = pbc, forall c, p, a, x5, such

that ab = ac = 0,

u=0,#0,a#0,c=0,a=1x :x2:0,/1:2pa2,forallp,x3,b,dsuch
thata+d # 0,

H#0,a=0,d#0,x,=0,x, =0, 4= pbc, x; =0, forall b,c, p,a, f such
that ac = 0,

pb _ adc be p2b?
u#0,a=0,d#0,x,=0,x, = " #0,x; = —4“,/1—— —a + = + pbc,
2 a?d>c? abc p2b*
for all p, c, a such that pac + p~(c —2b) =0, o = 2 T

HF0,a#0,c=0,x, =x, =x3 =O,a=0,/1=2pa2,f0rallp,ﬁ,dsuchthat
a+d#0,

u#0,a#0, c=0, x3=x2=—;—;760, x, =0, /1=(2p—%)a2,f0r all
b.d, p,a, p such that2ap? = a*u,a+d # 0.

Proof From [19, 20], we have
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—@+5% 0 - Lac+ %
=0 2 be 12 bc2
Ric = 0 - (@ + >) 5((12 +3)

—sac+ %) 3@ +%) 0

and

—2ax, ax; —bx, (b—)x
(Lyg) =] ax; —bx,  2bx (G —bx
(b— % (5—bx 0

with respect to the basis {e,, e,, e;}. Then S= —(2a? + bc) and the Eq. (2) becomes

( —a(a® + %) — Pax, + ,uxf = —p(2a* + bc) + A,
g(axl —bxy) + puxx, =0,
ds B —
—%(ac + Ec) +50— %)xz — pxyx3 =0,

9 . 46
—a(a® + %) + pbx, + yx% = —p(2a* + bc) + A, (46)
a be c
2@+ %)+ 5 - by — wyx; =0,
L yx§ = p(2a® + bc) — A.
Let u = 0 then the system Eq. (46) becomes
(—a(a® + %") — pax, =0,
g(wﬁ - bjz) =;9’
{3t )+ 50 =% =0, @7)

—a(@® + %) + pbx, =0,

a, 2 bc P, c _

E(Cl + 7) + E(E — b)xl = 0,
A= p(2a* + be).

If f =0 then @ # 0 and the case (i) is true. If § # 0 and a = 0 then d # 0 and we
have

s

abc =0,
bx2 = 0,
adc + fex, =0,
4 bx, = 0, (48)
cx; =0,
A = pbc.

\

Hence the cases (ii)-(iv) hold.

For the case § # 0 and a # 0 we have ¢ = 0 and a = x; = x, = 0. Therefore the
case (v) holds.

Now, we assume that u # 0. The first and the fourth equations of the system Eq.
(46) imply
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—pax, + yx% = pbx, + Mx%. 49)
Since ac = 0thena = 0 or ¢ = 0. If a = 0 then the system Eq. (46) becomes

( —a% + ,ux% = —pbc + 4,
—gl;icz +ﬂ,ux1x26= 0,
_Eg + 50— E)xi — ux;x; =0,
;(Z; + pbx; + ux5 = —pbc + 4,

Bc —
S5+ 5(% — b)x; — pxyx; =0,

| x5 = pbc — 4.

(50)

The second equation of Eq. (50) yields x, = 0 or x; = %. If x, # O then x| = % and
substituting it in Eq. (49) we get % +x§ =0 and this is a contradiction. Thus
x, =0 and from the Eq. (49) we have x; =0, or x; = %. If x; =0 then A = pbc,

ac =0, x; = 0, and the case (vi) is true. Also, if x; = % # 0 then

. 272
—ali+% = —pbc + A,

2
a dc
—=—= — fbx; =0,
arbzc2 ﬂzf c3 b) = (51)
22 TG D=0,
,ux% = pbc — A.
Thus, the case (vii) holds. Now for case y # 0 and a # 0 we have ¢ = 0 and
—ad® — Pax, + ﬂx% = —2pa*+ A,
E(axl —bxy) + px;x, =0,

—aa® + pbx; + ux; = —2pa* + A,
2_ B —
5@ = Sbxy — pxyx3 =0,
,ux% =2pa® — A

The fourth, fiveth and sixth equations of Eq. (52) imply that x, = x;. The second and
third equations imply that fx;, = 0. Then

—aa® — fax, + ,uxf =—2pa’ + A,
—gbxz + px;x, =0,

—aa® + ﬂx% = —2pa’® + A, (53)
242 —ux? =0

2 2 ’

yx% =2pa® — A

Using the second equation of Eq. (53) we have x, =0 or x; = %. If x, =0 then

a = 0 and the case (viii) holds. If x, # O then x; = % =0 and
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—Bax, = 242,

aﬂz o

26® - pd =0, (54)
%az =2pa? — A

Thus the case (ix) is true. O

Theorem 14 The left-invariant affine generalized Ricci soliton associated to the con-
nection V' on the Lie group (G;, g,J, X) are the following:

@
(i1)

/4=0,a=0,d760,/37é0,b=0,x2=0,x3=%,/1=0,f0rallc,p,x],
/4=0,a=0,a'7é0,ﬁ7é0,b=0,x2#0,c=0,x2+x3=%,/I=O,forall

paxp

(i) u=0,a=0,d#0, f#0, b#0, x, = "“’ﬂ“h x2=“ﬂibd, x3=%—%,f,
/1:p(b2+bc),f0rallc,p,asuch that cad? — b®a — abd® = 0,
@iv) ,u:O,a;éO,c:O,ﬂ;éO,b:O,a:O,xl:xZ:O,A:Zpaz,forallp,d
such thata +d # 0, dx; = 0,
W) ,u:O,a;ﬁO,c:O,ﬁ;éO,b;éO,a=0,x1:xZ:x3:0,ﬂ:p(2a2+b2),
forall p,d such that a + d # 0,
(vi) y#O,a:O,d#O,xl:x3:O,A:p(b2+bc),ﬂ:0,a:0,x2:O,forall
p,b,c,
(i) u#0,a=0,d#0,x,=x3=0,1=0,#0,x, =a=0,forall p,b,c,
(viii) u#0 , a#0 , c=0, =0, X =€ w,
xzzez\/w,%=63\/%,forallb,d,p,A,asuchthat
a+d#0,
2 _ 2,12 24 p2y
aa” — p(2a +b)+/120, pQa” + b*) /120,
H H
2 _ 2 472 2 4 B2 — 2 42
%(bd—ab)+u€1€2\/aa pQRa +b)+ﬂ\/a(a + b?) — p(2a +b)+/l:0’
H U

2 _ (242 + b2 202 + b2) —
ab(a+d)_#€1€3\/aa pQLa +b)+i\/p(a + b?) ﬂ=0’

U U

2 2\ 2 2 2 2\
%(ad+2d2)_#€2€3\/a(a +1%) — p(2a +b)+/1\/p(2a -,

(ix)

U H

2 2\— A — i 2 2 2)—
u#0a#0c=0p#0x =Fox= LIl = ¢, Je00d,

forall b,d, p,a such thata + d # 0, ”(zazzﬁ >0,
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2a%2 + b)) — A 2a2 + b)) — A
ab(a+d)+§ _ap_be‘/w _ﬂpe‘/uzo,
M M

pQ2a* 4+ b?) — A — ad® + uF?
Pa

2a% + b%) — A — aa* + puF? 2a% + b2) — A
@ ad+ 242 + Bl —pr - g22EDD) aa” +pul e [PRa T A
2 2 Pa i
_Mep(2a2+b2)— A—ad®+ uF? [pQRa® +b2) -1 _0
pa U '

pQRa® + b*) — A
H
27C? + (4A% — 18AB)C + 4B — A’B? > 0,

2
—a(a2+b2)+ﬁbF+y( ) = —pQRd* +bH) + A,

>0,

where € = +1,

1
V27C% + (4A3 — 18AB)C + 4B3 —A2B2  AB—3C A%\’
E= + - # 0,

2(3%) 6 27

bp

A=—,
2u

_ Pt 1 2, 42 2

B_Z—Mz+;(p(2a +b)—A—aa ),

C= ﬁ—a(a(bd—ab)—é<p(2a2+b2)—ﬂ—aaz>)-
242 a

Proof From [19, 20], we have

- 3(bd — ab) b(a + d)

~1

Ric = %(bd —ab) —(a*+ b+ bc) %(bc + ad + 2d?)
bla+d) 3(bc+ad+2d%) 0

and
—2ax, ax, — bx, —ax; — cx, — bx,
(Lyg) = ax, — bx, 2bx, — bx, —dx, — dxs
—ax; —cx, —bxy; —bx; —dx, —dx, 0

with respect to the basis {e,, ,, € }. Therefore S = —(2a2 + b* + bc) and the Eq. (2)
becomes
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-

—aa® — fax, + yxf = —pQa* + b* + bc) + 4,
%(bd —ab) + g(axl — bxy) + ux;x, = 0,
ab(a+d) + g(—axl —cxy — bx3) — ux;x3 =0,

<
—a(@® + b? £ be) + by, + o = —pQ2a® + b* + be) + A, (35)
(be + ad +2d%) + E(=bx, — dx, — dx3) — pxyx3 =0,
,uxg = p(2a® + b* + bc) — A.
Let u = 0, then the system Eq. (55) becomes
( —aa® — pax, =0,
%(bd — ab) + L(ax; — bxy) =0,
) ab(a+d) + g(—ax1 —cx, —bx;) =0, (56)

—a(a® + b> + be) + pbx, = 0,
(be + ad +2d) + 5(=bx, — dx, — dx;) = 0,
A= pQad® + b* + be).

Since ac =0 we geta=0or c=0. If a =0 then a + d # 0 implies that d # 0 and
we have

abd — pbx, =0,

abd + 5(—cx, — bxy) = 0,

—a(b? + bc) + pbx; = 0, (57)
(be +2d%) + E(=bx, — dx, — dx3) = 0,

A= p(b* + bo).

If § =0 then (a, g, u) # (0,0,0) yields a # 0. Also, the first equation of Eq. (57)
gives b = 0 and the fourth equation of Eq. (57) implies that ad*> = 0 which is a con-
tradiction. Hence, f # 0 and the cases (i)—(iii) hold.

Now, we consider 4 = 0 and a # 0, then ¢ = 0 and we get

aa+ fx, =0,

a(bd — ab) + p(ax, — bx,) =0,

ab(a +d) + [2—3(—a)cl —bx;) =0,

—a(a® + b?) + pbx, = 0,

%(ad +2d%) + &(=bx, — dx, — dx;) = 0,
A= pQa® + b?).

(58)

\

If p = 0 then the first equation of the system Eq. (58) yields « = 0 which is a contra-

diction, then f # 0. If » = 0 then the case (iv) holds. If b # 0 then from the first
three equations of the system Eq. (58) we obtain x; = —aﬂij, Xy = —%, X3 = w

Hence using the fourth and fiveth equations of the system Eq. (58) we have
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a(@® + b+ 24 =0,
¢ (59)

a(-d> + 24 = 0.

If @ # 0 then a® + b + d? = 0 which is a contradiction, then @ = 0, X =x=x=0
and the case (v) is true. Now, we consider ¢ # 0. If a = 0 then d # 0 and the system
Eq. (55) gives

,ux% = —p(b> + bc) + 4,

abd — pbx, + 2ux;x, =0,

abd + g(—cx2 — bx3) — uxx3 =0,

—a(b? + bc) + fbx, + yx% = —p(b> + bc) + 4,
(b +2d) + E(=bx, — dx, — dx;) — pxyx; =0,
,ux% = p(b* + bc) — A.

\

(60)

The first and sixth equations of the system Eq. (60) imply that x; =x; =0 and
A = p(b? + bc). Thus the system Eq. (60) gives

abd — pbx, =0,

2abd — fcx, =0,

—a(b? + be) + yx% =0,
a(be +2d*) — pdx, = 0.

(61)

If =0 then a =0, x, =0 and the case (vi) holds. If f#0 and b =0 then
x, = a = 0 and the case (vii) is true. Notice if b # 0 and a # O then from the first

two equations of the system Eq. (61) we infer ¢ = 2b and Replacing it with x, = "”Td

in the fourth equation of the system Eq. (61) we obtain 2b%> + d” = 0 which is a con-
tradiction. Let u # 0 and a # 0 then ¢ = 0 and the system Eq. (55) gives

-

—ad® — ax, + ux; = —p(2a* + b*) + A,

S(bd — ab) + L(ax; — bxy) + px,x, =0,
ab(a+d) + g(—axl —bx;) — puxx3 =0,

—a(a® + b?) + Pbx, + ,ux% =—pQRa* +b>) + 4,
S(ad +2d%) + §(-be — dx, — dxs) — px,x; = 0,
yxé = p(2a® +b*) — A.

(62)

If § = 0 then the system Eq. (62) reduces to
—aa® + ﬂx% =—pQa* + b)) + 4,
%(bd —ab) + pux;x, =0,
abla+d) — px;x; =0,
—a(a@® +b*) + yx% = —pQa* + b + A,
S(ad +2d%) = pxyx; =0,
yx% = pQ2a*> + b*) — A

(63)
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Then the case (viii) is true. If § # 0, then the first and second equations of the sys-
tem Eq. (62) imply that

X} +Ax; + Bx; + C =0. (64)

Thus the case (ix) holds.
O
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