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Abstract

This paper is concerned with the construction of the fifth-order inhomogeneous
Heisenberg supermagnetic models. Moreover, the Lax representations of the mod-
els are presented. By means of the gauge transformation, we establish their gauge
equivalent equations with different quadratic constraints, i.e., the super and fermi-
onic fifth-order inhomogeneous nonlinear Schrodinger equations, respectively. In
addition, we investigate their Lax representations and Bécklund transformations
from which the solutions of the super integrable systems have been discussed.
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1 Introduction

The Heisenberg ferromagnet (HF) model [1, 2]
S, =SXxS,. S=(5,5,,8;), S:S=1 40

XX

is an important integrable system, which describes the movement of the magnetiza-
tion vector of the isotropic ferromagnets. The HF model has been well developed
and it is geometrical and gauge equivalent to the nonlinear Schrodinger equation
(NLSE) [3, 4]. There have been extensive study and application of the HF models
and the inhomogeneous integrable equations [5, 6], such as deformed HF model [7,
8], extended high-order HF model [9-11], inhomogeneous deformed HF model [3,
12], the multidimensional HF model [13, 14], the multi-component extended HF
model [15], and integrable counterparts of the Heisenberg soliton hierarchy [16].
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Qiao et al. investigated the involutive solutions of the higher-order HF model in
terms of the spectral problem nonlinearization approach [17]. Then it is showed
the constrained HF hierarchy possess the same r-matrix with the constrained
Harry—Dym system [18].

Supersymmetry plays a significant role between theoretical physics and mathemat-
ics [19-21]. Thus integrable supersymmetric systems have attracted considerable
attention in the mathematical as well as physical points of view. A number of famous
integrable systems have been generalized to their supersymmetric version, such as the
Korteweg—de Vries (KdV) equation [22, 23], the Kadomtsev—Petviashvili (KP) equa-
tion [24], the HF model [25-27] and the inhomogeneous nonlinear Schrodinger type
equation [28]. Ma et al. [29] investigate the applications to super integrable systems by
means of the supertrace identity on Lie super algebras.

The Heisenberg supermagnet (HS) model can be regarded as the supersymmetric
extension of the HF model [11, 25]. The HS models and their corresponding gauge equiv-
alence were first developed by Makhankov et al. [25]. Furthermore, the higher order and
inhomogeneous HS models have been discussed and their integrable structure and prop-
erties have been also derived. Meanwhile, the authors [11, 30] constructed the third-order,
fourth-order and fifth-order generalized HS models from which their gauge equivalent
equations have been presented. Moreover, Yan et al. developed the inhomogeneous third-
order and fourth-order generalized HS models [26, 27], respectively. The corresponding
gauge equivalent equations are super and fermionic inhomogeneous NLSEs. Therefore,
our purpose of this paper is to develop inhomogeneous deformations of fifth-order HS
model and analyze their structure and integral properties. Furthermore, we shall derive
the Bicklund transformations of the super nonlinear evolution equation.

The organization of this paper is as follows. In the second section, the HS model is
briefly reviewed and its integrable properties are recalled. In the third section, we con-
struct the inhomogeneous fifth-order HS model. Then the gauge equivalent equations
with two quadratic constraints and Bécklund transformations are derived. In the fourth
section, we dedicate to a summary and discussion.

2 Heisenberg Supermagnet Model

Let us start with a short summary of the HS model that will be useful in what follows.
For a more detailed description, we refer the reader to [25].
The HS model is described by

i8S, =[S, 8], )
where S is a superspin function which can be given by

4 8
28,1, +2) C,T,.
a=1

a=5

95
Il

Sy +S, S, —iS, C5—iCg (€)
Cs+iCs C;+iCy 28,
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where S, ..., S, are the bosonic variables and Cs, ... , Cq are the fermionic variables.
T,,...,T, are bosonic generators of the superalgebra su(2/1) and Ts, ..., Ty are fer-
mionic generators of the superalgebra su(2/1).

The gauge equivalence plays an important role in the integral systems. The fact
is that the gauge equivalence exists only for integrable systems possess Lax repre-
sentations. Understanding the properties of the gauge equivalent counterpart helps
us know more about the integrable systems. Under the following two constraints,
Makhankov and Pashaev showed the HS model is gauge equivalent to supersymmet-
ric NLSE and Grassman odd NLSE, respectively

() S§2=SforSeSUQR//SLA/L)x UL))
i, + b + 2 + 00)p = 0,

i0,+ 0, +2¢po = 0. @
(i) S?=3S-2IforS e SUR/1)/S(UR)x U(1))
i0,, + 6, +20,0,0, =0, )

i92t + ezxx + 291 91 02 = 0,

where ¢(x, t) is a bosonic components and 6, 6, 6, are the fermionic ones.

3 Fifth-Order Inhomogeneous Heisenberg Supermagnet Model
3.1 Constraints (i)S> = S

Under constraint (i) 2 = S, let us consider the fifth-order inhomogeneous HS model
iS, = fIS, S, 1+ [.[S, S, 1+ ihS, +ieS . r + IED(S,s Sivo Sivrs Snr)s (6)

where f and & are the functions of x and ¢, € is a parameter. Making use of the con-
straint (i) S2 = S, we note that generalized function D(S,, Sy Sy Sry) Satisfies

SD + DS = D. @)

With the constraint (i), it’s easy to prove S, and [S,S,,] satisfies SS,S =0 and
SIS, S, 1S =0.

The Lax representation of the fifth-order HS model contains no higher than the

fourth-order derivatives with respect to x.
We now introduce the Lax representation of the HS model (6),

o, =Fop, ¢,=Go, 8)

where @ = (@, @y, 93), ®;, j=1,2 and ¢; are the bosonic and fermionic functions,
respectively, and F, G can be presented as
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F = —iAS,
G = —Af[S,, S1 — (iAh + iA*f)S + e(—=iA>S + A*[S, S,])
n ©)
+& D MOS8, S S Srer Sreer)s
i=1
where A is a spectral parameter.
The Lax pair satisfies the zero-curvature equation
F,—-G,+[F,G]=0. (10)
By substituting (9) into (10) and taking advantage of the condition (7), we have
D= _S(Sxxxxsx + SxSxxxx) - IO(SxxxSxx + SxxSxxx - SSxxxxSx - SSxS)oocx)
+ 150558, + SiaSiSy) + 20058, + S80Sy + 88 S
+ 88 S) 25085, S + S08,Sy) + 70(S,.S5,. S, S, + 88,555,
+ 85,555, + 85,555, +85.5.5.5,) — 35(5,,:5,.5,S, + 5,555,
+ 5,555 + 555,50,
0, = i(=S ey + 55,5, + 55,5, + 55,5, — 108S,..S, — 10SS .S,
— 10855, — 158,55, — 1085, — 55.5.S,, + 355,5,5,S,
—708S,5,5,5,),
0, =-S5, S, ]+ [S,. S, ]+ 105,S.S, — 20SS.S.S,,
05 =i(S,, — 38,5, +6S5S.S,),
0,=0s=-=0,=0,
A = Af + Ah,.
(11)

From the Eq. (10) and contrasting coefficients of the power of 4, we derive the fifth-
order inhomogeneous HS model

iS, = fIS, S, ] + f.[S, S, 1+ ihS, + e[S, — 5SSy + SiiSi + S8

— 888, +10(SS,..S, + 5SS, +555. . +55.5), (12)
+15(S,,5,S,), + 35(28S,5,5,5, — 5,5.5.5.).].

The corresponding F and G are given by
F = —ilS,
G = —Mf[S,.S] — (iAh + iA*f)S + e[—iA3S + A*[S.S,]
+iA3(S,, — 35,5, +655.5)
+ AX(=[S.S, 1+[S,.S. 1+ 10S.S.S, —20SS.S.S)+id(=S, .

+55,.8,
+55,5,. +5S.8,, —10SS, .S, — 10SS,.S, — 10SS,S, . — 155,.S.S,
—10S,S,.S, — 55,8.S,, +35S,8,S,5, — 70S5,5,S5.S,)],

(13)
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where A is a spectral parameter.
In order to derive the gauge equivalent equation of (12), one takes

Sex,t) = g7 (x, HZg(x, 1), (14)
where g(x, 1) € SU2/1).
According to condition
=g Jy=8g", (15)
Equation (15) satisfies
0, —0.Jy + [y, Jy] = 0. (16)

The orthogonal direct sum decomposition of the super algebra su(2/1) is as follows
L=LOg@L", (17)

where [LO,LO7 c LO, [LOLD] c LY, [LP,LD], ¢ LY. The commutation and
anticommutator relations are given by[X, Y] = XY — YX, [X, Y], = XY + YX. L@ is
an algebra constructed in terms of the stationary subgroup H.

Suppose
pp 0¢ 0

Ji=il$00|[eL? for S e SUR//SWL/1)x UL)), (18)
600
where ¢(x, t) is bosonic filed and 6(x, ¢) is fermionic one.
Based on (14), (15) and (18), we have

S, = g7 (. D[Z, Jylg(x, 1),
S, =g ', D[, J,18(x, D),
S = &7 L DIZ, T 1,011 + [2,7,,Dg(x, 1),
Seer = &7 DA Ty, ] + [IE, 711,711,711
+ 2[[Z, 1, 1, )]+ (12,011, 0,,Dg(, 1),
Seere = & DG T, 1 I LT T+ 31E, T4 1 ]
S IDVANANANA)
+ 2[[[Z, /11, J 1, ) 1] 4+ 312 T ) T ] + 20T
+ I L0100, + 21,1 Dg (e, 1),
AN e ([ DR VA A BN ([ RNV A WA
+ (I 11,911,911, 011,001+ 3UE Iy 1 s L 1
+ 8[[[Z, /1, 1 /1, 1. /]
+ 412, T o ds Sy ]+ 22 T, 1 00 1 G ) 1+ BIHE I 1 s ]
+ A, T, 00 1 T ]+ 6L o 1T+ T 1101 ]
+ 3[E 11 I T + HIE T ] + (2 ]
+ [ I L ]+ L] T DS, ).

(19)
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Substituting (14) and (19) into (12), we obtain

—if[Z, [[Z,J, L. 11+ 2,0 ] = if (2 2, 7,11 + hlZ, ]

+ e[4[[l[Z, ). /11,711, 0,1 + Oll[Z, Ty, 1, J4 1, 4]

+ [[%, /1,441,711, 4,1, 4]

+3[IZ, I, 1, 1y 1.1 1 1]+ 8L, T L I i ]+ 4R g )s 1
+2[[l[Z, /1 1. /11, I, I ] + 3L I 1 T e, 4]
+4[[[Z, 1, ). 71171

+6[[%, J, ], I, ] + UZ, I, 174001 0, ] + 3IHE, 11, T, 0 ]
+AZ, T L ] + 12 ] + L I LI ] T ]

+ (2711 1]

=S Iy ] + UE I L 1000+ 2002 T, )L 4]

+ 2. 7117, DIZ I ] (20)
+ (%, 11,411 + [Z, T, DAE, S, 1, 4] + [2,7,.D + [Z, 0, 1E, ]
+[[[Z, /1., L4, 1+ 2[[%, J, 1L J, ] + (2,71, J,,D — [2, 0112, 4]
X ([[Z, /11, 4,1 + [2, 4, D], + 10(2(Z, /., ] + 2, J41, 0,15 74 ]

+ 22,7y, LS+ UE LG DIE T+ ZAUE L L]+ 2 ,D
X ([[Z, ;14,1 + [, D + Z[E, 0 (2, Iy, ] + (1E 1,711,541
+2[[Z,J, L4 ]+ (127,17, + (£, 7,1A1Z, J,1, 4]

+ [Z, 71, DIEJ D,

+ 15(([[Z, J, 1,11 + [Z, T, DIE L E D,
+35QX[Z, J1[Z, 12, /4]

X [Z,J0] = [Z, 0112, L 2 T D

where X = diag(0, 1, 1).
Combining Eq. (20) with [X, J(()O)] = (0, we obtain

where
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U2 = =), + i + e[6i( bbb + 200beh) + ichy, + 2il( D), D
+ (Bt + 3(D,0),b +2(0,0),0 + (09,).0 + 0(0,), + (00,). 411,
D)5 = —(f0), + ih6 + e[6ipdd0 + 6. +20(2h,0),b + ($,),0
+($0,),9 + (¢6,),91],
Uy = (@), + ih + [6i(DPDD + 2hPPOD) + i, + 2il(, D), P
+(0), b + 3D, D)+ 200,), + 0(6,0), + (6,0),0 + (0,0),$11.
U1 = (79), + ih8 + e[6ippdp0 + iB,,,., + 2i[2(,0), + ($b,), 0
+(40,),b + ($0,),911.

(22)

According to the Egs. (16) and (17), we obtain
), =171, 1. 23)

By substituting (18), (21) into (23) and integrating Eq. (23) in reference to respect to
the variable x, we derive

UMy 0 0
=l 0 UM Uy | 24)
0 UM UM

where

UMy = if (@b +00) +i / ;f,;<¢43 +00)dx’ + £[6(d,pbb — bbb + ¢,060
+ P = Punch = Dby + Py + 0,0 + $0,$0 — 0.0 — 696,
=00, ~ 0,0, +0,0,,],
U = —if b — i / ;m;adx/ +e[6(h, bbb — b, bbP) + 4(06,0 — b 060)
+2(p0§0, — 0,680) + b b — b, — Pruh, + b, D),
U3 = —if 0 — i / ;Aéedx’ + e[, b0 — 40, db) + 2b PO — b, 0bb (25)
+0,000) + ¢,,,0 = $0., — ¢, + $,0,.],
Uy s = —if0¢p — i / " By + 48,00 - 0566,) + 2,500 — 666,0)
+0,,0— 00, — 0.0, +6.0,1,
U5 = —if80 — i / ;ftéedx’ +e[4(P0,0¢ — ¢, 6H0) + 2b, 0P — b, bPO

—000)+0,.0—-00,, —0,.0,+6.06.]

xxx xxVx xVxxle

Since J, = J(()O) + J(()l), it is easy to draw the following conclusion
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UM I Ty
Jo=| UM U U5 | (26)
M1 U T)ss
In terms of the gauge transformation @ = g, we obtain
?.=Fp, 9,=Go, Q7
where F and G can be written as
F=gFg'+gg ' =-iAZ+J,
G=gGg ' +g.g"
= g(=Af[S,, S] — (iAh + i2%f)S)g™!
+eg(—iA’S + A*[S, S ] +iA*(S,, — 35S, + 6555 )+ A* (=[S, S,.]
+[S.,S.1+10S.S .S, —20SS.S.S)+iAd=S, . +55..5S,
+58.8 . +55S . —10SS S —10SS._S . —10SS.S, .
-155.8.S. — 1085 S —55.S.S,  +3555.S5.S, —70S5.5.S.S)g"

+ Jo.
(28)
Substituting (18) and (26) into (28), we obtain
R 0¢ 0 R 911 912 913
F=i (}_’) —A 0 . G= G21 G22 G23 s (29)
90 -4 Gz Gy Gy

where
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A
G, =

Gy =

A
Gy =

if(pd + 60) + i / [ (P + 00)dx' + €[6(d, PP — b PP + D 0P0 + O, PO
- 0¢$Xé - 9¢$éx) + $¢X¥¥ - d_)m(rb - $X¢M + ¢EXX¢X + eAlUé - eg)ocx - 0,\’}’@)6
+0.0,, — i’ (@ + 00) + 1(¢pd, + 00, — . — 0,0) + iA P+ 0,0

+od +00, —p.P, —0.0,)+ 3iApPpd + 6iApPoa],

= il ¢ = (f), + ihg + e[6i(pPPdd + 2000P) + ich,,.. + 2i[(Pb,), ¢ + (B, P), b

+3(¢,$), P +20,8),0 + (69,),0 + 00,), +(00,),¢] +id'p+ X',
— iR, — 2P + 00¢) — i, — 6Ad. b — 310,06 — 34001,

= i4f0 = (f0), + ih0 + e[6ipPPPO + i6,.. + 2i[2(h,0),b + (D)0 + (40,),¢

+(0,), Pl +il*0 + 170, —i2*0,, — 2iA*ppO — 10, — 3 PO — 3Apdh,],

= il ¢+ (f), + ihg + e[6i(PpPDd + 2hpPo0) + i, + 2i[(¢,h), P

+ (D), P + 3. P), ¢ +20($0,), + 0(,0), + ($,0).0 + (0,0) $] + i1
—Bp, =il —2iA (PpP + $0) + Ad, . + 6Ad P + 3 00 + 314081,

= —(iAh+ i) —ifpp —i / fppdx’ + e[6(d,pdpd — ¢ .pPP) + 4(p0b,0

— $.000) + 2(p0$0, — 0,6$0) + b, — bb. — Db, + Db, — iX (30)
+ 1/13¢(5 + /12(([)(1))( - (5\(1)) - lﬂ(qsxxd) + d;(pxx - d_)xd)x)
+5iA(pppd + po0¢) — 8irddd — 8iApod¢],

= —ifdp0 —i / f:90dx' + e[4(b,pd0 — $0,b) + 2(h,pd0 — b0 + 0,0¢0)

+¢. 00 . — P 0.+ 0. +ilPo+ A (PO, — $.0)
— M0 + PO, — .0,) — 3iApppo],

= iAf0 + (f0), + ih + e[6ippddd + i0 . + 2i[2($.0).¢ + (P ). 0 + ($0,) .

+(P0,), Pl +iA*0 — 130, —iA*0_ —2iA*0pp + A0, + 340 PP + 310 ],
09 -1 [ 100 + 140,00 - .000) + 25,066 — $.630 - 000,

+0, . p—0p. . —0. P +0.p +il0p+ 120p, —0.¢)—ilb,,
+0,.0-0.9,)—3iA0pps),

—(iAh + iA%f) — if00 — i / “ £.00dx' + e[4($0,0 — 6pp0.) + 2(p. 00
—0pp 6)+6, 0-060_—0.0 +00 —il’+ii00

X xx

+ 2200, — 6,0) — iA(00,, + 0.0 — 0.0,) — 3iADpPO].

By virtue of the zero-curvature formulation of F and G, we derive the super fifth-
order inhomogeneous NLSE with the constraint (i)
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i, — i(hp), + [l + 2(P + 00)P] + 2f, b, + 2¢/ fepbdx'
+6 /x f.0pdx’

+¢ /x £.00dx" + e[—6i(ppddd + 200ppp), — i

= 2i[(¢¢.),b + (D),

+3(¢,9), @ +2(0,0),0 + (09,),0 + 0(0,), + (60,),$],
+12i(pd,pdd — b dPPP)

— 16i¢,pp00 + 12i(p$, 00 + ppd6d,) — 8ippp0,0

+ QP — 20hb

—20¢. 0, + 200 b, + 200, - 00, —00,.¢, +00.$,, — 0,00
+0.0.¢—0.0,.4)]=0,

i0, — i(h0), +f(6,, +2¢Po) + 2f.0, + qS/ f.d0dx’ +6 / f.pddx

+ £[—6i(pPPPO), — i0,, — 2i[2(¢,0),¢ + (9,0 + (#0,). ¢ + ($0,), D],
¢¢ZX0XX - 295)()[0)( + zeéxexx - ¢XXX¢30 - ¢X(5X)C0 + ¢XX(£X0)] = 0’
(€2
where ¢(x, t) is bosonic filed and 6(x, f) is fermionic one.

If one sets € = 0, Eq. (31) reduces to the super Hirota equation [28]. If by setting
e=0,h=0,and f =1, Eq. (31) is reduced to super NLSE (4). Under the reduction
e=1Lh=0,and f =0, Eq. (31) leads to the super fifth-order NLSE [30].

In the following part, we shall derive the Bécklund transformation of Eq. (31).

Taking the transformations T = % and ¢ = %, Eq. (27) leads to the following
2 2

equations:
T, =i +i0¢ — ipT* + iAT,
¢ =i0T —igT¢,
T, =G T+ G+ G ¢ — Gy T? — Gy, T — Gy TS,
=Gy T+ Gy, + Gyl — Gy TC — Gyl

(32)

where T and ¢ are the bosonic and fermionic functions, respectively. Next we assume
that under the transformation

T—>T,{~ ¢, 050, 24 (33)

the forms Eq. (32) do not change, where 1 is the conjugate of A. Then we obtain
T, =id +i0'¢ — i/ T* +ilT, ”
. =i0'T —id'T¢. 34)
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Based on (32) and (34), we derive the Bécklund transformation

_ /= T(Z_ﬂ)

v=9 1+|T]2-¢8 25

g _T80=2) )
TR -¢E

Since ¢p = 0, 8 = 0 are the trivial solution of (31), based on the Bicklund transfor-
mation (35), we obtain a new solution of (31)

(\/_71_; - \/Tf)y exp(i\/jfx)

L+ |ul? = 65|o)?

<\/—7§ - \/TL:) U exp(i\/jfx)gé

L+ |ul? = 65|o)?

¢ =

s

(36)

o' =

where p, u and w are the bosonic constants and 6 is fermionic one.

3.2 Constraint (ii) $2 = 3§ — 2/

Now one turns to the second constraint S> = 3S — 2/. One derives S, and [S, S ] sat-
isfying SS,S = 2§, and S[S, SIS = 2[S, S,,]. Thus the deformation term D should
satisfy the equation

SD + DS = 3D. (37)

Following the similar procedure as before, we obtain the fifth-order inhomogeneous
HS model under the constraint (ii)

iS, = f1S. 8.1+ £.[S. S, + ihS, + i€[S, . — 15(S,.S, + 5,5, + 5.8

XXX X XX XX X XXX

= 8.5:5,), + 10(5S, .S, + SS,,:8, + 55,5 + 55,50, (38)

+5(5.8,5.), — 105(S,5,S.S,), + 70(SS,S,.S.S,).].
The corresponding F and G can be expressed as

F = —iAS,

G = —Mf[S,.S] — (iAh + iA*f)S + e[—iA3S + A*[S.S,]
+iA3%(S,, — 9SS, +6S55.5)
+ AX(=[S.S, 1 +[S,.S,]+30S.S.S —20S5.5S.S,)
+iA(=S, . + 155 .S,
+158_.S, +158.S

XTXXX

— 10SS,S,,, — 155,58

(39)

— 10SS,,.S, — 10S5,.S

XX XX

— 108,85, — 55.8.S,, + 1055,5,S5.S, — 70SS.S.S.S)].

@ Springer
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where A is the spectral parameter.
Let

Jy = i[ 0 C 92] e LW for § € SUQ2/1)/S(UQ) x U(1)), (40)
01 92

here 6, (x, 1), 8,(x, t) are the fermionic variables.
Substituting (14) and (19) into (38), we find
(2, Jo] = =i [Z, [[Z, 1,1, 111 + [Z, 7,00 = i (2, (2, 0,11 + ALZ, J4]
+ el4[[Z, /1, ), 1. 1 1L 0, ] + 6lIE, Ty, 0 741, 4]
+ (2, 741,741, 041,740 441
+ 3[UZE I 1L Ty LI L+ 8IE Iy, L iy ] Iy ]+ ALE e ds i
+ 2[[[[%, J, 1,711 71,1 I, + 3BIUE T4 ) ]
+ A=, J, ). 01,7,
+ O[[Z, 1o ] Sy + LUZ Iy L L 1 I ]+ 3BTRS T4 ] ]
+ 42, T ) ] + (2 ] + L T LT T ]
+ [[Z, 011 J ]
el WDV [ 1| DAY VR VAR I i | DA S RV
+ [[Z, 7,1, 4, DIZ, /4]
+ ([[Z, 4, L]+ (2,7, DALE, 4, L 4 D+ (27D
+ [2, 112, T ]
+[[[Z, 7,1, 7,1, 7,1+ 2[[Z, 7,1, /4]
+ [[Z,17,D = (Z 1L 0]+ [2,,,])
[Z, L Z, 0D, + T0(Z, Ty, ] + 2 41700001+ 202, 4,0, 4]

+ [[Z,J,1, 4, DIE J 1+ Z([[Z, 41, 44]
+ [Z, 7, DUAE T L1 ] + (27D
+ 22,12, T, ) + (2, 740,710, 74]
+ 2l J L+ UE LI, D
+ [, LIE, 1,701+ 2,0, DIE I, D,
+ S(Z, 112, L AT, 41, 4]
+ [, 41, D), — 105([%, J, 112, 1, 112, 112, 4 D,
+ 70(Z[Z, J|1[Z, 7]

(2, 71102, 7, D]
(41)

where X = diag(1, 1, 2).
Repeating the process of constraint (i), naturally, we obtain
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Uo D g 0 00 G
J(()O) = (J(()O))m (Jg)))zz (U J(()l) = 0 0 (J;)I))ﬂ - 42
0 0 UMy, UM Ughz 0

Combining the two matrix in (42), we obtain
o U Uy s
Jo=| UM UM U5 | 43)
M3 IMzy U3

where

X
U = if0,0, +i / £.0,0,dx' + £[4(0,60,0,0,, — 6,.6,0,6,) — 2(6,,6,6,,
- 6102§2x91) + Glxxxél - Hlélxxx - elmélx + elxélxx]’
X
(J(()O))lz = if0,0, + i/ [:0,0,dx' + €[2(0,0,,0,0, — 0,0,0,,0,) + 0,0,
- 919_2xxx - elxxéZx + elxébcx]’
(J(()l))w = ih0, = (f0,), + e[~4i(0,,6,),0, — 2i[0,(6,60,,), + 6,(6,,0,),
- (9192x)x02] + ielxxxx]’
U = if0,0, +i / 1.0,0,dx’ + €[2(0,0,.0,0, — 0,0,6,.8,)+ 6,0,
- HZélxxx - 92xx91x + elxélxx]’
—0,0,,0,0,) + 05,0, — 0,0, — 0,0, +0,0,_],
(Jél))23 = ih, — (f0,), + £[—4i(6,,0,),0, — 2i[6,(0,0,,), — 0,(0,6,,),
- (HZé]x)xol] + ierxxx]’
U3y = i) + (F8)), + e[~4i(8,8,,),0, + 2i[6,(8,,0,), + 8,(6,,0)),
- (92)591 )x02] + iélxxxx]’
Uy = ihb, + (F9,), + e[—4i(8,6,,),0, + 2i[0,(0,,0,), + 0,(0,,6,),
- (élxe_Z)xel] + iéZxxxx]’
X
UM)33 = if (0,6, + 0,0,) + i / 16,0, + 6,8,)dx’ + £[6(8,6,,0,0,
+0,0,.0,0,

—0,0,,0,0, — 0,0,,0,0,)+0,,.0,-0,0,,,—0,,0,+0,0,,

+ éZxxx92 - 92 02m - éZxx92x + 52x92xx]'
(44)
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Due to the gauge transformationIn ¢ = g¢, we obtain
. =Fp, ¢, =Go, (45)

where F and G can be written as

=i

=gUg ' +gg ' =—-ilZ+J,,
G=gVg "' +gg"
= g(=Af1S,. 51 — (iAh + i2°f)S)g™"
+eg[—iA’S + A*[S, S, 1 +iA’(S,, — 35S, +6S5.S,)
+ 2 (=[S, Sl + S, S, ]
+10S.S.S, —20SS.S.S)+iA(=S . +55 .S +55.S . +558

XTXTX XXX X XX XX

- 108S,,.S, — 10SS_.S,. — 10SS,S,.. — 155,.5.S, — 10S,S,.S,

XX XX X XXX XXTXTX

—-58.85.8 4355555 —70S85.5.S.S)]g" +J,.

XTXTXX XTXTXTX XTXTXTX

(46)

By means of (40) and (43), we rewrite (46) as follows

~ -4 0 6, 3 G, Gy, Gys
F=il 0 -4 6, [[ G=]|Gy Gy G |,
0, 6, —24 Gz G3, Gy

where
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Gll =

—(iAh+ iA¥) +if0,0, +i / £.6,0,dx +e[—iX’ —i*6,0,

- ﬂz(elxél - 01§1x)

+ i/l(«9,§mC + 9mé]) — i/w,xéu + 3i/19,9_292§, + 4(6, 02529_”

= 0,,0,0,0,) — 2(0,0,6,0,, — 0,0,0,.0)) + (6,0, — 6,0,,,, — 0,0, +6,,0,,)],

=if0,0, +i / £.6,0,dx' + €[—iA*0,0, — 4*(0,.0, — 0,0,) + i\, .0, +0,0,.)

1xx
o0

- iialxébc + 2(0192);0292 - 0] 0_101)(52) + (Glxxx0_2 - 0152,\:\')( - Hlx)réb; + elxéZ)cx)]’

= ilf0, +ih8, — (f0,), + €lid*0, + A°0,, — iA*6,, +2i)*0,0,0, — 3A(6,,0,0,

+0,0,0,) — A0, — 4i(6,.6,).0, — 2i[0,(6,0,,),
+ 91 (02)59_2)): - (01§2.r)x02] + iglxxxx]’

= if6,0, +i / £.0,0,dx + e[—iA*0,0, — 4*(0,.0, — 6,8,) +iA(6,.6, + 6,0,

= 0,,0,) +2(0,0,,0,0, — 0,0,0,.0)) + (65,0, — 0,0, — 0,0, +0,.0,,)],

= —(iAh +iA*f) + if0,0, + i / £.0,0,dx' + e[—iA> — i1°0,0, — A*(0,.0, — 0,0,

+i4(0,05,, + 0,0, — 0,.0,) + 3i16,0,0,8, + 4(0,8,0,.0, — 6,.0,8,0,)
—2(0,0,0,,0, — 0,0,,0,0,) + (0,0, = 0,0, — 0,0, + 0,0, )],

= iAfO, + ih0, — (f0,), + €[id*0, + 1°0,, — iA*0,,, —2i1*0,0,0,

- 3/1(02510” + Gl‘célel) - AHZXXX - 4i(92x01)x9—1 - 2i[§l(0291x)x
- el(élelx)x - (GZélx)xel] + lerxxx]’

= i)f0, +ihf, + (f0,), + elid*0, — A°0,, — i1*0,,, — 2i120,0,0,

+34(0,0,0, + 0,0,0,) + 10, — 4i(8,0,,),8, + 2i[0,(8,,6,),
+0,00,,0)), — (0,,0)),0,] + 0,1,

= iAf0, + ih0, + (f0,), + €[iA*0, — 1°0, —iA*8,  —2i)*0,0,0,

+3A(0,,0,0, + 6,0,0,,) + AB,,. — 4i(8,0,,).0, + 2i[0,(8,,0,),
+ él(elxg_Z)x - (élxéZ)xal] + iélrxxx]’

= —2(iAh + i2%f) + if 0,0, + 0,0,) + i / 10,8, + 0,0,)dx’ + e[—2iA°

+i4%(0,0, + 0,0,) — 1*(0,,0, — 0,0, + 0,,0, — 0,0,))
—iA@,.0, +0,.0,

+ 526‘2” + élem - élxelx - éhé)h) - 6i/1§191 5292 + 6(510”9252
+0,6,.0,0,

= 0,0,,0,0, - 0,0,,0,0,) + (0,,,,0, — 0,0, — 0,0, +6,,0,,,)

+ (03,0, — 0,05, — 0,0, + 0,.0,)).
47)

According to the zero-curvature formulation of F and G, we have the fermionic
fifth-order inhomogeneous NLSE:s,
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i0,, —i(h6)), + (f0,),, + 2f915292 -6, / ﬁﬂzézdxl + 02/ ﬁﬂﬂ%dx’
+€[4i(0,,0,),,0, + 4i(0,,0,),0,, + 2i[0,(0,6,,), + 0,(0,,0,), — (6,0,,),0,],
— 10} e + 10,[(02,05 — 0,0, — 205,05, — 0,0, )] +il(6,,0, — 0,0,
- 2(91)()552)( - elxéZxx)]ez] = 0,

i0,, — i(h6,), + (f0,),, + 2f025191 -0, / fxeléldxl + 0, / f)ﬂzéldx,

+ £[4i(92x61)xxél + 4i(92x61)xélx + 2i[91(0201x)x - 92(5161):)): - (0251):)):61])(
- ierxxxx + ieZ[(élxgl - élelx)xx - 2(élxxelx - élxelxx)] - l[(ghél - gzélx)xx
- 2(92xxé1x - 92xélxx)]01] =0.

X

(48)
where 0, (x, 1), 0,(x, t) are the fermionic variables.

Specialising by setting e = 0, Eq. (48) reduces to the fermionic NLSE [28]. While
whene =0,/ =0, and f = 1, Eq. (48) leads to the fermionic NLSE (5). If one sets
e=1,h=0,and f =0, Eq. (48) reduces to the fermionic fifth-order NLSE [30].

Let us consider the transformation T = % and { = %, Eq. (45) leads to the fol-

lowing equations:

T, =i0,f —i0,T¢, (49)

¢ =i0,T+i0, —iAl, (50)

T, =G\ T+ Gy + Gl — Gy T? = Gy T = G T¢, (51)
£, =GyT + Gy, + Gyl — Gy TE = Gy T. (52)

Then we obain the Badcklund transformation of the Eq. (48) as follows

T¢(A— 4
0, — g; = L’
1+ |T)? (53)
PO 4T
where T and ¢ are the bosonic and fermionic functions, respectively.
Meanwhile, we can obtain a new nontrivial solution of (48)
o <, /-t - \/—€>u5exp <—i, /—fx)
b L+ ul? ’
. (54)
o (,/-g - ,/—g)(sexp(—i, /-gx)
2 L+ |ul? ’
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where p is the bosonic constant, 4 and 6 are the fermionic constants.

4 Summary and Discussion

We establish the fifth-order inhomogeneous HS models with two different con-
straints and their Lax pairs have been derived. The corresponding gauge equivalent
counterparts are the super and fermionic fifth-order inhomogeneous NLSEs, respec-
tively. It is well-known that HS model has close relation with the strong electron
related Hubbard model which has widely application in condensed matter physics.
Therefore, the applications of the high-order inhomogeneous HS models should
be of interest. The solutions of the integrable systems including HF model [31, 32]
may provide new insight into the solutions of the HS models. In addition, it’s worth
noting that the Eq. (31) with bosonic limit and € = 0 can reduce to the generalized
Hirota equation with y = 0. How to construct the fifth-order super Hirota equation
with any parameter y and the corresponding deformed HS model still worth further
discussing.
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