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Abstract
Cubic Pythagorean fuzzy (CPF) set (CPFS) is a hybrid set that can hold much more information and can be used to describe

both an interval-valued Pythagorean fuzzy set (IVPFS) and Pythagorean fuzzy set (PFS) at the same time to handle data

uncertainties. Based on it, the present study is classified into three phases. The first phase is to modify the existing

operational laws and aggregation operators (AOs) in the article presented by Abbas et al. (Journal of Intelligent & Fuzzy

Systems, vol. 37, no. 1, pp. 1529–1544, (2019)). The main objective of improved operational laws is to eliminate the flows

and ambiguities in existing AOs. Secondly, based on these laws, various AOs to aggregate the information are acquired

along with their requisite properties and relations. Lastly, an approach for interpreting the multi-attribute decision-making

(MCDM) problem based on the stated operators is given and illustrated with an example. Some of the existing models are

used to perform a comprehensive comparative analysis to demonstrate their impacts.

Keywords Cubic pythagorean fuzzy set � Novel operational laws � Modified aggregation operators � MCDM approach

Abbreviations
FS Fuzzy set

IFS Intuitionistic fuzzy set

IVIFS Interval-valued intuitionistic fuzzy set

PFS Pythagorean fuzzy set

IVPFS Interval-valued Pythagorean fuzzy set

CS Cubic set

CIFS Cubic intuitionistic fuzzy set

CPFS Cubic Pythagorean fuzzy set

AO Aggregation operator

MCDM Multi-criteria decision making

MD Membership degree

gMD Non-membership degree

CPF Cubic Pythagorean fuzzy

DM Decision making

CPFWA Cubic Pythagorean fuzzy weighted averaging

CPFOWA Cubic Pythagorean fuzzy ordered weighted

averaging

CPFWG Cubic Pythagorean fuzzy weighted geometric

CPFOWG Cubic Pythagorean fuzzy ordered weighted

geometric

CPFHA Cubic Pythagorean fuzzy hybrid averaging

CIFWA Cubic intuitionistic fuzzy weighted averaging

CIFOWA Cubic intuitionistic fuzzy weighted averaging

CIFHA Cubic intuitionistic fuzzy hybrid averaging

1 Introduction

MCDM is a tool that involves a set of criteria and a set of

alternatives. Generally, the decision information is math-

ematically represented by a decision matrix. Several

scholars have proposed a variety of approaches to achieve

optimum decisions. In the past, decisions were made based

on precise numerical data sets. However, as time goes on

and the system gets more complex, it gets harder for

decision-makers to deal with data uncertainties. therefore,

judgments made using outdated methods are unable to

identify the best alternative. To address this, Zadeh [1]

began work on fuzzy sets (FSs) which is an extension of

the classic set. Additionally, they presented the idea of a

linguistic variable and its approximate reasoning [2]. To

increase the results’ accuracy and interpretability in word

processing, Labella [3] presented a fuzzy linguistic
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representation model for comparative linguistic expres-

sions that capitalizes on the strengths of the 2-tuple lin-

guistic representation model. In FSs, each element is

allocated a membership degree (MD) which lies between

zero and one. The researchers suggested various extensions

of FSs including intuitionistic fuzzy (IF) set (IFS) [4] and

interval-valued IFS (IVIFS) [5]. Yager [6, 7] proposed the

idea of PFS, which is an extension of the IFS. Zhang [8]

proposed the notion of IVPFS. These theories describe

information in terms of their MD and non-membership

degrees (gMD) in the form of crisp or interval numbers.

Various scholars have presented their theories and

approaches for analyzing DM problems such as informa-

tion measures and AOs, which are summarized in see

[9–35].

Even while all of these theories facilitate hesitations to a

great extent, they still cannot tolerate the circumstances,

where the decision-maker has to consider the falsity cor-

responding to the truth value ranging over an interval.

However, Jun et al. [36] introduced the idea of the cubic set

(CS), which is an effective tool for dealing with possible

disagreement of the agreed interval values and vice versa.

Furthermore, it allows the simultaneous consideration of

two different time zones in a single CS. For example,

suppose that experimenter has to perform experiment E and

is hesitant whether the outcome measure will range

between ½0:3; 0:4� before performing it at time t1, and after

completing the experiment at t2, he/her obtain a crisp value

that may agree (p-order) or disagree (R-order) with the

assumed interval. Consequently, this environment

improves accuracy by broadening the scope of the mem-

bership interval by taking into account a fuzzy set mem-

bership value corresponding to it. CS is a great extension of

the interval-valued fuzzy set to deal with the uncertainties

by adding a fuzzy set to the analysis. CS and its applica-

tions in DM problems are discussed in [37–42]. The idea of

cubic intuitionistic fuzzy (CIF) set (CIFS) was presented by

Kaur and Garg [43, 44], which is characterized by two

sections at the same time, one of which reflects the mem-

bership degrees by an IVIFS and the other by an IFS. each

element in the CIFS is expressed by

h n�; nþ
� �

; u�;uþ½ �i; n;uh i
� �

satisfying the conditions

nþ þ uþ
41 and nþ u41. However, in some practical

problems, the sum of nþ and uþ may be bigger than one,

but their square sum is less than or equal to one. For

example, let nþ ¼ 0:6 and uþ ¼ 0:7. Owing to the sum of

two values being greater than one, they are not available

for CIFS. To deal with such types of problems, Abbas et al.

[45] introduced the idea of CPFS, which is an extension of

CIFS. CPFS is the hybrid form that contains more infor-

mation to express both IVPFS and PFS simultaneously to

deal with uncertainties in data. Obviously, CPFS is a more

capable model to deal with uncertainty and ambiguity in

data and plays a very important role in DM problems.

However, the operational laws of addition and multiplica-

tion under CPFS proposed by [38] have flaws and ambi-

guities which need to be modified.

In current communication, motivated by the concept of

the Bonferroni mean and by taking the advantages of the

CIFS to express the uncertainty, we modify the existing

operational laws and their AOs presented by [38]. Further,

some new operational laws such as P-union (rep. R-union)

and P-intersection (rep. R-intersection) are defined to

improve the score and accuracy function in a CPF-envi-

ronment. Based on these operational laws, we propose a

series of new AOs called cubic Pythagorean fuzzy order

weighted averaging (CPFOWA), cubic Pythagorean fuzzy

order weighted geometric (CPFOWG), and cubic Pytha-

gorean fuzzy hybrid averaging (CPFHA) to aggregate the

preferences of decision-makers. Various desired features of

these operators such as Idempotency, monotonicity,

Boundedness, Shift Invariance, and homogeneity proper-

ties are discussed in detail. The proposed operators have

two major advantages:

1. These operators have considered the interrelationships

of aggregated values.

2. Since CPFS is a significant indication that incorporates

more information to express both IVPFS and PFS at

the same time, which leads to a flexible and robust

aggregation process so that they are more powerful

than IVPFS and PFS.

Finally, an MCDM method for rating the different

alternatives based on these AOs has been presented.

The remainder of this research work is organized as

follows. Section 2 reviews some basic concepts concerning

CPFS. In Sect. 3, the operational laws and AOs suggested

by Abbas et al. [ ] are reviewed. Some new and modified

operational laws and their properties are proposed in

Sect. 4. Based on the operational laws, modified CPFWA,

modified CPFWG, CPFOWA, CPFOWG, and CPFHA

AOs are proposed in Sect. 5. In Sect. 6, an MCDM

approach based on the proposed AOs and an illustrative

example is provided to verify the approach is developed.

Finally, Sect. 7 concludes the paper.
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2 Preliminaries

In this section, we provide some introductory concepts

about the cubic set, cubic intuitionistic fuzzy set, cubic

Pythagorean fuzzy set, and their operational laws.

2.1 Cubic Set

Definition 1 [36] Let X be a non-empty set. A CS _C in X is

defined as

_C ¼ x;C xð Þ; #ðxÞ x 2 Xjf g; ð1Þ

where C xð Þ ¼ ½C� xð Þ;CþðxÞ� is interval-valued fuzzy

(IVF) set in XB and # is a FS. A CS _CðxÞ is said to be an

internal cubic set if C�ðxÞ4#ðxÞ4CþðxÞ and a CS _CðxÞ an
external cubic set if #ðxÞ 62 ðC� xð Þ;CþðxÞÞ. A CS _C ¼
x;C xð Þ; #ðxÞ x 2 Xjf g is simply denoted by _C ¼ C; #h i.

Definition 2 [36] Let _C1 ¼ hC1; #1i and _C2 ¼ hC2; #2i be
CSs in X. Then

(a) (Equality): If C1 ¼ C2 and #1 ¼ #2 then _C1 ¼ _C2.

(b) (P-order): If C1 � C2 and #14#2 then _C1�P
_C2.

(c) (R-order): If C1 � C2 and #1<#2 then _C1�R
_C2.

Definition 3 [36] Let _Ci ¼ x;Ci xð Þ; #iðxÞ x 2 Xjf g be a

collection CSs, where i 2 D, then

(a) (P-union):

SP
i2D

_CiðxÞ ¼ hx;
S

i2D CiðxÞ;
W

i2D
#iðxÞi x 2 Xj

� �

(b) (P-intersection):

TP
i2D

_Ci xð Þ ¼ hx;
T

i2D Ci xð Þ;
V

i2D
#iðxÞi x 2 Xj

� �

(c) (R-union):

SR
i2D

_CiðxÞ ¼ hx;
S

i2D CiðxÞ;
V

i2D
#ðxÞi x 2 Xj

� �

(d) (R-intersection):

TR
i2D

_Ci xð Þ ¼ hx;
T

i2D Ci xð Þ;
W

i2D
#iðxÞi x 2 Xj

� �

2.2 Cubic Intuitionistic Fuzzy Set

Definition 4 [43, 44] Let X be a non-empty set. A CIFS €C

over x 2 X is defined as follows:

€C ¼ hx;B xð Þ; nðxÞi x 2 Xjf g ð2Þ

where B xð Þ ¼ x; h l�B ðxÞ; lþB ðxÞ
� �

; t�B ðxÞ; tþB ðxÞ
� �

i x 2j
�

X:g
is IVIFS while n xð Þ ¼ x; hlnðxÞ; mnðxÞi x 2 Xj

� 	

represents

IFS such that 04l�B ðxÞ4lþB ðxÞ41, 04mðxÞ4mþB ðxÞ41 and

04lþB ðxÞ þ mþB ðxÞ41. Also, 04lq xð Þ; mqðxÞ41 and

04ln xð Þ þ tnðxÞ41. To keep it simple, the pair €C ¼ B; nh i,
where h l�B ; l

þ
B

� �

; m�B ; m
þ
B

� �

i and hln; mni and called as CIF

number (CIFN).

Definition 5 [44] Let €C ¼ hx;B xð Þ; nðxÞi x 2 Xjf g, where
B xð Þ ¼ x; h l�B ðxÞ; lþB ðxÞ

� �

; mðxÞ; mþB ðxÞ½ �i
� 	

and n xð Þ ¼
x; hlnðxÞ; mnðxÞi
� 	

for all x 2 X. Then, €C is said to be

internal CIFS if ln xð Þ 2 l�B ;l
þ
B

� �

and nqðxÞ 2 m�B ; m
þ
B

� �

for

all x 2 X, Otherwise called as external CIFS.

Definition 6 [43] For a family of CIFS €Ci; i 2 D
� 	

, then

(a) (P-union):

SP
i2D

€Ci ¼
maxi2D l�i

� �

;maxi2D lþið Þ
� �

;



mini2D m�i
� �

;mini2D mþið Þ
� ��

;
maxi2Dli;mini2Dmih i

0

@

1

A.

(b) (P-intersection):

TR
i2D

€Ci ¼
mini2D l�i

� �

;mini2D lþið Þ
� �

;



maxi2D m�i
� �

;maxi2D mþið Þ
� ��

;
mini2Dli;maxi2Dmih i

0

@

1

A.

(c) (R-union):

SR
i2D

€Ci ¼
maxi2D l�i

� �

;maxi2D lþið Þ
� �

;



mini2D m�i
� �

;mini2D mþið Þ
� ��

;
mini2Dli;maxi2Dmih i

0

@

1

A.

(d) (R-intersection):

SP
i2D

€Ci ¼
maxi2D l�i

� �

;maxi2D lþið Þ
� �

;



mini2D m�i
� �

;mini2D mþið Þ
� ��

;
mini2Dli;maxi2Dmih i

0

@

1

A.

Definition 7 [44] Let a1 ¼ l�1 ; l
þ
1

� �

; m�1 ; m
þ
1

� �
 �

; l1; m1h i
� �

and a2 ¼ h l�2 ; l
þ
2

� �

; m�2 ; m
þ
2

� �

i; l2; m2h i
� �

be two CIFSs in

X. Then

(a) (Equality): a1 ¼ a2, if and only if l�1 ; l
þ
1

� �

¼
l�2 ; l

þ
2

� �

, m�1 ; m
þ
1

� �

¼ m�2 ; m
þ
2

� �

, l1 ¼ l2 and m1 ¼ m2.

(b) (P-order): a1�Pa2 if l�1 ; l
þ
1

� �

� l�2 ; l
þ
2

� �

, m�1 ; m
þ
1

� �

�
m�2 ; m

þ
2

� �

, l14l2 and m1<m2.

(c) (R-order): a1�Ra2 if l�1 ; l
þ
1

� �

� l�2 ; l
þ
2

� �

, m�1 ; m
þ
1

� �

� m�2 ; m
þ
2

� �

, l1<l2 and m14m2.

Definition 8 [44] Let a1 ¼ h l�1 ; l
þ
1

� �

; m�1 ; m
þ
1

� �

i; l1; m1h i
� �

be a CIFN, then score function is defined under R-order as
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sc a1ð Þ ¼ l�1 þ lþ1 � m�1 � mþ1
2

þ ðm1 � l1Þ ð3Þ

while for P-order as

sc a1ð Þ ¼ l�1 þ lþ1 � m�1 � mþ1
2

þ ðl1 � m1Þ ð4Þ

where �24scða1Þ42.

Definition 9 [44] Let a1 ¼ h l�1 ; l
þ
1

� �

; t�1 ; t
þ
1

� �

i; l1; t1h i
� �

be a CIFN, then accuracy function is defined under R-order

as

ac a1ð Þ ¼ l�1 þ lþ1 þ m�1 þ mþ1
2

þ ðm1 þ l1Þ ð5Þ

where 04acða1Þ42.

Definition 10 [44] Let a ¼ h l�; lþ½ �; m�; mþ½ �i; l; mh ið Þ,
a1 ¼ h l�i ; l

þ
i

� �

; m�i ; m
þ
i

� �

i; li; mih i
� �

ði ¼ 1; 2) be the col-

lections of CIFNs, and w�0 be a real number then

ðaÞa1 � a2 ¼
1�

Q2
i¼1 1� l�i
� �

; 1�
Q2

i¼1 1� lþið Þ
h i

;
D

Q2
i¼1m

�
i ;
Q2

i m
þ
i

h iE

;
Q2

i¼1li; 1�
Q2

i¼1ð1� tiÞ;
D E

0

B

B

B

@

1

C

C

C

A

ðbÞa1 	 a2 ¼
Q2

i¼1l
�
i ;
Q2

i l
þ
i

h i

;
D

1�
Q2

i¼1 1� m�i
� �

; 1�
Q2

i¼1 1� mþið Þ
h iE

;

1�
Q2

i¼1 1� lið Þ;
Q2

i¼1ti
D E

0

B

B

B

@

1

C

C

C

A

ðcÞwa ¼

1� 1� l�ð Þw; 1� 1� lþð Þw
h i

;
D

m�ð Þw; mþð Þw
h iE

;

lw; 1� ð1� mÞw
D E

0

B

B

B

@

1

C

C

C

A

ðdÞaw ¼

l�ð Þw; lþð Þw
h i

;
D

1� 1� m�ð Þw; 1� 1� mþð Þw
h iE

;

1� 1� lð Þw; mw
D E

0

B

B

B

@

1

C

C

C

A

Definition 14 [45] A CPFWA operator is a mapping

CPFWA : Xn ! X defined as

CPFWA b1; b2; . . .; bnð Þ ¼ w 1b1 �w 2b2 � . . .�w nbn
ð9Þ

where X is the collections of CPFNs biði ¼ 1; 2; . . .; nÞ,
w ¼ w 1;w 2; . . .;w nð ÞT is the weight vector of bi such
that w i�0 and

Pn
i¼1w i ¼ 1.

Theorem 1 [45] For b1; b2; . . .; bn, the value obtained by

CPFWA is a CPFN, which is determined by

CPFWA b1;b2; . . .; bnð Þ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� l�ið Þ2
 �w i

r

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� lþið Þ2
 �w i

r

2

6

6

6

4

3

7

7

7

5

;

Qn
i¼1 m�i
� �w i ;

Qn
i¼1 mþið Þw i

" #* +

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� lið Þ2
 �w i

r

;
Qn

i¼1 lið Þw i

� �

0

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

A

ð10Þ

Definition 15 [45] A CPFWG operator is a mapping

CPFWG : Xn ! X defined as follows:

CPFWG b1; b2; . . .; bnð Þ ¼ w 1b1 	w 2b2 	 . . .�w nbn
ð11Þ

where X is the collections of CPFNs biði ¼ 1; 2; . . .; nÞ,
w ¼ w 1;w 2; . . .;w nð ÞT is the weight vector of bi such
that w i�0 and

Pn
i¼1w i ¼ 1.

Theorem 2 [45] For b1; b2; . . .; bn, the value obtained by

CPFWG is a CPFN, which is determined by

CPFWG b1;b2; . . .; bnð Þ

¼

Qn
i¼1 l�i
� �w i ;

Qn
i¼1 lþið Þw i

" #

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� m�ið Þ2
 �w i

r

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� mþið Þ2
 �w i

r

2

6

6

6

4

3

7

7

7

5

* +

;

Qn
i¼1 lið Þw i ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� mið Þ2
 �w i

r� �

0

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

A

ð12Þ

3 Updated Operational Laws of CPFS

In this section, based On existing research [43, 44], this

article suggests new operational laws for the addition and

multiplication of CPFN.

Definition 16 For a family of CPFS €Ci; i 2 D
� 	

, then
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(a)

(b)

(c)

(d)

Definition 17 Let b1 ¼ h l�1 ; l
þ
1

� �

; m�1 ; m
þ
1

� �

i; l1; m1h i
� �

and b2 ¼ h l�2 ; l
þ
2

� �

; m�2 ; m
þ
2

� �

i; l2; m2h i
� �

be two CPFSs in

X. Then

(a) (Equality): b1 ¼ b2, if and only if

l�1 ; l
þ
1

� �

¼ l�2 ; l
þ
2

� �

, m�1 ; m
þ
1

� �

¼ m�2 ; m
þ
2

� �

, l1 ¼ l2
and m1 ¼ m2.

(b) (P-order): b1�Pb2 if l�1 ; l
þ
1

� �

� l�2 ; l
þ
2

� �

,

m�1 ; m
þ
1

� �

� m�2 ; m
þ
2

� �

, l14l2 and m1<m2.

(c) (R-order): b1�Rb2 if l�1 ; l
þ
1

� �

� l�2 ; l
þ
2

� �

,

m�1 ; m
þ
1

� �

� m�2 ; m
þ
2

� �

, l1<l2 and m14m2.

Definition 18 Let a1 ¼ h l�1 ; l
þ
1

� �

; m�1 ; m
þ
1

� �

i; l1; m1h i
� �

be

a CIFN, then score function is defined under R-order as

sc b1ð Þ ¼
l�1
� �2 þ lþ1

� �2 � m�1
� �2 � mþ1

� �2

2
þ ðl21 � m21Þ

ð13Þ

while for P-order as

sc b1ð Þ ¼
l�1
� �2 þ lþ1

� �2 � m�1
� �2 � mþ1

� �2

2
þ ðl21 � m21Þ

ð14Þ

where �24scðb1Þ42.

Definition 19 Let b1 ¼ h l�1 ; l
þ
1

� �

; m�1 ; m
þ
1

� �

i; l1; m1h i
� �

be

a CPFN, then accuracy function is defined under R-order as

ac b1ð Þ ¼
l�1
� �2 þ lþ1

� �2 þ m�1
� �2 þ mþ1

� �2

2
þ ðl21 þ m21Þ

ð15Þ

where 04acðb1Þ42.

Theorem 3 For CPFNs bi ¼ h l�i ; l
þ
i

� �

;
�

m�i ; m
þ
i

� �

i; li;h
miiÞ ð1; 2; 3; 4Þ we have

(a) If b1�Pb2 and b2�Pb3 then b1�Pb3.
(b) If b1�Pb2 then bc2�Pb

c
1.

(c) If b1�Pb2 and b1�Pb3 then b1�Pb2 \ b3.
(d) If b1�Pb2 and b3�Pb4 then b1 [ b3�Pb2 [ b4 and

b1 \ b3�Pb2 \ b4.
(e) If b1�Pb2 and b3�Pb2 then b1 [ b3�Pb2.
(f) If b1�Rb2 and b2�Rb3 then b1�Rb3.
(g) If b1�Rb2 then bc2�Rb

c
1.

(h) If b1�Rb2 and b1�Rb3 then b1�Rb2 \ b3.
(i) If b1�Rb2 and b3�Rb4 then b1 [ b3�Rb2 [ b4 and

b1 \ b3�Rb2 \ b4.
(j) If b1�Rb2 and b3�Rb2 then b1 [ b3�Rb2.

Proof (a) since b1 ¼ h l�1 ; l
þ
1

� �

; m�1 ; m
þ
1

� �

i; l1; m1h i
� �

, b2 ¼
h l�2 ; l

þ
2

� �

; m�2 ; m
þ
2

� �

i; l2; m2h i
� �

and b3 ¼ h l�3 ; l
þ
3

� �

;
�

m�3 ; m
þ
3

� �

i; l3; m3h iÞ. By Definition 17 if b1�Pb2
l�1 ;l

þ
1

� �

� l�2 ; l
þ
2

� �

, m�1 ; m
þ
1

� �

� m�2 ; m
þ
2

� �

, l14l2 and

m1<m2. Similarly, if b2�Pb3 then l�2 ; l
þ
2

� �

� l�3 ; l
þ
3

� �

,

m�2 ; m
þ
2

� �

� m�3 ; m
þ
3

� �

, l24l3 and m2<m3 which implies that
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l�1 ;l
þ
1

� �

� l�2 ; l
þ
2

� �

� l�3 ; l
þ
3

� �

, m�1 ; m
þ
1

� �

� m�2 ; m
þ
2

� �

�
m�3 ; m

þ
3

� �

, l14l24l3 and m1<m2<m3 and hence

l�1 ;l
þ
1

� �

� l�3 ; l
þ
3

� �

, m�1 ; m
þ
1

� �

� m�3 ; m
þ
3

� �

, l14l3 and

m1<m3. Therefore, if b1�Pb2 and b2�Pb3 then b1�Pb3.
Similarly, we can prove for remaining parts, so we omit

here.

Definition 20 Let b ¼ h l�; lþ½ �; m�; mþ½ �i; lþ mh ið Þ, bi ¼
h l�i ; l

þ
i

� �

; m�i ; m
þ
i

� �

i; li; mih i
� �

ði ¼ 1; 2) be the collections

of CPFNs, and w�0 be a real number then

ðaÞb1 � b2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Q2

i¼1 1� l�ið Þ2
 �

r

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Q2

i¼1 1� lþið Þ2
 �

r

2

6

6

4

3

7

7

5

;

*

Q2
i¼1m

�
i ;
Q2

i m
þ
i

h iE

;

Q2
i¼1li;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Q2

i¼1ð1� mið Þ2Þ
q

� �

0

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

A

ðbÞb1 	 b2 ¼

Q2
i¼1l

�
i ;
Q2

i l
þ
i

h i

;
D

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Q2

i¼1 1� m�ið Þ2
 �

r

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Q2

i¼1 1� mþið Þ2
 �

r

2

6

6

4

3

7

7

5

+

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Q2

i¼1 1� lið Þ2
 �

r

;
Q2

i¼1mi

� �

0

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

A

ðcÞwb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� l�ð Þ2
 �w

r

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� lþð Þ2
 �w

r

2

6

6

4

3

7

7

5

; m�ð Þw; mþð Þw
h i

* +

;

lw;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� m2Þw
q

� �

0

B

B

B

B

B

B

@

1

C

C

C

C

C

C

A

ðdÞbw ¼

l�ð Þw; lþð Þw
h i

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� m�ð Þ2
 �w

r

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� mþð Þ2
 �w

r

2

6

6

4

3

7

7

5

* +

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� l2ð Þw
q

; m
w� �

0

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

A

.

Theorem 4 For two CPFNs b1 ¼ h l�1 ; l
þ
1

� �

;
�

m�1 ; m
þ
1

� �

i; l1; m1h iÞ and b2 ¼ h l�2 ; l
þ
2

� �

; m�2 ; m
þ
2

� �

i;
�

l2; m2h iÞ and w�0 be a real number then b1 � b2, b1 	 b2,

bw and wb1 are also CPFNs.

Proof Since b1 ¼ h l�1 ; l
þ
1

� �

; m�1 ; m
þ
1

� �

i; l1; m1h i
� �

and

b2 ¼ h l�2 ; l
þ
2

� �

; m�2 ; m
þ
2

� �

i; l2; m2h i
� �

are two CPFNs such

that 04l�1 ; l
þ
1 ; m

þ
1 ; m

þ
1 ; l

�
2 ; l

þ
2 ; m

�
2 ; m

þ
2 41 and lþ1

� �2 þ
mþ1
� �2

4 1 which implies that

04 1� l�1
� �2

 �

1� l�2
� �2

 �

4 1 and hence 04
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l�1
� �2 þ l�2

� �2 � l�1
� �2

l�2
� �2

q

41. Similarly, we can

prove that 04

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lþ1
� �2 þ lþ2

� �2 � lþ1
� �2

lþ2
� �2

q

41,

04m�1 m
�
2 41 and 04mþ1 m

þ
2 41. Also, 04l1; m1; l2; m241 and

l21 þ m2141, l21 þ m2141, which implies that l1l241 and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l21 þ l22 � l21l
2
2

p

41. Finally, we have.
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lþ1
� �2 þ lþ2

� �2 � lþ1
� �2

lþ2
� �2 þ lþ1

� �2
lþ2
� �2

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� lþ1
� �2

 �

1� lþ2
� �2

 �

þ lþ1
� �2

lþ2
� �2

r

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� lþ1
� �2

lþ2
� �2 þ lþ1

� �2
lþ2
� �2

q

41 and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l1l2 þ m21 þ m21 � mþ1
� �2

mþ2
� �2

q

.

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l1l2 þ 1� 1� lþ1
� �2

 �

1� lþ2
� �2

 �

r

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l1l2 þ 1� l1l2
p

41 Therefore, b1�b2 is CPFN.

Furthermore, for any positive real number w and CPFN

b ¼ h l�; lþ½ �; m�; mþ½ �i; lþ mh ið Þ, we have 04lw41,

04

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� m2Þw
q

41, 04 m�ð Þw mþð Þw41 and 04
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� l�ð Þ2
 �w

1� lþð Þ2
 �w

r

41. Hence wb is also

CPFN. Similarly, we can prove that b1 	 b2 and bw are

also CPFNs.

4 Proposed AOs for CPFNs

In this section, the existing AOs for CPFNs named

CPFWA and CPFWG operators, have been modified based

on established operational laws. Further, several novel AOs

named CPFOWA, CPFOWG, and CPFHA operators are

proposed. Furthermore, some properties, such as bound-

edness, idempotency, monotonicity, Shift Invariance, and

homogeneity property of these AOs have been

demonstrated.

4.1 Updated CPFWA Operator

Definition 21 A CPFWA operator is a mapping CPFWA :

Xn ! X defined as

CPFWA b1; b2; . . .; bnð Þ ¼ w 1b1 �w 2b2 � . . .�w nbn
ð16Þ

where X is the collections of CPFNs biði ¼ 1; 2; . . .; nÞ,
w ¼ w 1;w 2; . . .;w nð ÞT is the weight vector of bi such
that w i�0 and

Pn
i¼1w i ¼ 1.

Theorem 5 For b1; b2; . . .; bn, the value obtained by

CPFWA is a CPFN, which is determined by
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CPFWA b1; b2; . . .; bnð Þ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� l�ið Þ2
 �w i

r

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� lþið Þ2
 �w i

r

2

6

6

6

4

3

7

7

7

5

;

Qn
i¼1 m�i
� �w i ;

Qn
i¼1 mþið Þw i

" #* +

;

Qn
i¼1 lið Þw i ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� mið Þ2
 �w i

r� �

0

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

A

ð17Þ

Proof For each b1; b2; . . .; bn, the steps below have to be

followed while applying mathematical induction on n.

Step 1 For n ¼ 2, By Definition 21, we get

CPFWA b1; b2ð Þ ¼ w 1b1 �w 2b2

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� l�1
� �2

 �w 1

1� l�2
� �2

 �w 2

r

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� lþ1
� �2

 �w 1

1� lþ2
� �2

 �w 2

r

2

6

6

4

3

7

7

5

;

*

m�1
� �w 1 m�2

� �w 2 ;
mþ1
� �w 1 mþ2

� �w 2

� ��

;

l1ð Þw 1 l2ð Þw 2 ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� m21
� �w 1 1� m22

� �w 2

qD E

0

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

A

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Q2

i¼1 1� l�ið Þ2
 �w i

r

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Q2

i¼1 1� lþið Þ2
 �w i

r

2

6

6

4

3

7

7

5

;

*

Q2
i¼1 m�i
� �w i ;

Q2
i¼1 mþið Þw i

" #+

;

Q2
i¼1 lið Þw i ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Q2

i¼1 1� mið Þ2
 �w i

r� �

0

B

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

C

A

.

As a result, it holds for n ¼ 2.

Step 2 Assume Eq. (17) hold for n ¼ k

CPFWA b1; b2; . . .; bkð Þ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qk

i¼1 1� l�ið Þ2
 �w i

r

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qk

i¼1 1� lþið Þ2
 �w i

r

2

6

6

6

4

3

7

7

7

5

;

Qk
i¼1 m�i
� �w i ;

Qk
i¼1 mþið Þw i

" #* +

;

Qk
i¼1 lið Þw i ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qk

i¼1 1� mið Þ2
 �w i

r� �

0

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

A

ð18Þ

Step 3 For n ¼ k þ 1, we have

CPFWA b1; b2; . . .; bk; bkþ1

� �

¼ b1 � b2 � . . .:� bk
� bkþ1

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qk

i¼1 1� l�ið Þ2
 �w i

r

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qk

i¼1 1� lþið Þ2
 �w i

r

2

6

6

6

4

3

7

7

7

5

;

Qk
i¼1 m�i
� �w i ;

Qk
i¼1 mþið Þw i

" #* +

;

Qk
i¼1 lið Þw i ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qk

i¼1 1� mið Þ2
 �w i

r� �

0

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

A

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� l�kþ1

� �2
 �w kþ1

r

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� lþkþ1

� �2
 �w kþ1

r

2

6

6

4

3

7

7

5

;
m�kþ1

� �w kþ1 ;
mþkþ1

� �w kþ1

� �

* +

;

lkþ1

� �w kþ1 ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� m2kþ1

� �w kþ1

qD E

0

B

B

B

B

B

B

@

1

C

C

C

C

C

C

A

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qkþ1

i¼1 1� l�ið Þ2
 �w i

r

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qkþ1

i¼1 1� lþið Þ2
 �w i

r

2

6

6

4

3

7

7

5

;

*

Qkþ1
i¼1 m�i
� �w i ;

Qkþ1
i¼1 mþið Þw i

" #+

;

Qkþ1
i¼1 lið Þw i ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qkþ1

i¼1 1� mið Þ2
 �w i

r� �

0

B

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

C

A

.

Thus, the result is valid for n ¼ k þ 1. By principle

mathematical induction, the holds for all positive integer n.

Example 1 Consider four CPFNs b1 ¼ h 0:3; 0:4½ �;ð
0:2; 0:4½ �i; 0:1; 0:2h iÞ,
b2 ¼ h 0:2; 0:3½ �; 0:5; 0:6½ �i; 0:3; 0:2h ið Þ, b3 ¼

h 0:6; 0:7½ �; 0:2; 0:3½ �i; 0:5; 0:1h ið Þ and
b4 ¼ h 0:7; 0:8½ �; 0:3; 0:6½ �i; 0:6; 0:3h ið Þ with weight vec-

tor w ¼ ð0:2; 0:3; 0:1; 0:4Þ, then using GGCPFWA oper-

ator as given Eq. (17), we get
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yn

i¼1
1� l�ið Þ2
 �w i

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� 0:3ð Þ2
 �0:2

1� 0:2ð Þ2
 �0:2

1� 0:6ð Þ2
 �0:2

1� 0:3ð Þ2
 �0:2

r

¼ 0:5402.
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yn

i¼1
1� lþið Þ2
 �w i

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� 0:4ð Þ2
 �0:2

1� 0:3ð Þ2
 �0:2

1� 0:7ð Þ2
 �0:2

1� 0:8ð Þ2
 �0:2

r

¼ 0:6454.
Qn

i¼1 m�i
� �w i ¼ ð0:2Þ0:2ð0:5Þ0:3ð0:2Þ0:1ð0:3Þ0:4 ¼ 0:3096.

Qn
i¼1 mþið Þw i ¼ ð0:4Þ0:2ð0:6Þ0:3ð0:3Þ0:1ð0:6Þ0:4 ¼ 0:5162.

Qn
i¼1 lið Þw i ¼ ð0:1Þ0:2ð0:3Þ0:3ð0:5Þ0:1ð0:6Þ0:4 ¼ 0:3344.

123



ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yn

i¼1
1� mið Þ2
 �w i

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� 0:2ð Þ2
 �0:2

1� 0:2ð Þ2
 �0:2

1� 0:1ð Þ2
 �0:2

1� 0:3ð Þ2
 �0:2

r

¼ 0:2396.

CPFWA b1; b2; b3; b4ð Þ ¼

h 0:5402;
0:6454

� �

;
0:3096;
0:5162

� �

i; h 0:3344;
0:2396

i
� �

.

Proposition 1 The CPFWA operator reduces to weighted

averaging operator in IVPFS, if the PFS argument i.e.,

li; mið Þ ¼ ð0; 0Þ 8i in CPFS.

Proof Since li; mið Þ ¼ ð0; 0Þ and hence, Eq. (17) becomes

CPFWA b1; b2; . . .; bnð Þ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� l�ið Þ2
 �w i

r

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� lþið Þ2
 �w i

r

2

6

6

6

4

3

7

7

7

5

;

Qn
i¼1 m�i
� �w i ;

Qn
i¼1 m�i
� �w i

" #* +

;

Qn
i¼1 0ð Þw i ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� 0ð Þ2
 �w i

r� �

0

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

A

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� l�ið Þ2
 �w i

r

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� lþið Þ2
 �w i

r

2

6

6

4

3

7

7

5

;

Qn
i¼1 m�i
� �w i ;

Qn
i¼1 m�i
� �w i

� �

0

B

B

@

1

C

C

A

ð19Þ

Equation (19) is the operator for weighted averaging in

the IVPFS environment.

Proposition 2 If l�i ¼ lþi , m
�
i ¼ mþi ; and li; mið Þ ¼ ð0; 0Þ

for all i, then the CPFWA operator reduces to the Pytha-

gorean fuzzy weighted averaging operator.

Proof Let l�i ¼ lþi ¼ l, m�i ¼ mþi ¼ m. Also, li; mið Þ ¼
ð0; 0Þ, then Eq. (3) becomes

CPFWA b1; b2; . . .; bnð Þ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� l�ið Þ2
 �w i

r

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� lþið Þ2
 �w i

r

2

6

6

6

4

3

7

7

7

5

;

Qn
i¼1 m�i
� �w i ;

Qn
i¼1 mþið Þw i

" #* +

;

Qn
i¼1 0ð Þw i ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� 0ð Þ2
 �w i

r� �

0

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

A

h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� lið Þ2
 �w i

r

;
Qn

i¼1 mið Þw ii
� �

.

It has been observed that from Theorem 5, the properties

of idempotency, boundedness, monotonicity, Shift Invari-

ance, and homogeneity property hold for the CPFWA

operator. These properties are demonstrated as follows:

4.2 Updated Properties

Property 1 If, bi ¼ b for all i, where b ¼
h l�; lþ½ �; m�; mþ½ �i; l; mh ið Þ, then CPFWA b1; b2; . . .;ð
bnÞ ¼ b.

This property is called an Idempotency.

Proof Sincew i�0,
Pn

I¼1w i ¼ 1 and bi ¼ b for all i, then

we have

CPFWA b;b; . . .;bð Þ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� l�ð Þ2
 �w i

r

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� lþð Þ2
 �w i

r

2

6

6

6

4

3

7

7

7

5

;

Qn
i¼1 m�ð Þw i ;

Qn
i¼1 mþð Þw i

� �

* +

;

Qn
i¼1 lð Þw i ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� mð Þ2
 �w i

r� �

0

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

A

¼
1� 1� l�ð Þ2

 �w i

; 1� 1� lþð Þ2
 �w i

h i

;
D

m�ð Þw i ; mþð Þw i½ �i;
lð Þw i ; 1� 1� mð Þ2

 �w i
D E

0

B

B

@

1

C

C

A

¼ h l�; lþ½ �; m�; mþ½ �i; l; mh ið Þ = b.

Property 2 Let bi ¼ h l�bi ; l
þ
bi

h i

; m�bi ; m
þ
bi

h i

i; lbi ; mbi

D E �

and ebi ¼ h l�
eb i

;lþ
eb i

� �

; m�
eb i

; mþ
eb i

� �

i; l
eb i

; m
eb i

� �� �

be CPFNs,

where ði ¼ 1; 2; . . .; nÞ, such that bi4ebi, then

CPFWA b1; b2; . . .; bnð Þ4CPFWA eb1;
eb2; . . .;

ebn

 �

ð20Þ

This property is called monotonicity.

Proof For the sake of simplicity, let us denote
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� l�bi

 �2
� �w i

s

¼ a,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� lþbi

 �2
� �w i

s

¼ b,
Qn

i¼1 m�bi

 �w i

¼ c,

Qn
i¼1 mþbi

 �w i

¼ d,
Qn

i¼1 lbi

 �w i

¼ e,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� mbi
� �2

 �w i

r

¼ f ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� l�
eb i

� �2
 !w i

v

u

u

t ¼ ea,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� lþ
eb i

� �2
 !w i

v

u

u

t ¼ eb,
Qn

i¼1 m�
eb i

� �w i

¼ ec,
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Qn
i¼1 mþ

eb i

� �w i

¼ ed ,
Qn

i¼1 l
eb i

� �w i

¼ ee and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� m
eb i

� �2
 !w i

v

u

u

t ¼ ef

Also, bi4ebi for all i, then we have l�bi4l�
eb i

, lþbi4lþ
eb i

,

m�bi<m�
eb i

, mþbi<mþ
eb i

, lbi<l
eb i

and mbi4m
eb i

, then we have a4ea,

b4eb, c<ec, d< ed , e<ee; and f4ef . As a result, using the

score function as defined in Definition 18, we get

sc CPFWAðb1; b2; . . .; bnÞð Þ ¼ a2 þ b2 � c2 � d2

2
þ ðf 2

� e2Þ

4
ea2 þ eb

2 � ec2 � ed
2

2
þ ef

2 � ee2
 �

¼ sc CPFWAðeb1;
eb2; . . .;

ebnÞ
 �

Hence,

CPFWA b1; b2; . . .; bnð Þ4CPFWA eb1;
eb2; . . .;

ebn

 �

.

Property 3 For a collection of CPFNs bi ði ¼ 1; 2; . . .; nÞ.
If

b� ¼ h mini l�i
� �

;
miniðlþi Þ

� �

;
maxi m�i

� �

;
maxiðmþi Þ

� �

i; maxi lið Þ;
miniðmiÞ

� �� �

and

bþ ¼ h maxi l�i
� �

;
maxiðlþi Þ

� �

;
mini m�i

� �

;
miniðmþi Þ

� �

i; mini lið Þ;
maxiðmiÞ

� �� �

,

then b�4CPFWAðb1; b2; . . .; bnÞ4bþ.
This property is called Boundedness.

Proof Since mini l�i
� �

4l�i 4maxi l�i
� �

, mini lþið Þ4
lþi 4maxi lþið Þ, mini m�i

� �

4m�i 4maxi m�i
� �

, mini mþið Þ4mþi 4

maxi mþið Þ, mini lið Þ4li4maxi lið Þ and mini mið Þ4mi4
maxi mið Þ, then

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� mini l�ið Þ2
 �w i

r

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� l�ið Þ2
 �w i

r

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� maxi l�ið Þ2
 �w i

r

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� mini lþið Þ2
 �w i

r

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� lþið Þ2
 �w i

r

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� maxi lþið Þ2
 �w i

r

;

Qn
i¼1maxi m

�
i

� �w i
4
Qn

i¼1 m�i
� �w i

4
Qn

i¼1mini m
�
i

� �w i ;
Qn

i¼1maxi m
þ
ið Þw i

4
Qn

i¼1 mþið Þw i
4
Qn

i¼1mini m
þ
ið Þw i ;

Qn
i¼1maxi lið Þw i

4
Qn

i¼1 lið Þw i
4
Qn

i¼1mini lið Þw i ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� mini mið Þ2
 �w i

r

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� mið Þ2
 �w i

r

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� maxi mið Þ2
 �w i

r

,

which implies that

mini l�i
� �2

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� l�ið Þ2
 �w i

r

4maxi l�i
� �2

;

mini lþið Þ24
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� lþið Þ2
 �w i

r

4maxi lþið Þ2 ;

maxi m�i
� �

4
Qn

i¼1 m�i
� �w i

4mini m�i
� �

;

maxi mþið Þ4
Qn

i¼1 mþið Þw i
4mini mþið Þ;

maxi lið Þ4
Qn

i¼1 lið Þw i
4mini lið Þ;

mini mið Þ24
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� mið Þ2
 �w i

r

4maxi mið Þ2 .

Thus, b�4CPFWAðb1; b2; . . .; bnÞ4bþ.

Property 4 For CPFNs a1; a2; . . .; an and b ¼
h l�b ; l

þ
b

h i

; m�b ; m
þ
b

h i

i; lb; mb

 �

 �

, we have.

CPFWAða1b� a2b� . . .� anbÞ ¼ CPFWAða1; a2; . . .
; anÞ � b.

This property called is called Shift Invariance.

Proof We omit this proof since the proof is identical to

that of Theorem 4.

Property 5 For any real number w, we have

CPFWA wb1;wb2; . . .;wbnð Þ ¼ wCPFWA b1; b2; . . .;ð
bnÞ.

This property is called the homogeneity property.

Proof easy to prove.

4.3 Updated CPFWG Operator

Definition 22 A CPFWG operator is a mapping CPFWG :

Xn ! X defined as

CPFWG b1; b2; . . .; bnð Þ ¼ w 1b1 	w 2b2 	 . . .�w nbn
ð21Þ

where X is the collections of CPFNs biði ¼ 1; 2; . . .; nÞ,
w ¼ w 1;w 2; . . .;w nð ÞT is the weight vector of bi such
that w i�0 and

Pn
i¼1w i ¼ 1.

Theorem 6 For b1; b2; . . .; bn, the value obtained by

CPFWG is a CPFN, which is determined by

123



CPFWG b1; b2; . . .; bnð Þ

¼

Qn
i¼1 l�i
� �w i ;

Qn
i¼1 lþið Þw i

" #

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� m�ið Þ2
 �w i

r

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� mþið Þ2
 �w i

r

2

6

6

6

4

3

7

7

7

5

* +

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� lið Þ2
 �w i

r

;
Qn

i¼1 mið Þw i

� �

0

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

A

ð22Þ

Proof Similar to Theorem 5, we omit here.

5 Novel Aos

In this section, a series of new aggregation operators are

proposed.

5.1 CPFOWA Operator

Definition 23 A CPFOWA is a mapping defined as

CPFOWA : Xn ! X on a collection of CPFNs bi, ði ¼
1; 2; . . .nÞ as follows:
CPFOWA b1; b2; . . .; bnð Þ ¼ w 1brð1Þ �w 2brð2Þ � . . .

�w nbrðnÞ

ð23Þ

where r is a permutation of ð1; 2; . . .; nÞ, such that

brði�1Þ<bi for i ¼ 1; 2; . . .; n and w ¼ ðw 1;w 2. . .;w nÞT

is its weight vector, such that w�0 and
Pn

i¼1w i ¼ 1.

Moreover, the ith largest CPFN among bi
0s is brðiÞ.

Theorem 7 The value obtained using the CPFOWA

operator for CPFNs bi ði ¼ 1; 2; . . .; nÞ is again a CPFN

and given by

CPFOWA b1; b2; . . .;bnð Þ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� l�rðiÞ

 �2
� �w i

s

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� lþrðiÞ

 �2
� �w i

s

2

6

6

6

6

6

4

3

7

7

7

7

7

5

;

Qn
i¼1 m�rðiÞ

 �w i

;

Qn
i¼1 m�rðiÞ

 �w i

2

6

4

3

7

5

* +

;

Qn
i¼1 lrðiÞ
 �w i

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� mrðiÞ
� �2

 �w i

r� �

0

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

A

ð24Þ

Proof Similar to Theorem 5, we omit here.

Example 2 Consider three CPFNs b1 ¼ h 0:5; 0:6½ �;ð
0:4; 0:5½ �i; h0:3; 0:35iÞ,

b2 ¼ h 0:7; 0:8½ �; 0:3; 0:4½ �i; h0:75; 0:25ið Þ and b3 ¼
h 0:3; 0:4½ �; 0:7; 0:8½ �i; h0:35; 0:4ið Þ with weight vector

w ¼ ð0:4; 0:25; 0:35ÞT . The score values of these CPFNs

are calculated as sc b1ð Þ ¼ 0:0625, sc b2ð Þ ¼ 0:9400 and

sc b3ð Þ ¼ �0:4775. Since scðb2Þ<scðb1Þ<scðb3Þ. There-

fore, the permuted CPFNs are obtained as

brð1Þ ¼ h 0:7; 0:8½ �; 0:3; 0:4½ �i; h0:75; 0:25ið Þ, brð2Þ ¼
h 0:5; 0:6½ �; 0:4; 0:5½ �i; h0:3; 0:35ið Þ and brð3Þ ¼
h 0:3; 0:4½ �; 0:7; 0:8½ �i; h0:35; 0:4ið Þ. therefore
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yn

i¼1
1� l�ið Þ2
 �w i

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� 0:7ð Þ2
 �0:4

1� 0:5ð Þ2
 �0:25

1� 0:3ð Þ2
 �0:35

r

¼ 0:5588;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yn

i¼1
1� lþið Þ2
 �w i

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� 0:8ð Þ2
 �0:4

1� 0:6ð Þ2
 �0:25

1� 0:4ð Þ2
 �0:35

r

¼ 0:6639;

Qn
i¼1 m�i
� �w i ¼ ð0:3Þ0:4ð0:4Þ0:25ð0:7Þ0:35 ¼ 0:4337,

Qn
i¼1 mþið Þw i ¼ ð0:4Þ0:4ð0:5Þ0:25ð0:8Þ0:35 ¼ 0:5391.

Qn
i¼1 lið Þw i ¼ 0:75ð Þ0:4 0:3ð Þ0:25 0:35ð Þ0:35 ¼ 0:4568,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yn

i¼1
1� mið Þ2
 �w i

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� 0:25ð Þ2
 �0:4

1� 0:35ð Þ2
 �0:25

1� 0:4ð Þ2
 �0:35

r

¼ 0:1126

CPFWA b1; b2; b3; b4ð Þ ¼

h 0:5588;
0:6639

� �

;
0:4337;
0:5391

� �

i; h 0:4568;
0:2396

i
� �

.

Property 6 For a collection of CPFNs bi ði ¼ 1; 2; . . .; nÞ,
we have the following:

(a) If w ¼ ð1; 0; . . .; 0ÞT then CPFOWA

b1; b2; . . .; bnð Þ ¼ maxðb1; b2; . . .; bnÞ,
(b) If w ¼ ð0; 0; . . .; 1ÞT then CPFOWA

b1; b2; . . .; bnð Þ ¼ minðb1; b2; . . .; bnÞ,

5.2 CPFHA Operator

Definition 24 For CPFNs bi ði ¼ 1; 2; . . .; nÞ; the operator
CPFHA : Xn ! X, is given as

CPFHA b1; b2; . . .; bnð Þ ¼ w 1
_brð1Þ �w 2

_brð2Þ � . . .

�w n
_brðnÞ ð25Þ

wherew ¼ w 1;w 2; . . .;w nð ÞT be the weight vector, such

that w i�0 and
Pn

i¼1w i ¼ 1 and _bi
0s ð _bi ¼ nfibiÞ is _brðiÞ,

where n is the number of CPFNs and f ¼ ðf1; f2; . . .; fnÞT is

the vector corresponding to bi with fi�0 and
Pn

i¼1fi ¼ 1.
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Theorem 8 The value obtained using the CPFOWA

operator for CPFNs bi ði ¼ 1; 2; . . .; nÞ is again a CPFN

and given by

CPFHA b1;b2; . . .; bnð Þ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� _l�rðiÞ

 �2
� �w i

s

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� _lþrðiÞ

 �2
� �w i

s

2

6

6

6

6

6

4

3

7

7

7

7

7

5

;

Qn
i¼1 _m�rðiÞ

 �w i

;

Qn
i¼1 _m�rðiÞ

 �w i

2

6

4

3

7

5

* +

;

Qn
i¼1 _lrðiÞ
 �w i

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� _mrðiÞ
� �2

 �w i

r� �

0

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

A

ð26Þ

Proof The proof is omitted because it is straightforward.

Example 3 Consider three CPFNs bi ði ¼ 1; 2; 3Þ, such

that b1 ¼ h 0:3; 0:5½ �; 0:6; 0:7½ �i; 0:5; 0:4h ið Þ, b2 ¼
h 0:6; 0:7½ �; 0:4; 0:5½ �i; 0:5; 0:6h ið Þ and b3 ¼ h 0:7; 0:8½ �;ð
0:2; 0:4½ �i; 0:5; 0:4h iÞ. Also, f ¼ ð0:2; 0:3; 0:5ÞT be the

weight vector of bi then _bi ¼ 3fibi ¼ h _l�i ; _l
þ
i

� �

;
�

_m�i ; _m
þ
i

� �

i;h _li; _miiÞ ði ¼ 1; 2; 3; 4Þ is computed for each

CPFN as.

_b1 ¼ h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� ð0:3Þ2
 �3
0:2

r

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� ð0:5Þ2Þ3
0:2
q

2

6

6

4

3

7

7

5

;
ð0:6Þ3
0:2;

ð0:7Þ3
0:2

" #

i;

0

B

B

@

h
ð0:5Þ3
0:2;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� ð0:4Þ2Þ3
0:2
q i

1

A

¼ h 0:2346;
0:3982

� �

;
0:7360;
0:8073

� �

i; h 0:6598;
0:3982

i
� �

,

_b2 ¼ h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� ð0:6Þ2
 �3
0:3

r

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� ð0:7Þ2Þ3
0:3
q

2

6

6

4

3

7

7

5

;
ð0:4Þ3
0:3;

ð0:5Þ3
0:3

" #

i;

0

B

B

@

h
ð0:5Þ3
0:3;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� ð0:6Þ2Þ3
0:3
q i

1

A

¼ h 0:5751;
0:6741

� �

;
0:4384;
0:5359

� �

i; h 0:5359;
0:6741

i
� �

,

_b3 ¼ h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� ð0:7Þ2
 �3
0:5

r

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� ð0:8Þ2Þ3
0:5
q

2

6

6

4

3

7

7

5

;
ð0:2Þ3
0:5;

ð0:4Þ3
0:5

" #

i;

0

B

B

@

h
ð0:7Þ3
0:5;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� ð0:4Þ2Þ3
0:5
q i

1

A

¼ h 0:7974;
0:8854

� �

;
0:0894;
0:2530

� �

i; h 0:3536;
0:8854

i
� �

.

Also, the score values of these numbers are calculated as

sc _b1
 �

¼ ð0:2346Þ2þð0:3982Þ2þð0:7360Þ2ð0:8073Þ2
2

�

0:6598ð Þ2 � 0:3982ð Þ2
 �

¼ �0:7667,

sc _b2
 �

¼ ð0:5751Þ2þð0:6741Þ2þð0:4384Þ2ð0:5359Þ2
2

�

0:5359ð Þ2 � 0:6741ð Þ2
 �

¼ 0:3201,

sc _b3
 �

¼ ð0:7974Þ2þð0:8854Þ2þð0:0894Þ2ð0:2530Þ2
2

� 0:3536ð Þ2


� 0:8854ð Þ2Þ ¼ 1:3328.

Thus, scð _b3Þ<scð _b2Þ<scð _b1Þ, which gives.

_brð1Þ ¼ h 0:7974;
0:8854

� �

;
0:0894;
0:2530

� �

i; h 0:3536;
0:8854

i
� �

, _brð2Þ ¼

h 0:5751;
0:6741

� �

;
0:4384;
0:5359

� �

i; h 0:5359;
0:6741

i
� �

and _brð3Þ ¼

h 0:2346;
0:3982

� �

;
0:7360;
0:8073

� �

i; h 0:6598;
0:3982

i
� �

:

Let w ¼ ð0:35; 0:4; 0:25Þ be the position vector, then

using Eq. (24), we have
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yn

i¼1
1� _l�rðiÞ

 �2
� �w i

s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� ð0:7974Þ2Þ0:35ð1� ð0:5751Þ2Þ0:4ð1� ð0:2346Þ2Þ0:25
q

¼ 0:6406,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yn

i¼1
1� _l�rðiÞ

 �2
� �w i

s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� ð0:8854Þ2Þ0:35ð1� ð0:6741Þ2Þ0:4ð1� ð0:3982Þ2Þ0:25
q

¼ 0:7486;
Yn

i¼1
_m�rðiÞ

 �w i

¼ 0:0894ð Þ0:35 0:4384ð Þ0:4 0:7360ð Þ0:25

¼ 0:2860;

Yn

i¼1
_mþrðiÞ

 �w i

¼ 0:2530ð Þ0:35 0:5359ð Þ0:4 0:8073ð Þ0:25

¼ 0:4565;

Qn
i¼1 _lrðiÞ
 �w i

¼ 0:3536ð Þ0:35 0:5359ð Þ0:4 0:6598ð Þ0:25 ¼
0:4881,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yn

i¼1
1� _mrðiÞ

� �2
 �w i

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� ð0:8854Þ2Þ0:35ð1� ð0:6741Þ2Þ0:4ð1� ð0:3982Þ2Þ0:25
q

¼ 0:7486.
Hence, we have

CPFHA b1; b2; b3ð Þ ¼

h 0:6406;
0:7486

� �

0:2860;
0:4565

� �

i; h 0:4881;
0:7486

i
� �

.

Theorem 9 For w ¼ ð1n ; 1n ; . . .; 1nÞ
T
, the operator CPFHA

gets reduced to CPFWA.

Proof. As _brðiÞ ¼ nfibi and w ¼ ð1n ; 1n ; . . .; 1nÞ
T
, thus

w i
_brðiÞ ¼ fibi and hence
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CPFHA b1; b2; . . .; bnð Þ ¼ w 1
_brð1Þ �w 2

_brð2Þ � . . .

�w n
_brðnÞ

¼ f1brð1Þ � f2brð2Þ � . . .� fnbrðnÞ ¼ CPFWA b1; b2;ð
. . .; bnÞ.

Proof The proof is omitted because it is straightforward.

Theorem 10 For f ¼ ð1n ; 1n ; . . .; 1nÞ
T
, the operator CPFHA

gets reduced to CPFOWA.

Proof Similar to theorem 5, we omit here.

Definition 25 Let b ¼ h l�; lþ½ �; m�; mþ½ �i; lþ mh ið Þ be a

CPFN, then the complement of b is represented by bc and
defined as follows:

bc ¼ h m�; mþ½ �; l�; lþ½ �i; m; lh ið Þ ð27Þ

5.3 CPFOWG Operator

Definition 26 A CPFOWG is a mapping defined as

CPFOWG : Xn ! X on a collection of CPFNs bi, ði ¼
1; 2; . . .nÞ as follows:
CPFOWG b1; b2; . . .; bnð Þ ¼ w 1brð1Þ 	w 2brð2Þ � . . .

�w nbrðnÞ

ð28Þ

where r is a permutation of ð1; 2; . . .; nÞ, such that

brði�1Þ<bi for i ¼ 1; 2; . . .; n and w ¼ ðw 1;w 2. . .;w nÞT

is its weight vector, such that w�0 and
Pn

i¼1w i ¼ 1.

Moreover, the ith largest CPFN among bi
0s is brðiÞ.

Theorem 11 The value obtained using the CPFOWG

operator for CPFNs bi ði ¼ 1; 2; . . .; nÞ is again a CPFN

and given by

CPFOWG b1; b2; . . .;bnð Þ

¼

Qn
i¼1 l�rðiÞ

 �w i

;

Qn
i¼1 lþrðiÞ

 �w i

2

6

4

3

7

5;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� m�rðiÞ

 �2
� �w i

s

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� mþrðiÞ

 �2
� �w i

s

2

6

6

6

6

6

4

3

7

7

7

7

7

5

* +

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� lrðiÞ
 �2

� �w i

s

;
Qn

i¼1 mrðiÞ
� �w i

* +

0

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

A

ð29Þ

Theorem 12 Let biði ¼ 1; 2; . . .; nÞ, w ¼
w 1;w 2; . . .;w nð ÞT is the weight vector of bi such that

w i�0 and
Pn

i¼1w i ¼ 1, then we have

1. CPFWA bc1; b
c
2; . . .; b

c
n

� �

¼ CPFWGðb1; b2; . . .; bnÞð Þc,
2. CPFWG bc1; b

c
2; . . .; b

c
n

� �

¼ CPFWAðb1; b2; . . .; bnÞð Þc.

Proof Since bi ¼ h l�i ; l
þ
i

� �

; m�i ; m
þ
i

� �

i; li; mih i
� �

and

bi ¼ h m�i ; m
þ
i

� �

; l�i ; l
þ
i

� �

i; mi;lih i
� �

, then by Eq. (17), we

have

CPFWA bc1;b
c
2; . . .;b

c
n

� �

¼

Qn
i¼1 m�i
� �w i ;

Qn
i¼1 mþið Þw i

" #

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� l�ið Þ2
 �w i

r

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� lþið Þ2
 �w i

r

2

6

6

6

4

3

7

7

7

5

* +

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

i¼1 1� mið Þ2
 �w i

r

;
Qn

i¼1 lið Þw i

� �

0

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

A

¼ CPFWGðb1; b2; . . .; bnÞð Þc.

Similarly, we can prove CPFWG bc1; b
c
2; . . .; b

c
n

� �

¼
CPFWAðb1; b2; . . .; bnÞð Þc.

Theorem 13 Let biði ¼ 1; 2; . . .; nÞ, w ¼ w 1;ð
w 2; . . .;w nÞT is the weight vector of bi such that w i�0

and
Pn

i¼1w i ¼ 1, then we have

CPFWG b1; b2; . . .; bnð Þ4CPFWA b1; b2; . . .; bnð Þ ð30Þ

Proof Easy to prove.

According to Theorem 13, the results calculated by the

CPFWG operator are not greater than those obtained by the

GGCPFWA operator. The proposed operator CPFOWA,

CPFHA, and CPFWG also follow idempotent, bounded,

monotonic, homogeneity, and shift-invariance properties.

6 DM Approach Based on the Proposed AOs

In this section, we proposed a new MCDM process to solve

MCDM problems. impreciseness and ambiguity are a nat-

ural part of life that needs attentive attention in the man-

agement and DM process. CPFSs have been demonstrated

to be an effective tool for solving high-precision DM

problems involving ambiguous, vague, or uncertain infor-

mation. We apply our proposed AOs in MCDM problems

to exhibit real-world reasonability and rationality.

Let A ¼ A1;A2; . . .;Amf g be the set alternatives, and

let the set of criteria for the alternatives Aiði ¼ 1; 2; . . .;mÞ
be represented by C ¼ C1; C2; . . .; Cnf g. The goal is to pick

the best alternative out of the m alternatives. The following

are the steps for constructing a new MCDM method based

on the proposed AOs.

Step 1 Arrange the rating values of each alternative

Aiði ¼ 1; 2; . . .;mÞ in the form of

bij ¼ h l�ij ; l
þ
ij

h i

; m�ij ; m
þ
ij

h i

i; hlij; miji
 �

; ðj ¼ 1; 2; . . .; nÞ as

a decision matrix D given by
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D ¼
A1

..

.

Am

b11 . . . b1n
..
. . .

. ..
.

bm1 � � � bmn

2

6

4

3

7

5

�
C1 . . . Cn

ð31Þ

Step 2 Use the following normalization procedure to

transform the cost-type criteria into benefit-type criteria:

rij ¼
h l�ij ; l

þ
ij

h i

; m�ij ; m
þ
ij

h i

i; hlij; miji
 �

;

Ifthebenefit � typeconditionsaremet

hmij; liji
 �

; Ifthecost � typeconditionsaremet

8

>

>

>

<

>

>

>

:

ð32Þ

Step 3. To determine the aggregated value ri ði ¼
1; 2; . . .;mÞ of the alternative Ai, using CPFWA,

CPFOWA, CPFHA, CPFWG, or CPFOWG operator:

(a) By CPFWA operator

ri ¼ h l�i ; l
þ
i

� �

; m�i ; m
þ
i

� �

i; li; mih i
� �

¼ CPFWA bi1;bi2; . . .; binð Þ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

j¼1 1� l�ij
 �2

� �w j

s

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

j¼1 1� lþij
 �2

� �w j

s

2

6

6

6

6

6

4

3

7

7

7

7

7

5

;

Qn
j¼1 m�ij

 �w j

;

Qn
j¼1 mþij
 �w j

2

6

4

3

7

5

* +

;

Qn
j¼1 lij
� �w j ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

j¼1 1� mij
� �2

 �w j

r� �

0

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

A

ð33Þ

(b) By CPFWA operator

ri ¼ h l�i ; l
þ
i

� �

; m�i ; m
þ
i

� �

i; li; mih i
� �

¼ CPFOWA rrði1Þ; rrði2Þ; . . .; rrðinÞ
� �

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

j¼1 1� l�rðijÞ

 �2
� �w j

s

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

j¼1 1� lþrðijÞ

 �2
� �w j

s

2

6

6

6

6

6

4

3

7

7

7

7

7

5

;

Qn
j¼1 m�rðijÞ

 �w j

;

Qn
j¼1 mþrðijÞ

 �w j

2

6

4

3

7

5

* +

;

Qn
j¼1 lrðijÞ
 �w j

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

j¼1 1� mrðijÞ
� �2

 �w j

r� �

0

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

A

ð34Þ

(c) By CPFHA operator

ri ¼ h l�i ; l
þ
i

� �

; m�i ; m
þ
i

� �

i; li; mih i
� �

¼ CPFOWA _rrði1Þ; _rrði2Þ; . . .; _rrðinÞ
� �

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

j¼1 1� _l�rðijÞ

 �2
� �w j

s

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

j¼1 1� _lþrðijÞ

 �2
� �w j

s

2

6

6

6

6

6

4

3

7

7

7

7

7

5

;

Qn
j¼1 _m�rðijÞ

 �w j

;

Qn
j¼1 _mþrðijÞ

 �w j

2

6

4

3

7

5

* +

;

Qn
j¼1 _lrðijÞ
 �w j

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

j¼1 1� _mrðijÞ
� �2

 �w j

r� ��

0

B

B

B

B

B

B

B

B

B

B

@

ð35Þ

(d) By CPFWG operator

ri ¼ h l�i ; l
þ
i

� �

; m�i ; m
þ
i

� �

i; li; mih i
� �

¼ CPFWG bi1; bi2; . . .;binð Þ

¼

Qn
j¼1 l�ij

 �w j

;

Qn
j¼1 lþij
 �w j

2

6

4

3

7

5;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

j¼1 1� m�ij
 �2

� �w j

s

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

j¼1 1� mþij
 �2

� �w j

s

2

6

6

6

6

6

4

3

7

7

7

7

7

5

* +

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

j¼1 1� lij
� �2

 �w j

r

;
Qn

j¼1 mij
� �w j

� �

0

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

A

ð36Þ

(e) By CPFOWG operator

ri ¼ h l�i ; l
þ
i

� �

; m�i ; m
þ
i

� �

i; li; mih i
� �

¼ CPFOWG brði1Þ; brði2Þ; . . .; brðinÞ
 �

¼

Qn
j¼1 l�rðijÞ

 �w j

;

Qn
j¼1 lþrðijÞ

 �w j

2

6

4

3

7

5
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

j¼1 1� m�rðijÞ

 �2
� �w j

s

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

j¼1 1� mþrðijÞ

 �2
� �w j

s

2

6

6

6

6

6

4

3

7

7

7

7

7

5

* +

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Qn

j¼1 1� lrðijÞ
 �2

� �w j

s

;
Qn

j¼1 mrðijÞ
� �w j

* +

0

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

A

ð37Þ

Step 4 Calculate the aggregated score values of each

alternative as follows:

sc rið Þ ¼
l�i
� �2 þ lþið Þ2 � m�i

� �2 � mþið Þ2

2
þ m2i � l2i
� �

ð38Þ

if sc ri1ð Þ ¼ sc ri2ð Þ for any two indices i1 and i2, then

calculate accuracy values as

ac rið Þ ¼
l�i
� �2 þ lþið Þ2 � m�i

� �2 � mþið Þ2

2
þ m2i þ l2i
� �

ð39Þ

Step 5 Select the most desired alternative by ranking all

of the alternatives in descending order of the score values.
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6.1 Illustrative Example

In this section, a numerical example related to disaster

management is used to evaluate the efficiency of the pro-

posed method.

6.1.1 Numerical Example

To demonstrate the validity of the new technique, we use a

numerical example from [43] and a few comparison

studies.

Consider the Indian subcontinent, where floods have

devastated several states and resulted in massive loss of

lives and properties. Concentrating on disaster risk man-

agement, particularly concerning four Indian states chosen

as alternatives) Aii ¼ 1; 2; 3; 4, viz., (‘‘Bihar’’, ‘‘Assam’’,

‘‘Gujrat’’ and ‘‘Arunachal Pradesh’’) which were largely

devastated during the first half of 2017, Assume the Indian

government is trying to make the best decision on allo-

cating funds to these four states. When the entire situation

was assessed for important areas of fund allocation, it was

discovered that funds should be distributed in such a way

that three main elements represented byCi, j ¼ 1; 2; 3

namely: ‘‘Food scarcity’’, ‘‘Number of people rescued’’ and

‘‘Lack of infrastructure reconstruction facilities’’ needed to

be coped up. Assume that different factors are priori-

tized state-by-state using the weight vector w ¼
ð0:3; 0:38; 0:32ÞT andf ¼ ð0:48; 0:29; 0:23ÞT . Hence, the

problem’s goal is to decide the order in which states should

be granted the relief fund.

For this purpose, concerned specialist persons of the

Indian Administration has constituted a commission that

has taken the entire responsibility for finding the probable

state(s). For it, they have recruited an expert to analyze

these states and grade their information in terms of the

CPFN using the three attributes specified above. Based on

the information, the steps of the proposed scheme are

carried out as follows:

Step 1 Table 1 shows the rating values for each alter-

native in the CPF-environment.

Step 2 Utilizing Eq. (32) to transform the values of the

cost criteria C1 and C3 to the benefit type, the result is listed

in Table 2.

Step 3 Aggregate the different preferences into a single

set of values.

(a) Using CPFWA, as given in Eq. (33), we obtain

r1 ¼ h 0:2249;
0:2815

� �

;
0:2718;
0:3537

� �

i; h 0:1892;
0:3000

i
� �

; r2

¼ h 0:2535;
0:3025

� �

;
0:2471;
0:3188

� �

i; h 0:3586;
0:1773

i
� �

;

r3 ¼ h 0:782522;
0:8380

� �

;
0:1000;
0:1397

� �

i; h 0:1072;
0:7972

i
� �

and r4 ¼ h 0:2428;
0:3187

� �

;
0:2128;
0:2821

� �

i; h 0:4178;
0:1746

i
� �

:

(b) Using CPFOWA operator, as given in Eq. (34), we

get

r1 ¼ h 0:2143;
0:2719

� �

;
0:2620;
0:3426

� �

i; h 0:2028;
0:3000

i
� �

; r2

¼ h 0:2479;
0:2971

� �

;
0:2471;
0:3182

� �

i; h 0:3586;
0:1768

i
� �

;

r3 ¼ h 0:7821;
0:8386

� �

;
0:1000;
0:1378

� �

i; h 0:1056;
0:7874

i
� �

andr1 ¼ h 0:2428;
0:3187

� �

;
0:2128;
0:2821

� �

i; h 0:4178;
0:1746

i
� �

.

(c) Using CPFHA operator, as given in Eq. (35), we get

r1 ¼ h 0:2087;
0:2689

� �

;
0:2495;
0:3241

� �

i; h 0:2204;
0:2976

i
� �

;

r2 ¼ h 0:2244;
0:2755

� �

;
0:2585;
0:3264

� �

i; h 0:3693;
0:1772

i
� �

r3 ¼ h 0:7637;
0:8188

� �

;
0:1039;
0:1474

� �

i; h 0:1104;
0:7983

i
� �

andr4 ¼ h 0:2803;
0:3562

� �

;
0:2204;
0:2919

� �

i; h 0:3922;
0:1811

i
� �

.

(d) Using CPFWG operator, as given in Eq. (36), we get

r1 ¼ h 0:1895;
0:2657

� �

;
0:3132;
0:4031

� �

i; h 0:2586;
0:3000

i
� �

;

r2 ¼ h 0:1760;
0:2391

� �

;
0:2618;
0:3317

� �

i; h 0:3661;
0:1584

i
� �

;

r3 ¼ h 0:7747;
0:8278

� �

;
0:1000;
0:1411

� �

i; h 0:1080;
0:7844

i
� �

andr4 ¼ h 0:1607;
0:2601

� �

;
0:2321;
0:2934

� �

i; h 0:4597;
0:1602

i
� �

.

(e) Using CPFOWG operator, as given in Eq. (37), we

get

r1 ¼ h 0:1869;
0:2645

� �

;
0:3112;
0:4004

� �

i; h 0:2633;
0:3000

i
� �

;

r2 ¼ h 0:1726;
0:2358

� �

;
0:2618;
0:3307

� �

i; h 0:3661;
0:1581

i
� �

;

r3 ¼ h 0:7661;
0:8190

� �

;
0:1000;
0:1417

� �

i; h 0:1068;
0:7836

i
� �

andr4 ¼ h 0:1607;
0:2601

� �

;
0:2321;
0:2934

� �

i; h 0:4597;
0:1602

i
� �

.

Step 4 The aggregate CPFNs collected in step 3 are

scored using Eq. (38), as follows:
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(a) sc r1ð Þ ¼ 0:0196, sc r2ð Þ ¼ �0:1006, sc r3ð Þ ¼
1:2666, sc r4ð Þ ¼ �0:1262.

(b) sc r1ð Þ ¼ 0:0158, sc r2ð Þ ¼ �0:1036, sc r3ð Þ ¼
1:2518, sc r4ð Þ ¼ �0:1262.

(c) sc r1ð Þ ¼ 0:0142, sc r2ð Þ ¼ �0:1285, sc r3ð Þ ¼
1:2357, sc r4ð Þ ¼ �0:0852.

(d) sc r1ð Þ ¼ �0:0539, sc r2ð Þ ¼ �0:1541, sc r3ð Þ ¼
1:2341, sc r4ð Þ ¼ �0:2089.

(e) sc r1ð Þ ¼ �0:0555, sc r2ð Þ ¼ �0:1553, sc r3ð Þ ¼
1:2164, sc r4ð Þ ¼ �0:2089:

Step 5 Since scðr3Þ�scðr1Þ�scðr2Þ�scðr4Þ by CPFWA,

CPFOWA, CPFWG, and CPFOWG operator while

scðr3Þ�scðr1Þ�scðr4Þ�scðr2Þ. Hence, the state of ‘‘Gujrat’’

requires maximum funding. The score values and ranking

order of the alternatives are summarized in Table 3.

6.2 Comparative Analysis with Other Existing
Methods

We compare the proposed AOs with some existing meth-

ods, including CIFWA, CIFOWA, and CIFHA operators

[43]. Score values and order of alternatives are listed in

Table 4.

We set the fuzzy results of the CPFNs as zero and hence

the obtained information reduces to IVPFS or IVIFS. Then,

using this converted data, we apply the various methods

Table 1 Information related to the alternative in terms of CPF-environment

C1 C2 C3

A1 h 0:15;
0:20

� �

;
0:10;
0:20

� �

i; h 0:30;
0:40

i
� �

h 0:30;
0:35

� �

;
0:40;
0:50

� �

i; h 0:10;
0:30

i
� �

h 0:30;
0:40

� �

;
0:20;
0:25

� �

i; h 0:30;
0:20

i
� �

A2 h 0:30;
0:35

� �

;
0:15;
0:20

� �

i; h 0:20;
0:40

i
� �

h 0:10;
0:15

� �

;
0:18;
0:25

� �

i; h 0:30;
0:10

i
� �

h 0:30;
0:39

� �

;
0:40;
0:45

� �

i; h 0:22;
0:40

i
� �

A3 h 0:10;
0:15

� �

;
0:70;
0:75

� �

i; h 0:80;
0:10

i
� �

h 0:80;
0:85

� �

;
0:10;
0:15

� �

i; h 0:12;
0:85

i
� �

h 0:10;
0:12

� �

;
0:82;
0:88

� �

i; h 0:70;
0:10

i
� �

A4 h 0:20;
0:28

� �

;
0:40;
0:48

� �

i; h 0:20;
0:30

i
� �

h 0:10;
0:20

� �

;
0:30;
0:35

� �

i; h 0:40;
0:20

i
� �

h 0:15;
0:22

� �

;
0:12;
0:20

� �

i; h 0:10;
0:60

i
� �

Table 2 Normalized decision matrix for the alternatives

C1 C2 C3

A1 h 0:10;
0:20

� �

;
0:15;
0:20

� �

i; h 0:40;
0:30

i
� �

h 0:30;
0:35

� �

;
0:40;
0:50

� �

i; h 0:10;
0:30

i
� �

h 0:20;
0:25

� �

;
0:30;
0:40

� �

i; h 0:20;
0:30

i
� �

A2 h 0:15;
0:22

� �

;
0:30;
0:35

� �

i; h 0:40;
0:20

i
� �

h 0:10;
0:15

� �

;
0:18;
0:25

� �

i; h 0:30;
0:10

i
� �

h 0:40;
0:45

� �

;
0:30;
0:39

� �

i; h 0:40;
0:22

i
� �

A3 h 0:70;
0:75

� �

;
0:10;
0:15

� �

i; h 0:10;
0:80

i
� �

h 0:80;
0:85

� �

;
0:10;
0:15

� �

i; h 0:12;
0:85

i
� �

h 0:82;
0:88

� �

;
0:10;
0:12

� �

i; h 0:10;
0:70

i
� �

A3 h 0:40;
0:48

� �

;
0:20;
0:28

� �

i; h 0:30;
0:20

i
� �

h 0:10;
0:20

� �

;
0:30;
0:35

� �

i; h 0:40;
0:20

i
� �

h 0:12;
0:20

� �

;
0:15;
0:22

� �

i; h 0:60;
0:10

i
� �

Table 3 Score values and rank of the alternatives

Proposed AOs Score values Ranking order

A1 A2 A3 A4

CPFWA 0:0196 �0:1006 1:2666 �0:1262 A3�A1�A2�A4

CPFOWA 0:0158 �0:1036 1:2518 �0:1262 A3�A1�A2�A4

CPFHA 0:0142 �0:1285 1:2357 �0:0852 A3�A1�A4�A2

CPFWG �0:0539 �0:1541 1:2341 �0:2089 A3�A1�A2�A4

CPFOWG �0:0555 �0:1553 1:2164 �0:2089 A3�A1�A2�A4
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[10, 13–15, 18, 21, 46, 47] to find the most suitable alter-

native(s). the results and ranking of the alternatives are

represented in Table 5.

Based on these results, it has been seen that A3 is still

the best alternative. However, the worst scenario has been

changed. This is owing to the fact that during these pre-

vious studies, only the preferences of the alternative were

taken into account. The other words, the existing theories

are unable to address scenarios in which the evaluator or

decision-maker consider the degree of untruth corre-

sponding previously assigned truth degree across an

interval. Thus, if an experiment is done without taking into

account the second judgments of the preferences, A1 is the

poorest alternative and A4 is superior to A2. In compar-

ison, if all of the decision maker’s features are described in

terms of CPFNs, A3 remains the best alternative, while A4

is the worst and the remaining alternatives are ranked in

order of A1 and A2.

From the above discussion, we conclude that under the

under IVIFSs or IVPFSs environment, the best alternative

coincides with the proposed one, but the other alternatives

are different and hence it will lead to different results.

Thus, CPFS and their AOs improve accuracy by boarding

the scope of membership and non-membership interval by

taking into account PFS membership values.

The score values and ranking of the alternatives using

the existing AOs presented by Abbas et al. [45], are sum-

marized in Table 6. From Table 6 we can get different

results from the proposed method. Thus, the computational

procedure and results are entirely different.

Table 4 Score values and order of alternatives

Existing AOs Score values Order of

alternatives
A1 A1 A3 A4

CIFWA[43] 0:0421 �0:2203 1:3787 �0:2431 A3�A1�A2�A4

CIFOWA[43] 0:0291 �0:2256 1:3709 �0:2431 A3�A1�A2�A4

CIFHA[43] 0:0956 �0:1891 1:4295 �0:1823 A3�A1�A4�A2

Table 5 Comparative studies with existing approaches

Existing approaches Score values Ranking

A1 A2 A3 A4

Wang et al. [18] �0:0950 �0:0506 0:6828 0:0145 A3�A4�A2�A1

Wei and Wang [46] �0:1174 �0:0845 0:6810 �0:0467 A3�A4�A2�A1

Garg [14] 0:3499 0:3664 0:8654 0:3758 A3�A4�A2�A1

Ye [10] �0:0677 �0:0318 0:6896 �0:0054 A3�A4�A2�A1

Xu and Chen [47] �0:1998 �0:2928 0:7228 0:3222 A3�A4�A1�A2

Sivaraman et al. [13] 0:2052 0:2151 0:7606 0:2208 A3�A4�A2�A1

Xu [22] 0:4356 0:4270 0:6752 0:4309 A3�A1�A4�A2

Xu and Chen [21] �0:1174 �0:0845 0:6810 �0:0467 A3�A4�A2�A1

Chen et al. [15] 0:193 0:2133 0:3878 0:2184 A3�A4�A2�A1

Table 6 Score values and ranking of alternatives based on existing AOs proposed by Abbas et al. [45]

Approaches Score values Order of alternatives

A1 A2 A3 A4

CPFWA[45] �0:0289 0:0527 0:0194 0:1017 A4�A2�A3�A1

CPFWG[45] �0:0656 0:0260 0:0019 0:0604 A4�A2�A3�A1

123



6.3 Discussion

The results illustrate that the modified AOs can solve the

complicated MCDM problems for choosing the best

alternative. Under uncertainty, the proposed method is

regarded as one applicable approach to implement within

MCDM problems. The proposed AOs avoid the flaws and

errors arising from the existing AOs. A comparative anal-

ysis is performed between proposed AOs and existing AOs

presented in [10, 13–15, 18, 21, 46, 47]. It has been

observed that the ranking of alternatives with respect three

criteria are the same. However, the score values and

ranking of alternatives obtained by existing AOs presented

by [45] are the different. This is because of the flaws and

errors in the existing AOs. Based on the comparative

studies between the proposed and the existing studies, the

following observations have been obtained:

1. As discussed above, CPFS handles the indeterminate

and inconsistent information in a more consistent way

than the existing studies. Therefore, the studies under

the CPFS environment are more suitable to solve

decision-making problems.

2. apart from these, there might be other situations, where

the preferences related to an alternative can be assessed

in an environment, where the weights of the attributes

are in the form of IVPFSs and the bases are the real or

CPF parameters. Therefore, the existing aggregation

operators do not handle this information during the

analysis. However, the suggested aggregation operators

have the capacity to do so, making them the better

candidates to address issues.

3. It has been observed that the nature of the relative

score values follows the same trend (increasing or

decreasing). Therefore, the proposed approach based

on the proposed AOs is equivalently solved the

decision-making problems under CPF environments.

7 Conclusion

CPFS is one of the most important and new environments

in which preference corresponding to an element is

expressed by means of the IVPFS and PFS, which shows

the degree of disagreement (in the form of PFS values)

corresponding to the agreed interval region (in form of

IVPFS). By taking advantage of it, this paper presents the

modified version of existing operational laws and aggre-

gation operators presented by [40]. Further, some new

operational laws and AOs are proposed. The various

properties of the operators are studied also. From the work,

it is deduced that the existing studies under IVPFS and PFS

can be deduced from the proposed ones. Then, we utilized

the proposed AOs to develop an MCDM method to solve

the decision-making problem. An illustrative example is

provided to demonstrate the work of the proposed method.

A strong foundation of the obtained results is justified by

carrying on a comparison study on the existing environ-

ments. From these studies, it has been analyzed that pro-

posed operators can handle the problems in a more

profitable way than the existing studies.
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