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On the spectrum of tridiagonal operators in
the context of orthogonal polynomials

Rupert Lasser and Josef Obermaier

Abstract. The basis for our studies is a large class of orthogonal poly-
nomial sequences (Py)nen,, which is normalized by P, (z¢) = 1 for all
n € Ng where the coefficients in the three-term recurrence relation are
bounded. The goal is to check if z¢p € R is in the support of the orthog-
onalization measure p. For this purpose, we use, among other things,
a result of G. H. Hardy concerning Cesaro operators on weighted 1°-
spaces. These investigations generalize ideas from Lasser et al. (Arch
Math 100:289-299, 2013).
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1. Orthogonal polynomials on the real line and tridiagonal
operators

Let p be a probability measure on the real line. We denote the support of u
by S and assume its cardinality #S = co. Let (pp)nen, denote the unique
orthonormal polynomial sequence with respect to p, that is degp, = n,
f DnPmpt = 0y m, and p,, has a positive leading coefficient for all n, m € Ny.
The orthonormal polynomial sequence (p;, )nen, satisfies a recurrence relation

TPn () = AnPnt1 (%) + Bupn(®) + An—1Pn—1(7) (1)
with p_1(x) =0, po(z) =1, A.1 =0, A, > 0 and 3, € R for all n € Nj.

Conversely, if (pn)nen, is defined by (1), there is a probability measure
w such that (pp)nen, is the orthonormal polynomial sequence with respect
to u, see e.g. [2].

In the case (A )nen, and (Bn)nen, are bounded S is compact and vice
versa. The boundedness implies also that the orthogonalization measure p
is uniquely determined. The smallest interval containing S is called the true
interval of orthogonality, see e.g. [2].
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Now, let zg € R\N, where N' = {z € C: 3n € N with p,(z) = 0} is the
set of zeros of all orthonormal polynomials. It is well known that ' C R, see
e.g. [2]. The normalized polynomials

Pn(2)
P,(x) = 2
@) = o lz0) (2)
form an orthogonal polynomial sequence (P, )nen, With respect to p, that is
6”74 m
/&mwzﬁ (3)

with h, > 0. We call zy a normalizing point. The corresponding three-term
recurrence relation is

TP () = YnPoy1(®) + BnPu(x) + anPro1(2) (4)
with Pfl(ib') = 0, Po(x) = ].,

pn+1(330)
n =" —"An, 5
T (o) (5)
oy = pin_l(zo)kn_l, and (6)
pn(xO)
Op + Bp + 90 =29 forall neNjg. (7)

Note that (6) implies ag = 0. It is also important to emphasize that (7)
applies if and only if x( is a normalization point and that our investigations
heavily depend on Eq. (7).

Moreover, v, ,+1 = A2 > 0. One easily shows

hn+1an+1 == hn’)’n (8)
which implies
By = L0 dnmt p2(xg) for all n € N. (9)
a1 ...0,

Note that (9) also applies in the case n = 0, where the nominator and de-
nominator are empty products that means they are set equal 1 by default.
Therefore, (3) as well as (9) yields hg = 1.

The so called Christoffel-Darboux formula is given by

< Poi1(z)Py(y) — Py(2) Py
> Pula) Pl = o, B Z Pa@Praly) - g
r—y
k=0
see [2]. Hence,
> Pu(@)*hi = vnhn (P () Po(2) = P (2) Poga (@), (11)
k=0
and in particular setting x = xo we get
H,
P - P = 12
A (w0) = Prfao) = (12)
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with
n
Hy =Y hy forall neN. (13)
k=0

Definition 1.1. If {P} (xo) — P} (z0) : n € No} is bounded, then we call z
a normalizing point with bounded growth of derivatives.

Note that further on speaking about xg as a normalizing point of bounded
growth of derivatives is the same as to speak about the boundedness of
H, .
{’Ynhn, ne No}
Subsequently we deal with the case & = suppp is compact which is
equivalent with (vp,an41)nen, and (Bn)nen, are bounded sequences. Then

the true interval of orthogonality is [min S, max S].

Lemma 1.1. In the case xy > maxS we have qyi1,vn > 0 for alln € Ny and
in the case xo < minS we have 1,7, <0 for all n € Ny.

Proof. Since N' C (min S, maxS) and the leading coefficient of all orthonor-
mal polynomials is positive we have in the case zp > max S that p,(z¢) > 0
for all n € Ny. Whereas in the case zp < min S the sign of p,,(z¢) is alternat-
ing. 0

On the set of complex-valued sequences there acts a linear operator
T : CNo — CNo determined by the recurrence relation (4). More precisely, for
¢ € CNo put

(Tg)n - Tgn - 77L£n+1 + /Bngn + O‘nfn—l for all = S NOa (14)
where £_; = 0. Written as tridiagonal matrix the operator T has the form

Bo v O 0 O

ar /om0 0
7—10 aa B » 0 - _ (15)

0 0 a3 B3 73

Note that in our investigations T" acts on the different spaces CNo, [ (h)
and [?(h) which is clear from the respective context. First let us study T as
an operator on

ll(h):{feCNO:i|£nhn<oo} (16)
n=0

with norm [|€]l1 = Y07 | & | by for all € € 11(R).

Proposition 1.1. In the case | o, |, | Bn | and | vn |< B for all n € Ny the
operator T: I*(h) — 1*(h) is well defined and continuous. Especially we have

Y Téuhn =20y &nhn and ||ITE| < Cllé]h (17)
n=0 n=0

for all £ € 1*(h), where C = min(3B,| zo | +2B).
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Proof. Set yv_1 =¢_1=h_1=0.
Applying (8) and the assumed absolute convergence of the series we
obtain

Z =3 (st + Bubn + Anéu1)hn
n=0 n=0

8

= Z an+1§n+1hn+1 + /Bngnhn + Yn—1&n—1hn—1
n=0

—Z Oén"’ﬁn""yn &n n—l”ton n-

Z|T§n‘h <Z|’Yn||€n+1|+‘ﬂn||§n|+|an||€n 1 [ha

n=0

= Z | ant1 || &ntr | Bt | Bu [l &n | An
n=0
+ [ V-1 || &n=1 | Pn-1

oo oo
:Z(|0‘n|+|5n|+|7n|)|§n‘hn§3BZ|§n|hn~
n=0 n=0
At least two of the coefficients in | e, | + | Bn | + | 7 | do have the
same sign. For instance, if signa,, = signf,, then | a, | + | Bn | + | 0 |=]
Qp +ﬁn + T — Tn | + ‘ Tn |§‘ To | +2 | Tn |§| Zo ‘ +2B. Proceeding the
same way with all the other possibilities one gets alternatively Y > | T, |
hy < (2o | +2B)>-07 o | &0 | By, which completes the proof. O

We focus on the weighted Hilbert space

12(h) = {geCNO:imn |2hn<oo} (18)

n=0

with scalar product (§,v) = 377 (£, Unhy, and norm [[€]]2 = /(&,€) for all
&v e l?(h).

Proposition 1.2. In the case | o, |, | Bn | and | yn |< B for all n € Ny
the operator T: 1?(h) — 12(h) is a well defined, self-adjoint and continuous
operator with

IT¢]l2 < ClIE]l2; (19)
where C' = min(3B,| zo | +2B).

Proof. Set y_1 =6 1=h_1=v_1=0.
Now let ¢ € I2(h). Since

| T | < VI W [ &t | V] Bu IV B || 6|
+VIan V] an | [ &1

the Cauchy—Schwarz inequality implies
| T&0 P< ([ | +1 B [+ [ an D vn 1 €ntr 1P+ 1 Ba [l &n 1P + | an [ €a—1 %)
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Therefore, proceeding like in the proof of Proposition 1.1

ST P ha <O (v 1 &nst P41 Bu 1 & 1P+ o [ €am1 PP

n=0 n=0

= CZ | Apt1 H Ent1 |2 P+ | Bn || én ‘2 h

n=0
+ ‘ Tn—1 || gnfl |2 o —

:CZOQH|+|Bn|+"Yn|)|£n|2hn§022‘§n|2hm

n=0 n=0

which implies [|T¢]|2 < C||€]|2, where C = min(3B, | z¢ | +2B).
For arbitrary &, v € [?(h) one gets due to the absolute convergence

oo

<Tf, U> = Z(’VngnJrl + ﬁnfn + angnfl)mhn

n=0

= Z fn(’)/nflvnflhnfl + ﬁnmhn + an+lvn+lhn+1)

n=0

- Z gn(anvn—lhn + 671%’171 + ’ann-i-lhn) = <£a TU>
n=0

O

Corollary 1.1. In the case | o |, | Bn | and | v |< B for all n € Ny the
spectrum o(T') is a subset of [—C,C], where C = min(3B, | z¢ | +2B).

The numerical range of T is the set
W(T) = {(T€,€) : £ € P(h), €]l = 1} - (20)

Since T is self-adjoint we have
{m(T),M(T)} C o(T) C co(o(T)) € W(T) = [m(T), M(T)], (1)

where co(o(T)) is the convex hull of o(T), m(T) =

inf W(T') and M(T) =
sup W(T'), see [5, Intro]. Moreover, ||T|| = max(| m(T) |,

| M(T) ).

Proposition 1.3. In the case | ay, |, | B | and | v, |< B for all n € Ny one
gets

((woid —T)E,6) = Z%lén bnti [P hn forall €€PP(h).  (22)
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Proof. Set v_1 =&_1 = h_; = 0. Using (8) and the absolute convergence of
the series one gets for an arbitrary ¢ € [?(h) that

[ee} [ee}

Z(xogn - T&n)gh7L = Z((an + Bn + ’Yn)gn — anén-1

n=0 n=0

— Bnén — Ynén+1)Enhn
= Z(’Yngna - ’yngnJrla)hn

n=0

=+ (7”—167157 - Vn—lfn—lg)hn—l

= Z Tn (gng - gn-}-la + En-{-l% - gnﬁ)hn
n=0

= Z’Yn | En - §n+1 |2 R
n=0

Lemma 1.2. The following statements apply.

(1) S0 o | &n — &1 |2 by > 0 for all & € 1(h) with ||€]|2 = 1 if and
only if vn, > 0 for all n € Ny.

(1) D0 o | & — &ngr |2 hn <0 for all € € 12(h) with ||€]|2 = 1 if and
only if v, < 0 for all n € Ny.

Proof. If 4, > 0 for all n € Ny then Y07 (v, | & — &n1 [? hn > 0 for all
¢ € 1?(h). In the case we have not v, > 0 for all n € Ny there is an index
m € Ny such that 7, < 0 and v, > 0 for all n € {0,...,m — 1}. Define
C € (h) by ¢ = (X jeghk) /2 for all n € {0,...,m} and ¢, = 0 for all
ne{m+1,m+2...}. Then ||¢[2 =1 and > 07 ;v | Co — Cat1 12 Bn = Y |
Cm 12 him < 0.

The second statement is shown quite analogue. O

Corollary 1.2. If | ap |, | Bn |, | Yn |< B for all m € Ny and C = min(3B, |
xo | +2B), then the following statements apply.

(1) If v > 0 for all n € Ny, then W(T) C [—-C,x¢]. In particular, o(T) C
[—C, 1‘0].
(ii) If v < 0 for all n € Ny, then W(T') C [zo,C]. In particular, o(T) C
[JC(), C] .
(iii) If there exist k,l € Ny with v,y < 0, then z¢ € (minS, max S).

Note that in the following L?(RR, i) is as usual a set of equivalence classes
and a function used in this context represents an equivalence class. This is
also expressed by using the formulation 'for p-almost all z € R’.

Define %) € 12(h) by

Ok,n
k) = ;;—k for all n,k € Np. (23)

) Birkhauser
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Then obviously
1
¥ = - = /P,fdu for all k€ No. (24)
k

Extending the map ¢*) +— P, linearly to the linear span of {¢®) : k € Ny}
and finally to the closure of the linear span we get the so-called Plancherel
isomorphism

P 12(h) — L*(R, p),

which is an isometric isomorphism from /2(h) onto L2(R, u1). It is completely
determined by

P(e®) =P, forall keN.
Note that
Te® = ape*=D 4+ e + ’yke(’”l) for all k € Ny, (25)

where e\, V) = 0 for all n € No. Now we define an operator M on L?(R, ) by

M(f):'POTotpil(f) for all f€L2(R7/1')7 (26)

where P~! denotes the inverse operator of P. Then M € B(L?(R, u)) with
[|M]| < min(3B,| z¢ | +2B). Taking into account the three-term recurrence
relation (4) we deduce that

M(Py)(z) = PTe®) (@) = Plage®D + fye® + D) (2) = 2Py ()
(27)
for p-almost all z € R and for all £ € Ny. If ¢ is a function in the linear span
of {Py : k € Ny}, then the linearity of M yields

M(g)(z) = zg(x) for p-almost all z € R. (28)

Since M is bounded and the closure of the linear span of {P : k € Ny} is
L?(R, 1) we get by standard arguments that

M(f)(x) = xf(x) for y-almost all € R and for all f € L*(R, p). (29)

By [4, Definition 2.61 and Corollary 4.24] the spectrum o (M) is exactly the
essential range

R={ eR:p{reR:|jz—-X|<e}) >0 forall e >0}, (30)

Obviously R = suppu and (M) = o(T'). Hence, we can add to Corollary 1.2
the following result.

Corollary 1.3. For orthogonal polynomials (P, )nen, which are defined by (4)
with | oy, |, | Bn | and | v |< B for all n € Ny we have

S = suppp = o(T). (31)

) Birkhauser



R. Lasser and J. Obermaier

2. A characterization of xg ¢ S

In the whole section we assume that | o, |, | By, | and | v, |< B for all n € Ng.
The main result of this paper will be a necessary and sufficient condition
for o € S. Moreover, in the case of 2y ¢ S we will present an explicit form
of the inverse (zgid — T')~!, which is based on a weighted Cesaro operator
C € B(I%(h)).
Define Cn = ((Cn)n)nen, = (Cnn)nen, by

1 o 2

Then C is a bounded linear operator on [2(h) with ||C| < 2, see [3, Theorem
A]. Tt is straightforward to show that the adjoint operator C* € B(I?(h)) is
defined by

— h
C*ny, = Z nkﬁi for all n € 1?(h). (33)
k=n

Theorem 2.1. Ifxzo ¢ S = o(T), then xg is a normalizing point with bounded
growth of derivatives.

Proof. Given n € Ny denote by x(™) the sequence with X,(;L) =1 for k €

(n)

{0,...,n} and x,;’ = 0 for k € {n+1,n+2,...}. An easy computation

shows that
(xoid — T)Xfcn) =0 forall ke No\{n,n+1},
(zoid — T)x\™ = ~,, and
(zoid — T)x\Y, = —ans1.

Hence,

[ (xoid — T)X(n) ”% = 7721hn + O‘i+lhn+1 = Yn(Yn + @ny1)hn
=Y || v + ang1 | b
Since x¢ ¢ o(T), there exists A = (xoid — T)~! € B(I?(h)). Then

140 (zoid = T)X ™13 = XI5 = > hx = Hp, and
k=0
14 0 (zoid = T)x ™13 < [|A]I*|(zoid — T)x™)]3
= ||A||2 | Yo | Ao | Yn + g |
< 2BJ|A|I* | 7 | b,
which implies
H, <2B||A|]* | v | hyy for all n € Ny.

Therefore, {,YI:}’;” S NO} is bounded. O

In order to prove the converse implication we start with determining
a sequence w = (wy)nen, such that (zgid — T)(w) = €. Note that in the
following lemma the operator 1" acts on CNo.

) Birkhauser
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Lemma 2.1. A sequence w = (wy)nen, € CY satisfies (zoid— T)(w) = ¢ if
and only if

n

1
Wnt1 = Wp — Z P for all n e Ny. (34)
(0

Proof. We have ((zoid — T)w)o = 1/hg = 1 if and only if wy — w; = +. For

Yo'
n > 1 we see that ((xoid — T)w), = wp — (Ynwna1 + Bnwn + apwn—1) = 0 if
and only if v, (wp+1 — wn) = ap(wy, — wi—1). Now, by iteration we get
O, apQp_1---a; —1 =1

Wn+1 — Wp = 7(wn_wn71) - = .
Yn Yo Vn—1-""71 Yo  Ynhn

O

Next we investigate under which assumptions a sequence w = (wy )nen,
of Lemma 2.1 is a member of [?(h).

Lemma 2.2. If x is a normalizing point with bounded growth of derivatives,
then

i| 1“1 < 00, (35)
o | Tk | 1k

and consequently the series Y - w%k 1S convergent.

Proof. Due to the assumption there exists a D > 0 with

n 1 2 n 1 2
Z(h) hk<D;<Hk) hi forall n e N,.

o \ kUK

~ <o>:(1) 12(h), we h (1) 12(h), that i
Since Ce 7 ) en € *(h), we have (- e € [?(h), that is

Zzozoﬁ < oo. Finally, v < B | 7x | yields Ziom < 00, which

implies the series Y =, %%k is convergent. O

Now with respect to Lemma 2.1, if the series Z,;“;O %%k is convergent,
then the sequence w = (wy )nen, is defined by

o0

1
Wy = —— forall n e Np. 36
1;1 Vichi ’ (36)
In order to prove that w € (?(h) whenever {an 'n € NO} is bounded,

we use the adjoint weighted Cesaro operator C* € B(I%(h)). Define a sequence
1= (Nn)nen, by
H,

2
n

for all n € Ng. (37)

M =

Tn

Lemma 2.3. If x¢ is a normalizing point with bounded growth of derivatives,
then n € I2(h).

) Birkhauser
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Proof. We have | n,, |< D~ for all n € Ny. Hence, we have to show that

(hl ) . € 12(h). According to Lemma 2.2 it follows
) neNo

1 > 1
—h; <BY ——— < .
kzzoh% kZ:O"Wc|hk

Since C*n = w, Lemmas 2.3 and 2.1 yield the following proposition.

Proposition 2.1. If xg is a normalizing point with bounded growth of deriva-
tives, then w € 12(h) (defined by (36)) satisfies (zoid — T)w = €,

Assuming that x¢ is a normalizing point with bounded growth of deriva-
tives our next goal is to find sequences w(™) € 12(h) with (zoid — T)w(™ =
(™) for all m € N.

To that end, we introduce a sequence of operators S,, € B(I*(h)) by
setting

1
Sm+1 = ’)/7 (T oS, — ﬂmSm — OémSm_l) forall m e Ny, (38)

m

where S_1 = 0 and Sy = id.

Proposition 2.2. The following two statements apply.
(i)
Sn€e® =™ for all m e Ny. (39)
(i)
if k=0,...,m,

Wi,
(Smw)k:{wk N for allm € Nog.  (40)

Proof. In any case the proof is done by induction.

(i): By trivial means we have Spe(®) = ¢(©). Since S; = % (T — Boid) we
have (516(0))0 = %(,60 — 5()) = 07 (516(0))1 = %hig = hLl and (516(0))k =0
for all k& > 2. Therefore, 5160 = (),

Assume that S,,e(® = €™ and S,,_1€(©) = (™1 for m € Ny is already
shown. Then

Sm+1€(0) = (T © Sm - 6771‘9771 - amSm—l) 6(0)
(Tém) — By — amgmfl))
(ame(mil) + ﬂ’rne(m) + 77n€(m+1) - ﬁnbe(m) - O‘7n€(m71))

’Ym€(m+1)) = e(m+D),

Fl=F=F-F=

) Birkhauser
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(ii): By trivial means we have (Sow)r = wy for all k € Ny. Moreover, since
Si = WLO(T — Boid), Tw = xgid — € and ¢ = By + Yo we get
0
Siw = T — Bo, — i((ﬂo +70)w — @) — B0y = Q.
Yo 70 7o Yo Yo
Hence, (S1w)o = w1, (S1w)1 = wy, and (S1w)r = wy for all k > 2.
Assume again that the statement is already shown for m € N and m—1.
Then for £k =0,...,m — 1 we have

1
(Sm-l-lw)k - 7((T o S’mw)k - ﬁmwm - amwm—l)

m
1 fa 7
= 7(x0wm - ﬁmwm - Oénfbwm—l) = Wy + 7(wm - wm—l)
m Ym
Qm 1 1
= Wy — — =Wy — = Wil
" Ym 7m71hm71 " ’Ymhm mE

For k = m it follows

1
(Sm+1w)k = T(amwm + ﬁmwm + YmWm+1 — ﬁmwm - Oémwm) = Wm+1-
m

Finally, for k =m + 1,m + 2,... we have

1
(Smt1w)e = — (apwi—1 + Brwk + VeWr4+1 — BmWk — mWwi)
m

1 1
Mo | Wk — —— | + Brwi
%n Yihi

1
+ay (Wk + ) — Bmwi — amwk>
Yi—1hr—1

! 1+1 B
= — |Towr — 7— + — — PDmWr — QWi | = Wg.
oWk hk hk k k k

Tm

O
Now our goal is met by setting w™ = S,,w for all m € Ny.

Proposition 2.3. If xg is a normalizing point with bounded growth of deriva-
tives, then Sy,w € 1?(h) satisfies (void — T)Symw = ™) for all m € N.

Proof. Obviously S,, commutes with xgid — T. Hence,
(z0id — T)Smw = Sy (20id — T)w = S,,e® = ™ for all m e Ny.

For m € Ny define the sequence 1™ by

0 if k=0,....m-—1

(m)i ) ) )

Tk {f;;g it k=mm+1,... " (41)
>k

Note that n® = n. If { 'n € NO} is bounded, then according to
Lemma 2.3 we know that n m) € 12(h) for all m € Ng. Moreover,

oo ( >h .
o = {Zk o e = D gy = wm i nSmy
> nwkhk:wn if n>m

) Birkhauser
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By Proposition 2.2(ii) we have C*n(™ = S,,w for all m € Ny. Now we can
combine the results above to determine the inverse operator of zgid — T
Define a sequence ¢ = (¢n)nen, by

H2
On = o for all n € No. (43)
Note that wf\%n < D for all n € Ny implies | ¢, |< D?B for all n € Nj.

The multiplication with ¢ € [°° defines a bounded operator M, on
I2(h), where M, (€), = pnéy, for all € € 12(h), n € Ny.

Theorem 2.2. If xq is a normalizing point with bounded growth of derivatives,
then C*oM,oC is the inverse of the operator xoid—1T', where ¢ is the sequence
in (43).

Proof. Let m € Ny. We know that Ce,im) =0 forall k =0,....m—1
and Ce;m) = Hik for all k = m,m + 1,.... Hence, M, o Ce(™ = n(™ and
C*oMg,o Cel™ = S, w. In particular
(z0id — T) 0 (C* 0 M, 0 O)e™ =™ for all m € Ny.
Furthermore, we obtain
C* o M, o C o (xpid — T)el™

= (C* o My, 0 C)(20€™ — (V™Y 4 B¢ 4 apem=1Y)

= 20Smw — (YmSm41w + Bm Smw + QmSm—1w)

= 20Snw — T o Spw = (xold — T)Spw = ™ for all m € Ny.
Therefore,

C*oMyoCo(xpid—T)=id = (zoid—T)oC* oM, 0C,
ie. (zoid—T) ' =C*oM,o0C. O

Summing up the results we gain the following theorem.

Theorem 2.3. xg ¢ suppu = o(T) if and only if xo is a normalizing point
with bounded growth of derivatives.

Finally, we want to show the relationship of the results here with [1,
Theorem 2.3]. For this we use the terms A, A and D(A) with the same
meaning as in [1]. Let

B X 0 0 0
Xl B1o A O 0
A=10 M B2 A 0 - 7 (44)
Ay -

0 0 X B3

where (6p)nen, and (An)nen, are the coefficients of (1). Then A can be
regarded as a linear operator A : CNo — CNo ¢+ A€ = (AE,)nen,, where

A& = Anc1€n—1 + Bnén + Aénsr forall n € Ng. (45)

) Birkhauser
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Note that A_; = 0 and £_; can be chosen arbitrary.
Moreover, let 12 = [?(h) with h,, =1 for all n € Ny, and

coo={6€CN: #{neNy:¢, #0} < oo} (46)
Of course, (cqo, ||||2) is a subspace of the Hilbert space (12, ||[|2). As mentioned
in [1] the linear operator

A cop — 12, &— AE (47)
is closable and its closure is given by
A:D(A) — 12, € AL, where (48)

D(A) = {5 e ?:3(EM)en, C oo : Jim R = ¢ A Jim Ag®) exists}

and A¢ = lim Ag®),

According to [1, Theorem 2.3.], the following statements hold true.
If z9 € Q(A) =R\o(A) then
o Pic(@0)
su = < 00. 51
T N (r0) + p2.1 (a0) oy
Provided A is bounded, also the converse is true.

Note that the assumptions made at the beginning of Sect. 2 imply the
boundedness of (A, )nen, and (5y)nen,. One can show that the boundedness
of (A\n)nen, and (Bn)nen, imply that A is a bounded operator.

The relationship with our result can be derived from

ZZ:opi(xo)
A2 (P2 (20) + i1 (%0))
Pa(x0) + pp 1 (o) Do Pi(0)

3 (2o) A2 (P2 (x0) + pp iy (w0))
_ ZZ:()pz(xo) o ZZ:opi(wo) _ H,

: - -
222 (w0) YuPa(T0)  Ynhn

(Qny1 +7m)

= Qn41

(52)

and sign oy, 41 = signy,.
In [1] there is no formula of the inverse as in Theorem 2.2 but there is
no restriction g € R\N.
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