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Abstract

In the present analysis, we have discussed the mixed convective of flow over an exponential sheet in presence of induced
magnetic field and surface roughness. The effects of hall current and chemical reaction on flow are also considered. The
non-Newtonian model behavior is characterized by Casson nanofluid. The similarity transformations are employed for the
transformation of partial differential equations into non-dimensional form and obtained equations are solved by employ-
ing the Differential transformation method (DTM). Further, the importance of various parameters on various profiles and
gradients are explored graphically with some suitable discussion. At the wall, the small (@) and frequency (n) parameters
influence on gradients are illustrated.
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X,y Cartesian coordinates U, Wall velocity
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u, w Velocity components H, Magnetic diffusivity
B = Boei The magnetic field term T, Ambient temperature of the fluid
f. g Dimensionless axial and transvers velocity Uy Reference velocity
C Nanoparticle volume concentration H,, H, Components of induced magnetic field
T Temperature of the fluid Nt Thermophoresis parameter
C, ganopamg}el Vglllgle concentration at wall Greek Symbols
p ensity o1 the fiut ) a’ Thermal diffusivity
g* Acceleration due to gravity .
> v Stream function
B, The constant magnetic field . . S .
. . n Dimensionless similarity variable
Nb Brownian motion parameter . .
. 0 Dimensionless temperature

T Temperature of the fluid at wall . . .

w . . . [0) Dimensionless nanoparticle volume
Dy Brownian diffusion coefficient .
S Schmidt b concentration

¢ ehmictnumber. ) br The fluid’s volumetric thermal expansion
Dy Thermophoretic diffusion coefficient .
c Ambient icle vol fracti coefficient

©0 fmbient nanoparticie volume traction Be Volumetric solutal expansion coefficient
N Buoyancy ratio . . .

v Kinematic viscosity
I3 Non-dimensional variable

<1 Asha S. Kotnurkar
ashask @kud.ac.in

Department of Mathematics, Karnatak University, Dharwad,

Karnataka 58000, India

Department of Studies in Mathematics, Karnatak University,

Dharwad 580003, India

@ Springer


http://orcid.org/0000-0001-6755-7629
http://crossmark.crossref.org/dialog/?doi=10.1007/s43994-023-00068-z&domain=pdf

Journal of Umm Al-Qura University for Applied Sciences (2023) 9:572-590

573

1 Introduction

A generalized word for the small irregularities in the sur-
face texture of different materials that are frequently cre-
ated during production is surface roughness. This inquiry
is especially important because of how surface roughness
affects the rates of heat and mass transfer between both
the fluid and the surrounding surface. Several scientific
and technological fields use surface roughness, including
heat transfer devices, electronic cooling methods, and heat
transfer exchangers [1-3]. Numerous researchers have con-
ducted extensive research on the influence of roughnesson
flows closer to the surface. By examining the changes in
heat transfer rates, Smith and Epstein [4] and Kemeny and
Cyphers [5] have conducted research on rough surfaces. Sur-
face roughness has been examined by Owen and Thompson
[6] using horseshoe-shaped vortices. Furthermore, Dipprey
and Sabersky [7] examined how transverse slots affected the
flow of fluid. How unnatural roughness influence on heat
and motion transfer changes has been studied by Savage
and Myers [8]. Townes and Sabersky [9] and Dawson and
Trass [10], respectively, explored how surface roughness
affected turbulent flow and mass transfer rates. Kandlikar
et al. [11] continued the investigation on surface roughness,
and their analysis was primarily oriented on fluid flow over
small diameter tubes. AbuNada et al. [12] and Sheremet
et al. [13] have recently investigated the role of wavy sur-
faces in improving the efficiency of different transport rates.
Additionally, Salimpour et al. [14] focused on the impacts of
surface roughness in their study on nanofluid pool boiling.

Keller and Magyari [15] were the first to propose the
concept of fluid flow over an exponential sheet. They gave
information about the properties of mass and heat trans-
portation as well as numerical solutions over an exponen-
tially sheet. The concept of boundary layer flow caused by
exponential sheet is an important consideration in indus-
tries and engineering fields such as plastic paper manu-
facturing, and thinning and annealing of copper wire. The
stretched velocity is not always linear, meaning that the
stretching fluid’s velocity may be nonlinear or exponential.
Srinivasacharya and Jagadeeshwar [16] have investigated
the flow with hall current effect over an exponentially
sheet. The influence of hall currents over an exponential
sheet has been studied by Sarojamma et al. [17]. Recently,
Asjad et al. [18], Muhammad et al. [19] and Prasannaku-
mara [20] have analyzed the effects of chemical reaction
on MHD nanofluid flow due to exponential sheet and the
effects of Hall current on nanofluid flow over an exponen-
tially sheet respectively.

When working fluid’s magnetic Reynolds number is so
small, significance of the induced magnetic field is typi-
cally ignored in technical and industrial uses. When the

magnetic Reynolds number > 1, the impact of the induced
magnetic field is actually most noticeable. The investi-
gation of the induced magnetic field becomes important
because of its numerous applications in science and the real
world, including the production of glass, nuclear reactors,
MHD energy generation systems, and so on. The impact
of an induced magnetic field on the flow and heat transfer
has received very little consideration to date. For instance,
Kumari et al. [21] studied the MHD flow and heat transfer
under the influence of an induced magnetic field. Recent
investigations on induced magnetic field with various
geometries are made by Amir Abbas et al. [22], Sahoo and
Nandkeolyar [23], and Singh and Vishwanath [24].

The normal conductivity of the magnetic field is deduced
to the free spiraling of electrons and ions around the magnetic
lines force before colliding when the fluid is an ionised gas
and the applied magnetic field is large. At this moment, the
magnetic and electric fields both generate a current in a normal
path. This process is called Hall effect. In a rarefied medium
or a strong magnetic field, the impact of Hall current cannot
be disregarded. The analysis of flows involving Hall current
has significant industrial uses in a variety of geophysical and
astrophysical situations as well as in a number of engineer-
ing challenges, including those involving Hall accelerators,
Hall effect sensors. It is crucial to examine how Hall current
affects fluid flow in the context of these uses. The first person
to describe the Hall Effect on two parallel plates in a magnetic
field was Sato [25]. Recent studies on Hall Effect are [26-28].

Due to the wide range of applications, the phenomenon
of non-Newtonian fluids is receiving a significant amount
of attention. One of the most important models that demon-
strates the properties of yield stresses among all non-Newto-
nian liquid models is Casson’s fluid flow model, which was
first proposed for the flow of non-Newtonian liquids in 1995.
The mixing of the solid and liquid phases is the foundation
of the Casson liquid model and it behaves like a solid when
yield stresses dominate shear stresses. On the other hand, it
begins to move when the yield stresses are lower than the
shear stresses. Honey, hot sauce, and blood are a few examples
of Casson liquids. This flow model finds use in the treatment
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of cancer. Nandkeolyar and Prashu [29] have investigated the
flow of a Casson fluid. Reddy Konda et al. [30] have studied
the mixed convection flow of Casson nanofluid on a nonlin-
ear sheet. Whereas, Prabhakar et al. [31] have discussed the
chemical reaction on Casson nanofluid over an exponentially
sheet. Numerical solutions of the Casson nanofluid on sheet
with porous medium are discussed by Ahmed et al. [32]. Very
recently, Suresh Kumar et al. [33] and Sinha et al. [34] inves-
tigated the MHD Casson nanofluid flow with various effects.

The net influence of all the previously mentioned factors
have not even been tried to be taken into account in any of the
above mentioned analyses. The investigation’s main original-
ity and area of interest is how exponential stretching sheets
are affected by the Casson nanofluid mixed convective flow
under the influence of surface roughness, induced magnetic
field, hall current, and chemical reaction. The production of
polymer sheets is relevant to the current mathematical model-
ling. Additionally, these sheets that emerge from the slit during
manufacture might not be completely smooth and might have
some surface roughness. Such roughness is thought to be mod-
elled by a sine wave form in terms of @ and n. Thus, the results
of the current analysis are of interest to the design engineers
in the polymer industries and assist them by providing the
design parameters to control the heat and mass transport rates
that decide the ultimate quality of the manufactured product.
Here, Differential Transform Method (DTM) is used in the
present paper to solve the equations. Without the requirement
for an initial guess or discretization, DTM is employed to solve
nonlinear ODE problems directly and is undisturbed by discre-
tization defects [35—37]. The influences of relevant parameters
on various profiles are provided with appropriate explanation.

2 Mathematical formulation

The surface roughness of Casson nanofluid flow over an expo-
nentially stretching sheet with induced magnetic acting along
the vertical channel is shown in Fig. 1.
The governing equations are given below [19, 24, 28, 30]:
The equation for continuity:

Ju  Jv
+ _
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)
The boundary conditions are given below [15-17, 19, 24]:

u="U,= er%[l +aSin<nL—x>], v=0, w=0, H =0,

oH
—L1=H,=0,C=C,, T=T,aty=0,

dy

)
u—-0,w—-0T->T, C->C,, H - H_ asy— c.
©))

H = Hyei

Similarity transformations are:
0 = , ES 2
2 [f(n) +nf ()], T =Ty + Toe 2 (), C=Cy + Coet (1),

(10
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where y(x, y) is: " 2 Ha
Ve (14 D)8 = 2f 15+ g1 + =" (f1 = g)
= an 1 (1+m2) (13)
oy’ ox +2M [(h/)2 - Ehh/] —0,
(1 D\ gy 0" + Pr (£01 — 4£10 + NbOI ! + Ni(01)?) = 0, (14)
B
— 2HA_ (51 1 mg) + 240 + Nop) 12) ¢ + St — 41620 + Yo" =0 Is
(1+m?) O N T (15)
2 1
+2M[ W) - —hh’] =0,
() 2 yh" —hf" + " —hg' +2h'g =0. (16)
Simultaneous boundary conditions are
frin) =1+ aSin(né), f=0, g=0, =0, h=0,0=1, ¢=1 atn=0, an
fr—-0,¢g—-0, -1, 606—-0, ¢ >0 asn — .
The parameters are defined as:
“BpToL3 C *BToL UL oBjL uH;
Gr:gﬁT20 s =‘BCT0,/1=gﬁT2O ,Re:L, Ha=—0 s =—02’
DyCy 2 DT, K,L
Prz%, Nb=T B Oef, Nt=T T Oezf, Sc = L, yzﬁ ,)(=L.
a v T v Dy v U,

3 Method of solution

The reduced governing Eqs. (12)-(16) with (17) are solved
by employing DTM method. By employing DTM, we can

find the solution of the Eqs. (12)—(16) with (17):

!
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D @+ DT(g+DFU—q) =4 (g+ DF(q+ DT - g+
q=0 q=0

N

I+ DU+2TA+2)+Pry Nb Y (g+ (U — g+ DP(g+ DT - g+ 1)+

9=0

9=0

Nt Z(q+ DUI-g+ DT+ 1DT(I—-g+1)

) @n
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I+ DU+ DPU+2) +5e] 7™ + %(1 + DI+ 2T +2) =0, 22)
43 (g+ DF(q+ DPU - q)
q=0
l
U+ 2+ DU+ DHA+3) = Y (g + D(g +2DH(I - g)F(q + 2+
q=0

l 1 l (23)
Y+ DU+DHG+DF(—q)— Y (g+ DH( - g)G(g + 1) + 2<Z (g + DG — @H(q + 1)> =0.
g=0 q=0 q=0

The transformation of boundary conditions are:
F(0) =0, F(1) = 1+ aSin(n&), FQ2) =<, G(0) =0, G(1) = b,
2 (24)

HO0)=0, H1)=0, H2) = %,P(O) =1, P)=d, TO)=1, T(1)=e.

Differential transform of f(1),2(#),0(&),¢(n) and h(n)
are F(),G(D),T(D),P(l) and H(I), also with the help of (17),
we can find constants a, b, ¢ and e. By utilizing (24) and
Egs. (19)-(23), we get the closed form of solution.

4 Result and discussion

The findings are detailed in Figs. 2, 3,4, 5, 6,7, 8,9, 10, and
11 and displayed to show the features of the problem. The
impact of the induced magnetic parameter M on the veloci-
ties, temperature, concentration, and induced magnetic pro-
files is shown in Figs. 2a, 3b, 4a, 5a, and 6a, respectively. As
the values of M increases the axial velocity (f/(#)) profile
in Fig. 2a increases, but it resists the transverse velocity
(g(m)) in Fig. 3b. Physically, the induced magnetic field
under the influence of the external magnetic field increases
the body force and acts as a drag force, accelerating the
velocity along the x-axis. The applied magnetic field also

@ Springer

generates a resistive force known as the Lorentz force, which
prohibits the g(x).In general, a greater estimate of the M,
Lorentz force results in a decrease in temperature and con-
centration. The thickness of the thermal and concentration
boundary layer decreases as a result. Hence, temperature and
concentration profiles reduce as M rises in Figs. 4a and 5a.
When the values of M grow, the thickness of the induced
magnetic field boundary layer increases in Fig. 6a. This
occurs as a result of the applied magnetic field and induced
magnetic field being in the same direction. The influence of
the Hartman number Ha on velocities, temperature, and con-
centration profiles is depicted in Figs. 2b, 3c, 4b and 5b,
respectively. According to Fig. 2b, f/(n) is decreasing as the
value Ha of rises. By applying a uniform magnetic field that
is perpendicular to the flow direction, the Lorentz force is
generated. The fluid will often move more slowly as a result
of this force. Consequently, as Ha is increased, f/(n) reduces.
As the values of Ha rises, g(n) rises in Fig. 3c. The g(n)
values significantly rise as a result of the Lorentz force,
which exerts its influence in the direction of increase in Ha
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Fig.2 a—e Variation of fr(5). a M when A=0.1,N =0.1,
m=0.1,=0.1,Ha=0.1,Nb =0.1,Pr=2,Sc = 0.5,
Nt=0.1,a =05,n=50,E =05,y =0.1, y =0.55. b Ha when
A=01,N=0.1,=0.1,m=0.1,M =0.55,Nb =0.1,y = 0.1,
a=05n=50,E=05,y=055 ¢ m when A=0.1,N=0.1,

p=0.1,Ha=0.1,M=055Nb=0.1,Pr=2,5c=0.5,Nt = 0.1,
a=05¢=05y=01,y=055n=50d A when m=0.1,
N=0.1,=0.1,Ha=0.1,M =0.55,Nb =0.1,Pr = 2,Nt = 0.1,
@«=056=05n=50,y=0.1, 7 =055 =05. ef
A=01,N=0.1,m=0.1,Ha=0.1,Nb =0.1,Pr=2,5¢c = 0.5,
a=0.5,n=50,E=05M=0.55,y =0.1,S¢c = 0.5,Nt = 0.1

when
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a=05n=50,E=05N=1,y =01,y =05Nt=0.1,M =0.5,
A=01,p=1,Ha=1,Nb=0.1,Pr=2,S¢c=10. b M when
Nt=01,A=0.1,=1,Ha=1,Nb=0.1,Pr=2,8¢ =10,y = 0.1,

values and tends to speed up fluid flow in that direction. The
thermal and concentration boundary layer thickens rises as
Ha values rise, as shown in Figs. 4b and 5b. By slowing
down the fluid's velocity and thickening the thermal and
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A=01LN=1,M=05m=1,§=1,Nb=0.1,Pr=2,5¢ =10, y = 0.5,

Sc=10,a=0.5n=50,=0.5,7 =0.1

concentration boundary layer, the magnetic field's applica-
tion produces a resistive-type force that raises the fluid’s
temperature and concentration. The impact of Hall param-
eter m on the velocities, temperature, and concentration



Fig.4 a—d

on a

M

when
A=01,N=1,m=1,Ha=1,Nb=0.1,Pr=2,y =0.1, = 1,Nt = 0.1,

Sc=10,y =0.55. b Ha when Nt=0.1, f=1, A=0.1,N=1,

m=1,M=055 Nb=0.1, Pr=2, Sc =10,y =0.1, y = 0.55.

profiles is shown in Figs. 2c, 3a, 4d, and 5c, respectively.
Figure 2c shows that as the values of m enhances, ' (1)
enhances. Higher values of m decrease the effective conduc-
tivity # which, reduces the magnetic damping force on
f1(n) and this reduction results in an assisting effect on f/(#).

In Fig. 3a, as the values of m enhances the transverse flow

when A1=01,N=1,m=1, M=055 Nb=0.1, Pr=2, Sc =10,y = 0.1

Ha=1,y=055Nt=01. d m when A=0.1,N=1,y=0.55,

M =0.55Nb=0.1,Pr=2,5¢=10,y =0.1,Ha=1,Nt=0.1, =1

first enhances gradually with m, reaches a greatest profile

and then diminishes. This is due to the fact that for larger
values of m, the term !

po; becomes very small and hence
m

resistive effect of the magnetic field is diminished. It is seen
from Figs. 4d and 5c that both temperature and nanoparticle

volume fraction profiles decrease with increasing m. This is
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Fig.5 a—e Variation of ¢(#) on
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due to the fact that an increase in m decreases the effective

(2

conductivity T
n

and hence the magnetic damping

decreases which in turn decreases 6(#), and ¢(#).The effect
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of Casson fluid parameter f on the axil velocity, temperature,
and concentration profiles is shown in Figs. 2e, 4c, and Se,
respectively. In Fig. 2e, it can be seen that by increasing f,
axil velocity has decreased. Physically, increase in f causes
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increase in fluid viscosity, so it is obvious that the higher
viscosity results in lower velocity. Also, in Figs. 4c and Se,
it is also observed that the same increase in viscosity has led
to an increase in nanofluid temperature and concentrations
profiles, respectively. Figure 2d analyses the impact of the
mixed convection parameter A on f/(#). It is evident that the
dominance of buoyant forces over viscous forces is causing
the momentum boundary layer thickness and f/(y) to rise.
Fig. 5d shows that as the values of chemical reaction param-
eter y rises,(n) diminishes. It is true because the higher
values of chemical reaction make fall in the chemical molec-
ular diffusivity. Fig. 6b shows that as magnetic Prandtl num-
ber y rises, induced magnetic profile (h/(n)) rises. As y
grows, the magnetic diffusivity declines, which causes the
resistive forces to decrease. As a result, the 4/(5) increases
with higher y.

The variations of the skin-friction coefficient Re> C; along

& are shown in Figs. 7a—c and 8a—c for various values of small
parameter @ (=0, 0.03, 0.05, and 0.1) and frequency param-
eter n (n=10, 15, and 20) respectively, for the non-existence
and existence of nanoparticles. In particular, the enhancement
in a and n considerably enhances the resistance between the
wall and fluid particles in Fig. 7a—c, in the absence of nano-
particles. The stretching wall has a greater number of cavities

Nt=01m=15p=1,N=1,M=05,1=0.1,Ha=0.1,
Pr=2,y=05,5=10, Nb =0.1,n =50,a¢ = 0.5, = 0.5,Ha = 0.1

that may be seen in greater depth due to rising of @ and n val-
ues. Hence, skin-friction coefficient enhances with values of

« and n.The same influences of « and 7 on Re> C; can be seen
in the Fig. 8a—c, when nanoparticles are present. The effects
of n (n=50, 75, 100) and @ (¢=0, 0.01, 0.1, 0.2, 0.3, 0.4, 0.5)
on the wall heat transfer rate (Re_%Nu) along & are shown in
Figs. 9a—g and 10a—f, respectively, for the non-existence and
existence of nanoparticles. In particular, in Fig. 9a—g, the heat
transfer rate shows the sinusoidal changes in the occurrence of
surface roughness, which increase with the rise in the values of
a and n. Heat is transferred from the heated area to the cold one
more easily in cavities with more depth. Figure 10a—f show
that the presence of nanoparticles causes the heat transfer rate
to rise in the direction of the origin, achieve a maximum value,
then drop in the opposite direction for larger values of « and n.
When nanoparticles are introduced to a fluid, they first collect
on a stretched wall, speeding up the rate of heat transfer. Once
they have enough energy, they move away from the heated
wall after a particular period of time. The heat transfer rate
decreases considerably as a result of this. Further, the surface
roughness effects are more prominent for a > 0.5, which can
be seen in the Figs. 9a—g and 10a—f. The effects of n (n=>50,
75, 100) and a (=0, 0.01, 0.1, 0.2, 0.3, 0.4, 0.5) on the nano-

particle mass transfer rate (Re_%NSh) along & are shown in
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Fig. 11a-h. As values of a and n rise, the magnitude and num-

1
ber of sinusoidal changes in Re™ 2 NSh rise, respectively. The
wall with a larger surface area and those changes in the mass
transfer rate are shown by the greater values of a and n.

5 Conclusions

The current work examines the mixed convective Casson
nanofluid flow along an exponential sheet in presence of
induced magnetic field, surface roughness, hall current
and chemical reaction. The key observations are provided
below.

e As values of M enhances, same behavior can be seen
in both velocities and induced magnetic profiles but
reverse trend can be observed in temperature, volume
fraction profiles.

e As values of Ha enhances, same behavior can be seen
in the g(n), (), and ¢(n) profiles, but reverse nature
can be seen in f/(n) profile.

e As values m enhances, both velocity profiles enhances,
but reverse nature can be observed in temperature pro-
file.

e The ambient base fluid’s nanoparticles increase friction
close to the wall and slow the rate at which heat is trans-
ferred from the warm wall to the cool ambient fluid.

e When nanoparticles are introduced to the base fluid,

Re_%Nu is reduced by around 88% in both smooth
(a = 0) and rough (@ = 0.5) surface situations at & = 1.
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