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and nuclear clusters: how is a chart of nuclides 
modified in dilute neutron matter?
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Abstract 

Neutron star observations, as well as experiments on neutron-rich nuclei, used to motivate one to look at degener-
ate nuclear matter from its extreme, namely, pure neutron matter. As an important next step, impurities and clusters 
in dilute neutron matter have attracted special attention. In this paper, we review in-medium properties of these 
objects on the basis of the physics of polarons, which have been recently realized in ultracold atomic experiments. We 
discuss how such atomic and nuclear systems are related to each other in terms of polarons. In addition to the inter-
disciplinary understanding of in-medium nuclear clusters, it is shown that the quasiparticle energy of a single pro-
ton in neutron matter is associated with the symmetry energy, implying a novel route toward the nuclear equation 
of state from the neutron-rich side.

Keywords Polaron, Nuclear cluster, Ultracold atoms, Neutron star

1 Introduction
Low-temperature condensed matter physics burst into 
blossom in the early twentieth century when metallic 
superconductivity and helium superfluidity were dis-
covered. Microscopically, the mechanism of superfluid 
helium II is still elusive, but the advent of the Bardeen-
Cooper-Schrieffer (BCS) theory of superconductivity [1] 
and Landau’s theory of normal Fermi liquids [2] in 1950s 
has led to the elucidation of the microscopic properties of 

various Fermi degenerate systems such as atomic nuclei 
and trapped cold Fermi atoms. These systems are char-
acterized by multiple degrees of freedom, while interac-
tions between the constituent particles could give rise to 
order-disorder phase transitions, which might be accom-
panied by condensation of particle-particle and particle-
hole pairs.

In the presence of such multiple degrees of freedom, 
we often encounter a situation in which the number of 
particles with a given state is far larger than that with 
another. This kind of population imbalance could go 
to extremes where only a single minority particle, i.e., 
an impurity, is present in a system of majority parti-
cles, i.e., a medium. When the impurity interacts with 
the medium but remains to be localized, the impurity 
behaves as a quasiparticle, of which the difference from 
a free particle in the energy dispersion contains informa-
tion about the state of the medium through dressing of 
the impurity by quantum fluctuations therein. This kind 
of situation reminds us of a polaron picture proposed 
by Landau and Pekar [3, 4] for the microscopic descrip-
tion of a mobile electron in an ionic lattice in terms of a 
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quasiparticle dressed by a cloud of phonons. It is known 
that polaron effects on carriers play an important role in 
high-temperature superconductors [5]. Also, the polaron 
physics has been quantitatively examined in ultracold 
atomic gases, whose physical parameters are experi-
mentally tunable. One of the most notable properties 
is the tunable interaction associated with a Feshbach 
resonance  [6]. Because of the mixing process between 
a scattering state of minority and majority atoms with 
different hyperfine states and a two-body bound state 
of the same pair of atoms, one can control the strength 
of the interatomic interaction by applying an external 
magnetic field to change the energy difference between 
those hyperfine states. Such a technique enables us to 
investigate experimentally the interaction dependence 
of the polaron properties in a systematic manner [7–21] 
(for review, see, e.g., Refs.  [22–26]). Furthermore, as in 
the case of population-balanced superfluids in which 
an interaction-induced crossover from the weakly cou-
pled BCS state to the Bose-Einstein condensate (BEC) 
of tightly bound molecules has been studied exten-
sively  [27–31], an interaction-induced transition or 
crossover from attractive polarons to dressed molecular 
clusters in population-imbalanced quantum gases has 
been of interest in the field of cold atoms  [32]. In this 
way, one can examine the polaron physics in various 
extreme conditions that cannot be realized in condensed 
matter systems.

It is thus natural to apply the polaron physics to nuclear 
systems (e.g., atomic nuclei and neutron stars) in which, 
in addition to multiple degrees of freedom associated 
with spin, isospin, strangeness, etc., a liquid-gas phase 
transition in nuclear matter, i.e., a system of neutrons and 
protons, and an adsorption of neutrons at the liquid-gas 
interface are involved [33]. Basically, atomic nuclei are 
quantum droplets of a liquid phase, which is induced by 
strong attraction responsible for the formation of deuter-
ons and is characterized by a well-balanced neutron-pro-
ton mixture of a total number density close to the normal 
nuclear density, ρ0 ≈ 0.16 fm−3 ; each of the two compo-
nents is in a BCS superfluid state induced by an attractive 
central force in an isovector and spin-singlet channel at 
sufficiently low temperatures [34].

Let us now consider neutron star matter, namely, the 
ground state of nuclear matter that is β equilibrated and 
neutralized by electrons [35]. Well below ρ0 , the liquid 
phase corresponds to 56 Fe nuclei, which are surrounded 
by a gas phase or, equivalently, the vacuum. With increas-
ing density, the nuclei in equilibrium become more and 
more neutron-rich in such a way as to lower the elec-
tron chemical potential, and eventually the gas phase is 
filled with dripped neutrons out of the liquid phase. Just 
below ρ0 , the system dissolves into uniform matter where 

the proton fraction can be as low as a few percent. At 
even higher densities, the system may contain hyperons. 
At these situations, which are encountered in neutron 
stars, protons and hyperons can be regarded as impu-
rities in degenerate neutron matter  [36–40]. At finite 
temperatures, the system below ρ0 is in nuclear statisti-
cal equilibrium, i.e., composed of various kinds of nuclei 
according to the Boltzmann factor [41]. Then, the system 
contains impurity-like light clusters such as alpha par-
ticles, 3He  nuclei, and tritons in extremely neutron-rich 
environments, which are relevant to binary neutron-star 
mergers  [42]. Heavy nuclei present are sufficiently neu-
tron-rich to have a neutron skin region in which neutrons 
adsorb onto the nuclear surface, i.e., the liquid-gas inter-
face. This specific region may also contain light clusters 
even at zero temperature; in recent experiments of heavy 
neutron-rich nuclei such as stable tin isotopes, the emer-
gence of impurity-like alpha clusters near the surface has 
been revealed [43]. We remark that the system in stellar 
collapse is similar to that in binary neutron star mergers, 
but is more proton-rich in the liquid phase because of 
neutrinos trapped in supernova cores and hence is more 
dilute and less degenerate in the gas phase  [44]. These 
nuclear impurity problems are challenging because impu-
rity dressing and clustering by the neutron medium can-
not be addressed by conventional mean-field approaches.

The advantage of the polaronic approach to such 
impurity problems is its interdisciplinary nature 
that can be described by such quantities as the Fermi 
momentum of the medium and the scattering length 
between the impurity and the medium particle, but is 
almost independent of the microscopic details of the 
medium. Since theoretically predicted polaron proper-
ties can be tested via the comparison with cold atomic 
experiments, from such well-tested predictions and, 
if necessary, their modifications, e.g., from a nonzero 
effective range of the impurity-medium interaction, one 
can examine polaronic effects in astrophysical condi-
tions that are not accessible from nuclear experiments.

In this article, we review such intersections between 
ultracold atomic and nuclear impurity problems. The 
first question we would like to address here is how the 
many-body physics associated with polaron formation is 
visible in ultracold atomic experiments with various set-
tings where statistics of medium atoms and interspecies 
interactions can be controlled. Second, we present the-
oretical studies of nuclear impurity problems that are 
based on the polaron picture reinforced by the recent 
ultracold atomic experiments. In particular, we focus on 
an alpha particle and a proton immersed in dilute neu-
tron matter, which are analogous to ultracold atomic 
polarons and are relevant both in astrophysical environ-
ments [42, 45, 46] and in nuclear experiments [43].
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This article is organized as follows. In Section  2, we 
first overview the recent development of ultracold atomic 
polarons. Two classes of polarons, that is, Fermi and 
Bose polarons, are reviewed. In addition, we mention a 
P-wave Feshbach resonance, which is associated with 
neutron-alpha scattering discussed in the next section. 
In Section  3, based on the notion of ultracold atomic 
polarons, we argue how the chart of nuclides, which 
normally depicts all known bound nuclides in vacuum, 
can be modified in dilute neutron matter. In particu-
lar, we pick up polaronic alpha particles and protons as 
important examples. After introducing the basic setting 
of polaronic alpha particles, we discuss the possible for-
mation of in-medium two- and three-alpha bound states 
due to polaronic effects. Also, we show how the polaronic 
proton energy is related to the nuclear symmetry energy 
and then how clustering of polaronic protons occurs in 
neutron-rich matter. In Section 4, we give a conclusion.

2  Ultracold atomic polarons
In this section, we review recent progress in the polaron 
problems involving ultracold atomic gases. We take 
the system volume V to be unity and � = kB = 1 for 

convenience. While the polaron picture was originally 
applied to an electron moving in an ionic lattice as shown 
in Fig.  1, ultracold atomic polarons are realized by pre-
paring a two-component mixture with large population 
imbalance. Generally, such a system can be described by 
the Hamiltonian,

where εk ,i and εk ,m are the kinetic energies of atoms 
with different hyperfine states denoted by the labels “i” 
and “m,” respectively, and with momentum k , which is a 
quantum number since we focus on a homogeneous sys-
tem. c(†)k ,i and c(†)k ,m are the annihilation (creation) opera-
tors of atomic species “i” and “m,” respectively. The third 
and fourth terms in Eq.  (1) represent the intra-species 
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†
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†
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Fig. 1 Schematics of polarons in condensed matter and in cold atom systems. a An electron moving in the lattice of atomic ions. b An attractive 
Fermi polaron. c A repulsive Fermi polaron. d An attractive Bose polaron. e A repulsive Bose polaron (see the text for more details)
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interaction where the coupling strengths Uii(k , k
′) and 

Umm(k , k
′) do not depend on the two-particle center-of-

mass momentum P because of the translational invari-
ance. The inter-species interaction given by the last term 
in Eq. (1) plays a crucial role in determining the polaron 
properties. Again, its coupling strength Uim(k , k

′) does 
not depend on P.

The number density of each component reads

where �· · · � denotes the equilibrium average. Hereafter, 
the “i”- and “m”-components are regarded as impurity 
(minority) and medium (majority) atoms, respectively. 
In other words, we consider the case in which ρi ≪ ρm . 
While a single impurity is usually considered in theory, 
in actual experiments, the minority component may 
well have a macroscopic number Ni ≫ 1 . We note that 
the atomic number is associated with the density as 
Ni,m = ρi,mV.

In cold atomic systems, polaronic excitations can be 
probed via radio-frequency (RF) spectroscopy  [47]. 
There are mainly two kinds of RF responses called the 
injection-type [26]

and the ejection-type

where εk ,ref. is the kinetic energy of the reference state 
with a different hyperfine state, f(x) is the distribution 
function, �R is the Rabi coupling, and ω is the RF fre-
quency. Here we ignore initial and final state interactions 
for the injection and ejection RF spectroscopies, respec-
tively. In this way, the impurity spectral function Ai(k ,ω) 
can be probed via the RF spectroscopy. Ai(k ,ω) gives 
information on the polaronic excitation. For uniform sys-
tems with εk ,i = k2/2M where M is the mass of an impu-
rity atom, the retarded propagator of a polaron with a 
positive infinitesimal δ is given by

(2)ρi =
∑

k

�c†k ,ick ,i�,

(3)ρm =
∑

k

�c†k ,mck ,m�,

(4)Iin(ω) = 2π�2
R

∑

k

f (εk ,ref.)Ai(k , εk ,i + ω),

(5)Iej(ω) = 2π�2
R

∑

k

f (εk ,i − ω)Ai(k , εk ,i − ω),

(6)

Gi(k ,ω) =
1

ω + iδ − εk ,i −�i(k ,ω)

≃
Z

ω + iδ − k2

2M∗ − EP + iŴ/2
,

where the polaron energy EP , the polaron residue Z, the 
decay rate Ŵ , and the effective mass M∗ can be extracted 
from the impurity self-energy �i(k ,ω) as

These quantities can be extracted from the RF spectra 
through the relation Ai(k ,ω) = − 1

π
ImGi(k ,ω).

At zero temperature ( T = 0 ), EP is directly related 
to the thermodynamic quantities such as the impurity 
chemical potential µi and the internal energy density E. 
Since EP and µi =

∂E
∂ρi

 are defined as the energy change 
induced by adding an impurity to the system, µi is equiv-
alent to EP at T = 0 . In the limit of ρi/ρm → 0 , therefore, 
one can write

where Em is the ground-state energy density of a pure 
system without impurities. In this way, one can see a 
clear relation between the thermodynamic quantities and 
the polaron properties at certain conditions.

Ultracold atomic polarons are known to have dif-
ferent single-particle properties in a manner that is 
dependent on the quantum statistics of the major-
ity component. Accordingly, there are two classes as 
depicted in Fig. 1. A Fermi (Bose) polaron corresponds 
to an impurity atom immersed in a degenerate Fermi 
(Bose) atomic gas; for further clarity, “attractive” 
or “repulsive” is often used to classify the sign of the 
impurity-medium interaction Uim.

2.1  Fermi polarons
We start with a Fermi polaron, i.e., the operator c(†)k ,m of the 
majority component obeys the anti-commutation rela-
tions {ck ,m, c†k ′,m} = δk ,k ′ , {ck ,m, ck ′,m} = {c†k ,m, c

†
k ′,m

} = 0 . 
Note that the impurity operator c(†)k ,i can be either fermi-
onic or bosonic. This difference is not important in the 
single-impurity limit ( ρi/ρm → 0 ), but as the number 
of impurities increases, it becomes significant as the 
medium-induced polaron-polaron interaction generally 
depends on the quantum statistics of impurities even for 
a pair of different internal states.

(7)EP = Re�i(0,EP),

(8)Z =

[
1− Re

(
∂�i(0,ω)

∂ω

)

ω=EP

]−1

,

(9)
M

M∗
= Z

[
1+MRe

(
∂2�i(k ,EP)

∂k2

)

k=0

]
,

(10)Ŵ = −2ZIm�i(0,EP).

(11)E ≃ Em + EPρi,
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Experimentally, as explained in the introduction, the 
impurity-medium interaction is controlled by Feshbach 
resonances  [6]. In particular, the polaron systems with 
the tunable S-wave interaction have been studied exten-
sively. In such a case, the impurity-medium interaction 
can be characterized by the S-wave scattering length aim 
and effective range rim , which help to connect between 
the ultracold atomic and nuclear impurity problems as 
will be seen later. The relation between the low-energy 
constants of the S-wave channel and Uim(k , k

′) is given by

where M−1
r = M−1 +M−1

m  is the reduced mass with 
the mass of a medium atom Mm , and Tim(k , k

′;ω) is the 
impurity-medium two-body T-matrix [31] that satisfies

Near a broad S-wave Feshbach resonance where 
aim becomes extremely large in magnitude, rim can be 
assumed to be zero (note, however, that rim is gener-
ally non-negligible in nuclear impurity problems as 
we will see). While the case of the attractive impurity-
bath interaction is called “attractive Fermi polarons,” 
the repulsive case is called “repulsive Fermi polarons” 
[22–26]. For atomic Fermi gases with population imbal-
ance, Umm(k , k

′) is usually negligible because the major-
ity component consists of fermions in the same hyperfine 
state and hence has the low-energy S-wave scattering 
suppressed by the Pauli-blocking effect. The effect of 
Uii(k , k

′) is also negligible basically when the impurity 
density is sufficiently small. Anyway, Feshbach reso-
nances are used for enhancing Uim(k , k

′) alone, while 
Umm(k , k

′) and Uii(k , k
′) remain off-resonant residual 

interactions (except for the presence of the overlapped 
Feshbach resonances). In nuclear impurity problems, 
however, we remark that Uii(k , k

′) can play a crucial role 
as will be shown in Section 3.

At negative aim , an attractive Fermi polaron, whose 
quasiparticle properties such as the polaron energy, the 
decay width, the residue, and the effective mass have 
been measured experimentally  [7, 15], is quite stable. 
Such stability is maintained even around the unitary 
limit ( aim → −∞ ). If the attractive interaction is suffi-
ciently strong to go beyond the unitary limit, i.e., a−1

im  
goes above zero, a dressed molecular state of an impu-
rity atom and a medium atom can be more stable than 
the attractive polaron. This structural change, which 
is called a polaron-to-molecule transition or crosso-
ver  [48], is expected to occur at kFaim ≃ 1 , where kF 
is the Fermi momentum of the medium. While it was 

(12)
−

1

aim
+

1

2
rimk

2 − ik + O(k3) = −
2π

Mr

[Tim(k , k; k
2/2Mr)]

−1
,

(13)Tim(k , k
′;ω) = Uim(k , k

′)+
∑

p

Uim(k ,p)Tim(p, k
′;ω)

ω + iδ − p2/2Mr

.

originally predicted as a first-order phase transition at 
T = 0  [48] and numerically confirmed by the diagram-
matic Monte Carlo method  [49, 50], recent experi-
ments indicate that such a transition becomes a smooth 
crossover under the influence of non-zero temperature 
and impurity densities [32].

Theoretical studies on the Fermi polaron problems 
have gone across different spatial dimensions, while 
having made full use of various calculation methodolo-
gies. Typically, such studies are based on the variational 
approach developed by Chevy  [51], the diagrammatic 
approach involving the in-medium T-matrix  [52–60], 
the renormalization group [61–64], the diffusion Monte 
Carlo method [65–67], the diagrammatic Monte Carlo 
method  [49, 68–71], and the lattice action  [72–74]. 
The obtained results for the quasiparticle properties of 
Fermi polarons are known to fairly well reproduce the 
available experimental results [26].

In the case of attractive Fermi polarons in which impu-
rities are fermions embedded in a three-dimensional 
medium, the ground-state energy density of the whole 
system can be expanded in a series of ρi/ρm with the 
coefficients determined by the polaron properties as [65]

where EFG = 3
5ρmEF and EF are the ground-state energy 

density and the Fermi energy, respectively, of the major-
ity Fermi gas. The first two terms in Eq.  (14) just corre-
spond to Eq. (11), the form of which holds for whatever 
statistics majority and minority atoms obey, while the 
term proportional to M/M∗ originates from the Fermi 
degeneracy of impurity atoms and thus would be absent 
for bosonic impurities. The energy and effective mass of 
an attractive Fermi polaron can be deduced from obser-
vations of the lowest compression mode of the system 
in the unitary limit [8, 75]; the corresponding eigen-fre-
quency is given by

where ω is the trap frequency along the direction of the 
resultant dipole oscillation of the two components. Such 
a collective mode is similar to giant dipole resonances in 
neutron-rich nuclei  [76] where protons can be regarded 
as impurities.

2.2  Bose polarons
Let us now turn to a Bose polaron, i.e., an impurity atom 
immersed in an atomic BEC (see also Fig.  1). As in the 
case of Fermi polarons, both attractive and repulsive 

(14)E = EFG

[
1+

5

3

EP

EF

(
ρi

ρm

)
+

M

M∗

(
ρi

ρm

) 5
3

+ · · ·

]
,

(15)ω∗ = ω

√(
1−

EP

EF

)
M

M∗
,
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Bose polarons have been studied extensively [13, 14, 20, 
21]. Interestingly, various non-trivial phenomena such 
as collective mode excitations and few-body clustering 
are involved in Bose polarons. Several theoretical meth-
ods including variational and diagrammatic approaches 
have been exploited to understand such Bose polaron 
physics  [77–87]. In particular, possible formation of 
two-impurity bound states and bipolarons with the 
help of phonon-mediated interactions has been studied 
theoretically [88–93].

In this article, we do not go into details about applica-
tions of the Bose-polaron picture to nuclear physics. A pos-
sible candidate would be a nucleon immersed in a cloud of 
mesons  [94–96]. Another would be an impurity in dilute 
alpha matter where each alpha particle, if stable, could be 
regarded as a building block. Theoretical study on such Bose 
polarons in alpha matter will be reported elsewhere.

2.3  P‑wave resonance
In Section  2.1, we confine ourselves to cold atomic 
Fermi polarons formed by the S-wave impurity-medium 
interaction. This is reasonable given experimental reali-
zations in which a trapped gas of the majority atoms is 
sufficiently dilute for the interparticle spacing to be far 
larger than the effective range of the interaction. In prin-
ciple, however, P-wave Feshbach resonances can be used 
for controlling the impurity-medium interaction. So far, 
there have been only a few theoretical studies on the 
resultant P-wave Fermi polarons [97, 98].

Here we present a basic theoretical model for the 
P-wave resonance, which is relevant to not only cold 
atomic but also nuclear polaron problems. For the 
P-wave Feshbach resonance, instead of the single-chan-
nel model used in Eq.  (1), it is convenient to start from 
the so-called two-channel model in which the impurity-
medium interaction can be written as [99]

where C(†)
P,L,Lz

 is the annihilation (creation) operator of a 
closed-channel Feshbach molecule with momentum P , 
orbital angular-momentum quantum number L, and its 
z-component Lz . For simplicity, we ignore off-resonant 
background interactions. Moreover, we need to consider 
the kinetic term of closed-channel Feshbach molecules 
given by [99]

where εP,FM is the kinetic energy of a closed-channel 
Feshbach molecule of momentum P . For the P-wave 

(16)HFR =
∑

k ,P,L,Lz

(
gkC

†
P,L,Lz

ck+P/2,mc−k+P/2,i + g∗k c
†
k+P/2,mc

†
−k+P/2,iCP,L,Lz

)
,

(17)HFM =
∑

P,L,Lz

(
εP,FM + νL,Lz

)
C†
P,L,Lz

CP,L,Lz ,

channel, i.e., L = 1 , the Feshbach coupling can be ani-
sotropic as gk ∝ Y 1

Lz
(k̂) , where Y 1

Lz
(k̂) is the spherical 

harmonics with Lz = 0,±1 . The form of gk can be deter-
mined in such a way as to reproduce the low k behavior 
of the P-wave phase shift δP(k) as given by

where vP and rP are the P-wave scattering volume and 
“effective range,” respectively.

In Ref. [97], it was reported that P-wave Fermi polarons 
exhibit distinct features from the S-wave counterpart; in a 
magnetic field, there appears a third polaron branch in the 
excitation spectrum, in addition to the usual attractive and 
repulsive ones, which in turn exhibit an anisotropic dis-
persion of the impurity characterized by different effective 
masses perpendicular and parallel to the magnetic field. 
However, there remain intriguing similarities between the 
P-wave and S-wave cases. The characteristics of the P-wave 
polaron-to-molecule transition are theoretically found to 
be similar to the case near a narrow S-wave Feshbach reso-
nance [12, 100]. In Ref. [98], the same kind of transition was 
considered for an impurity interacting with a one-dimen-
sional majority Fermi gas via a narrow P-wave Feshbach 
resonance. Interestingly, P-wave resonant scattering in one 
dimension has a close similarity with the S-wave one in 
three dimensions [101–104]. While P-wave polarons have 
not been realized in experiments, known P-wave Fesh-
bach resonances could be utilized to control the impurity-
medium P-wave interaction in future experiments.

3  Applications to nuclear impurity problems
We are now in a position to apply the polaron physics 
developed for cold atoms experimentally and theoretically 
to nuclear impurity problems. Such applications might 

be concisely summarized by drawing a chart of nuclides 
embedded in a gas of neutrons, as shown in Fig. 2. In vac-
uum, the 2He, 5He, 8 Be ground states, and the Hoyle state 
(the 2nd excited state of 12 C) are known to be unbound. 
It is, however, suggested that in a cold neutron gas, as 
encountered in neutron stars as well as neutron-rich nuclei, 
2He, 5He, 8Be, and the Hoyle state could turn into a bound 
state of two polaronic protons, i.e., a diproton, a Feshbach 
molecule of an alpha particle and a neutron, a bound state 
of two polaronic alpha particles, and a bound state of three 
polaronic alpha particles, respectively. In the following, we 
will briefly discuss how such binding could occur.

(18)k3 cot δP(k) = −
1

vP
+

1

2
rPk

2 + O(k3),
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3.1  Polaronic alpha particles
In the low-energy limit of a relative motion of a neu-
tron-alpha two-particle system, the S-wave scattering 
dominates the cross section. The empirical S-wave neu-
tron-alpha scattering length anα and effective range rnα 
are known as anα = 2.64  fm and rnα = 1.43  fm [108]. In 
this channel, repulsion is induced by the Pauli-blocking 
effect between the free neutron and two valence neutrons 
in the alpha particle. Note that the alpha particle can be 
regarded as a point-like particle throughout the scatter-
ing because of its relatively strong binding.

For an impurity alpha particle that is at rest or 
slowly moving in sufficiently dilute neutron matter 
to ensure kF rnα ≪ 1 , therefore, one may regard it as 
an S-wave repulsive Fermi polaron discussed in Sec-
tion  2.1. The quasiparticle properties of such an alpha 
particle have been investigated by allowing for a single 
neutron particle-hole pair excitation a la Chevy’s vari-
ational ansatz  [109]. The repulsive neutron-alpha inter-
action leads to a positive (but small) polaron energy, i.e., 
0 < EP < EF . This indicates that in such a polaron, the 
alpha particle repels surrounding neutrons, while the 

repulsive interaction is so weak that the alpha particle 
and the neutron medium are still miscible. This alpha 
particle has its effective mass enhanced by carrying a 
dressing cloud of neutron holes with it. Indeed, similar 
effective mass corrections have been observed for repul-
sive Fermi polarons in 6 Li atomic experiments [15].

Remarkably, this enhancement of the effective mass, 
together with the Ruderman-Kittel-Kasuya-Yosida 
(RKKY) type medium-induced interaction between 
impurities  [110–112], is crucial for the formation of 
multi-polaron bound states. The polaronic alpha particles 
can be regarded as bosonic impurities among which the 
medium-induced two-body interaction works attractively 
as is known from Landau’s Fermi liquid theory  [113]. 
In Ref.  [105], the present authors showed that unbound 
alpha clusters in vacuum can be bound states in medium 
due to such polaronic many-body effects. In particular, 
as schematically summarized in the in-medium nuclear 
chart (i.e., Fig. 2), 8Be, which is, in vacuum, an unbound 
nucleus that radiatively decays into two alpha particles, 
is found to turn into a bound state because of the neu-
tron-mediated short-range attraction between two alpha 

Fig. 2 Modified nuclear chart in the presence of a neutron gas. The light red colored nuclei (i.e., 1 H, 4He, and 2 n) are quasiparticles (polaronic 
proton and alpha particle) immersed in neutron matter and a dineutron, namely, a neutron Cooper pair. The thick red colored nuclei (i.e., 2He, 5He, 8

Be, and the 12 C Hoyle state) are known to be unbound in vacuum, but are predicted to be bound in neutron medium [105–107]
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particles as well as the increased effective mass of each 
alpha particle. Furthermore, the Hoyle state [114], which 
is essentially a resonant three alpha-particle state of 12 C 
and plays a crucial role in nucleosynthesis, is also found 
to become a bound state through the competition among 
neutron-mediated two-body attraction and three-body 
repulsion as well as the effective mass correction. These 
in-medium bound states are analogous to atomic multi-
polarons  [77]. While clear empirical evidence for the 
presence of bi- and tri-polarons has yet to be obtained in 
both atomic and nuclear fields, it would be worthwhile to 
keep the in-medium nuclear chart updated.

At higher neutron densities, the above picture of a 
neutron-alpha mixture that interacts with each other 
via the S-wave interaction becomes gradually insuffi-
cient for several reasons. The most important reason is 
that the 5 He ground-state narrow resonance, which is, 
in vacuum, known to occur in the P-wave channel of 
total angular momentum J = 3/2 , would be relevant in 
the relatively low-density regime. Given that a P-wave 
neutron-alpha interaction of some form is responsible 
for the 5 He resonance [106], one can theoretically relate 
the Jπ = 3/2− P-wave scattering amplitude and the 5 He 
resonance energy through the analogue model of the 
P-wave Feshbach resonance shown in Eqs. (16) and (17). 
Here we ignore the insignificant Jπ = 1/2− P-wave chan-
nel for simplicity. In a sufficiently dilute neutron gas, the 
5 He resonant state corresponds to the closed-channel 
Feshbach molecule described by Eq. (17) in the BCS-like 
weak coupling regime where the P-wave scattering vol-
ume is negative and hence the closed-channel molecular 
energy level is higher than the bottom of the two-body 
continuum. If the center-of-mass neutron kinetic energy 
corresponding to the Fermi energy EF of the medium (a 
neutron gas in the present case) reaches the resonance 
energy of about 0.9 MeV, this resonance can turn into a 
bound state because the decay process of the molecule to 
an alpha particle and a neutron is prohibited by the Pauli-
blocking effect. We remark that this resonance-to-bound 
transition may involve a P-wave version of polaron-to-
molecule transition near the narrow Feshbach reso-
nance [100], which can occur even at negative scattering 
volume  [97]. Indeed, for the S-wave narrow Feshbach 
resonance, it is known that the dressed molecular state 
can be stabilized against the polaron formation even for 
negative S-wave scattering length. In this case, the nega-
tive S-wave effective range plays a role. While no numeri-
cal comparison between the polaron energy and the 
in-medium 5 He energy has been performed in Ref. [106], 
it is obvious that such a transition can occur at suffi-
ciently high densities where 1/(k3FvP) becomes close to 0.

When the neutron density becomes of order 0.03 fm−3 , 
the neutron Fermi energy reaches the neutron separation 

energy of an alpha particle and hence an alpha impurity 
is difficult to bind. Such a density is close to the so-called 
Mott density ρMott at which an alpha-like cluster in bulk 
symmetric (neutron-proton equally populated) nuclear 
matter dissociates  [115, 116] just like a metal-insulator 
transition in strongly correlated electron systems. In this 
regard, we can conclude that the present approach, which 
is based on point-like alpha particles, is qualitatively valid 
at neutron densities of up to ≃ ρMott.

3.2  Polaronic protons
While, in the preceding subsection, we have discussed 
the dressing of an alpha-like multi-nucleon cluster and 
its binding with one or two others as well as with a neu-
tron in a cold neutron gas, it is interesting to consider 
how a single proton behaves in such a gas. In the dilute 
limit of the medium, the proton combines with an adja-
cent neutron to form a deuteron of binding energy of 2.2 
MeV. This deuteron, however, tends to dissociate once 
the medium density increases up to a density where EF 
reaches the deuteron binding energy. In such a case, a 
polaronic proton takes over  [107]. The transition from 
deuterons to polaronic protons is reminiscent of the 
polaron-to-molecule transition observed in the strong-
coupling regime of Fermi polarons  [32]. In neutron star 
matter, the proton fraction Yp = ρp/ρ , where ρp(n) and 
ρ = ρn + ρp are the number densities of protons (neu-
trons) and total nucleons, respectively, is basically around 
Yp = 0.01–0.1, which is sufficiently small that protons 
can be regarded as impurities in neutron matter. While 
the proton-proton interaction that has the Coulomb 
force subtracted out is almost the same as the neutron-
neutron one due to the charge symmetry of the strong 
interaction in vacuum, this is not the case in the neutron 
medium, leading to the possible occurrence of diprotons 
as we shall see.

As in the case of polaronic alpha particles, a proton 
impurity, if moving slowly, is dressed by a virtual neu-
tron particle-hole cloud and hence has its effective mass 
enhanced. This cloud, however, is induced by the strong 
neutron-proton attraction, which is a contrast to the alpha 
impurity case in which the S-wave neutron-alpha repul-
sion acts to enhance the effective mass  [109]. In addition 
to such enhancement of the effective mass, the single-par-
ticle energy, that is, the polaron energy EP , is lowered, as 
is the case with attractive Fermi polarons observed in cold 
atomic systems [7, 8, 15]. Since the nucleon-nucleon inter-
action involves a non-negligible magnitude of the effective 
range [117], the polaron energy suffers corrections due to 
the effective range in such a way as to be consistent with 
the earlier studies [67, 118, 119].

Just as the ground-state energy density of the uniform 
system containing a nonzero density of atomic Fermi 
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polarons can be expressed by Eq.  (14), one can express, 
for ρp ≪ ρn , the ground-state energy density E of uniform 
nuclear matter in which the proton charge is assumed to be 
zero as

where EPNM is the ground-state energy density of 
pure neutron matter, and M∗

p is the effective mass of 
a polaronic proton. Indeed, Eq.  (19) is consistent with 
the energy expression of uniform nuclear matter writ-
ten by Baym, Bethe, and Pethick  [35]. Most remarkably, 
they conjectured the enhancement of the effective mass 
M∗

p of an impurity proton in Ref. [35]; this enhancement 
has just recently been confirmed by microscopic calcula-
tions within the strong-coupling polaron theory based on 
cold atom physics  [107]. In contrast to the single-impu-
rity case, the so-called Landau effective mass is relevant 
for protons in uniform nuclear matter where the Fermi 
sphere of protons is formed. Even in neutron-rich nuclear 
matter at subnuclear densities as encountered in neutron 
stars, the Landau effective mass of a proton quasiparti-
cle on the Fermi surface is predicted to be smaller than 
M  [120, 121]. To clarify how the polaronic and Landau 
effective masses are connected would be an interesting 
future work.

The form of E in Eq. (19) can be compared with the well-
known expansion of the energy (per nucleon) of uniform 
nuclear matter from the isospin symmetric case ( ρn = ρp ) 
as given by [122]

where ESNM is the ground-state energy density of sym-
metric nuclear matter, S(ρ) is the symmetry energy, and 
ζ =

(
ρn−ρp

ρ

)
 is the isospin polarization. Here, the odd-

order terms with respect to ζ , which break the isospin 
symmetry, are ignored to a first good approximation. 
Also, while the terms up to ζ 2 are kept in Eq. (20) for sim-
plicity, microscopic calculations of the energy density at 
0 < ζ < 1 are mostly favorable for such simplification, 
which motivates one to use Eq. (20) at any ζ . Incidentally, 
in Ref. [35], it was generalized to the form with higher-
order terms (i.e., O(ζ 4),O(ζ 6), · · · ). By following the 
above simplification, one may rewrite Eq. (20) as

(19)E = EPNM + EPρp +
(3π2)

5
3

10π2M∗
p

ρ
5
3
p + · · ·

(20)
E

ρ
=

ESNM

ρ
+ S(ρ)ζ 2 + O(ζ 4),

(21)

E

ρ
=

ESNM + ρS(ρ)

ρ
+ S(ρ)(ζ 2 − 1)+ O(ζ 4)

=
EPNM

ρ
− 4S(ρ)Yp + O(Y 2

p ),

where EPNM = ESNM + ρS(ρ) corresponding to the limit 
of ζ → 1 in Eq. (20). In this regard, focusing on the term 
proportional to ρp/ρ , one can relate EP to S(ρ) as

which indicates that the determination of EP can be a 
new route to address the symmetry energy from a neu-
tron gas. Furthermore, S(ρ) can be expanded around 
ρ = ρ0 as [123]

where S0 ≡ S(ρ = ρ0) and L0 is called the slope param-
eter. This implies that L0 can also be extracted from the 
dependence of EP on the medium density. L0 , which char-
acterizes the stiffness of the equation of state of neutron-
rich matter, remains to be well determined, although 
various nuclear experiments have been performed to 
determine L0  [124]. The approach based on EP can 
address L0 from pure neutron matter, i.e., in the oppo-
site direction to the usual approach. Future experimental 
study on protons in the neutron skin region of neutron-
rich nuclei might give us information about polaronic 
protons.

Another interesting aspect of polaronic protons is the 
neutron-mediated proton-proton interaction leading to 
the formation of bound diprotons, i.e., 2 He nuclei, which 
are known to be unbound in vacuum (see also Fig. 2). As 
long as we can regard protons as impurities in a neutron 
gas, the neutron-proton pairing is strongly suppressed 
by the Fermi-surface mismatch between neutrons and 
protons  [125, 126]. The strong neutron-proton coupling 
is nevertheless effective at inducing a strong proton-pro-
ton attraction in addition to the in-vacuum attraction in 
the S-wave spin-singlet channel. We note that although 
the medium-induced interaction between identical fer-
mionic impurities is known to be repulsive according to 
Landau’s Fermi liquid theory [113], the medium-induced 
interaction between two polaronic protons with differ-
ent spins is not necessarily repulsive and indeed attrac-
tive in the pairing channel considered here. Such an 
additional attraction has been studied in connection 
with the medium polarization [127], which is analogous 
to the RKKY-type polaron-polaron interaction in the 
case of polaronic alpha particles (see the previous sub-
section) and cold atomic polarons. While, in a low-den-
sity neutron gas, spin fluctuations, which dominate the 
medium polarization, act to weaken the neutron-neutron 
attraction in the S-wave spin-singlet channel and hence 
decrease the neutron pairing gap [128–130], the neutron-
mediated proton-proton interaction is attractive because 

(22)S(ρ) = −
1

4
EP + O(Yp),

(23)S(ρ) ≃ S0 +
L0

3ρ0
(ρ − ρ0),
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neutron density fluctuations, which work between two 
protons with anti-parallel spins, dominate the medium 
polarization. Such an interaction, together with the 
enhanced polaron effective mass, may induce proton 
clustering in the neutron medium in the form of dipro-
tons or even heavier nuclei that are unbound in vacuum.

4  Conclusion
In this article, we have given an overview of cold atom 
quantum simulation of nuclear impurity problems, which 
has been theoretically developed by us for the past few years 
to understand the poorly known properties of extremely 
neutron-rich nuclear matter as encountered in neutron 
stars as well as in the neutron skin region of neutron-rich 
nuclei. The most important prediction is that some of the 
light nuclides unbound in vacuum can be bound in a cold 
neutron gas, as summarized in Fig.  2. This prediction is 
based on the polaron picture, which is well established for 
extremely population-imbalanced cold atoms. In the course 
of the present study, we have also found that the polaron 
energy of an impurity proton in neutron matter could give 
a novel piece of information about the dependence of the 
symmetry energy on the nucleon density, which is one of 
the main topics of research in nuclear physics.

To make better estimates of the nuclear polaronic 
properties, however, many problems remain. While we 
have discussed nuclear impurity problems by assum-
ing that the neutron medium is in a normal gas state, 
at sufficiently low temperatures, the neutron gas gener-
ally undergoes the superfluid phase transition. In this 
case, one needs to consider the effects of the neutron 
superfluidity as done in the context of ultracold Fermi 
gases [131–133]. For applications to neutron star mergers 
and supernova explosions, finite temperature effects on 
Fermi polarons as experimentally clarified for cold atomic 
impurities [16] have to be allowed for, especially for tem-
peratures of order or even higher than the neutron Fermi 
temperature. It is also interesting to see what a system of 
many polaronic protons ends up with in a neutron gas, 
a question relevant to the structure of neutron star mat-
ter at subnuclear densities where the liquid part could be 
modified by the medium-induced interaction between 
polaronic protons. Another interesting open question is 
how empirically known bound nuclei such as 9Be, which 
are considered to be composed of alpha-like clusters and 
excess neutrons, can be understood in terms of polaronic 
alpha particles. These are left for future work.
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