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Abstract

We consider a particle trapped by a generic external potential and under the influence of a quantum-thermal

Ohmic bath. Starting from the Langevin equation, we derive the corresponding Schwinger-Keldysh action. Then,
within the path-integral formalism, we obtain both the semiclassical Fokker-Planck equation and the quantum
Fokker-Planck equation for this out-of-equilibrium system. In the case of an external harmonic potential and in the
underdamped regime, we find that our Fokker-Planck equations contain an effective temperature Teg, which crucially
depends on the interplay between quantum and thermal fluctuations in contrast to the classical Fokker-Planck equa-
tion. In the regime of high temperatures, one recovers the classical Fokker-Planck equation. As an application of our
result, we also provide the stationary solution of the semiclassical Fokker-Planck equations for a superconducting
Josephson circuit and for a Bose Josephson junction, which are experimentally accessible.

1 Introduction

Inspired by the works of Einstein [1] and Smoluchowski
[2] about the Brownian motion of a mesoscopic parti-
cle in a fluid, in 1908 Langevin introduced its stochastic
equation [3]. Some years later, Johnson [4] and Nyquist
[5] observed that, in addition to thermal effects, also the
quantum mechanical noise plays a relevant role in the
electric current of conductors. In 1951, the quantum
version of the fluctuation-dissipation theorem of Cal-
len and Welton [6] paved the way to the quantum Lan-
gevin equation [7-9]. In the first part of this paper, we
explicitly show that, from the Langevin equation of a
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confined particle in a quantum-thermal Ohmic bath [10],
one derives the corresponding semiclassical Schwinger-
Keldysh action [11, 12]. The Schwinger-Keldysh action is
usually obtained by adopting a quite different approach,
which involves a closed time contour with forward and
backward branches in time and where the dynamical
variables of the system are doubled to take into account
the two branches [10-12]. Moreover, it is well known
that from the Schwinger-Keldysh action one obtains in
the high-temperature regime the classical Martin-Siggia-
Rose action [13]. Here, we follow a quite different path:
for a particle in contact with a quantum-thermal bath,
its semiclassical Schwinger-Keldysh action is obtained
directly from the Langevin equation through a Martin-
Siggia-Rose action, which is indeed the semiclassical
Schwinger-Keldysh action functional.
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In the second part, we derive the main results of
the paper: the Fokker-Planck equations of our specific
system. These Fokker-Planck equations are partial-
differential equations describing the probability den-
sity P(q, v, t) of finding a particle with position ¢ and
velocity v at time ¢ [14-20] in a quantum-thermal
Ohmic bath and trapped by a deterministic external
potential V(g). From the short-time propagator of the
transition probability associated with the Schwinger-
Keldysh action, we obtain both the semiclassical and
the quantum Fokker-Planck equation for a confined
particle under the effect of a quantum-thermal Ohmic
bath. Remarkably, our Fokker-Planck equations are
fully analytical and contain an effective temperature
T.g. This effective temperature crucially depends on
the interplay between quantum fluctuations, charac-
terized by hQ with & the reduced Planck constant and
Q the frequency of harmonic potential, and thermal
fluctuations, characterized by the thermal energy kT
with kg the Boltzmann constant and 7 the tempera-
ture. Following our approach, we also obtain quantum
Fokker-Planck equations for the superconducting phase
in a Josephson circuit and for the population imbal-
ance in an atomic Bose Josephson junction, which are
described by generalized Langevin equations including
quantum and thermal fluctuations.

2 Langevin equation for a particle

in a quantum-thermal Ohmic bath
Let us consider a particle of mass m and coordinate g(£)
under the action of a deterministic potential V(g(¢)) but
also of a thermal bath which induces a dissipative force
—yq(t) with damping coefficient y and a Gaussian sto-
chastic force £(¢). The stochastic coordinate g(¢) of the
particle satisfies the equation of motion

oV
mé<t>+yq<t>+$

=§@) . (1)
Here, we assume the Markovian dynamics such that
the damping term y§(z) does not include any memory
effect and the equation of motion (1) involves only one
time variable f. Given a generic observable O which
depends explicitly on the Gaussian random variable &(¢),
the stochastic average has the following path integral
representation
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which crucially depends on the choice of the cor-
relation function C(¢), which, in general, is that
Ct—t) = (EDED)).

Equation (1) is called semiclassical quantum Lan-
gevin equation [7-9] provided that the correlation
function C(¢) is given by

"+ dw how .
C@) = —vh th ot
0= [ Geviocom (52 ) e ®

where T is the absolute temperature, kg is the Boltzmann
constant, and % is the reduced Planck constant. The cor-
relation function of Eq. (3) is the one of a stochastic
quantum-thermal Ohmic bath [7-9]. The presence of y
both in Egs. (1) and (3) is a consequence of the fluctua-
tion-dissipation theorem (FDT) [10]. Moreover, in Eq. (3)
the term ¢/’ can be substituted by cos(w t) because the
imaginary part is odd and its integral gives zero. Equation
(1) with Eq. (3) is called semiclassical because the dynam-
ical variable ¢g(¢) is not a quantum operator. The quantum
nature of Eq. (1) is however encoded in the correlator C()
through Eq. (3). Note that in the high-temperature regime
ksT > hw, where coth (hw/(2kgT)) — 2kgT /(hw),
Eq. (3) gives C(¢t) = 2y kT 58(t) with §(¢) the Dirac delta
function and Eq. (1) becomes the familiar classical Lan-
gevin equation [3].

3 Martin-Siggia-Rose action

To derive the Martin-Siggia-Rose action [13] (see also
Refs. [21-26]) from the semiclassical quantum Langevin
equation (1), we observe that the expectation value of the
generic observable O can also be written as

(0) = / Dlg(®)10lg() (81 — 4(1)])

(4)

v
= /D[q(t)]O[q<t)]<6 {mé(t) +yq®) + % —w)} >

where the Dirac delta function §(x) appears because one
considers the path integral over all possible g(¢) but with
the constraint that ¢(¢) satisfies Eq. (1). This constraint
ensures the correct implicit dependence of ¢g(f) with
respect to £(¢). Taking into account the path integral rep-
resentation of § (x), we have

o= D[q<z>,q<t)10[q<:)1<exp {i | [mqm i+ L sa)” >

(5)
where g(¢) is an auxiliary response field. We now use
Eq. (2) and the properties of Gaussian integrals obtaining

(0) = / Dlg(1),4(£)10[q(£)}e"1 O 1OV/P, (6)
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where
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remembering that the stochastic noise £(¢) is time-trans-
lation invariant, namely c - ) = @) = €@ - tHe). The
functional of Eq. (7), with C(¢) = (£(¢£)£(0)) given by
Eq. (3), is our Martin-Siggia-Rose action [13].

We have seen that in the high-temperature regime
C(t) =2ykgTé(t). In this regime, Eq. (7) is much sim-
pler and the action is known as the classical Martin-Sig-
gia-Rose action [13]. Quite remarkably, in this classical
high-temperature regime, one can easily perform the
path integral over the dual variable (), obtaining

ww=/mmmommn4wmﬁ )

with the real effective action

1 +oo V(g 1?
Somlg@®)] = W / {mé(t) +yq@®)+ %

“@ (9
that is called Onsager-Machlup [27] action according to
Olender and Elber [28].

4 Semiclassical Schwinger-Keldysh action

Let us restrict ourselves to a harmonic poten-
tial V(q) = mQ2¢%/2. In the underdamped regime
Y & mQ?/weye with weye being the ultraviolet cutoff fre-
quency associated with the zero-point fluctuations in
Eq. (3), we apply the approximation [29, 30]

h2
(10)

which is white noise including quantum fluctuations. The
effective temperature is defined by

(11)

This approximation is justified for the following reason.
The Langevin equation (1) in the long-time limit gives
[31]
00 . ~
q(w) = / dt q()e”"" =  (0)€ (), (12)
—00

where & (w) = 25, dt&(H)e " and

Page 3 of 9

1
—mw? — iyw + mQ?’

X (@) = (13)
is the response function in the frequency domain. Equa-
tion (12) leads to the correlation function

o0

dw ~
wa»wﬁ=/ 20 2 @ F @)

oo 2T (14)

with C(w) = [° dte™™*C(t) = y hw coth [hw/(2ksT)].
The autocorrelation function of the conjugate momen-
tum also involves the combination of C(w)||%(w)|% In
the underdamped limit y <« mQ?/wey, the response
function (13) is dominant only around w = +Q as

i
2m2Q

[6(w— Q)+ 5(w + Q)]
(15)

Consequently, in Eq. (14), we can safely use approxi-
mation that C (w) >~ C (2), which justifies the white
noise approximation in Eq. (10) in the underdamped
limit y < mQZ/wcut. In the classical limit hQ2 < kg T,
we recover Teg = T. In the low-temperature regime
hQ2 > kgT, on the other hand, Eq. (10) provides
Teg = h2/(2kp).

By using Eq. (10), the action (7) with the kernel reads

ylollll 7 @)l* —

400

Sla(®,q(®)/h = — / GO [ma© + v q@) + m22q) ae
i)/ o0 (16)
+5 2kp Teqr§ ()2 dt.

Remarkably, Eq. (16) is very similar to the Schwinger-
Keldysh action [11, 12] of a quantum particle in contact
with an Ohmic bath. The only difference is due to the
fact that instead of ig 9V (g)/dq in the exact Schwinger-
Keldysh action there is [V(q+ hg) — V(g — hq)]/2.
See, for instance, page. 33 of Ref. [10]. Clearly,
[V(g+hg) — V(g —hq)]/2 ~hqdV(q)/dq under the
assumption of a small /ig. It is important to stress that the
Echern-Schon-Ambegaokar action [32] used for super-
conducting Josephson junctions is nothing else than the
exact Schwinger-Keldysh action. At zero temperature,
the Schwinger-Keldysh action has been used to study
the effect of quantum noise in the quantum phase tran-
sition of a Josephson junction [33]. In the classical limit
Teg — T, one can readily find that Eq. (16) coincides
with the classical dissipative action [10].

We call Eq. (16) semiclassical Schwinger-Keldysh
action. Indeed, the classical Schwinger-Keldysh
action, which is nothing else than the classical Mar-
tin-Siggia-Rose action, is obtained with T — T.
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Then, by functional integrating over g(¢) one recovers
again the Onsager-Machlup action (9).

5 Fokker-Planck equations

In this section, we derive the corresponding Fokker-
Planck equation for the MSR action in Eq. (7) or the
Schwinger-Keldysh action in Eq. (16).

5.1 Semiclassical Fokker-Planck equation
Let us rewrite the action of Eq. (7) as

eISlA®aOh _ / DIv(®), i(£)]eSlaOv .40, 10Vh,

(17)

Selg (D), (), (6), 2(0)] = /

—00

_ / °° dth[ — i ()iE) — mi(e)

J =00

2

dtLelq(t), v(t), q(t), A(t)]
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under Eq. (10) where V(g) is the harmonic potential of
frequency . In the classical limit & — 0, or equivalently
ksT > h<, Eq. (22) reduces to the familiar classical one
[10, 36, 37]

V'(q)

kg T
76Vv+73|/ )/B

B P(gv,t) = |—viy + 32| Pg,v,t) .

(23)

On the other hand, at T = 0, the effective temperature
has a finite minimum T = /$2/(2kp) as shown in Fig. 1.
Figure 1 illustrates that the difference from the original
temperature is significant in the low-temperature regime
due to the quantum effects.

dF(q,v)
av

+ i/ dt'q)C(t —thgt) + 2B [g@®) —vD)]|,

where Se[q(£),v(t),q(t), A(t)] is a new effective action
with a velocity field v(¢) and an auxiliary field A(¢) as
a Lagrange multiplier that guarantees v(t) = g¢(¢) by
8Se/82 = 0[34], and

V/
lvz + 7(61) v.
m

F(g,v) = (19)

The effective Lagrangian Le[q(t), v(£), §(t), A(t)] can be
used to introduce the propagator [34]
rq(t')=q' =y ~
K@ Votlgnn= [ Dlgd) DIv(@]
q(H)=q Jv(t)=v (20)

* / D@, 1@ dLla®vDadidyn

which gives the transition probability from the initial
configuration (g, v, ) to the final configuration (¢/,v/, ¢").
It follows that the probability P(q, v, t) of finding the sys-
tem in the configuration (g, v, £) satisfies the convolution
equation

+00 +00
P(q’,V’,t’):/ dq/ dvK(q',v,t'1q,v,t) P(q,v,1) . (21)

In Appendix 1, we show how to derive the semiclassi-
cal Fokker-Planck equation from this expression taking
into account Eq. (20). The final result of this derivation
is [34, 35]

Quite remarkably, the semiclassical Fokker-Planck equa-
tion (22) has the following stationary analytical solution

Pstat(q, V) = Z_le_[mV2/2+V(q)]/(kBTeff) , (24)

where

o o0
_ / dq / dve IRV @ T | o)
—00 —00
With a harmonic potential V (g) = m$Q24? /2, the station-
ary solution gives the second moments of the coordinate
and velocity as

1.2
1,
0.8
0.6
0.4
0.2} ™~

kpTom/(RQ2)

Teg =T

0 0.2 0.4 0.6 0.8 1
ksT/(h2)

Fig. 1 Effective temperature in Eq. (11). The dashed line stands

forTeg =T
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B Teff
m2’

(q*) = / dq / Avg* Psat(q,v) = (26)

and
9 BTeff
(v =/ dq/ Avv* Pstar(q,v) = - (27)

These second moments are exactly consistent with a
Langevin analysis in the underdamped limit [31, 38]. In
the classical limit Teg — T, Egs. (26) and (27) recover the
equipartition of energy. Due to the quantum correction
in Eq. (11), both of Egs. (26) and (27) are proportional to
h&2in the low-temperature regime.

Note that Egs. (26) and (27) are the underdamped
results which are, strictly speaking, justified in the under-
damped limit y <« M2/ weyr. With finite damping con-
stanty > mQ?/weys, the second moments of the velocity
should have a logarithmic ultraviolet divergence [38].
We stress that, however, we are restricting ourselves to
the underdamped limit and do not consider such cases
throughout this paper. Only in this underdamped limit,
do the second moments of the coordinate or the momen-
tum have clear physical interpretation as they recover the
equipartition of energy in the classical limit [31, 38].

5.2 Quantum Fokker-Planck equation
As mentioned in Section 4, the dissipative Schwinger-
Keldysh action is different from the MSR action in terms
of the potential term in the higher order of . Let us call
the corresponding Fokker-Planck equation derived from
the Schwinger-Keldysh action the quantum Fokker-
Planck equation since it includes higher order of the
quantum component g, which should coincide with the
semiclassical one to the first order of g.

To obtain the quantum Fokker-Planck equation, we can
simply substitute the potential term in Eq. (18) as

Vig+hg) —
2

Vg — hq)

hqV'(q) — (28)

=3 g L
L @i+’

where V& (g) denotes the k-derivative of V(g) in g. Since
it is time-local, one can proceed to the Fokker-Planck
equation in a similar manner as in the last section. Even-
tually, one obtains the quantum Fokker-Planck equation

J/kB Teﬂ

0P(g,v,t) = |—viy + — va +

92+ 9, (av )} P v.t),
(29)

where F, that gives the difference from semiclassical
equation (22), is defined as

Page 5 of 9
5 h8 2n V(2n+1) (q)
F(q,v) = — _
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- im 2n + 1)!
= quv
(30)

For a harmonic potential V(q) = mQ24¢?/2, as in the
last equality in Eq. (30), the higher-order derivatives in
Eq. (30) vanish. With a generic potential, the presence
of infinite derivatives makes it quite difficult to solve it
in full generality. While a truncation of the series with
n=1or n=1,2 could be used to find reliable correc-
tions to the semiclassical result, it may lead to negative
probability distribution [39].

6 Fokker-Planck equation for Josephson junctions
In a resistively and capacitively shunted Josephson
(RCS]J) junction, the superconducting phase ¢ (¢) obeys
the generalized Langevin equation [31, 40]

2
%qﬁ—i—%(ﬁ—l—&singb—%:&, (31)
where Ec = (2¢)2/(2C) is the charging energy with a
capacitance C, @ = Rq/R is the ratio between the criti-
cal resistance Rg = h/ (2e)? and the resistance R, Ej is
the Josephson energy, Iox: is the external current, and
do = h1/(2e) is the magnetic flux quantum. The current
noise £(t) originates from the shunted resistor and is
assumed to satisfy the FDT in Eq. (3). It has been theo-
retically predicted that the system is superconducting
below the critical resistance o > 1 while it is insulating
above the resistance o < 1 [41, 42]. The ultraviolet cut-
off frequency can be chosen as wcyt = A /h with A being
the superconducting gap. The approximation (10) is valid
within the underdamped limit o <« 27E;/A [31].

We  can  identify  this  Langevin  equa-
tion as Eq. (1) by replacing ¢q(t) — ¢(2),
v— ¢ =21V/dy, m— h2/(2Ec), vy — ha/(27), and
V(g) = Uyash[¢] = —Ej cos ¢ — Polext/(27) - ¢. Conse-
quently, following the procedures in the last sections,
we obtain the quantum Fokker-Planck equation for the
RCS]J junction as

2V aEc a®IEZ
P, V,t) = {* ?aqp‘l’ihavv‘i’ ghngTeffav

N (32)

+ (g) av (ovFig, V])}P(rb, V.0,
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with V (£) = ®od/(27) the voltage. The function Fl¢, V]
is given by

- _AnEc [Uashl$] | N [ RoEc, \ Y Ut Vig)
o= S 2 () S 33)
4nEc Dolext
= on2 (_ 2 +E’¢>V’

where, in the last row, we used
Unashl$] ~ —Ej — Polext/ (27) - ¢ + Ej¢?/2. We  can
find the semiclassical stationary solution as

. - Ec_[(eV\? | U]

Pl =2 op| - (50) + ” (34)
which is illustrated in Fig. 2(a) for E;/Ec =1,

ksT /Ec = 0.1, and ®olext/ (2 Ey) = 0.3. Also in Fig. 2(a),
we use Uyaehlp] = —Ef — Polext/(27) - ¢ + Er¢p?/2.
The effective temperature is given by Eq. (11) with
Q = (2ECE;)'/?/h. Equation (34) indicates that, in the
stationary configuration, the voltage V is more localized
as one increases Ec/(kpTeq), and the superconducting
phase ¢ is localized with a large E;j/Ec. Experimentally,
one can observe E; /Ec =~ 3.8 x 10° in a RCSJ circuit [43],
which reflects the highly localized phase in the supercon-
ducting circuit.

In a one-dimensional Bose Josephson junction (B]])
in a head-to-tail configuration, we have two one-dimen-
sional Bose gasses in contact through a tunnel coupling
J(x) = JoLd8(x) at a point x = 0 where Jj is the strength of
the Josephson coupling and L is the system size. The zero-
mode of the population imbalance ¢y also obeys the Lan-
gevin equation [44, 45]

. VM

Zo + yéo + Q¢ = Tﬁg’ (35)

in the linear regime [|o(¢)|| <« 1 with © the Josephson
frequency, y the damping constant associated with the

0 ity ::o 00:‘
22229220008
-2 S LSO
20522020020,205% Setesies!
SESSSSEIRIKEEKES
1 S IHHISEEEE KL
15 S /2
%
I 0
eV/Ec > —n/2 )
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Josephson coupling Jo, M the effective mass related to
the interparticle interaction strength g, and p the aver-
age atomic density. The stochastic noise &(¢) satisfies
the FDT in Eq. (3). The ultraviolet cutoff can be cho-
sen as weyt = 27wcp ~ 10*Q where ¢ = (gp/m)/? is the
speed of sound and m is the atomic mass [45, 46]. Then,
the approximation (10) is valid if NJy/Mc?> <« 1078 with
N = pL being the average number of atoms, which is the
Josephson regime in which the tunneling energy NJy is
much smaller than the kinetic energy Mc?. For this one-
dimensional BJJ, we find the quantum Fokker-Planck
equation as

24 1 -
0P (G0, 0, 1) = {Qma@ rltnt o kTl + o O (%F)] PCordo.t)
(36)
with Qr = Jo/h the Rabi frequency and

do(t) = —C'o(t) / QR the zero-mode of the relative phase.
The function F(Zo, ¢o) is given by

F (o, ¢0) = —QrQ%Cogbo. (37)

The linearized equation (35) involves a harmonic
potential and gives no quantum correction that stems
from the higher-order derivatives of the external poten-
tial. The stationary solution is given by

hQ -/ Q Q
Pstat (20, $0) = Z L exp [*mN<*R§§ + ER%H
€]

o (38)

We show the stationary solution in Fig. 2(b) for
Q2/Qr = 0.5and kg T /(h2) = 0.1. Figure 2(b) shows that
the relatively localized ¢ around the origin and the delo-
calized ¢o are realized as a stationary configuration. As
one decreases the ratio between the interaction energy
and the tunneling energy 2/ Qr = \/2¢p/Jo less than
one, the population imbalance ¢y is delocalized and the
relative phase ¢y is highly localized in the stationary con-
figuration given by Eq. (38).

JG=0

VN¢o

VN 2 —7T_

Fig. 2 Stationary solutions of the semiclassical Fokker-Planck equations of a RCSJ junction (a) and BJJ (b). The left panel (a) illustrates the result
of Eq. (34) for £;/Ec = 1, kgT /Ec = 0.1, and @plext /(2 E)) = 0.3. The right panel (b) shows the result of Eq. (38) for 2/ Qg = 0.5and kg7 /(h€2) = 0.1.
The gray dashed curves in the insets stand for the probability in the classical limit Tog — T
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7 Conclusions

In the first part of this paper, we have derived the
Schwinger-Keldysh action of a particle under the effect
of a deterministic external potential and a stochastic
Ohmic bath, which contains both thermal and quan-
tum fluctuations. Contrary to previous papers [10-12],
our derivation has been performed starting from the
Langevin equation of the system. In the second part of
the paper, we have then adopted the Schwinger-Keldysh
action to include the velocity of the particle by using
a Hubbard-Stratonovich transformation and to derive
the fully analytical semiclassical and quantum Fokker-
Planck equations for the time-dependent probability of
the particle in the quantum-thermal Ohmic bath. The
semiclassical Fokker-Planck equation involves the effec-
tive temperature associated with the frequency of har-
monic potential. The obtained results can be applied to
various contexts. In Section 6, we wrote down the quan-
tum Fokker-Planck equations for the Josephson mode
in an atomic Josephson junction and for the supercon-
ducting phase in a superconducting Josephson circuit.
We showed the stationary solution of the semiclassical
Fokker-Planck equation for each of the Josephson sys-
tems. These Josephson systems have been experimentally
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rate of the superconducting phase from a local potential
minimum is related to the temperature that appeared in
the Fokker-Planck equation [10]. Experimental measure-
ments imply that the escape temperature deviates from
the absolute temperature at a low-temperature regime.
The deviation of the escape temperature is explained
by macroscopic quantum tunneling [47-49]. In addi-
tion to the macroscopic quantum tunneling, within the
underdamped limit, our obtained effective temperature
originating from the quantum fluctuations would give a
considerable contribution to this escape temperature in
a superconducting Josephson circuit, which would be
useful to verify our result. To obtain a quantum Fokker-
Planck equation without higher-order derivatives, it
could be useful to apply the approach of effective action
[50]. The effective action includes the quantum fluctua-
tions, and it would enable us to derive a quantum Fokker-
Planck equation.

Appendix A: Derivation of Fokker-Planck equation
In order to derive the semiclassical Fokker-Planck equa-
tion for P(q, v, t) from Egs. (20) and (21), let us consider
an infinitesimal time interval ¢ = ¢ — t. The probability
P(q, V', t + &) satisfies, to O(e) [34, 35],

Pq,V,t+e) = / dq/ avK(q',V,t + elq,v,)P(q, v, t)
00 00 q(t)=q' B v(t)=v _ . B B
S / dq / dv / Dlg(®] / D) / D@, 0] (39)
—00 —00 q(t)=q v(t)=v
t+e oF . ; t+e 5 ~ X .
x exp { [ ani] = macnie - maen ™8 1 [ dnae)ce - wiae) + i) - v(tl)]H.
t t
Taking into account Eq. (10), Eq. (39) gives
PG tte = [ dg [ dv [ Diaw.ao)
() it ot ()
X exp | —iegm + — | —eykpTegq” + O(e”) + ic —v || Pg,v,t)
av (40)
:/ dq/ dv/D[ZI(t)]B(q/ —q—ev)eiim‘m,*")
. 9F . - 2
x |1 —ieq ma —iykpTegq | + O(°) | P(gq, v, t),
realized and attracted marked attention. We expect that In the above calculation, we used

our work would also contribute to the understanding of
such a noisy Josephson junction. For instance, the escape

J DUA®)1eOlT O=a@O-vOVR = §[q/ () — q(¢) — ev(t)].
Hence, performing the integrals in Eq. (40), one obtains
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aF
PV, t+e) = [1 +dy (W + %kBTcgavr) + O(sz)} Plq —Vev,t)

oF )
= [1 +edy (W + %kBTegav/) + 0(32)} (1= ev'oy )PV, D)

= [1 +£{7v'8qr +oy (g + %kﬂeﬁavﬂ + (’)(82)}7?(51’,\/,[) 4

(41)

For ¢ — +0 one finally finds Eq. (22), which is our
semiclassical Fokker-Planck equation.
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