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Abstract

Over the past decades, the relativistic density functional theory has been greatly developed and widely applied to
investigate a variety of nuclear phenomena. In this paper, we briefly review the concept of covariant density
functional theory in nuclear physics with a few latest applications in describing nuclear ground-state and excitation
properties as well as nuclear dynamics. Moreover, attempts to build a microscopic and universal density functional are
also discussed in terms of the successful fully self-consistent relativistic Brueckner–Hartree–Fock calculations.

1 Introduction
During the past decades, the development of worldwide
rare isotope beam facilities has extended our knowledge
of nuclear physics from the stable to the unstable nuclei.
Many unexpected features and novel phenomena have
been found in neutron-rich nuclei. On the theoretical side,
nuclear density functional theories (DFTs) have played
important roles in the microscopic description of nuclei
and the understanding of the new findings. In particular,
the relativistic or covariant version of DFTs has attracted
a lot of attentions due to many advantages. The devel-
opment of covariant density functional theory (CDFT)
and its applications in both ground-state and excitation
properties have been introduced in detail in Ref. [1].
For a full understanding of nuclear systems, one has to

solve, in principle, the nuclear many-body problem in a
microscopic way. Nevertheless, a direct solution to such
a many-body problem is very difficult if not impossible,
in particular for heavy nuclei. The ab initio methods start
from high precision realistic two-nucleon and/or three-
nucleon interactions and solve directly the nuclear many-
body Hamiltonian [2, 3]. Usually, such methods are only
accessible for very light nuclei due to the huge numerical
costs. Configuration interaction shell models [4] build the
nuclear many-body Hamiltonian through the so-called
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effective configuration interactions defined in a given con-
figuration space, and the Hamiltonian is solved in this
model space. Suchmethods are usually applied tomedium
mass nuclei due to the limitation of the model space. In
nuclear DFTs, the ground-state energy of a nucleus is writ-
ten as a functional of the nucleon density. Starting from
the energy density functional, the complicated many-
body problem is mapped onto a single-particle problem
through the variational principle and, thus, becomes rela-
tively easy to solve. The DFTs are applicable for nuclei all
over the nuclide chart. The disadvantage of nuclear DFTs
is that, in the first place, it is limited to nuclear ground
states. For nuclear spectroscopic properties, one should
develop proper extensions based on the energy density
functionals.
The covariant DFTs take Lorentz symmetry into

account in a self-consistent way and provide an efficient
description of nuclei with the underlying large scalar and
vector fields of the order of a few hundred MeV, which
are hidden in the non-relativistic DFTs. This is clearly
seen in the non-relativistic reduction of CDFT via a simi-
larity renormalization method, which provides a possible
means to bridge the relativistic and non-relativistic DFTs
[5]. As a result, the relativistic framework can provide a
good description of nuclear matter and finite nuclei using
the Brueckner techniques with only the two-nucleon
bare interactions [6]. In the non-relativistic framework,
however, three-nucleon interactions, which are still very
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uncertain, have to be introduced for a reasonable descrip-
tion of nuclear matter and/or finite nuclei.
In CDFT, nucleons are described by a Dirac spinor

field, which automatically provides the spin degree of free-
dom. This is of particular importance for nuclear physics,
since the spin–orbit interaction is very large for nuclear
systems as compared with that in Coulomb systems. In
non-relativistic density functionals, one needs additional
terms and parameters accounting for the spin–orbit inter-
actions. Moreover, the hidden pseudo-spin symmetry in
the single-particle spectrum of nuclei can also be naturally
explained in relativistic models [7].
In covariant density functionals, the time-odd parts of

the potentials are determined by the currents of nucle-
ons, i.e., the spatial-like components of the vector fields,
which have the same coupling constant as the time-like
components due to the Lorentz symmetry. Therefore, no
new parameters are required for the time-odd fields in the
covariant formulations, in spite of the fact that only time-
even fields (time-like components of the vector fields)
can be determined by adjusting the nuclear density func-
tionals to experimental ground-state properties. In the
non-relativistic density functionals, however, the time-
odd fields show some ambiguity. The consistent treatment
of time-odd fields in the CDFT is in particular important
for describing spectroscopic properties associated with
nuclear rotations [8, 9].
Due to these advantages, CDFT has received wide atten-

tions over the past decades and achieved a successful
description of a large number of nuclear phenomena [1].
In the last decades, numerous efforts have been devoted
to developing CDFT based on the finite-range meson-
exchange and the zero-range point-coupling models. The
CDFT has been successfully applied to describe a large
variety of nuclear phenomena from finite nuclei to nuclear
matter, from stable nuclei to extremely unstable ones,
from spherical nuclei to abnormally deformed ones, from
nuclear ground states to excited ones, and from normal
nuclear matter to hypernuclear matter with strangeness
degrees of freedom. Moreover, the CDFT has also been
widely used to investigate the equation of state for com-
pact stars and provides important observables for nucle-
osynthesis in the astrophysical environment.
The practical usefulness of the nuclear DFTs depends

entirely on whether an accurate energy density functional
can be found or not. So far, all successful density function-
als are phenomenological and are determined by adjusting
to the ground-state properties of some selected nuclei.
Over the years, several universal energy density function-
als have been constructed, providing a successful descrip-
tion of many nuclear ground-state properties with only a
few parameters. However, how to build density function-
als with the bare nucleon–nucleon interactions is still an
open question.

2 Concept of covariant density functional theory
The DFT is based on the original theorem of Hohen-
berg and Kohn [10] which proves that for a many-particle
system, the ground-state density constitutes a “basic vari-
able,” i.e., all properties of the system, in particular, its
ground-state energy, can be written as unique functionals
of the ground-state density. Moreover, the ground-state
density can be determined from the ground-state energy
functional via the variational principle with respect only
to the density.
The practical usefulness of the DFT depends entirely

on whether an accurate energy density functional can be
found or not. The Kohn–Sham DFT [11] provides a very
useful way to build the energy density functional by map-
ping the interacting many-body system onto a fictitious
noninteracting system, whose density is assumed to be the
true ground-state density. Application of the Hohenberg
and Kohn theorem to the fictitious noninteracting system
leads to the self-consistent Kohn–Sham equation, which
is a single-particle equation. To date, most practical appli-
cations of density functional theory use the Kohn–Sham
scheme because it allows the appearance of shell effects,
which are an essential feature for many quantummechan-
ical systems. Formally, the solution of the Kohn–Sham
DFT looks similar to the Hartree–Fock method. However,
it avoids the complicated non-local Fock-term and deals
only with local quantities. The complicated integrodif-
ferential equations of Hartree–Fock theory are replaced
with simple differential equations, i.e., the Kohn–Sham
equation.
There are typically two possible ways to build the energy

density functional for many-body systems. One is from
the so-called first principles by incorporating known exact
constraints, and this has been followed with great suc-
cess in Coulomb systems due to the well-known Coulomb
interaction. For nuclear systems, however, the nucleon–
nucleon interactions are very complicated. Therefore, one
usually resorts to the other way, i.e., to develop an empir-
ical energy density functional with the parameters opti-
mized by fitting to selected data. This way has also been
used in the early days of DFT in Coulomb systems.
Nuclear CDFT can be traced back to the relativistic

mean field (RMF) model developed by Walecka and Serot
in the 1970s [12], where a nucleus is regarded as a compo-
sition of a certain number of Dirac nucleons, and the inter-
action between two nucleons is conveyed by exchanging
mesons (see the left diagram of Fig. 1). For a satisfying
description of both nuclear matter and finite nuclei, the
scalar σ meson, vector ω meson, and isovector-vector ρ

meson are considered. Moreover, it is convenient to estab-
lish a point-coupling density functional by an analogy with
the meson-exchange RMF models. Specifically, one can
replace an exchanged meson in the RMFmodels by a con-
tact interaction between nucleons in every channel of the
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Fig. 1 Finite-range (left) and zero-range (right) nucleon–nucleon interactions employed in building the nuclear covariant density functional

interactions, e.g., the scalar, vector, and isovector channels
(see the right diagram of Fig. 1). In such a way, the success-
ful RMF models can be reformulated in the framework of
Kohn–Sham DFT.
The essential ingredient of CDFT is the relativistic

Kohn–Sham equation, which has the form of a single-
particle Dirac equation,

[α · (−i∇ − V ) + V + β(m + S)]ψk = εkψk . (1)

Here, the scalar S(r) and vector Vμ(r) potentials are
connected with various densities and currents in a self-
consistent way.
Nuclei are self-bound systems, so there is no external

potential. This is an important difference between DFT in
Coulomb systems and in nuclear ones. The Hohenberg–
Kohn theorem was derived under the assumption that
the system is confined by an external potential. Due to
the translational invariance of a self-bound nucleus, the
exact density in the laboratory frame has to be a con-
stant, and the corresponding Hohenberg–Kohn theorem
with this constant density is useless. On the other hand, it
has been shown that the Hohenberg–Kohn theorem holds
for the intrinsic density depending on the center-of-mass
coordinate in the intrinsic frame. A possible justification
for the functional of the wave-packet density produced
by the spontaneous breaking of symmetries in finite sys-
tems was given in Ref. [13]. The argument is exact for the
translational symmetry breaking since the center-of-mass
motion and the intrinsic motion are exactly decoupled,
while it is approximate for the rotational symmetry break-
ing of deformed nuclei.
With the DFT, in principle, we can calculate only the

exact local density and the quantities related to it, such
as the total energy and expectation values of local one-
body operators including radii, quadrupole moments, etc.
With the intrinsic density, one needs to transform to the
laboratory frame from the intrinsic frame by, for exam-
ple, projection techniques, which are usually connected
with approximations. For nuclei with relatively flat energy
surfaces in the deformation space, one has to take fluc-
tuations with different deformations into account. These
methods go definitely beyond the mean-field concept, but
have been turned out to be very successful [14].

The static DFT can also be extended to the time-
dependent case for describing nuclear dynamic processes
with the Runge–Gross theorem [15], which provides
an exact mapping of the full time-dependent many-
body problem onto a time-dependent single-particle
problem. Such extensions in the framework of non-
relativistic DFT have been developed, and with the ever-
improving computational capabilities, the unrestricted
three-dimensional calculations with modern nuclear den-
sity functionals become available. For CDFT, however,
an unrestricted three-dimensional calculation is not easy
because of the variational collapse problem in solving the
Dirac equation in the coordinate space, which is induced
by the states in the Dirac sea. It is only available recently
in Ref. [16], where the time-dependent covariant density
functional theory in 3D lattice space has been developed
for the first time.

3 Global description of nuclear landscape
A global study of nuclear masses associated with the
beyond mean-field correlations in CDFT has been car-
ried out with PC-PK1 [17] using a collective Hamilto-
nian method [18]. A large-scale deformation constrained
CDFT calculation was performed to obtain the param-
eters of the collective Hamiltonian, which describes the
beyond mean-field correlations from quantum vibra-
tions and rotations. Then, the nuclear ground states are
obtained by solving the collective Hamiltonian.
Figure 2 depicts the mass differences between the corre-

sponding PC-PK1 predictions and the data for 575 even–
even nuclei [19]. Nomore parameters beyond the PC-PK1
density functional have been introduced in the calcula-
tions. The root-mean-square mass deviation is 1.14 MeV,
which is, so far, the best global description of nuclear
masses in DFT.
Due to the successful description of nuclear masses with

PC-PK1, it has also been used to explore the nuclear land-
scape with 8 ≤ Z ≤ 120 from the proton drip line to the
neutron drip line with the relativistic continuumHartree–
Bogoliubov (RCHB) theory [20], in which the continuum
effects are treated properly. By assuming the spherical
symmetry, 9035 nuclei are predicted to be bound, and it
was found that the coupling between the bound states
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Fig. 2 (Color online) Mass differences between the PC-PK1 predictions and the data for 575 even–even nuclei [19]. The σ value represents the
root-mean-square deviations between the theoretical predictions and data. Taken from Ref. [18]

and the continuum due to the pairing correlations plays
an essential role in extending the nuclear landscape. In
Fig. 3, it is compared to the predicted number of possi-
ble isotopes from the average of the DFT predictions and
the anticipated range of isotopes to be available at Facil-
ity for Rare Isotope Beams (FRIB) up to uranium. It is
quite encouraging to consider the deformation and con-
tinuum effects simultaneously in determining the drip line
in the future. Such calculations are more challenging, but
are feasible in the framework of the deformed relativis-
tic Hartree–Bogoliubov theory in continuum [21], and the
recent progress can be found in Ref. [22].

4 Nuclear chiral rotation
Novel rotational excitations like the magnetic and anti-
magnetic rotations observed in nearly spherical nuclei and
the chiral rotation in triaxial nuclei have attracted a lot of
attention. Unlike the conventional rotation, here the rota-
tional axis does not necessarily coincide with any principal
axis of nuclear density distribution and, thus, a tilted axis
cranking is mandatory to describe them self-consistently
in the framework of CDFT.
Chirality is a well-known phenomenon in science, such

as chemistry, biology, molecular and particle physics, etc.
In nuclear physics, chirality was originally suggested by
Frauendorf and Meng in 1997 [23], and its experimental
signal is the so-called chiral doublet bands, which consist
of a pair of nearly degenerate bands with the same parity.
The chirality is not restricted to a specific configuration
in a certain mass region. The resultant possibility of hav-
ing more than one pair of chiral bands in a single nucleus,
i.e., multiple chiral doublet bands (MχD), was demon-
strated by searching for triaxial chiral configurations in Rh

isotopes using constrained relativistic mean-field calcula-
tions in Ref. [24]. The MχD in 106Rh was further studied
with the three-dimensional tilted axis cranking CDFT in
a fully self-consistent and microscopic way [25], and two
distinct sets of chiral solutions with negative and positive
parities, respectively, were found.
In the experiment, a pair of negative-parity chiral bands

has been observed in 106Rh. In Fig. 4, the calculated rota-
tional excitation energies and rotational frequencies �ω

for the observed chiral bands in 106Rh are shown in com-
parison with data. It can be clearly seen in the upper panel
that the experimental excitation energies of band 1 (the
lower band) can be reproduced well. Due to the nature of
a mean-field approach, it does not take into account either
the chiral vibrations or the tunneling between the left-
and right-handed chiral sectors. Therefore, the energy
splitting between the two partner bands cannot be seen.
The chiral geometry is seen in the CDFT by exam-

ining the angular momentum geometry, and its evolu-
tion is reflected in the lower panel of Fig. 4, where
the experimental rotational frequencies �ω for the two
partner bands behave very similarly with respect to
the angular momentum, and they agree with the cal-
culated results. In particular, the data indicate a kink
around I = 12�, where the slope of the �ω vs spin
curve changes abruptly. In comparison with the calcu-
lated results, the appearance of this kink is due to the
change from the planar to the chiral solutions around
�ω ∼ 0.46 MeV. In the planar regime, the angular
momentum is generated in the plane spanned by the
short and long axes, while in the chiral one, it increases
along the intermediate axis, which has larger moments of
inertia.
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Fig. 3 (Color online) Number of isotopes of elements up to uranium estimated to exist in theoretical predictions and to be produced at the Facility
for Rare Isotope Beams (FRIB) in comparison with the known ones

5 Nuclear dynamics
Apart from the static properties of nuclei, nuclear
dynamic processes, such as scattering, fission, and fusion,
have also been at the frontiers of nuclear physics. To study
nuclear dynamic processes, one has to extend the static

Fig. 4 Calculated rotational excitation energies (top) and rotational
frequencies �ω (bottom) for the observed chiral bands in 106Rh, in
comparison with data. Taken from [25]

CDFT to the time-dependent CDFT. In Ref. [16], the time-
dependent CDFT in 3D lattice space has been developed
and applied to investigate the microscopic dynamics of
the linear-chain cluster states in carbon isotopes by sim-
ulating the 4He+8Be and 4He+10Be resonant scatterings
without any symmetry assumptions.
In Fig. 5, four snapshots from the long time evolution

of the two collisions at the impact parameter b = 0.1
fm are presented in terms of the total density distribu-
tions at the times t = 100, 600, 1200, and 1800 fm/c. For
the 4He+8Be collision, the system retains the linear-chain
configuration up to the time at about 745 fm/c, and then it
starts to bend and forms a more compact shape at longer
times [see Fig. 5c and d]. For the 4He+10Be collision, how-
ever, the linear-chain configuration of the system can be
retained at the time up to 1200 fm/c. Moreover, comparing
Fig. 5f and g, the positions of the α-like and 10Be-like clus-
ters could be exchanged during the time evolution, which
reflects the quasiperiodic oscillating motion of the α-like
and 10Be-like clusters. In Ref. [16], it was found that the
valence neutrons slow down the longitudinal quasiperi-
odic oscillations of the clusters, i.e., dynamical isospin
effects, and this is responsible for the much longer survival
time of the linear-chain states in the 4He+10Be collision.

6 Relativistic ab initio calculations
In recent years, the connection between covariant den-
sity functionals and realistic nucleon–nucleon interac-
tions has become a hot topic. As the basic theory of the
strong interaction, quantum chromodynamics (QCD) and
its chiral symmetry are being used for nuclear structure
in the region of low momenta. The non-relativistic form
of the bare nucleon–nucleon forces is expressed in terms
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Fig. 5 Time evolutions of the total density distributions at the times
t = 100, 1200, 3300, and 5000 fm/c from the time-dependent CDFT
for the 4He+8Be (left) and 4He+10Be (right) collisions with the impact
parameter b = 0.1 fm

of chiral perturbation theory at various orders. At a long
and intermediate distance, the pion meson resulting from
the breaking of chiral symmetry plays an essential role,
while the short-range part of the force, acting at a scale
not influencing directly the details of nuclear physics, is
written in terms of various renormalization parameters.
At present, these chiral forces still contain a large num-
ber of phenomenological parameters, which are adjusted
to the experimental nucleon–nucleon scattering data. In
the next step, sophisticated numerical techniques have
been developed to solve the nuclear many-body problem
in terms of these chiral forces. This is possible nowadays
for light nuclei. However, the results are a bit disappoint-
ing and agreement with experimental binding energies,
radii, and spectra of finite nuclei can be achieved only by
introducing bare three-body forces containing additional
phenomenological parameters adjusted to light nuclei.
On the other hand, the fully self-consistent relativis-

tic Brueckner–Hartree–Fock (RBHF) theory, without any
adjustable parameters, has been successful even at the
Hartree–Fock level, using only the two-body realistic
interactions fitted to the nucleon–nucleon scattering and
deuteron properties. In Fig. 6, the energy per nucleon
and the charge radius of 16O calculated by the RBHF
theory are shown in comparison with the renormalized
Brueckner–Hartree–Fock (BHF) and the relativistic effec-
tive density approximation (EDA) results. The relativistic
effects improve the description considerably, both for the
energy and the radius. By comparing the results of EDA

Fig. 6 Energy per nucleon E/A for 16O as a function of the charge
radius rc calculated by the relativistic Brueckner–Hartree–Fock (RBHF)
using the interactions Bonn A, B, and C, in comparison with the results
given by the Brueckner–Hartree–Fock (BHF) and the relativistic
effective density approximation (EDA). Taken from Ref. [6]

and RBHF, it reveals that the self-consistency is important
to improve the description. Certain rearrangement effects
brought by adopting renormalized occupation probabil-
ities in RBHF may further improve the description for
finite nuclei, especially for the radii.

7 Summary and perspectives
Over the past decades, the relativistic density functional
theory has been greatly developed and widely applied to
investigate a variety of nuclear phenomena. We briefly
review the concept of covariant density functional theory
in nuclear physics and several applications in describing
nuclear ground-state and excitation properties as well as
nuclear dynamics. There are still many interesting top-
ics and open problems in this field. One of the most
urgent issues is the inclusion of the tensor-force effects in
the covariant density functionals. There has been several
works on this topic within the relativistic Hartree–Fock
framework [26–28], while it is very complex and time
consuming for even the ground state of deformed nuclei.
Another important related issue is on the determination
of the tensor-force strength. It is usually difficult to fix
the tensor terms of the functional by experimental data
because of their strong interplay with other terms. In this
sense, the ab initio RBHF calculations can provide essen-
tial information to guide the construction of DFTs. For
example, the difficulty of nuclear DFTs to fix the ten-
sor terms of the functional by experimental data may be
solved by nuclear ab initio calculations for a simple ideal
system, i.e., neutron drops. Moreover, ab initio calcula-
tions of the nuclear equation of state (EOS) are accessible
over a wide range of nucleon densities and are far beyond
the densities reachable in the laboratory. Therefore, in
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addition to experimental data, the ab initio results at
supra- and subsaturation densities may also need to be
considered in building a universal density functional. This
also induces a problem of exploring the proper density
dependence in the different terms of the functional. In this
sense, the ab initio calculations are very important to build
a universal density functional.
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