Sampling Theory, Signal Processing, and Data Analysis (2023) 21:9
https://doi.org/10.1007/s43670-023-00049-7

ORIGINAL ARTICLE

®

Check for
updates

On the relation of the frame-related operators of fusion
frame systems

Lukas Kohldorfer' @ - Peter Balazs'

Received: 28 February 2022 / Accepted: 13 January 2023 / Published online: 9 February 2023
© The Author(s) 2023

Abstract

Frames have been investigated frequently over the last few decades due to their valu-
able properties, which are desirable for various applications as well as interesting
for theory. Some applications additionally require distributed processing techniques,
which naturally leads to the concept of fusion frames and fusion frame systems. The
latter consists of a system of subspaces, equipped with local frames on each of them,
and a global frame. In this paper, we investigate the relations of the associated frame-
related operators on all those three levels. For that we provide a detailed investigation
on bounded block diagonal operators between Hilbert direct sums. We give the rela-
tion of the frame-related operators of the fusion frame and the corresponding frame
systems in terms of operator identities. By applying these identities we prove further
properties of fusion frame systems.

Keywords Fusion frame systems - Frame-related operators - Block diagonal
operators - Hilbert direct sums

Mathematics Subject Classification Primary 42C15; Secondary 47A05 - 47A67

1 Introduction

Frames are sequences of elements in a (separable) Hilbert space, which provide the
possibility to represent and reconstruct vectors in a non-unique, redundant and stable
way [1-3]. The study of frames led to many interesting theoretical results, such as
versions of the Balian-Low theorem [4, 5], or Feichtinger’s conjecture [6-8]. On the
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other hand, the properties of frames are desired for a vast number of applications,
e.g. signal processing [9], compressed sensing [10] and many more, see [3] and the
numerous references mentioned there.

Fusion Frames have been first introduced as frames of subspaces in order to give
necessary and sufficient conditions for piecing local frames together to a global frame
[11]. Since fusion frames generalize the notion of a (classical) frame, many concepts
from frame theory can be transferred to the fusion frame setting [11-13]. However,
the aspect of duality for fusion frames is non-trivial as it cannot be directly extended
from the classical frame case, which makes the theory much more interesting [ 14—18].
The idea of combining local frames on subspaces to a global frame and performing
distributed processing procedures via frames, is modeled by the notion of a fusion
frame system, which yields the flexibility to either perform global reconstruction or
local reconstruction of a given signal [12].

On all three layers - subspace, local and global frames - of a fusion frame system,
the typical frame-related operators, like the analysis, synthesis and frame operator, can
be defined. In this paper we study the relation between these operators associated to a
fusion frame system. For that purpose we provide details for bounded block diagonal
operators between Hilbert direct sums. In particular, we show that for those operators
we get canonical combinations, like combining the fusion synthesis with the block
diagonal operator of the local synthesis operators resulting in the global synthesis
operator. We show that a global Riesz basis results in a fusion Riesz basis with local
Riesz bases, a result where only the opposite direction is known so far. We can extend
the answer to the question, when centralized and distributed reconstruction coincide,
to the case of a fusion Riesz basis. Finally, we give a collection of results on properties,
which are preserved in fusion frame systems.

This paper is an extended version of [19, Sections 3, 4.3, 4.4].

2 Preliminaries

Throughout this notes, H is always a separable Hilbert space. If V is a subspace of
‘H then ry denotes the orthogonal projection onto V. A Hilbert space H of functions
f:X — F@F =RorF = C)is called a reproducing kernel Hilbert space (RKHS),
if all evaluation functionals 8, on H are continuous, i.e. if for every x € X, there exists
Cy > O such that |6, (f)| := |f(x)] < Cx|lf| for all f € H [20, 21]. The set of
positive integers {1,2, 3, ...} is denoted by N, and §;; denotes the Kronecker-delta.
The domain, kernel and range of an operator T is denoted by dom(7T), N (T) and
R(T) respectively. Zx denotes the identity operator on a given space X. The set of
bounded operators between two normed spaces X and Y is denoted by B(X, Y) and
we set B(X) := B(X, X). An operator T : X —> Y between normed spaces X and
Y is called bounded from below by m (m > 0), if m||x||x < ||Tx|y forall x € X.
For an operator U € B(Hi, H2) (H1, H> Hilbert spaces) with closed range R(U),
U denotes its associated pseudo inverse. Recall [3] that the pseudo inverse of U is
characterized as the unique operator U™ : H, — 7, satisfying the three relations

NUH =RW*, RUHY=NU)*, UUx=x (xeRW). (1)
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Moreover, if U has closed range, then U* has closed range and (U*)" = (U")*. On
R(U) we explicitly have UT = U*(UU*)~!. In case U is bounded and invertible, it
holds UT = U~

2.1 Frame theory

Recall [3] that a frame for ‘H is a countable family ¢ = (¥;);c; in ‘H, for which
there exist constants 0 < Ay < By < oo, called the lower and upper frame bound
respectively, such that for every f € H it holds

AglfIZ < DI vl < ByllfI1%. )

iel

If the frame bounds Ay and By can be chosen to be equal, then v is called an Ay -
tight or simply tight frame. A 1-tight frame is called Parseval frame. If a sequence
Y = (¥;)ies satisfies the right-hand inequality, but not necessarily the left-hand
inequality in (2), then itis called a Bessel sequence with Bessel bound By, . A sequence
Y = (¥)ier in 'H is called a Riesz basis, if it is complete, i.e. span(¥;)ie; = H,
and if there exist constants 0 < ay, < By < 00, called lower and upper Riesz bound
respectively, such that for any finite scalar sequence (c;) jes (J € I) we have
2

a¢2|cj|2 < ZCjI/fj < ﬁw2|cj|2~

jeJ jeJ jeJ

For an arbitrary sequence ¥ = (v;);ecs in H, we consider its associated frame-
related operators [22]:
o The synthesis operator Dy : dom(Dy) C 02(I) —> H, where dom(Dy) =
{(cdier € 2(D) : Y iep cithi € M} and Dy (ci)ier = Y ieq CiVi-
e The analysis operator Cy : dom(Cy) € 'H —> 22(1), where dom(Cy) ={f €

H: (fs ¥i)ier € (DY and Cy f = (f, ¥i)ier-
e The frame operator Sy : dom(Sy) € H —> H, where dom(Sy) = {f € H :

Zie[(f’ Vi)Y € H} and vaf = Ziel<f’ Yi)vi.
One can show [3, 22] that a sequence ¥ = (V)i is a Bessel sequence with Bessel
bound By if and only if dom(Dy ) = 22(1) and Dy, is bounded by /By, . In that case,
wealsohave D}, = Cy € B(H, £>(I))and Sy = Dy Cy € B(H) with ||Cy || < \/By
and || Sy || < By, whereas Sy, obviously, is self-adjoint. If v is a frame, its associated
frame operator Sy, additionally, is positive and invertible, yielding the possibility of
frame reconstruction for all f € H via

F=D 08, i = (F v S, . 3)

iel iel

The sequence (1;,-),-61 = (Slllwi)iel is also a frame for H with frame bounds 31;1 <
A;] and associated frame operator Sv; = S; ! , and is referred to as the canonical dual
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frame of . More generally, a frame ¢ = (¢;);e; is called a dual frame of V, if for
all feH

F=) (fovi =) (f i

iel iel

A frame v is Ay -tight if and only if Sy = Ay - Zj¢ [3]. Therefore, frame recon-
struction becomes particularly simple for tight frames, because (3) then reduces to
f= t il f i

More generally, if H is a RKHS, we say that a frame 1 is painless (compare to
painless non-stationary Gabor frames [23]), if Sy, is given by amultiplication operator,
ie. Sy f(x) = m(x) f(x) for some function m : X — F. In particular, the frame
inequalities (2) imply Ay < m(x) < By (x € X). Moreover, frame reconstruction
remains ’painless’ in this case, as it simply corresponds to point-wise multiplication,
Sy ) = s F () (x € X).

Frames and Riesz bases can be characterized in terms of their associated synthesis
and analysis operators, as presented in the statement below, see also [3]. For a more
detailed study of the frame-related operators associated to general sequences, which
can be unbounded operators, we refer to [22].

Theorem 2.1 [3] Let v = (V;)ier be a countable family of vectors in H. Then the
following are equivalent.

(1)  is a frame (resp. Riesz basis) for H.
(ii) The synthesis operator Dy, is bounded and surjective (vesp. bounded and bijec-
tive).
(iii) The analysis operator Cy is bounded, injective and has closed range (resp.
bounded and bijective).

In particular, for any frame v, the pseudo inverses of Dy, and Cy, are well-defined.
In [3] it is shown that

T -1
D]// = Cwsw ,
which implies
T o1
Cv/ = SW Dy.
In particular, if i is a Riesz basis, we have
-1 _ -1 -1 _ ¢—1
Dw =CyS, Cv/ —Sw Dy.
2.2 Fusion frame theory

By rewriting the terms |{ f, ¥;) |2 from the frame inequalities (2),
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A2 = s 2 . Yy Vi
19 = Wal((F o f)
= I¥ill* (v, £, f)
= v I, £11%,
where we set V; := span{y;} and v; := |||, we see that frames can also be

viewed as weighted sequences of (1-dimensional) closed subspaces (resp. orthogonal
projections), satisfying the inequalities (2). Admitting higher dimensional subspaces
leads to the notion of a fusion frame and allows to extend many definitions from
classical frame theory to this setting.

Recall [11], that a countable sequence V = (V;, v;);er of closed subspaces V; of
‘H, together with weights v; > 0, is called a fusion frame (or frame of subspaces) for
‘H, if there exist constants 0 < Ay < By < o0, called lower and upper fusion frame
bound respectively, such that for every f € H it holds

AVIFIZ <) vt lmv fI7 < Byl fII%. )

iel

A fusion frame V is called Ay -tight, if the fusion frame bounds Ay and By can be
chosen to be equal. A 1-tight fusion frame is called Parseval fusion frame. If V as above
satisfies the right-hand inequality, but not necessarily the left-hand inequality in (4),
we call V a Bessel fusion sequence with Bessel fusion bound By . A weighted family
of closed subspaces V = (V;, v;);ey is called a fusion Riesz basis, if span(V;)ic; = 'H
and if there exist constants 0 < ay < By < o0, called lower and upper fusion Riesz
bound respectively, such that for any finite subset J C I we have

av Y AP < | D vifi

jeJ jedJ

2

<Bv Y ISl

jeJ

for all sequences (f;)jes € (V})jes. The family (V;);es is called an orthonormal
fusion basis for H, if H is the orthogonal direct sum of the spaces V;,i.e. H = @ Vi.

The appropriate representation spaces for the fusion frame setting are Hilbert direct
sums, defined by

(Yo @Vi)e = {(ier s fi € Vi, AP < o,

iel iel
As in the classical frame setting, for any weighted sequence of closed subspaces
V = (V;i, vi)iesr we consider its associated fusion-frame-related operators:

e The synthesis operator Dy : dom(Dy) S (Y ;c;®Vi),, —> M., where
dom(Dy) = {(fi)ier € (Xies®Vi)p © Yicsvifi € H} and Dy (fiier =
Zie] v; fi,

e The analysis operator Cy : dom(Cy) € H —> (Ziel @Vi)ez» where
dom(Cy) = {f € H: (imy, ier € (Xics @‘/i)EZ} and Cy f = (vimy, ier,
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e The fusion frame operator Sy : dom(Sy) € 'H —> H, where dom(Sy) = {f €
H:Y i vimy, f e Hpand Sy f =, viny, f.

It is well-known [11] that V = (V;, v;);es is a Bessel fusion sequence with Bessel
fusion bound By if and only if dom(Dy) = (Zie] @®Vi),2 and Dy is bounded by
/By . Here, the basic definitions are still analogous to (Hilbert) frames, we again have
D}, = Cy € B(H, (3 ;c; ®Vi)2) and Sy = Dy Cy € B(H) being self-adjoint. The
latter is additionally positive and invertible, if V is a fusion frame. In particular, fusion
frames also yield the possibility of perfect reconstruction via

f=Y vimy Syt =Y vis,av f.

iel iel

It can be shown that a fusion frame V is Ay-tight if and only if Sy = Ay - Ty, see
[19] for more details.

Moreover, if H is a RKHS, we call a fusion frame V for H painless [2, 23, 24], if
Sy is given by a multiplication operator, i.e. Sy f(x) = m(x) f (x) for some function
m : X —> IF, which necessarily satisfies Ay, < m < By and S;lf(x) = mf(x)
(x € X).

Unsurprisingly, fusion frames and fusion Riesz bases can be characterized in terms
of their associated synthesis and analysis operators, as in the classical frame case
(Theorem 2.1):

Theorem 2.2 [11] Let V = (V;, vj)ies be a sequence of closed subspaces in H with
weights v; > 0. Then the following are equivalent.

(1) V is a fusion frame (resp. fusion Riesz basis) for 'H.
(ii) The synthesis operator Dy is bounded and surjective (resp. bounded and bijective).
(iii) The analysis operator Cy is bounded, injective and has closed range (resp.
bounded and bijective).

In particular, for any fusion frame V it holds
T —1 T -1
Dy =CyS,", C, =S, Dy.
In case V is a fusion Riesz basis, we have
Dyl =cys,!', ¢yl =s,'Dy. 5)

For a fusion Riesz basis V, we can give a simpler formula for D;l than in (5),
when we restrict D;l to the subspace V;. By setting (fori € I)

Vi = ... x {0} x {0} x V; x {0} x {0} x ... (V; at the i-th position),
we can formulate the following preparatory result.
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Lemma2.3 Let V = (Vi, vi)ier be a fusion Riesz basis. Let i € I be arbitrary and
gi € Vi. Then

Dy'gi=(...,0,0,v;7'g,0,0,..) (v 'gin thei-th entry)

In other words, D;l maps V; into V; for everyi € I.

Proof Let g; € V;. According to Theorem 2.2, there exists precisely one g €
(Zie[ EBV,')ZQ, such that Dy g = g;. Obviously, g = (...,0,0, vi_lgi, 0,0,...) (g
in the i-th entry) meets this condition. O

The following result from [11] can be viewed as the starting point of the theory of
fusion frames. It indicates the link between fusion frames and distributed processing.

Theorem 2.4 [11] Let (V;);er be a family of closed subspaces of H, (v;)ies a family
of weights and assume that for every i € I, ¢ = (@ij)jes; is a frame for V;
with frame bounds A; and B;. Suppose that there exist constants A and B such that
0 < A =inf,c; A; < sup;c; Bi = B < o0. Then the following are equivalent.

(1) V = (V;, v)ierq is a fusion frame for H.
(ii) vo = (Vigij)iel, jey; is a frame for H.

In particular, if V is a fusion frame with fusion frame bounds Ay and By, then
Ay, = Ay - A and By, = By - B are frame bounds for vep. Conversely, if vy is a
Sframe with frame bounds Ay, and Byy, then Ay = Ay, /B and By = By,/A are
fusion frame bounds for V.

Theorem 2.4 shows that the three frame layers -subspaces, local sequences, global
sequence- are naturally connected. This motivates the notion of a fusion frame system.

Definition 2.5 [12] Let (V;, v;)ic; be a fusion frame for  and let ¢!) = (@ij)jes; be
a frame for V; for every i € I.1If the frames go(i) have common frame bounds, then we
call (Vi, vi, 9);cr a fusion frame system for H. Furthermore, we call its associated
frame v := (V;i@;j)ie1, jeJs; global frame, and the frames 0D local frames. We will
always denote the common frame bounds of the local frames by A and B (A < B).

The advantage of the concept of fusion frames and fusion frame systems is, that it
enables us to reconstruct signals in two (generally different) canonical ways. We can
either perform frame reconstruction via the global frame v, i.e.

£=02) (f vigif) Sy v, (6)

iel jel;

or we perform frame reconstruction of 7y, f via the frame ¢ on alocal level at first
and then fuse the information together via fusion frame reconstruction, i.e.
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eI
iel
=D D L uei) Sy S g vigis. @)

iel jeJ;

Following the terminology from [12], we call the reconstruction process (6) centralized
reconstruction, and the reconstruction process (7) distributed reconstruction. Here, the
question, how Sv’w1 and the operators S, ! S(;(l.l) are related, naturally arises, and will be

answered in Proposition 4.4.

3 Bounded block diagonal operators

In order to give the relations between the (fusion) frames associated to a fusion frame
system in terms of their frame-related operators, we reconsider Hilbert direct sums
and a certain type of bounded operators between them.

Instead of considering Hilbert direct sums of closed subspaces of the same Hilbert
space H, we consider the slightly more general case, where V; are arbitrary Hilbert
spaces, and set

(X @)= {(rer + fi € Vi Y IAIR, < oo} ®

iel iel

Obviously, setting V; = C for all i € I yields the space £(I).
For f = (fi)ie1, 8 = (8i)ier € (Q_;c; ®Vi) g2, the operation

(fL8) i ev, = Z(fi, 8iv; )

iel

is easily seen to be well-defined and inherits the defining properties of an inner product
from the inner products (-, -)y;, see also [25]. Its induced norm is therefore given by

1l o = (D I513)"2 (10)

iel

and adapting any standard completeness proof for £2(1) yields that Qi1 BV is
also complete with respect to this norm.

Of course, definition (8) extends to the case where the spaces V; are only pre-Hilbert
spaces, resulting in (3 _;.; ®V;),2 equipped with the inner product (9) being only a
pre-Hilbert space. If and only if all V; are Hilbert spaces, the space (3_;.; ®Vi)p2
is a Hilbert space, in which case we call it a Hilbert direct sum. In particular, since
subspaces of Hilbert spaces are closed if and only if they are complete, we obtain the
following corollary.
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Corollary 3.1 Consider the Hilbert direct sum (Zie[ EBV")ZZ and for each i € I, let
U; be a subspace of V;. Then ( Yier GBUi)gz is a closed subspace of( Yier @V,-)lz if
and only if U; is a closed subspace of V; for everyi € I.

The next result is also easy to show, but still worthwhile to be mentioned.

Lemma 3.2 Consider the Hilbert direct sum (Zie] @V,-)éz and the (not necessarily
closed) subspaces U; of V; (i € I) and (Zie[ @Ui)gz of(ZieI GBV,-)gz. Then

(Teu:) =(Xev)

iel iel

Proof The “2”-part is trivial. To prove the “C”-part, we have to show that for any
h = (hier € ((Cie; ®Ui) )" we have h; € U (forall i € I). To this end,
observe that since (f, h)y,_, eV, = Oforall f e (Zie] @Ui)ez, we particularly
may choose f = (..., 0,0, f;,0,0,..) € (X ;c; ®Ui),> (Where f; € U is in the
i-th entry) and see that in this case 0 = (f, h>(zi€1 eV = (fi, hi)v;, which implies
h; € U;-. Since this holds for all i € I, the proof is finished. o

Next we consider two Hilbert direct sums () ;.; ®Vi),, and (X ;c; ®Wi),
indexed by the same index set. Let, for every i € I, O; € B(V;, W;) be given.
We call the family (O;);c; completely bounded [26], if there exists a constant C > 0,
such that ||O;|| < C foralli € I. It is easy to show the next lemma, see also [25].

Lemma 3.3 Consider the family (O;);cr of operators O; € B(V;, W;). Then

P Oi(fiiecr = (O fi)ie (1)

iel

defines a well-defined and bounded operator from (Zie[ @Vi)ﬁ into (Ziel @W,-)Zz
ifand only if (O;)iey is completely bounded. In that case || @;; Oill = sup;¢; 1O;|l.

Bounded operators €, .; O;, defined as in (11), naturally appear in the definition
of a dual fusion frame [14—18]. In accordance with these references we call such oper-
ators block diagonal. We also note that in those references, block diagonal operators
D, ., O; with the additional property, that each operator O; is surjective, are called
component preserving. In the remainder of this section, a detailed investigation of
bounded block diagonal operators between Hilbert direct sums is presented, whereas
component preserving operators only implicitly appear on some occasions as a special
case, see e.g. Proposition 3.8.

We omit the obvious proof of the next result. For more details, see [19].

Lemma3.4 Let (3 ;c; DU, Qi ®Videe and (3,1 ®Wi) 2 be Hilbert direct

sums, let @,;c; Oi € B((XL;c; ®Vi)e2, (Lics ®Wi)g2) and @iy Pi € B((XLie;
®U) 2, Qs GBVZ-)(z). Then the following hold.
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(a)
(Do) =dor
iel iel

®) If Qic; ®Vi)ee = Qs ®Wi) g2, then @, O is self-adjoint if and only if O;
is self-adjoint for every i € I.
()

(BN D7) - Do
iel iel iel
(d) B, Oi is bounded from below by m if and only if O; is bounded from below by

mforalli € I.

Next, we consider the kernel and range of bounded block diagonal operators, where
we notice a difference in the quality of the results.

Lemma3.5 Let @, ; O; € B((Ziel OV, Qier @Wi)eZ). Then
(a)
N(EPOoi) = (> aNO)),
iel iel
(b)
R(EPO) < (D_8RON),
iel iel
Proof By component-wise definition (11) we have
N(EDO) ={(ier € (X @Vi)p: Oifi =0vi € 1))
iel iel

={idier  fi e N©@) Vi € 1), 31, < oo}

iel
= (D_eN(0)),,
iel
as well as
R(EPoi) = {(g,o,-ez € (D oWy :3Aficr € ()_oVi)p
iel iel iel

L0 f; =g (Vi € 1)

- [(gi)iel € (Z@Wi)ez :3(f)ier € Vi)ier : Oifi = gi (Vi € 1)}

iel

W Birkhauser
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= [(gi)iel € (Z@Wi)ez : g € R(O) (Vi € I)}

iel

= (D) _OR©O)),- (12)

iel
O

In general, we cannot achieve equality in (12) without further assumptions, except
in the trivial case | /| < oo (compare to Example 3.9). However, if @), .; O; has closed
range, then equality is always achieved, as the next result shows.

Proposition 3.6 Let ,;c; Oi € B((Xic; ®Vi)ez. O ic; ®Wi)g2) and assume that
D,c; Oi has closed range. Then

(a)
R(P i) = (D eRO)) .

iel iel
(b) O; has closed range for every i € I.
Proof (a) We have

1

(X oR©O)), = ((Zeama-))ﬂ)L

iel iel

L
- <( Z 69R(Oi)l)e2> (by Lemma 3.2)

iel

= ((Z@N (O:‘))ez)l

iel

= N( EB O?)L (by Lemma 3.5 (a))

iel

N
=N(<@Oi) ) (by Lemma 3.4 (a))

< (D _eRO)), (by Lemma 3.5 (b)),
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which implies (a) and also shows that (Zie I GBR((’),-)) 2 18 a closed subspace of
(Xic; ®Wi) 2. By Corollary 3.1, this implies (b). a]

Proposition 3.6 shows, that if €, ; O; has closed range, so do the operators O; for

all i € I. Therefore their corresponding pseudo inverses (@, el (9,~)T and OIT @el)
are well-defined. In the next result, we give a relation between them.

Proposition 3.7 Let P, ; O; € B(( Yier GBVi)Zz, (Zie[ GBWi)[z) and assume that

: i has closed range. If; in addition, the family (O, );cy is completely bounde
icr Oi has closed If, in addition, the famil ((’):r) } letely bounded
and if P, ¢; (’)iT has closed range, then

T ;
(Po) =po.
iel iel
Proof By Lemma 3.3, the operators
(Bo) : (Dow). — (Yev),

iel iel iel
and

DO} (L ow), — (L),

iel iel iel

both are well-defined and bounded. Moreover, it holds

(P o) Po)EP o) =Pwojon=Po.

iel iel iel iel iel
as well as

N(EPO)) = (> eN©), (by Lemma 3.5 (a))

iel iel
=(D)_e®RON"Y), (by (1))

iel
= (Z EBR(O,')); (by Lemma 3.2)

iel
=R(P o) (by Proposition 3.6 (a)).

iel

Finally, the assumption, that @, ., (93_ has closed range, guarantees via Proposition 3.6
(a) that

R(DO)) = (X &RO)) .

iel iel
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hence

R(EPO)) = (D 8R©O)) . = (D WO (by (1))

iel iel iel
= (> eN©)), (by Lemma 3.2)

iel
=N(@o)* (by Lemma 3.5 (a)).

iel

O

Next we discuss the properties injectivity, surjectivity and invertibility of block
diagonal operators between Hilbert direct sums.

Proposition 3.8 Let P, O; € B(( Yicr ®Vi) s (Xies @W")zz)' Then

(a) @;c; Oi is injective if and only if O; is injective for all i € I.

(b) If D;c; Oi is surjective, then O; is surjective for all i € I.

(¢) If O; is surjective for all i € I and if the family ((’);—),-61 is completely bounded,
then @, c; O; is surjective.

(d) If D;c; O is invertible, then O; is invertible for all i € I and

(@Oi)fl -Po;. (13)

iel iel

(e) If O; is invertible for all i € I and if (O; l)ie 1 is completely bounded, then also
D,c; Oi is invertible and (13) holds.

Proof (a) follows immediately from Lemma 3.5 (a).

(b) Assume that ;_; O; is surjective and choose i € I arbitrary. Then for any g; €
Wi, (...,0,0,g,0,0,..) € (Ziel @Wi)ez and by assumption there exists some
(fidier € (Xies ®Vi),2 such that @;c; Oi(fidier = (-...0,0,8:.0,0,..).
This implies O; f; = g;, hence O; is surjective.

(c) We have B, O,'T € B((XCic; ®Wi)e2. (Xjc; ®Vi)e2) by Lemma 3.3. More-
over, by properties of pseudo-inverses, OT is aright-inverse of O; on R(O;) =

(i € I). Therefore, by component-wise definition and Lemma 3.4 (c), @; O
is a right-inverse of €9, .; O; on (Zle[ P w; )22 In particular, for any (g,),el e

(Xics ® Wi),2, we can find (fi)ier := (O] gi)icr € (X je; D Vi) 2» such that
PBic; Oi(fier = (8ier, ie. @;; O is surjective.
(d) By (a) and (b), O; is bijective for every i € I. Moreover, since &, ; O; is
invertible, it is bounded from below by some constant m > 0, which implies
that O; is bounded from below by m for all i € 1. Consequently, ((’);1)1-€ 7 is
completely bounded by m~!, hence ;., O

obviously a left- and right-inverse of P

!'is well-defined and bounded and

ze]
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(e) Since ((’)—1) iel = ((’)+),~E 1 is completely bounded, we may apply (a) and (c) to see
that @, ; O; is bijective and thus invertible. Moreover €D,
and bounded and (13) clearly holds.

icr O Vs well-defined

]

Example3.9 Let I = Nandlet V; = W; # {0} foralli € I. Foreveryi € I, we
define

1
O;: Vi — Vi, O ::71‘4.
i

For each i we have ||O;|| < 1, i.e. the family (O;);es is completely bounded by 1.
Thus, by Lemma 3.3, @;c; Oi : (Xie; ®Vi)p — (XLics ®Vi) 2 is a well-defined
and bounded operator.

(a) Let us reconsider Lemma 3.5 (b). We give an example of an element g €
(Xics ®Vi) 2 whichis contained in ()_;.; ®R(0))) , but not in R( @za Bk

For every i € I, choose some normalized vector h; € V; and set f; := f eV
and g; = /% € V;. Clearly we have O; f; = g; for each i € I. Observe that
. 2 .
g = (8icr € (Vies D Vi) o-since Igles oy, 0 = ien 5 = % - Inpartic-
ular, g € (Y, @R((’)i))ﬂ On the other hand, f = (fi)ier ¢ O ic; D Vi),
since || £t gy, = Lien 7 = 00 However, ¢ ¢ R(Dye; Oi), since, by

component-wise definition, f is the only possible candidate to be mapped onto g
by @Dje; Oi while f ¢ (3¢, 69‘/1')(52-

(b) We also reconsider Proposition 3.8 (c). At first glance, one might guess that if
(O))ier is a completely bounded family of surjective operators, then &, .; O
has to be surjective as well. However, the above example demonstrates the i 1mpor-
tance of the (in this case missing) condition that ((’)iT )ies 1s completely bounded:
The operators O; = \%I v, are not only surjective and completely bounded, but
also injective. However, @, .; O; is not surjective as shown above. Observe that

||(’);f|| = ||(’)f1 | = /i, i.e. the family (O,.T)iel fails to be completely bounded.
4 Fusion frame systems and related operators
We are now prepared to prove relations between the (fusion) frames associated to a
fusion frame system in terms of their associated synthesis, analysis and frame opera-

tors.
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4.1 Operator identities for fusion frame systems

Let (Vi, v, 9®);cs be a fusion frame system with corresponding global frame vy =
(vigij)iel, jes;- The representation space of vg is the space

EZ(H'JJi) = {(Cij)iel,jej[ ccij €C, Z Z lcij|* < OO},

iel iel jel;

which clearly is a Hilbert space with respect to the inner product ((c;j)ies,jey;
ipierjes) = Yicr 2jey Cijdij- We observe that norm of (cij)ier,jes; €
€%(\4;; Ji), which is given by

l(cijliet,jes |l = (Z Z |Cij|2)1/2’

iel jeJ;

equals the norm of (¢;)ies € (¢, @Zz(Ji))ez, where ¢; = (¢ij)jes, € £*(J;). In
particular, we obtain the following result, see [19] for more details.

Proposition 4.1 The Hilbert spaces 62( WHies J,-) and (Zie[ @Ez(fi))gz are isomet-
rically isomorphic.

Recall, that the definition of a fusion frame system implies that the family (D(p(i) iel

is completely bounded by +/B. This observation begs for an application of our results
from Section 3. Indeed, the link between the global frame vp = (v;@;)ic1, jeJ;, the
fusion frame V = (V;, v;);<s and the local frames (p(i) = (¢ij) jey; corresponding to
the fusion frame system (V;, v;, go("))iE 7 is mirrored by the operator identities below.
We note that identities (14) and (15) also appear in [18], their finite-dimensional
versions can be found in [17]. However, for the convenience of the reader, we state a
full proof.

Proposition 4.2 Let (V;, v;, (p(i))i61 be a fusion frame system and v be the corre-
sponding global frame. Then the following hold:

Dyy = Dy @ Dy (14)
iel
Cop = (P C,0)Cv (15)
iel
Svp = Dy (EP S,0)Cv. (16)
iel

Proof 1f ¢ = (cij)ier,jes; € P(Wic; ) = (Xics @Zz(fi))lz, then ¢; = (¢ij) jey; €
£2(J;) for every i e I. Since the family (Dy@)ier is completely bounded by VB,

Lemma 3.3 guarantees that @i el D(p(i) is well-defined and bounded, i.e. that

(Do cdier € (D ®Vi) -

iel
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Therefore we may write

Dyypc = Z Z CijVviPij = Z viDyiyci = Dy @ Dyic,

iel jel; iel iel

which shows (14). Applying Lemma 3.4 yields

*
Cyp = D:’;(p = (DV @ D(p(i)>

iel
= (Do) vi
= @ \%
iel
= (@QZ(:‘)) v = (@Cw(;>>cv
iel iel

and

Svp = DypCyp = DV(@ Dw(f))(@c(pu))cv

i€l iel
= DV(@ D(p(i)Cw(i))Cv = DV(@S(p(i))CV-
i€l iel

O

For fusion Riesz bases, Proposition 4.2, Theorem 2.2 and Proposition 3.8 (e) imply
the following:

Proposition 4.3 Letr (V;, v;, (p(i))iel be a fusion frame system and vg be its corre-
sponding global frame. If in addition (V;, v;)ics is a fusion Riesz basis, then

-1 -1 -1y p-1
S =Cy ( Swm)Dv : 17

iel

Considering the previous result leads to the question, whether we can replace Cy, !

and D;l in (17) by C‘T/ and D; respectively, and obtain a generalization of Proposi-
tion 4.3 to fusion frame systems, where the associated fusion frame is not necessarily
a fusion Riesz basis. A positive answer to this question can be given by adding a
technical assumption:

Proposition 4.4 Let (V;, v;, (p(i))iel be a fusion frame system and vg be the corre-
sponding global frame. If

v, Sy Svp = S,0my, (Vi€ D), (18)

then

Su = Cy(ED s,) Dy

iel

W Birkhauser



On the relation of the frame-related operators... Page170f22 9

Proof For every f € H we have

CUED )P Svef = 57Dy () S0)C 71t

iel iel

=8y' DS vin Sy S f
iel

=Sy ) S hviS,emy,f  (by(18)
iel

= S\71 Z vi2nVi b
iel

=S,'svf=r.

This yields the claim. O

Example 4.5 (a) We show that if the fusion frame associated to a fusion frame system
is a fusion Riesz basis, then (18) is satisfied: Let (V;, v;, ¢));c; be a fusion frame
system with corresponding global frame vg. It can be shown [27] that the associated
fusion frame V is a fusion Riesz basis if and only if vl.zrrvi S;lnvj =4 iV, for all
i, j € I. The latter implies (18), since by Proposition 4.2, for all f € H we have

v, Sy Sup f = 7v.Sy Dy (€D Sp0)Cv f
iel
= viijvl. S;l (Ui_2 Z ﬂV/UJZS(p(j)JTVj f)
Jjel
=7y, Sw(i)nvl. f= S(p(i)JTV,» f.
(b) We give an example of a fusion frame system fulfilling (18), while its associated
fusion frame is not a fusion Riesz basis: Let (V;, v;, c/)(l))iG ;bea fusion frame system
with corresponding global frame v, and assume that all local frames ¢*) are tight with

respect to the same frame bound A. Then, by Corollary 4.10, this implies Sy, = A-Sy.
Therefore, for all i € I we have

-1
7wy Sy Sy =7y, - A=A -7y, = S(p(i)ﬂvi.
Note that the associated fusion frame V does not need to be a fusion Riesz basis.

Lemma4.6 Let (V;, v;, (p(i))iel be a fusion frame system. Then @
tive and

el D(p(i) is surjec-

(B0,0) =B o), = PDew (19)

iel iel iel
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If all local frames 9" are Riesz bases, then >, D) is invertible and it holds

iel

-1
(@0.) - Doy} =@
1

iel iel ie

Proof By Theorem 2.1, each D ) is surjective. Moreover, the family (D;(i))ie ] =

O]
(Cypi» S;(,.l)),-g is completely bounded by v/B/A. By Proposition 3.8 (c), this implies
that ;< D, is surjective. Therefore, (Bics D(pm)* =@ D;m =@ic; Coir
has closed range. In particular

@ D;m = @(Cwo')s(;al))

iel iel
- (@c)(D5)
iel iel

has closed range, since it is a composition of bounded closed range operators. Now,
an application of Proposition 3.7 yields (19). The second statement can be shown
similarly by applying Proposition 3.8 (e). O

As aconsequence of the previous lemma, we obtain operator identities for the fusion
frame-related operators of a fusion frame system, similar to those of Proposition4.2. By
multiplying identity (14) from the right with (;, DWm)T =®,. ,(C(p(i)S(;(})), we
obtain (20) (see also [17, 18]). Proceeding analogously to the proof of Proposition 4.2,
we immediately obtain (21) and (22):

Proposition 4.7 Let (V;, v;, 9)ics be afusion frame system and v its corresponding
global frame. Then

—1

Dy = Dy, @(C¢(i>s¢(i)) (20)
iel

Cv = PS4, Dy) Cug @1)

iel
-2

Sy = Dy, E|?<c¢<f>sw<,.>0¢(i>)cw. (22)

1€

4.2 Properties preserved in fusion frame systems

Our results from Section 4.1 enable us to examine fusion frame systems in terms of their
associated frame-related operators. This is particularly interesting, since the properties
of these operators are directly linked to the properties of their respective frames. In this
spirit, we prove the following characterization by using operator theoretic arguments.
We remark that the implication (ii) = (i) has been independently proved in [27] via
another approach.
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Theorem 4.8 Let (V;, v;, 9)ics be a fusion frame system and vg be the correspond-
ing global frame. Then the following are equivalent:

(1) ve is a Riesz basis.
@i1) (Vi, vi)ier is a fusion Riesz basis and <p(’) is a Riesz basis for every i € I.

In particular, if V.= (V;, vi)ics is a fusion Riesz basis with fusion Riesz bounds ay
and By, then o,y = ay - A and Byy = By - B are Riesz bounds for vp. Conversely, if vp
is a Riesz basis with Riesz bounds oy, and By, then oy = Ayy/B and By = Byy/A
are fusion Riesz bounds for V.

Proof Hereinafter, we implicitly apply Theorems 2.1 and 2.2 several times.

(i) = (ii): If ve is a Riesz basis, then Dy, = Dy @ie[ D(p(i) is bounded and
bijective. In particular, ), D, is injective, which implies by Proposition 3.8 that
Dy is bounded and bijective for every i € I. This is equivalent to ¢V being a
Riesz basis for every i € I. Moreover, by Proposition 4.7, we now have that Dy =
Dyy @Dic; (C(p(,-)S;(})) is a composition of bounded and bijective operators and thus
itself is bounded and bijective. Therefore, (V;, v;);es is a fusion Riesz basis.

(i) = (1): If all (p(i) are Riesz bases and if (V;, v;) is a fusion Riesz basis, then Dy
and D) (i € I)arebounded and bijective. By Lemma4.6, (D, ; D, is bounded and
bijective. Therefore the composition Dy, = Dy D, ; D is bounded and bijective,
i.e. vp is a Riesz basis.

The claim for the Riesz bounds follows from Theorem 2.4. O

Consider a fusion frame system (V;, v;, ¢V);e; with corresponding global frame
ve. In [12], the authors posed the question, when centralized reconstruction equals
distributed reconstruction, i.e. when the dual frame (S, ! S;(l.l) Vi@ij)iel,jes; of vo coin-

cides with the canonical dual frame (SU_(/)1 vi@ijliel,jes;- In [12] the authors showed
that this holds, if (V;);¢; is an orthonormal fusion basis. Observe that this also is true
if we instead assume that ve is a Riesz basis, since, in this case, the canonical dual is
the unique dual frame for ve [3] and the question becomes trivial. In the next result,
we only assume (V;, v;);e; to be a fusion Riesz basis, which is weaker than both of
the previously mentioned assumptions (compare to Theorem 4.8) and show that also
in this case centralized reconstruction equals distributed reconstruction.

Theorem 4.9 Let (V;, v, V)i be afusion frame system and vy be its corresponding
global frame. If V = (V;, vi)icy is a fusion Riesz basis, then (S;lS(;(il) ViQijliel,jed;
is the canonical dual frame of vy, i.e.

—1 —1¢—1
(Sug viijlier,jes; = (Sy S i vidijliel jes;-

Proof By Lemma 2.3, we have D;lvﬂpij =(..,0,0,¢i,0,0,..) (¢ in the i-th
entry). By applying Proposition 4.3, this yields
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Szjwlvi‘pi./ = C;l(@s(;(i))l);lvi%/
kel
= cal(@s(;(,{))(...,o, 0, ij.0,0,..)
kel
=Cy'(...,0,0, S(;(}mj,o, 0,..)

=Cy'Dy'Dy(...,0,0, S;(})go,»,-, 0,0,...)

—1¢—1
= SV S(p(i)vi(/)ij'
Since this is true for alli € I and j € J;, the proof is finished. O

We conclude with the following collecting results on inheritable structures in fusion
frame systems. Recall that we denote the common frame bounds of the local frames
in a fusion frame system by A and B.

Corollary 4.10 Let (V;, vi, 9'V)ie; be a fusion frame system for H and ve be the
corresponding global frame.

(1) [11] ]f(pm is Parseval for every i € I, then Syy = Sy.
() If o) is A-tight for every i € I, then Sy, = A - Sy.
(3) If o' is A;-tight for every i € I, then Sy, = Sw, where W = (Vi, /A vi)icr

Proof (2) By (16), Sy = Dv(@;c;AZv,)Cv = DvALy, ev),Cv =
ADyCy = ASy. (3) follows similarly by observing that for any f € H we have
Supf = Dv(Bic; AiLv,)Cv [ =Y ics Aivimy, f = Sw f- o

As an immediate consequence we obtain the following:

Corollary 4.11 Let (V;, vi, 9D)ic; be a fusion frame system for H and ve be the
corresponding global frame.

(1) [12] If 9 is Parseval for every i € I, then V is Parseval if and only if vy is
Farseval.

(2) [1211If oD is Parseval for everyi € I, then V is A-tight ifand only if vg is A-tight.

(3) If oV is A-tight for every i € I, then V is tight if and only if vy is tight.

(4) In case H is a RKHS: If ¢ is Parseval for every i € I, then V is painless if and
only if vy is painless.

(5) In case H is a RKHS: If 9\ is A-tight for every i € I, then V is painless if and
only if ve is painless.

We can also show a converse of Corollary 4.10 with restrictions to the fusion frame
V.

Corollary 4.12 Let (V;, vi, 9)ier be a fusion frame system and vy be the corre-
sponding global frame.

(1) If Syp = Sy, then @ie] Zv, — S(p(;)) = 00on'R(Cy). In particular, if V is a fusion
Riesz basis and Sy, = Sy, then 0D is Parseval for every i € I.
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(2) If Syp = A- Sy, then @, ;(A - Ly, — Sp) = 0 on R(Cvy). In particular, if V is
a fusion Riesz basis Sy, = A - Sy, then 0D is A-tight for everyi € I.

(3) IfSU(p = Sw, where W = (Vl, \/A_,-v,-),-el, then @ieI(Ai . IV,- — S(p(i)) =0on
R(Cv). In particular, if V is a fusion Riesz basis and Sy, = Sw, then (p(i) is
A;-tight for everyi € I.

Proof (1) By (16), we have Sy — Sy, = Dy @,;.;(Zv;, — S,@)Cy = 0. This implies

that

0= <Dv iee?(fvi = S,0)Cv [, f>

=<@(Ivi —S(p(f))cvf,cvf) Vf e H).

iel (Ziel @Vi)ﬂ

H

Since P, .;Zv, — S,) is self-adjoint by Lemma 3.4 (b), this implies P, @v, —
Sy) = 0 on R(Cy). If V additionally is a fusion Riesz basis, then R(Cy) =
(2 ies ®Vi)g2, which implies S, = Zy, for all i € I.(2) and (3) can be shown
analogously. O
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