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                    Abstract
In this investigation, a size-dependent numerical solution methodology is devised to analyze nonlinear buckling and postbuckling of cylindrical microsized shells made of checkerboard randomly reinforced nanocomposites subjected to a combination of axial and lateral compressions. To accomplish this purpose, the modified couple stress elasticity continuum is formulated within the third-order shear flexible shell model. Using a probabilistic-based homogenization plan in conjunction with the Monte-Carlo simulation, the effective mechanical parameters of the randomly reinforced nanocomposites are captured. The established size-dependent problem is then numerically solved via using the moving Kriging meshfree technique having the ability to enforce the required boundary conditions straightly at the associated nodes without using any type of penalty technique. By tracing the nonlinear stability paths, it is revealed that for the both axial dominated and lateral dominated loading cases, the stiffening feature related to the rotation gradient tensor causes that the microshell endures higher shortening before the buckling phenomenon occurs. In addition, it is found that by increasing the length to width ratio of graphene nanofillers, the effect of combination of axial or lateral load increases a bit.
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Appendices
Appendix A
Equation 
$${E}_{\mathrm{iso}}=\frac{{E}_{1}}{{\mathrm{sin}}^{4}\left(\alpha \right)+\left(\frac{{E}_{1}}{{G}_{12}}-2{\nu }_{12}\right){\mathrm{cos}}^{2}\left(\alpha \right){\mathrm{sin}}^{2}\left(\alpha \right)+\frac{{E}_{1}}{{E}_{2}}{\mathrm{cos}}^{4}\left(\alpha \right)}$$

                    (33)
                

in which \(\alpha\) stands for the random orientation of two-dimensional nanofillers, and its value can be within the range of \(0\le \alpha \le 2\pi\) in a random strategy. Furthermore, \({E}_{1}, {E}_{2}, {G}_{12},\) \({\nu }_{12}\) are, respectively, the longitudinal and transverse moduli, shear and major Poisson’s ratios of the random reinforced composite material which can be achieved using a representative volume element as demonstrated in Fig. 2. Therefore, one will have
$$\frac{1}{{E}_{1}}=\frac{\frac{a}{a+\mu }}{{E}_{\mathrm{GPL}}{V}_{\mathrm{GPN}}\left(1-\frac{\mathrm{tanh}\left(\frac{\eta a}{2}\right)}{\frac{\eta a}{2}}\right)+{E}_{m}\left(1-{V}_{\mathrm{GPN}}\right)}+\frac{\mu }{{E}_{m}\left(a+\mu \right)}$$

$${E}_{2}=2\left[1-{\nu }_{\mathrm{GPL}}+\left(1-{V}_{\mathrm{GPL}}\right)\left({\nu }_{\mathrm{GPL}}-{\nu }_{m}\right)\right]\times \left(\frac{\left(1-\beta \right)\left[{K}_{\mathrm{GPL}}\left(2{K}_{m}+{G}_{m}\right)+\left(1-{V}_{\mathrm{GPL}}\right){G}_{m}\left({K}_{m}-{K}_{\mathrm{GPL}}\right)\right]}{2{K}_{m}+{G}_{m}+2\left(1-{V}_{\mathrm{GPL}}\right)\left({K}_{\mathrm{GPL}}-{K}_{m}\right)}+\frac{\beta \left[{K}_{\mathrm{GPL}}\left(2{K}_{m}+{G}_{m}\right)+\left(1-{V}_{\mathrm{GPL}}\right){G}_{m}\left({K}_{\mathrm{GPL}}-{K}_{m}\right)\right]}{2{K}_{m}+{G}_{m}+2\left(1-{V}_{\mathrm{GPL}}\right)\left({K}_{m}-{K}_{\mathrm{GPL}}\right)}\right)$$

                    (34)
                

$${G}_{12}=\left(1-\beta \right){G}_{m}\left(\frac{2{G}_{\mathrm{GPL}}-\left(1-{V}_{\mathrm{GPL}}\right)\left({G}_{\mathrm{GPL}}-{G}_{m}\right)}{2{G}_{m}+\left(1-{V}_{\mathrm{GPL}}\right)\left({G}_{\mathrm{GPL}}-{G}_{m}\right)}\right)+\beta {G}_{\mathrm{GPL}}\left(\frac{{G}_{\mathrm{GPL}}+{G}_{m}-\left(1-{V}_{\mathrm{GPL}}\right)\left({G}_{\mathrm{GPL}}-{G}_{m}\right)}{{G}_{\mathrm{GPL}}+{G}_{m}+\left(1-{V}_{\mathrm{GPL}}\right)\left({G}_{\mathrm{GPL}}-{G}_{m}\right)}\right)$$

$${\nu }_{12}=\left(1-\beta \right)\frac{{\nu }_{\mathrm{GPL}}{K}_{\mathrm{GPL}}{V}_{\mathrm{GPL}}\left(2{K}_{m}+{G}_{m}\right)+{\nu }_{m}{K}_{m}\left(1-{V}_{\mathrm{GPL}}\right)\left(2{K}_{\mathrm{GPL}}+{G}_{m}\right)}{{K}_{\mathrm{GPL}}\left(2{K}_{m}+{G}_{m}\right)+{G}_{m}\left(1-{V}_{\mathrm{GPL}}\right)\left({K}_{\mathrm{GPL}}-{K}_{m}\right)}+\beta \frac{{\nu }_{m}{K}_{m}\left(1-{V}_{\mathrm{GPL}}\right)\left(2{K}_{\mathrm{GPL}}+{G}_{\mathrm{GPL}}\right)+{\nu }_{\mathrm{GPL}}{K}_{\mathrm{GPL}}{V}_{\mathrm{GPL}}\left(2{K}_{m}+{G}_{\mathrm{GPL}}\right)}{{K}_{\mathrm{GPL}}\left(2{K}_{m}+{G}_{\mathrm{GPL}}\right)+{G}_{\mathrm{GPL}}\left(1-{V}_{\mathrm{GPL}}\right)\left({K}_{m}-{K}_{\mathrm{GPL}}\right)}$$

in which
$${K}_{\mathrm{GPL}}=\frac{{E}_{\mathrm{GPL}}}{2\left(1-{\nu }_{\mathrm{GPL}}\right)} , {K}_{m}=\frac{{E}_{m}}{2\left(1-{\nu }_{m}\right)} , {G}_{\mathrm{GPL}}=\frac{{E}_{\mathrm{GPL}}}{2\left(1+{\nu }_{\mathrm{GPL}}\right)}$$

$${G}_{m}=\frac{{E}_{m}}{2\left(1+{\nu }_{m}\right)} , \eta =\sqrt{\frac{2\pi {G}_{m}}{{E}_{\mathrm{GPL}}ab\mathrm{ln}\left(\sqrt{\frac{1}{{V}_{\mathrm{GPL}}}}\right)}}$$

                    (35)
                

where \({G}_{\mathrm{GPL}, } {E}_{\mathrm{GPL}}\) and \({\nu }_{\mathrm{GPL}}\) denote the shear and Young’s moduli, and Poisson’s ratio of the graphene nanofillers, respectively. In addition, \({E}_{m}, {G}_{m}\) and \({\nu }_{m}\) represent the same properties associated with the resin matrix. In addition, \({V}_{\mathrm{GPL}}\) is the nanofillers’ volume fraction. The contiguity coefficient is denoted by \(\beta\) dependent on the type of nanofillers distribution scheme including isolated matrix, isolated reinforcement, and intermediate cases as depicted in Fig. 2. Besides, \(\mu\) is the median distance between the nanofillers along x-axis direction, which is selected between of \(0<\mu <\frac{1}{2}\sqrt{\frac{b{h}_{\mathrm{GPL}}}{\pi }}\) [53].
Appendix B
The conventional and unconventional continuum-based stress resultants can be defined as follows:
$$\left\{{\mathbf{A}}_{\mathbf{b}},{\mathbf{D}}_{\mathbf{b}},{\mathbf{F}}_{\mathbf{b}},{\mathbf{H}}_{\mathbf{b}}\right\}={\int }_{-\frac{h}{2}}^\frac{h}{2}\left\{1,{z}^{2},-\frac{{4z}^{4}}{3{h}^{2}},\frac{16{z}^{6}}{9{h}^{4}}\right\}\left[\begin{array}{ccc}\frac{{E}_{\mathrm{iso}}}{1-{\nu }_{12}^{2}}& \frac{{\nu }_{12}{E}_{\mathrm{iso}}}{1-{\nu }_{12}^{2}}& 0\\ \frac{{\nu }_{12}{E}_{\mathrm{iso}}}{1-{\nu }_{12}^{2}}& \frac{{E}_{\mathrm{iso}}}{1-{\nu }_{12}^{2}}& 0\\ 0& 0& \frac{{E}_{\mathrm{iso}}}{2\left(1+{\nu }_{12}\right)}\end{array}\right]\mathrm{d}z$$

$$\left\{{\mathbf{A}}_{\mathbf{s}},{\mathbf{D}}_{\mathbf{s}},{\mathbf{H}}_{\mathbf{s}}\right\}={\int }_{-\frac{h}{2}}^\frac{h}{2}\left\{1,-\frac{4{z}^{2}}{{h}^{2}},\frac{16{z}^{4}}{{h}^{4}}\right\}\left[\begin{array}{cc}\frac{{E}_{\mathrm{iso}}}{2\left(1+{\nu }_{12}\right)}& 0\\ 0& \frac{{E}_{\mathrm{iso}}}{2\left(1+{\nu }_{12}\right)}\end{array}\right]\mathrm{d}z$$

$$\left\{{\mathcal{A}}_{{\varvec{b}}},{\mathcal{D}}_{{\varvec{b}}},{\mathcal{H}}_{{\varvec{b}}}\right\}={\int }_{-\frac{h}{2}}^\frac{h}{2}\left\{\left(1+\frac{4{z}^{2}}{{h}^{2}}\right),\left(1-\frac{8{z}^{4}}{{h}^{4}}\right),{\left(1-\frac{4{z}^{2}}{{h}^{2}}\right)}^{2}\right\}\left[\begin{array}{cccc}\frac{{l}^{2}{E}_{\mathrm{iso}}}{1+{\nu }_{12}}& 0& 0& 0\\ 0& \frac{{l}^{2}{E}_{\mathrm{iso}}}{1+{\nu }_{12}}& 0& 0\\ 0& 0& \frac{{l}^{2}{E}_{\mathrm{iso}}}{1+{\nu }_{12}}& 0\\ 0& 0& 0& \frac{{l}^{2}{E}_{\mathrm{iso}}}{1+{\nu }_{12}}\end{array}\right]\mathrm{d}z$$

$$\left\{{\mathcal{A}}_{{\varvec{s}}},{\mathcal{D}}_{{\varvec{s}}}\right\}={\int }_{-\frac{h}{2}}^\frac{h}{2}\left\{1,\frac{64{z}^{2}}{{h}^{4}}\right\}\left[\begin{array}{cccc}\frac{{l}^{2}{E}_{\mathrm{iso}}}{1+{\nu }_{12}}& 0& 0& 0\\ 0& \frac{{l}^{2}{E}_{\mathrm{iso}}}{1+{\nu }_{12}}& 0& 0\\ 0& 0& \frac{{l}^{2}{E}_{\mathrm{iso}}}{1+{\nu }_{12}}& 0\\ 0& 0& 0& \frac{{l}^{2}{E}_{\mathrm{iso}}}{1+{\nu }_{12}}\end{array}\right]\mathrm{d}z$$

$$\left\{{\mathcal{F}}_{{\varvec{s}}},{\mathcal{H}}_{{\varvec{s}}}\right\}={\int }_{-\frac{h}{2}}^\frac{h}{2}\left\{\frac{8z}{{h}^{2}}\left(z-\frac{4{z}^{3}}{3{h}^{2}}\right),{\left(z-\frac{4{z}^{3}}{3{h}^{2}}\right)}^{2}\right\}\left[\begin{array}{cccc}\frac{{l}^{2}{E}_{\mathrm{iso}}}{1+{\nu }_{12}}& 0& 0& 0\\ 0& \frac{{l}^{2}{E}_{\mathrm{iso}}}{1+{\nu }_{12}}& 0& 0\\ 0& 0& \frac{{l}^{2}{E}_{\mathrm{iso}}}{1+{\nu }_{12}}& 0\\ 0& 0& 0& \frac{{l}^{2}{E}_{\mathrm{iso}}}{1+{\nu }_{12}}\end{array}\right]\mathrm{d}z$$
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