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Abstract

We give estimates for the measure of non-compactness of an operator interpolated by
the limiting methods involving slowly varying functions. As applications we establish
estimates for the measure of non-compactness of operators acting between Lorentz—
Karamata spaces.
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1 Introduction

The real interpolation method (Ao, A1)g,4 has found important applications in Opera-
tor Theory, Approximation Theory, Function Spaces and Harmonic Analysis. See, for
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example, the monographs by Butzer and Berens [8], Bergh and Lofstrom [4], Triebel
[43, 44], Konig [32] and Bennett and Sharpley [3]. The real method is very flexible,
admitting several equivalent definitions, what is very useful in applications.

The real method applied to the couple of Lebesgue spaces (L1, L) yields Lorentz
spaces L 4. It is possible to obtain more general spaces if we modify the definition
of the real method. So, logarithmic perturbations of the real method produce Lorentz—
Zygmund spaces L, ,(log L), (see [20, 27, 28]) and perturbations involving slowly
varying functions (L1, Loo)g,¢;» give Lorentz—Karamata spaces L, 4.5 (see [29]).

We are interested here in the limit cases when 6§ = 0, 1 of the perturbations with
slowly varying functions (Ao, A1)g,¢;5. These spaces are very close to Ag when 6 = 0
andto A} when 6 = 1. They have received attention from a number of authors either to
study limiting embeddings between function spaces or to establish limiting properties
of operators (see, for example, [26, 29, 36]).

Among the classical problems for any interpolation method, a prominent one is to
describe the behavior of properties that operators may have. First of all boundedness
but then other useful properties of operators. For example, techniques used by Davis,
Figiel, Johnson and Pelczyriski [23] in the proof of their famous factorization theorem
for weakly compact operators motivated the investigation on the behavior of weak
compactness under interpolation (see, for example, [1, 18, 31, 34, 35]).

The behavior under interpolation of compactness have been also deeply studied
(see [9, 17, 22] and the references given there). Quantitative estimates in terms of the
measure of non-compactness have been also established. Concerning the real method,
the first result in this direction is due to Edmunds and Teixeira [42]. They assume
an approximation condition for the couple in the target. The case of general Banach
couples has been studied by Cobos, Ferndndez-Martinez and Martinez [15]. Results
for the real method with a function parameter and 0 < 6 < 1 are due to Cordeiro [21],
Szwedek [41] and Cobos, Fernandez-Cabrera and Martinez [11]. Besides, the case of
limiting methods involving logarithms have been considered by Cobos, Fernandez-
Cabrera and Martinez [12, 14] and Besoy and Cobos [5].

Our aim here is to establish estimates for the measure of non-compactness of
operators interpolated by the limiting perturbations of the real method involving
slowly varying functions. As applications we derive estimates for the measure of
non-compactness of operators acting between certain Lorentz—Karamata spaces. In
particular, one of our results can be considered as a quantitative extension of a compact-
ness result of Edmunds and Opic [26] for operators acting between Lorentz—Zygmund
spaces.

We work with quasi-Banach couples (Ag, A1). Our techniques are based on the
vector-valued sequence spaces that come up with the definition of (Ao, A1)o,4;» and
with its description as a J-space. These ideas originated in the papers on compactness
by Cobos and Peetre [19] and Cobos, Kiihn and Schonbek [17]. In the context of the
measure of non-compactness, they were developed by Cobos, Ferndndez-Martinez and
Martinez [15], Cobos, Ferndndez-Cabrera and Martinez [14] and Besoy and Cobos
[5] among other authors.
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2 Limiting real interpolation spaces

Let (A, || - ||a) be a quasi-Banach space and let c4 > 1 be its constant in the quasi-
triangle inequality. Let 0 < p < 1 such that ¢4 = 2'/7~!. According to the Aoki-
Rolewicz theorem (see [33, Section 15.10]) there is another quasi-norm ||| - ||| on A
which is equivalent to || - || 4 and such that ||| - |||? satisfies the triangle inequality. Then
(A, Il -1ID is called a p-Banach space. Note thatif 0 < r < p, then (A, ||| -]||) is also
an r-Banach space and that any p-Banach space satisfies the quasi-triangle inequality
with constant 21/7~1,

If B is another quasi-Banach space, we write A = Bif A < B and B — A,
where < means continuous embedding.

For 0 < g < oo, let £, be the space of g-summable sequences with Z as index set.
If (wp)mez is a sequence of positive numbers, we denote by £, (w,) the space of all
scalars sequences (&) such that (w;,,&,) € £,.

Let (W,,) be a sequence of quasi-Banach spaces with the same constant in the
quasi-triangle inequality. We put

Ly (W W) = {w = (W) : Wy € Wy and

IWlley W) = 1(Wn Wi llwy,)lle, < 00}

A quasi-Banach space (T', || - Ir) of real valued sequences with I — £, +£,(27™)
is said to be a quasi-Banach sequence lattice if I" contains all the sequences with only
finitely many non-zero coordinates and whenever (1,,) € I" and |§,,| < |n;,| for each
m € Z, then (§,) € T" and [[(Exn)lIr < |(mm)Ir-

We define I'(Wp,) as the collection of all sequences w = (wp,) such that wy, € W,
and [Wllrwy) = IUWmllw) e < oo.

Subsequently, if b and v are non-negative functions on (0, co), we say that b and
v are equivalent (and write b(t) ~ v(t)) if there are positive constants ¢, C such that
cb(t) < v(t) < Cb(t) forany ¢ > 0.

A positive, finite and Lebesgue-measurable function b on (0, 00) is said to be slowly
varying (b € SV (0, 00)) if, for each ¢ > 0, t*b(¢) is equivalent to a positive non-
decreasing measurable function and 1 ~¢b(¢) is equivalent to a positive non-increasing
measurable function. Important examples of slowly varying functions are powers of
iterated logarithms and broken logarithmic functions v(¢) = 22(1) where €(r) =
(14 [log(0)]), A = (g, @oo) € R2, £2() = £20(1) if 0 < ¢t < 1 and £2(¢) = % (1)
ifl <t < oo.

We refer to [29] for properties of slowly varying functions. We only recall here that
if ¢ > 0, then there are positive constant ¢z, C, such that

ce min{s %, s°}b(t) < b(st) < C, max{s®, s~°}b(¢) forevery s,t > 0, 2.1
(see [29, Proposition 2.2]). Put

b(st)
b(t)

b(s) = sup
t>0
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The function b satisfies that b(st) < b(s)b(t). Moreover, using (2.1) with ¢ = 1/2,
we have

sb(s) < Cl/zsl/2 — 0ass — 0. 2.2)
Another consequence of (2.1), this time with ¢ = 1, is that
c1/2 < b(s) <2Cj forany 1/2 <s < 1. (2.3)

Let A = (a0, oto0) € R2, 0(t) = £4(1) and B = (orf + (—atoe) T, s + (—atg)™)
with @™ = max{0, «}. It follows from [14, Lemma 2.1] and [5, (2.6)] that v(s) <
£8(s), s € (0, 00).

For0 < g < ooand b € SV(0, c0), the quasi-Banach sequence space £,(b(2™))
will be of special interest for us.

If k € Z, the shift operator 1y is defined by 174§ = (&4k)mez for & = (§,,). We
have

& e, wemy = 1B EmkDlle, < BB ) EnriDlle, -
Hence 7y : £,(b(2™)) — £,(b(2™)) is bounded with
ITklle, b@my.e,m) < b7, (24

We say that A = (Ag, A1) is a (p-Banach) quasi-Banach couple if Ay and A;
are (p-Banach) quasi-Banach spaces which are continuously embedded in the same
Hausdorff topologic vector space.

Fort > Oanda € Ay + Ay, the Peetre’s K -functional is given by

K(t,a) = K(t, a; Ag, A1) = inf{|laollay +tllailla, : a =ao+ai,a; € Aj}.
If a € Ag N Ay, the J-functional of Peetre is

J(t,a) = J(t,a; Ao, A1) = max{llal 4y, tllalla, }-

Note that K (1, -) and J (1, -) are the quasi-norms of Ag+ A1 and AgN A1, respectively.

If (Aj, Il - Ila;) is a p-Banach space for j = 0, 1, then J(z, -) is also a p-norm, as

well as

Kp(tra) = Kp(tra; AO? Al)

= inf{(laoll}, + Plarf )P ca=ag+ar.aj € Aj).
This last functional is equivalent to the K -functional. In fact

K(t,a) < K,(t,a) <2YP7'K(t,a), ae Ag+ A (2.5)

W Birkhauser
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Note thatif § = (§,,) € £, + £,(27™) then

e¢]

1/p
Kp(zrs &Ly, ep(zim)) = ( Z [min{1, 2rm}|£_.m|]p> .

m=—00

This expression will be useful later.

A quasi-Banach space A is said to be an intermediate space with respect to the
couple A if AgN A; = A < Ay + A;. We write A° for the closure of Ag N Aj in
A. The fundamental lemma (see [4, Lemma 3.3.2] and [37, Lemma 2.4]) yields that

1
a € (Ag+ A))° if and only if min{l,;}K(l,a) -0

ast — Oand ast — oo. (2.6)

For0 <6 <1,0<gqg <ooand b € SV (0, 00), the space Aqu;b = (Ao, ADg,q;b
consists of all those a € Ag + A that have a finite quasi-norm

e ¢]

1/q
lall, ., = lallca, a1y g = ( 3 [2—0mb(zm)1<(zm,a)]q)

m=—00

(the sum should be replaced by the supremum when ¢ = 00). See [29, 37]. If b = 1
and 0 < 6 < 1, we recover the classical real interpolation space (Ao, A1)g,q;» (se€
[3,4,8,43]).1f 0 < 0 < 1then (Ao, A1)g,q;» 18 a special case of the real method with
function parameter (see [30, 40]). If 6 =0, 1, ap, oo € R and

bty = (1+ [logt)® if0 <1 <1,
A+ |logt)* if1 <1 < oo,

then we recover the logarithmic interpolation spaces Ag’q; (a0, 200) (8€€ [10, 16, 20, 27,
28]).

We are mainly interested here in the limiting spaces Zo,q;;, and Zl,q;b. Since
K(t,a; Ag, A1) = tK(f1 ,a; A1, Ag), they are related by the equality

(Ao, ADo,g:p = (A1, A0)1,4;0 Where v(t) = b(1/1). 2.7

Note that v is also slowly varying on (0, 00). Due to equality (2.7), in what follows
we focus on the case 6 = 0.

As it is shown in [28], (Ag, A1)o,4;» is an intermediate space with respect to Aif
and only if

) Birkhauser
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o0 1/q
(/ b(1)? dt/t) < 00. 2.8)
1

Let B = (By, B 1) be another quasi-Banach couple. We write T € E(Z, B) to mean
that 7 is a bounded linear operator from Ag+ A1 into Bg+ B; such that the restrictions
T : Aj — Bj are bounded for j = 0, 1. Then the restriction

T : (Ao, A1)o,g:6 — (Bo, B1)o,g:b

is also bounded. Indeed, if M; is bigger than or equal to the normof 7 : A; — Bj,
j =0,1, then

tM,
K(t,Ta; By, B1) < MoK T Ap, Ay ).
0

Therefore, if M| < My, we obtain that ||T||/;O wib-Bo.gib < My. If My < M/ then we
can find r € NU {0} such that 2" < M;/My < 2"*!. Hence

o0 1/q
”T“”Bm,;q < ( Z [b(2m)M()K(2(m+r+l)’a)]Q>

m=—0oQ

< Mob2" Dllal 4,,,

< emoi (Mo i
= cMo ﬁ] ||Cl||A0,h:q

where we have used (2.3) in the last inequality. Therefore

, My if My < My, 29
_ _ < _ .
10 - Boan = ) e (%?) if My < M, 29
where ¢ > 0 is a constant depending only on b.
If (T,) € L(Ag + Ay, Bo + By) with
Sup{||Tn||A1,B1 ‘ne N} < oo and nli)ngo”Tn”Ao,Bo = 07
then it follows from (2.9) and (2.1) that
m Tl 7, By = O (2.10)

Next we show a sufficient condition on b for the inclusion (Ao, A1)o,4;5 € (Ao +
A1)°. Let0 < g < oo and take any a € (Ag, A1)o,¢;- Then

i [ PC) — min (127K 2" >]q 1/q—ll I4 2.10)
n=—00 min {1, 277} L 4 =la Ao,g:b < o ’

W Birkhauser
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Since tb(r) is equivalent to a non-decreasing function, we have
(X2 ,[275(2")]7) /7 = o0. Hence, from (2.11) it follows that

1 1
lim —K(t,a) = lim —K(Q",a) =0.
t—o00 t n—o00 2N
On the other hand, if we assume

{(fo‘ b(t)?d1/n)'1 =00 if0 < ¢ < oo, (2.12)

lirr(l)b(t) =00 if g = o0,
11—

then we also have that lim;_,g K (¢, @) = 0. Having in mind (2.6), it turns out that if
(2.12) is satisfied then (Ao, A])qu;b C (Ag+ Ay)°.

The Gagliardo completion A; of A; consists of all those a € Ap + A; having a
finite quasi-norm

||a||A7 = sup{t_jK(t, a):t >0} (see[4,3).

We have that A; — A~ for j = 0, 1. The quasi-Banach couple A is called mutually
closedif Aj = A; forj =0, 1.

If T is a quasi-Banach sequence lattice and A= (Ag, A} isa p-Banach couple, then
the J-space Zr;] = (Ao, A1)r.sisformedbyallsumsa = Y >~ u, (convergence
in Ag + Ay), where (u,,) € AgN A and (J (2™, u,,)) € I'. We endow ZF;J with the
quasi-norm

o0

lallg,., = llalliag.anr, =inf 1T Q" un)llr :a= D un

m=—0oQ

(see [37)).
Next, we give a description of (Ag, A1)o,4;» by means of the J-functional.

Theorem 2.1 Let A = (Ao, A1) be a mutually closed p-Banach couple (0 < p
1). Let 0 < g < oo and let b € SV (0, 00) satisfying (2.8) and (2.12). Put A
p, £p(27™))0,:p- Then we have with equivalent quasi-norms

IIA

(Ao, ADo,g:b = (Ao, A)A,J-

Proof Let a € (Ao, A1)o,q:5- By the assumption on b, we know that (Ao, A1)o,4:6 €
(Ao + A1)°. Hence, according to [37, Theorem 3.2], there exists (u,,) € Ag N A
such thata = Y °° U, (in Ag + Ap) and

m=—0oQ

) Birkhauser
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00 1/p
(Z min(1,2k_m)1’J(2m,um)p) <cK(2% a), keZ,

m=—0oQ

where ¢ only depends on p. Whence
lallag,ana, = 1T Q" um)lie,.c,2-m))0,4

00 1/q
( > [peHK,CH @@ ey, z,,<2’")>]q>

<
k=—o00
00 00 1/p74 l/a
< Z b(z")( Z min(1,2k_’”)pJ(2m,um)p)
k=—o00 m=—0Q0
[e’) 1/q
< c( > [b(2k>1<(2k,a>]‘1>
k=—00

= C”a”(A(),Al)O‘q;h .

Conversely, take any a € (Ag, A1)a.7. We can find a J-representation a =
) with [|(J 2", um)lla < 2llallag,41)y.,- Since

m=—oo Um

0 1/p
Kp(zk,a)g( > min(l,z"—'”)PJ(zm,um)P> . keZ,
m=—00
we obtain that

llallcao, Aryog:s

0 e 1/p74 lVa
= > b(z")< > min(l,zk—'")PJ(zm,um>P>

k=—o00 m=—00

< 2PN Q™ wn)) e, 2000

1
<2YPlall(ag,41)s., -
O

In Theorem 2.1, the sequence space that defines (Ag, A1)o,4;» as a J-space is not
explicitly described, it appears as the interpolation space A = (£,,£,(27"))0,4:»
instead, what is enough for our aims here. Assuming extra conditions on the couple
(Ao, A1) and on the function b, there are several papers in the literature where the
sequence space A is explicitly described. More precisely, in the case of logarithmic
interpolation spaces, explicit descriptions as J-spaces have been obtained by Cobos
and Kiihn [16] for the case of ordered Banach couples, by Cobos and Segurado [20]
and Besoy, Cobos and Ferniandez—Cabrera [7] for general Banach couples and by

W Birkhauser
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Besoy and Cobos [6] for quasi-Banach couples. If (Ag, A1) is a Banach couple and
1 < g < oo, an explicit description of (Ag, A1)o,q;» as a J-space has been recently
established by Grover and Opic [38].

The following estimate for the norm of the shift operator tx on A will be useful
later.

Lemma22 Let0 < p <1,0 < g < ooandletb € SV (0, 0o) satisfying (2.8). Put
A =Ly, £,(27™))0,q;b- Then, for any k € 7, we have

ltellaa <2YP71p27F5).

Proof Given any & = (§,,) € A, we have

IA

00 1/q
Il (Z [b(2">1<,,(2",rké;z,,,ep(z—m»]")

n=—0o0
1/q

~ o 1/p7?
Z b(2”)( Z min(l,zn_m)pléerHp)

n=—oo m=—0oQ

1/q
o0 o0

1/p74
<b2H| > b(2”+">< > min(1,2"+’<—’">"|sm|")

n=—oo m=—0oQ

00 l/q
< 2V/P=1p07k) ( > [b<2">1<(2",é>]‘1>

n=—0oo

=2VP= 1527 M) ||g 1A

where we have used (2.5) in the penultimate inequality. O

3 Measure of non-compactness

Let A, B be quasi-Banach spaces and T € L(A, B). The (ball) measure of non-
compactness B(T) = B(T : A — B) is defined to be the infimum of the set of
numbers o > 0 for which there is a finite subset {z1, ..., z,} € B such that

TW < | Jlzj +oUs).
j=1

Here U4, Up are the closed unit balls of A and B, respectively. See [24] for details
on the measure of non-compactness. Note that S(T) < ||T'||4,p and that S(T) = 0 if
and only if T is compact. That is, 8(T) = 0 means that T transforms each bounded
set of A into a set whose closure is compact in B.

) Birkhauser
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If Ty is another operator belonging to £(A, B), then it is not difficult to check that
B(T+T :A— B)<cp(B(T:A— B)+B(T : A— B)).

If we assume that E, X are other quasi-Banach spaces and that S € L(B, E) and
R € L(X, A), then we have

B(STR : X — E) < |[Rllx,aB(T : A — B)|IS|5,E-
Furthermore, if ||Sb||g = ||b|| g for all b € B, then
B(T:A— B) <2cgB(ST : A — E).

If for any a € A with |lall4 < 1, there is x € X with ||x||x < I such that Rx = a,
then

B(T:A— B)<B(TR:X — B).

We will use freely these properties in our later computations.
Next we establish the main result of the paper. It shows an estimate for the measure
of non-compactness of an operator interpolated using parameters 0, g, b.

TheorenlSi Let A = (Ag, A)), B = (By, B1) be quasi-Banach couples and let
T € L(A,B). Let 0 < g < oo and b € SV(0, 00) satisfying (2.8) and (2.12). Then
we have

(i) B(T : Ao,g:b = Bo,g:) = 0if B(T : Ag > By) =0,
(ii)

B(T :Ao.q:6 — Bog:p) < CB(T : Ao — Bo) if
0<B(T:Ay — By) <B(T :Ag — By),
(iii)
B(T :Ao.q:6 — Bog:p)

< Cmax BT+ A0 — B, T 40 = B0 (G000 ) )

B(T : Ay — By)
if0 < B(T : Ag — By) < B(T : Ay — By).

Here C is a constant independent of T .

Proof Step 1. Consider the mutually closed quasi-Banach couples

A~ = (A7, A7), B~ = (B}, BY). The arguments of [3, Theorem V.1.5] may be
modified to give that

W Birkhauser
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K(t,a; Ay, A7) < K(t,a; Ag, A1) < max{ca,, ca, }K (&, a; Ay, AY).
Therefore,
(Ao, A1)o.g:b = (Ag, AD)o.g:e and (Bo, B1)o.g:o = (B » By )o.gib -
Besides, T € L(A™~, B™) and, according to [5, Lemma 3.1],, we have
B(T : A; — BJ-N) < max{cp,, cg}B(T : Aj = Bj), j=0,1.

Consequently, without loss of generality we may assume in the following that the
couples A= (Ag, A1) and B = (Bo, By) are mutually closed. We may also assume
that the spaces Ao, A1, By, By are p-Banach for some 0 < p < 1. Therefore, we can
use Theorem 2.1.

Step 2. In this step we will introduce vector-valued sequence spaces and projections
which will allow to split the operator 7.

Let A = (£, £5(27™))0,4:5- By Theorem 2.1, we know that (Ag, A1)o,q;p =
(Ao, A1) A:s. Consider the vector-valued sequence space A(G,) where G,, = (Ap N
A1, JQ2M, ), meZ.Letmw : A(Gn) — (Ao, A1) A: s be the linear operator defined
by 7 (u,,) = Zif:—oo u,, (convergence in Ag+ A1). Then 7 is surjective and induces
the quasi-norm of (Ap, A1)a.s. Note also that w € E(Zp(Z_ijm), Aj), j=0,1,
and its norm is less than or equal to 1.

Put £,(G) = (£,(Gp), £,(27"Gp)). The following projections will be useful.
Forn e Nandu = (umm) € £,(Gp) +£,27"Gyy) let

Pou=0(..,0,0,u_p,u_py1,...,up-1,u4,,0,0,...),
+
Pru=1(..,0,0,upt1, Uns2, Un43,...),

Pru=(..,u_p3,u_pn2,u_pn-1,0,0,...).

Then the identity operator I on £,(G,) + £,(27"G,,) can be decomposed as | =
P, + PF + P;, n € N. These projections are bounded from ¢,(27™/ G,,) into
L p(2_mj G,) with norm less than or equal to 1 for j = 0, 1, and the same happens on
A(Gy,). Furthermore,

—(n+1 _
1P e, Gyt @Gy =27 = 1P )27 Gy, (G - (3.1

Write F,, = (Bo + B1, K(2",-)), m € Z. Then the linear operator tb =
(..., b, b, b, ....) is a metric injection from (Bo, B1)o,4;p into £, (b(2™) F,,;). Consider
the couple £oo(F) = (boo(Fin), £oo(27" Fyy)). Note that ¢ : B; — loo(27 Fy) is
bounded with norm less than or equal to 1. On ¢ (F) we can consider the corre-
sponding sequences of projections that we denote by (Q,), (Q;)), (Q;,). They enjoy
analogous properties as (P,), (P,LJr ) and (P,"). In particular, we have

— 1 —
1O ey tna-nEyy =27 =10, e @-mFyy b () - (3.2)

) Birkhauser
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The following diagram illustrates the situation

0 (G)—> Ao > By — oo(F)

027Gy > Al —> Bl =5 €ao(2Fy)

— T — .
A(Gm) = Aogip — Bogip — Lg(bQ2™)Fyn)
In this diagram, the first three spaces of the last line are obtained by interpolation of
the couple above and the fourth space contains the corresponding interpolation space.

That is to say, we have

(Zp(Gm), gp(z_me))O,q;b = A(Gm) and

(oo (Fim)s Loo 27" (Fin))o.g:6 = Lq(b(2™) Fn). (3.3)
To establish the first formula we proceed as in the case when b(f) = (1 + |log tHA
(see [5, Lemma 3.2]). Take any u = (un) € (p(Gp), £,(27"Gm))o,q;p- For any
keZand0 < ¢ < 1, there are u/ = (u; n) € £,(27" G,) such that u = ul + !
and

1%lle, (G + 2516 e, 2 m G,y < (14 K QY 15 €5(Gm), €, (27" G ).

Then

m=—0oQ

00 1/p
. k— p 0P kpy, 1P 1/
( >~ min(1,2 '”)PnumnGm) < U’} G,y + 2PN 1 omgs, )
<277 (1+e)K 25 us £,(Gm). £, (27" Gm))

and thus

0 1/q
A = ( > [b(z")K(z",<||um||cm>;ep,ep<2’"))]q)

k=—00
00 00 1/p a\ /4
<> b(z">( > (min(l,z"’">||um||cm)1’)
k=—00 m=—00
00 q 1/q
521/1’—1(1+s)< Z [b(2k)K(2k,u;Zp(Gm),Kp(Z_me))] )
k=—00

1
< 2YP11ull 0 (G @ G g0

Reciprocally, if u = (u,,) € A(Gy,), given any k € Z we can decompose u =
u® + u' with
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u, ifm <k, 0 ifm <k,
u = s u =
" =Y0 itmsk " Nu, ifm >k

Then u® € £,(Gy), u' € £,(27"G,,)) and we have

KK u; €,(Gm), £,27"G))

k 1/p o0 1/p
< ( > ||um||f;m) +2"< > (2—'"||um||Gm>">

m=—00 m=k+1
0 1/p
52( > min(l,z"’”)PllumIIZm> :
m=—0o0

Consequently,

Neell (e, (G, )@ Gu))o.gs

00 /g
= ( 3 [b(zk)K(zk,u;epmm),ep(z—’"cm»]q)

k=—o00

l/q

00 00 1/p7]14
<21 > b(zk)< > min(l,zk—M>P||um||ém>

k=—00 m=—00

k=—o00

00 g 1/q
=2 ( > [p@9K, (25 Aunll,): £, £p27™) ] )
< 2P |lull A G-
To establish the second embedding in (3.3), take any
X = (xm) € (Uoo(Fm), Lo (27" Fi))0,4;p- Give any decomposition x = x0 4+ x! with

x0 = (x0.m) € loo(Fp) and x! = (x1.n) € £oo(27™Fy,), and any k € Z, we obtain

0 1
lxill 7 < cllixellm + lxgllm)

1
< c(Ix%enryy + 25 11x lleoo2- Fpp))-

It follows that
Ixell 7 < K Q2K x5 oo (Fin)s Loo Q™™ ), k € Z.

Therefore, [lxll¢, (b2 F) = €lX N (log (Fn), oo @ Fu)yo g AS WE Wanted.
Put 7 = (T Since

B(T : Ao.gb — Bo.gip) < c1BUT = Aggip — Lg(b(2™)Fy))
< BT : A(Gp) = L(B2™) Fy)),
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it suffices to estimate the measure of non-compactness of T acting between the vector-
valued sequence spaces. With this aim, for n € N we decompose T as

T=TP,+T(PS+P])
=TP+ QuT(PS+P))+ QTP+ QF TP+ QTP+ QO TP}

and we proceed to estimate the measure of non-compactness of each of these six
operators acting from A(G,,) into £,(b(2™) F,,).
Step 3. We start with Q;; f‘P,f. We are going to show that 8(Q;; an+ : AGy) —
L,(b(2™)Fy)) tends to 0 as n — oo.
Using the factorization
P'?— —m T —m O
p(Gn)—> £y (27" G ) —> Loo(R7" Fip) —> Loo(F)
and (3.1) and (3.2), we get
10, TPy : £)(Gm) = Loo(Fu) | <27FDNT 2 Ay — By 277D — 0asn— oo,

In addition, the factorization

Pt ~ —
Ly @G €)@ G~ Los (27 F) 2 Lo (27 Fy)

yields that
||Q;7A"P,;Ir Up27"Gp) = LT Fy)|l < IT : Ay — By forany n € N.
Therefore, by formulae (3.3) and (2.10), we obtain
1lim B(Q, TP : AGm) — €™ F))
<er lim 10, TP oy, 2o, =

Step 4. Consider Q;l“YA"Pn_. Using the factorizations

Lp(Gm) Loo(Fin)
Y of
Lp(Gm) Loo(Fin)
v NG
(27" Gy) Loo (27" Fy)

and having in mind estimates (3.1), (3.2) and formulae (3.3) we get that || P, :
AGp) = (G|l < caand |QF : Loo(Fp) — £4(bQ2™)Fy)| < c3. Hence,
with the help of the diagram
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O TP, m
A(Gm) — £4(bQ2")Fy)

= e

Ep(Gm) —— Loo(F)

we derive

BOFT P, : A(Gp) — Ly(b(2™)F)) < c2c3B(T 2 £p(Gm) — Loo(Fn))
< c2c3B(T : Ag — By).

Step 5. Now we proceed with Q;f‘Pn_. Take any o; > B(T : A; — B;j), j =0, 1.
First we are going to compare || Q;an_ ”gp(zfme)’goo(zfm F,) With o1. We have

1, TP, e, mGu)bow@mF)y = INT Py e, mG ) boo @ Fy)
and
IT Py lle, 27 Gu @ By Z NT Py e, @G b @ Fy) Z -+ 2 0.
Therefore, the sequence (||f"Pn_ | Q@M G Lo 2 F,)) is convergent, say, to T > 0.
Let (v,) C Ue, @G, such that limnﬁoollan_ Vnlle.,2-mF,) = T. To relate T and
o1, let{z1, ..., z-} € B such that

Tr(Ue,2-nG,)) S Ypzilzk +01Up,}

We can find a subsequence (v,) of (v,) and some 1 < k < r such that |[T7x P v,y —
Zk|lB, < o1 for all n'. Then, for any s € Z, we have

K(2',zk) < 1T P, vpllBy + 2'lzk — T Py v ||,
<P, v lle, G T | 49,8y + 2701

< 2_",||T||AO’BO + 201 — 2%071 asn’ — oo.
It follows that
lezklleo - Fpy = SUP2° K (2%, 24)} < 071.
SEZL
Hence,
v= lim TP vylle,mF,)
n —0o0

< max{cg,. e ) supll T Py vw —1zille oy + lkllen )
n/
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< max{cp,, g, }sup{lIT7 P vy — zkllB, + 01}
n/

< 2max{cBO, CB lot.

Since the sequence (|| T Py lle, @Gy b @mFy)) isdecreasing, we conclude that there
exists N1 € N such that if n > N; then

19, TP, e, Gy boo@ )y = IWT Py lle,2mG ) boe @ Fy)

< 3max{cp,, cp, }o1.

Next we compare ||Q;an’||gp(Gm)’gw(pm) with o¢. Since sequences having a
finite number of coordinates different from O are dense in £,(G,,), we can find

{di,...,ds} C Uy »(Gm) such that each dj has a finite number of coordinates different
from 0 and with

N
f(Ue,)(Gm)) g U{fdk + C4O'0ero(Fm)}
k=1

where ¢4 = 3max{cp,, cB, }2. We can also find N> € N such that if n > N, we have
10, TdilleFyy < 27" TONTdillg,2-mF,) < 00 forany I <k <s.

Take any n > N and any u € Uy, (G,,)- Then P, u € Uy, G,) and so there is
1 < k < s such that ||TP M—Tdk”eoo(Fm) < c40¢. Therefore, |0, TP Ulleog (Fp) <

10, TP u — Oy Tdille (k) + 1105 Tdkllen (Fy < 2¢400.
Fmally, using (3.3) and (2.9), we derive that there is N € N such thatifn > N then

B, TP, i A(Gp) = £y(b2™ Fu)) < sl 0 TPl

zp(G)o_q;byeoo(F)O,q:b
€600 if o1 < oy,
c600b (g—‘:) if og < o71.

With similar arguments one can show that there is a constant ¢; > 0 such that

I €700 if o1 < o0,
BOFTPF - AG) = £y(bQ™)Fp)) < 5(2)
c700b a) ifog < oy.

Step 6. Given any quasi-Banach sequence lattice I', we can define a quasi-norm || - ||
in R by [|x[|z = [|%]Ir, where x = (v¢)—n<k<n € RMHLE =370 xper, e =
(8% )mez and 8% is the Kronecker delta. Compactness of the unitball U = Ugani+1 . I

in (RZ+1 |- l) will be useful to estimate the measure of non-compactness of the
remaining operators.
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Leto; > B(T : Aj — Bj), j =0, 1. Wecanfind finite sets X ; = {h{, ...,hii} C
B; such that '

Lj

T(Ua)) S| Jth] + 0,08} j=0.1. (3.4)
=1

Let N € Nsuch that 2V ! < o1 /09 < 2V if o9 < o7 and let N = 0 if 01 < 0.
ey -

Asfor T Py, consider the quasi-norm ||-|| 5 on Rzt andletn = H ZZ:,H Texln

K
By compactness of U = U(Rzn+1‘”,||x), we can find a finite set T = {Al, LA CU
such that

S
U c | J+ Ul
d=1

We associate to each A4 = (AZ)_ , the numbers

n<k<

i_ i _ n ‘ d’ —kj .
= = —4+ 1A 274, =0,1.
P = P pd <||ek||A k > /

Next, for —n < k < n, A% € Y, hj € £p and h} € 3y in (3.4), pick any g in the

intersection (w,?h? + (p,?ao Ug,) N ((p,ih ; + (p,i 01Up,) provided it is non-empty and let

gk = 0 otherwise. Consider the finite set ® formed by all sums Y ;__, gk. We look
at EO,q;b as a J-space. We have

BT Py i AN(G) — Lg(b (2™) Fi)) < ct B(TT Py : A(Gw) = Ba,p).

We are going to estimate the last term with the help of ®.
For any u = (u;;,) € Ua(G,,)> We can find A4 € Y such that

I u) =2 erlla < 1K w) —aDHlz <n, —n<k<n.

It follows that |J (2%, uy)| < m + [ad] = 2% /. This yields that luklla; < of,
—n <k <n,j=0,1.By(3.4), there are h? € Yo and h; € X1 such that

0,0 0
ITur — @i hill By < @goo
and

1,1 |
ITuk — gphylis < @01
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Hence, the intersection (w,?h? + (p,?ao Ug,) N ((p,lh; + go,l 01Up,) is not empty and for

the g corresponding to that intersection we have

TN Tuy — gi) < max{(| Twe — Phf 115, + loph) — gellh, .
26=NP (| Tug — @ hL 15 + llgthl — gelly )77

< 2P max{og, 27 Vo }go,?.

Then, g = > }__, gk belongs to ® and

D (Tur — g0

k=—n

ITmPou—gllg, , =

EA;J
<N (C..0,0, 77" N Tu_y—g_), ..., J2" N, Tu, — g,),0,0,.. )l
< 2P|ty lla, 2 max{og, 27 No1} (..., 0,0,¢°,, ..., 00, 0,0,..)lla

< e2b(2") max{o, 27V a1}
where we have used Lemma 2.2 and definition of (p,? in the last inequality. Whence,
according to the choice of N and (2.3), we obtain that
BT Py A(G) — Ly(b(2")F)) < 1 B(TT Py - A(Gp) = Ba.y)
< c3b(27V) max{op, 27V o1}

€400 if o1 < 0y,
< _
c400b (g—?) if og < 071.

Next we consider Q,T(P,S + P;). This time we work with A¢ ., and B ;.5
realized as K-spaces. We put A = £,(b(2™)). We have

BOWT (P + P): A(Gu) = Ly(bQ2™) F)) < esP(QuiT : Ag gp — A(F)).

Let now n = ” ZZ_ and consider on R¥"*! the quasi-norm || - || 3. There
= A

isafiniteset W = {u!,..., u*} C U = U(R2n+1"|_llz) such that

ey
—n leglla

s
UC U {Md +77U}.
d=1

Starting from /Ld = (,uz),ngksn we define the numbers

i j =~ n _ i .
vl =y =@ V) —— )27 ®VI j=0,1,
ko lexlla
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where N was defined in the following line to (3.4). Let 2 be the finite subset of A(F};,)
formed by all vectors z%HY = (zﬁ;”y )mez Where

dl,y 0 ifm ¢ [—n,n]
Z =
" YO + yhhl i —n<m <n,

where h? € Yo and h; € %, are the vectors of (3.4). We refer to z%!Y as the element

of  associated to u9, h? and h;.
Given any a € Uz, b’ using the shift operator Ty and (2.4), we have

Ik @™, a)lla < lwlisllalz,,, <b@™™).

Therefore, there is u € W such that
1K@, a) = bQ™M)ul) _ypnllz < 1B@7M).
Hence
(K@"N, @) =b@ Mypplllemlla <nb@~Y), —n<m=<n,
and so K(2’"+N, a) < w,% for —n < m < n. It follows that we can decompose a =

ao.m+ai m witha; , belonging to A ; and such that ||ag m [l a4, +2" N a1 mll 4, < ¥0.
Therefore, there are h? € Yo and h; € X1 such that

0,0 0
1Taom — ¥mhyllBy < Y00
and
1,1 1
ITarm — ¥puhyllg, < ¥po1, —n<m=<n.

dly

If we take z = 7 the element of 2 associated to ud, ho, and h ;, then we have

d,l,
1QnTa — Z”A(Fm) = ”(K(zm’ Ta—zp, y))—nfmfn”Z
< [T aom — vph sy + 2" 1 Tarm — Yyl ) —n<m=n] 3
= ||(W,9100 + zml//rlno'l)fnSmgn ”Z

< b2 M) (oo +2" Vo).
Consequently,

BT (P + Pt A(Gy) — Lg(b(2™)VF)) < csB(QntT = Ag gip —> A(F))
< b2 Yoo +27Noy)

) Birkhauser



25 Page20of28 F. Cobos et al.

€800 if o1 < oy,
< 7 b
cgoob (Z—(l’) if oy < o1,

where we have used the value of N and (2.3) in the last inequality.

Step 7. Collecting the estimates of the Steps 3 to 6, we conclude that there is a constant
C > O independent of T such that if we split the operator as in the Step 2 and we take
a suitable n, then for o; > B(T : A; — Bj), we have

T:AG ;2" F, Coo o = oo,

: < —

Al (Gm) = LgQ27Fn)) < C max {oo, oob (;—10)} if oy < o71.

Then, if B(T : Ag — Bp) = 0, letting op — 0 and using (2.2) we obtain case (i) of
the statement. If 0 < (T : Ay — B1) < B(T : Ag — By), letting o9 — B(T :
Aog — Bp) we get the case (ii). Finally, if 0 < B(T : Ao — Bo) < B(T : Ay — By),
taking o; = (1 +¢&)B(T : Aj — B;) and letting ¢ goes to 0 we derive the case (iii).
This finishes the proof. O

Rerr_lar£(3.2 On the contrary to the case of the real Ipethod (seg [17,22]),if T €
L(A,B)and T : Ay — By is compact, then T : Ag 4., — Bo,4;» might not be
compact. A counterexample can be found in [13, Remark 2.4].

For limiting methods with & = 1 we have the following direct consequence of (2.7)
and Theorem 3.1.

TheoremS._3 Let A = (Ag, A)), B = (By, B1) be quasi-Banach couples and let
T € L(A,B). Let 0 < g < ocoandv € SV(0, 00) satisfying

1 1/q
dt
/v(t)qT < 00, and also that
0
00 1/q
dt . . .
v(t)qT =00 ifq < o0 and tllm v(t) = 00 ifg = 0.
—00

1

Then we have

(i) B(T : A1g:v = Bigw) =0if B(T : Ay — B1) =0,
(ii) B(T : Argw = Bigw) < CA(T : Ay — B) if 0 < B(T : Ag — Bo) <
B(T : A1 — By),
(iii)

BT : At g = Brg) = Cmax {B(T 2 A1 — By),
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B(T: A — BQE(—'B(T AL B‘)>]

B(T : Ay — Bo)

if0 < B(T : Ay — By) < B(T : Ap — By).

Here C is a constant independent of T.

4 Applications

Let (R, ) be a non-atomic o -finite measure space. For 0 < p, g < ocoand b €
SV (0, 00), the Lorentz—Karamata space L, 4.5 (R) is formed by all (equivalent classes
of) measurable functions f on R which have a finite quasi-norm

® qdt Va
1L, 0 = ( fo [17b() £(0)] 7)

(the integral should be replaced by the supremum if ¢ = co). Here f* stands for the
non-increasing rearrangement of f defined by

f*@) =inf{s >0: u{x € R:|f(x)| > s} <t}

We refer to [25] and [29] for properties of Lorentz—Karamata spaces. Note that if
b(t) = (1 4 |logt|)* we get the Lorentz—Zygmund spaces L, ,(log L), (see [2, 3]).
If A = (ap, @) € R? and

b(r) = EA(I) _ (14 |loget)*  for0 <t <1,
(1 + |logt])*e forl <t < oo,

then we obtain the generalized Lorentz—Zygmund spaces L, 4(log L) (R) (see [39]).
If b = 1 then we obtain the Lorentz spaces L 4(R) (see [4, 8, 43]) and if, in addition,
p = q then we get the Lebesgue spaces L ,(R).

In what follows, we work with couples of Lebesgue spaces
(Lpy(R), Ly, (R)), (Lgy(S), Ly, (S)) and operators
T € LU(Lpy(R), Ly (R)), (Lgy(S), Ly (S))). We put

B(T;) =B(T : Lp,(R) > Lg4;(5)), j=0,1
It is shown in [29, Corollary 5.3] that
Lp.g:p(R) = (L1(R), Loo(R))6,4;5 4.1
providedthatl < p <00,0<6 < 1,1/p=1-60,0<g <ocandb € SV (0, c0).
As a consequence of Theorem 3.1 we can establish the following result for Lorentz—

Karamata spaces.
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Theorem 4.1 Let (R, 1) and (S, v) be non-atomic o -finite measure spaces. Let 1 <
po<prL<oo, 1l <qgyg<q <00,0<gq <ooandletb e SV(0,00) satisfying
(2.8) and (2.12). Put

Y 1 00 1 po—1/ g ds 1/min{po,q}
— po—1/p1 - - po—1/piyT
bo(t) = b )(b(tl/m_l/m)q/t bs ) S)

and

1/ max{qo.,q}
; oob(sl/qo—l/ql)qﬁ ’ .
b(t/a0—=1/q1y? J, s

IfT € LU(Lpy(R), Ly (R)), (Lgy(S), Ly, (S))) then

bi(t) = b(tl/qo—l/th) (

T : Lpyg:0(R) = Lgyq:6,(S) boundedly.

Moreover, for B(T) = B(T : Lpy q:00(R) = Lgg,q:6,(S)) we have

(a) B(T) =01if B(To) =0,
(b) B(T) = CB(To) if 0 < B(T1) < B(To),
(c) B(T) < Cmax {B(To), B(To)b (B(To)/B(T1))} if 0 < B(To) < B(T1).

Here C > 0 is a constant independent of T

Proof Let0 < 6y < 6 < 1suchthat1/p; =1—6;, j=0,1. Wehave L, (R) =
(L1(R), Loo(R))s;, p; - Hence, we can use the reiteration formula of [29, Theorem 3.2]
to work with the space (L, (R), Lp, (R))o, ab Then, according to [36, Theorem 4.10]
and (4.1), we obtain

L po.qibg (R) = (L1(R), Loo(R))6g.q:00 > (Lpg(R), Lp; (R))g 4.

Similarly, but using now [36, Theorem 4.8] with n; = 1-1/g;, j =0, 1, we get

(qu(S)’ Lq1 (S))O,q;h — (LI(S)s Loo(S))no,q;bl = qu,q;bl (S)

Therefore, the result follows interpolating with parameters 0, g, b the couples
(Lpy(R), Ly, (R)), (Lgy(S), Ly, (S)), applying Theorem 3.1 and having in mind the
embeddings pointed out above. O

Subsequently, for7 € Rand A = (g, ae0) € Rz,weputA+r = (@047, o +T).
Recall that o™ = max{«, 0} for @ € R.

Remark 4.2 Let A = (o, ®oo) € R? such that oo + 1/g <0 < a9+ 1/g and let
b(t) = (1+|log t|)A. Then for the function by in Theorem 4.1 we obtain

1 00 ds \ 1/ min{po.q}
bo(twmr)(b(t)q / b(s)qf)
t
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~(1+ |10gt|)A(1 + |10gt|)1/min{1?o,q}
1
= (1 + [log t)* T mntoar

Similarly,

1
bi(t) ~ (1 + | log ¢])* T maxtag.ar

Hence, we have that

LPO’q;bo(R) = Lpo,q(]()g L)A++ (R)

min{pg.q}

and

Lgo.qi01(S) = Lggq(ogL) 1 (S).

maxlgo-q]

Moreover, by [14, Lemma 2.1] and [35, (2.6)], we have

B(r) < (1 + | log 1))@ —oee-(=e0)®)

Consequently, writing down Theorem 4.1 for this choice of b we recover a result
of Besoy and Cobos (see [5, Corollary 3.13]), which is a quantitative version of a
compactness result of Edmunds and Opic (see [26, Corollary 4] and also [20, Corollary

4.5]).

The following result refers to the case 1 < p; < pg < o0.

Theorem 4.3 Let (R, 1) and (S, v) be non-atomic o -finite measure spaces. Let 1 <

p1 < po <00 1<gqgo<q <00, 0<gq <ooandletb e SV(0,00) satisfying

(2.8) and (2.12). Put

- 1 1 1 t 1 1 ds 1/ min{po,q}
— po—1/p1 po—1/p1yg
Bo(t) = b(r )(b(tl/po_l/m)qfo bis ) s)
and
a1/ 1 o0 Vao—1/ ds I/ max{go.q}
— qo—1/41 - - qo0—1/91\q __

IfT € LU(Lpy(R), Ly, (R)), (Lgy(S), Ly, (S))) then

T:L (R) — Lyy 4.6, (S) boundedly.

po.q:bo
Moreover, for B(T) = B(T : L
(a) B(T)=01if B(To) =0,

po,q;go(R) — Lgg.q:,(S)) we have
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(b) B(T) < CB(Ty) if 0 < B(T1) < B(Tv),
(c) B(T) < Cmax {B(To), B(To)b (B(To)/B(T1))} if 0 < B(Ty) < B(TY).

Here C > 0 is a constant independent of T .

Proof Consider the couple (Loo(R), L1(R)). We have

~ 1
Lp;(R) = (Loo(R), L1 (R))g, ,, where §; = Pl =0,1.
J

So0 < 50 < 51 < 1 and we still can use [29, Theorem 3.2] and [36, Theorem 4.10]
to get that

(Loo(R), L1(R)g) g:u = (Lpo(R), Lp; (R))o.q:0

where

1/ mi ,
1 /OO b(sl/Pll/PO)qd_s> fmintro q}.

b(t1/P1=1/poye [, s

u(t) = b(tl/Plfl/PO) <

According to the relationship between the K-functionals of (Lo (R), L1(R)) and
(L1(R), Loo(R)), making a change of variables and using (4.1), we obtain

o o dr\ /e
I N Lo (RY. L1 (RYG, g = </0 [t u()K (1, f; Loo(R), L1(R))]? T)
_ *© =805 /. —1 —1 qdf la
= [t bo(r )K", fi L1(R), Loo(R)]" —

l/q
(/ [~ 150 () K (2, fiLi(R), Loo(R))]th>

= NN @i ®). LR, 5 05, = N IL (R)-

po-4:by
Therefore
Ly o5y (R) <> (Lpy(R), Ly, (R))o.g:-
Since the embedding
(Lq()(S)’ qu (S))O,q;b — qu,q;b1 (S)

has been established in Theorem 4.1, we can conclude the result by interpolating with
parameters 0, ¢, b and applying Theorem 3.1. O

Remark 4.4 1fb(t) = (14| 10gt|)AwithA = (@, 0oo) and aso+1/g < 0 < ap+1/q,
then

bo(1) ~ (1+|10gt|) + FToa
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where A = (00, @p) and Theorem 4.3 gives estimates for the measure of non-
compactness of

T : Ly, 4(og L)A&Jr 104) (R) — Lgyq.q(log L)AJr 1 (R).

min{p max{g(.q]

Proceeding similarly, but using [36, Theorem 4.8], we can derive results for 1 <
g1 < qo < 00.

We finish the paper with some results when the main information on 7 refers to the
restriction from L, (R) into Ly, (S).

Theorem 4.5 Let (R, i) and (S, v) be non-atomic o -finite measure spaces. Let 1 <
prL<po<0o,1<qr<qyp<o000<gq <ooandletv e SV(0,00) satisfying that

1 1/q 00 1/q
</ v(t)‘lg> < 00 and </ UW,Q) = 00.
0 t 1 t

Put

1/po—1/ 1 o 1/po—1/ ds
vo(t) = v(@ /PPy — 00— v(s'/Po=1/prya 2
t S

1/ min{py,q}
v(t1/po—1/p1yq >

and

Vao—1/ 1 00 Va1 ds 1/ max{q1,q}
— q0—1/4q1 qo—1/91\q __
vi(t) = vl ) (v(tl/qo—l/ql)q /t vis ) s ) ’

IfT € LULpy(R), Ly (R)), (Lgy(S), Ly, (S))) then
T :Lp gv(R) = Ly 4:0,(S) boundedly.

Furthermore, for B(T) = B(T : Ly, g;v0(R) = Ly, g:v,(S)) we have

(a) B(T) =01if B(T1) =0,
(b) B(T) = CB(T1) if 0 < B(To) < B(T1),
(c) B(T) = Cmax {B(T1), B(T1)v (B(T1)/B(To))} if O < B(T1) < B(T0).

Here C > 0 is a constant independent of T

Proof Accordingto (2.7), for any quasi-Banach couple (A, A1) wehave (Ag, A1)1,4:0
= (A1, Ao)o,q;» Where b(t) = v(1/t). We also have that

T € LU(Lp,(R), Lpy(R)), (Lg;(S), Lgy(9))).

Hence, the wanted result follows by interpolating with parameters 0, ¢, b and applying
Theorem 4.1. O

If1 < pp < p1 <ooand/or 1 < gp < g1 < 0o we can obtain similar results.
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Remark 4.6 Let A = (g, teo) With ag + 1/g < 0 < oo + 1/g and let v(t) =
(14 |logt])™. So, v satisfies the assumptions of Theorem 4.5. We have

1
vo(1) ~ (1+|logt|) TR

1
vi (1) ~ (1+I10gll) Al

Moreover, by [5, (2.6)] we know thatv(¢) < (1+|logt |)((_0‘°°)+""O+c ~) Writing down
Theorem 4.5 for this choice of the parameters we obtain estimates for the measure of
non-compactness of

T :Lp 4(og L)AJr (R) — Ly, 4(log L)A+ S (R).
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