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Abstract

We introduce the notion of approximate smoothness in a normed linear space. We
characterize this property and show the connections between smoothness and approx-
imate smoothness for some spaces. As an application, we consider in particular the
Birkhoff-James orthogonality and its right-additivity under the assumption of approx-
imate smoothness.
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1 Introduction

Smoothness is definitely one of the most important geometrical properties of normed
linear spaces (cf. monographs [7, 13, 15] or a survey [10] for example). In particular,
some natural attributes of the Birkhoff-James orthogonality relation can be derived
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for smooth spaces. Since in its full strength, smoothness can be sometimes a too much
restrictive assumption, we are going to propose somehow relaxed, approximate version
of this property. We study this concept in general, as well as for some particular linear
normed spaces, polyhedral Banach spaces and direct sums of normed linear spaces.

1.1 Notations

Throughout the text, we use the symbols X, Y, Z to denote real normed linear spaces.
The zero vector of a normed linear space is denoted by 6, but in case of the scalar
field R, we simply use the symbol 0. By By := {x € X : |[x]] < 1} and Sy :=
{x € X : |lx|| = 1}, we denote the unit ball and the unit sphere of X, respectively.
The collection of all extreme points of By will be denoted as Ext Bx. For A C X,
diam A :=sup, ¢4 [lx — y|| denotes the diameter of A.

Let X* denote the dual space of X. Given x € X ~\ {6}, a functional f € Sy« is
said to be a supporting functional at x if f(x) = ||x||. The collection of all supporting
functionals at x will be denoted by J (x), i.e.,

J@)={fe€Sx: f)=lxl}, xeX {0}
The Hahn—Banach theorem guarantees that the set J (x) is always nonempty and it is
easy to see that it is also convex. It is also known that J (x) is w*-compact. An element
x € X \ {0} is said to be a smooth point if J(x) is a singleton (i.e., J(x) = {f} fora
unique f € Sx+). A normed linear space X is called smooth if every x € Sx (hence,
every x € X \ {#}) is a smooth point.
For f € X™ . {0}, we write

My :={x € Sx:[f)|=IfI}
and

M} ={xeSx: f0) =1}
Given two elements x, y € X, let

xy:=conv{x,y} ={(1—-t)x+ty:t €0, 1]}

denote the closed line segment joining x and y. By R(X) we will denote the length
of the “longest” line segment lying on a unit sphere (cf. [5, 20]); more precisely,

R(X) :=sup{flx — y| : Xy C Sx}.
By a hyperplane, we mean a set
H={xeX: f(x)=c},
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where f € X* ~\ {0} is a functional and ¢ € R a constant. Each hyperplane H C X
divides X into two closed half-spaces whose intersection is H itself. We call H a
supporting hyperplane to the unit ball, if By lies entirely within one of the two half-
spaces and H N By # . Equivalently, H is a supporting hyperplane for By if and
only if there exists f € Sx+ suchthat H = {x € X : f(x) = 1}. Notice that then we
have H N Sx = M.

By $H(X), we denote the set of all supporting hyperplanes for the unit ball in X.
Now, we introduce the notion

S(X):=sup{diam (H N Sx) : H € H(X)}
and by previous observations, we have
S(X) = sup{diam M; © f e Sy} (1.1)

Actually, using the fact that the diameter of a convex set is the supremum of lengths
of segments inside the set and both H N Sy (for H € H(X)) and M ;{ are convex sets,
it follows that A

S(X) = R(X). (1.2)

We define d : X \ {#} —> [0, 2] by d(x) = diam J (x). We also set
E(X):=sup{d(x) : x € Sx}.

By ¥ : X — X™*, we denote the canonical embedding of a normed linear space
X into its bidual X™**, that is

V) (f)=f(x), xeX, feX"

It is known that W is a linear isometry and if it is surjective (V(X) = X**), then X is
called a reflexive space (necessarily a Banach space).

Using the observation that \II(MJJ[) = J(f) N ¥(X) and the fact that ¥ is an
isometry, we notice that for any normed linear space X:

EX) <S(X*) and S(X) < E(XM). (1.3)

In particular, we have
EX) = S(XY) < €(X™). (1.4)

An n-dimensional Banach space X is said to be a polyhedral Banach space if Bx
contains only finitely many extreme points or, equivalently, if Sy is a polyhedron. For
more details on polyhedral Banach spaces see [17].

We define the sign function on R by

t
sgnt = m, t e R\ {0} and sgn0:=0.
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Let (X, | - llx) and (Y, || - ||y) be normed linear spaces. Then,
X®pY ={(x,y):xeX,yeY}, 1 <p<oo,

is a normed linear space with respect to the following norm:

L,
— (”x”I;( + ||)’||§7/)” if p<oo
Il = i
max{|xllx, lylly} if p=oo.

Let1 < g < cobe conjugated to p,i.e., such that %+l =1forl < p <oo,qg=1
for p = coand g = oo for p = 1. Then, the dual space 0? X @, Y canbe isometrically
identified with X* @, Y* in the following sense: for each ' € (X &, Y)* there exist a
unique (f, g) € X* @, Y* suchthat | F|| = [[(f, g)ll; and F((x, y)) = f(x)+g(y)
forall (x, y) € X®,Y (compare [13, p. 5] or [8, Definition 0.18 and Proposition 0.19]).

1.2 Norm derivatives

Itis well known that smoothness of x € Sy is equivalent to the Gateaux differentiability
of the norm at x. The concept of norm derivatives arises naturally from the two-sided
limiting nature of the Gateaux derivative of the norm. Let us recall the following
definition and basic properties of one-sided norm derivatives.

Definition 1.1 Let X be a normed linear space and x, y € X. The norm derivatives of
x in the direction of y are defined as

ol (x,y) = |x]| lim I Ayl =Ixl ol + Ayl = lx
+ . s O A A—0+ 2 s
/ . x4+l = x| Ay = llx)?

p_(x,y) =[x lim ——————— = lim )

A—0~ A A—0— 2A

The following properties of norm derivatives will be useful in this note (see [1] and
[9] for proofs):

(p-i) Forall x, y € X and all « € R,

/ o Japi(x,y)ifa=0
Pi((xxa}’)—:oi(x’a)’)—{apé':(x’y) 1f0l<0
(p-ii) p”(x,y) < p/ (x,y). Moreover, x € X ~ {6} is smooth if and only if
p (x,y) =p/ (x,y)forally € X.
(p-iii) p\ (x, y) = llx[ sup{f (¥) : f € J(x)}.
(p-iv) p_(x,y) = [lx|linf{f(y) : f € J(x)}.
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1.3 Birkhoff-James orthogonality

For vectors x and y in a normed space X, we say that x is Birkhoff-James orthogonal
(BJ-orthogonal) to y, written as x Lpg y, if

lx + Ayl = |lx|l, forallA e R

(cf. [2, 11, 12]). James in [11, Theorem 2.1] proved thatif x € X \ {f} and y € X,
then x Lp y if and only if there exists f € J(x) such that f(y) = 0.

Chmieliniski in [3] defined an approximate Birkhoff-James orthogonality as fol-
lows. Given x, y € X and ¢ € [0, 1), x is said to be approximately orthogonal to y,
written as x L% y, if

Ix +AyI1* = [Ix[* = 2¢llxAyll,  forall 2 € R. (1.5)
As shown in [4], condition (1.5) can be equivalently written in the form:
lx + Ayl > |lx]| —ellryll, forall A € R. (1.6)

In [6, Theorems 2.2 and 2.3], two important characterizations of the considered approx-
imate orthogonality were given:

x L%y <= 3zespan{x,y}: x Lpz, lz—yll <ellyl; (1.7)
S 3AfelJx): IfOl=<elyl. (1.8)

Obviously, for any f in J(x), we have | f(y)| < |Iy]l. If | f(¥)] < |ly] then there
exists & € [0, 1) such that | f(y)| = ellyll whence x L% y. In particular, it follows
from (1.8) for x, y € Sx:

x L% yforsomee €[0,1) «— y & My for some f € J(x) (1.9)
or equivalently
x Ly yforalle € [0,1) <= y e My forall f e J(x). (1.10)

The study of approximate orthogonality has been an active area of research in recent
times, particularly in the space of bounded linear operators on a Banach space (see
[6, 14, 16, 18] for recent study on approximate orthogonality). Since Birkhoff—James
orthogonality is closely related to the classical notion of smoothness in a normed space,
the above works motivated us to introduce a suitable notion of approximate smooth-
ness in normed spaces which will be in some sense compatible with approximate
orthogonality.

In [11], James obtained a characterization of smooth points in terms of right-
additivity of the Birkhoff-James orthogonality relation. Namely, x € X ~\ {#} is a
smooth point in X if and only if L p is right-additive at x, that is for any y, z € X:
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xlpyand x lpz = xLp (y+2).

‘We now define the notion of an approximate right-additivity of the BJ-orthogonality.

Definition 1.2 Let X be a normed linear space and x € X ~ {0}. We say that the
BJ-orthogonality is approximately right-additive at x (e-right-additive for some ¢ €
[0, 1)) if forany y,z € X:

xlgyand x Lpz = x L% (y+2).

Similarly, we define the right-additivity of the approximate BJ-orthogonality.

Definition 1.3 We say that the approximate BJ-orthogonality is right-additive at x if
whenever x J_% v, X J_% z for some y, z € X and ¢ € [0, 1), then there exists some
€1 € [0, 1) such that x Lg y+2).

Observe that in Definition 1.2 for a given x € X \ {#}, € is uniform in the sense that
it is independent on the choice of y and z and in the Definition 1.3 for given x, y, z
and ¢, £1 may depend on all of them.

The connections between smoothness and right-additivity of the BJ-orthogonality
induce a natural question on a condition, weaker than smoothness, which would char-
acterize the approximate right-additivity of the BJ-orthogonality (or right-additivity
of the approximate BJ-orthogonality). This is one of the motivations that lead to the
notion of approximate smoothness which is stated in the next section.

2 Approximate smoothness and rotundity
2.1 Approximate smoothness—definition and basic properties

It is obvious that for any x € X \ {6},0 <d(x) <2 and d(x) = 0if and only if x is
a smooth point. We will be considering the case when the set J(x) is not necessarily
a singleton, but its diameter is limited, in particular strictly less than 2.

Definition 2.1 Let X be a normed linear space, x € X \ {#} and ¢ € [0, 2). We say
that x is e-smooth if d(x) < . When the value of ¢ is not specified, we say that x is
approximately smooth. The space X is said to be approximately smooth (¢-smooth) if
each x € Sy is ,-smooth for some ¢, < & < 2.

Observe that in the above definition, we intentionally excluded the possibility of
¢ = 2. Otherwise, every non-zero element of a normed space would be approxi-
mately smooth and every normed space—approximately smooth one. However, our
motivation is to distinguish approximately smooth points and spaces, so we restrict to
£ <?2.

The following lemma will be useful for obtaining a characterization of approximate
smoothness in terms of norm derivatives.
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Lemma 2.2 Let X be a normed linear space, x € X ~ {0}. Then,

suép {p(x, y) = pL(x, )} = d ) 1x].
YESX

Proof Using the properties (p-iii) and (p-iv), for an arbitrary y € Sx, we have

pl(x,y) —pl(x,y) = llx|I{ sup f(y)— mf g}
fel) eJ(x)

= llxI sup {f(y)—g(y)}-

f.gel(x)

Hence, sup {p/, (x,y) — p_(x, y)} =d(x)|x]|. o
YESX

We now prove the said characterization.

Lemma 2.3 Let X be a normed linear space, x € X \ {0} and ¢ € [0, 2). Then, the
following conditions are equivalent:

(i) x is e-smooth.
(it) sup {p/ (x,y) — p_(x, y)} < ellx||.
YESX
Proof (i) = (ii) follows from Lemma 2.2.
Now, we prove (ii)) = (i). Let f,g € J(x) and y € Sx. Then, p;(x, y) >

Xl f (), P (x,y) = lxllgy), pL(x,y) < lx[lf(y) and o’ (x,y) < [lx[g().
Thus,

sup {0, (x, y) — pL(x, »)} = x|l sup [ (») — g = lIx[lll f — gll.

YESX YESX
Hence, (ii) yields ||x|| || f — gl < €]lx|| and this proves (i). O

As an immediate application of Lemma 2.3, we obtain a characterization of the
approximate smoothness of the whole space.

Corollary 2.4 Let X be a normed linear space and ¢ € [0,2). Then, the following
conditions are equivalent:

(i) X is e-smooth.
(i) sup {p}(x,y) —p_(x,y)} <e.

X,y€Sx

If X is a reflexive Banach space then we notice that W (M +) J(f) for f €
X* ~. {#). Since W is an isometry so it follows that f € X* '\ {0} is e-smooth if
and only if diam M]f < ¢. Also, for a reflexive Banach space X using (1.4) and
E(X) = E(X*), we get

X is e-smooth if and only if S(X*) < e. 2.1
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Now, we consider a finite-dimensional space. We show that if each vector on a unit
sphere is approximately smooth (not necessarily with the same approximation con-
stant), then so is the whole space. Basically, this result is a consequence of Weierstrass
compactness theorem.

Theorem 2.5 Let X be a finite-dimensional Banach space such that each x € Sy is
ex-smooth for some ¢, € [0, 2). Then, X is approximately smooth.

Proof Let x € Sx. Without loss of generality, we assume that &, = d(x).

Let & := sup,cg, €x. Obviously, ¢ < 2 and suppose, contrary to our claim, that
¢ = 2. Then, we could find {x,} C Sx such thate,, " 2. Also, foreachn € N, we
can choose f,, g, € J(x,) such that || f, — gl > &x, — %

Now, using the compactness of Sy, Sx+ and the fact that A = {(x, f,g) :
x € Sx,f,g € J(x)}is a closed set in Sy x Sx» x Sy+, we can find a con-
vergent subsequence of {(x,, f,, g,)} which we again denote by {(x,, fu, gn)}. Let
(x, f,g) € A be the limit of {(x,, fu,gn)}. Let h : X x X* x X* —> R be
defined by h((x, f., g)) = || f — gll. Then, & is clearly a continuous function. Thus,
lim,— o0 h((xp, fn, &n)) = h((x, f,g)) and this implies that || f — g|| = 2. This

contradicts our assumption that ¢, € [0, 2), whence ¢ < 2 and X is ¢-smooth. O

A normed space is smooth if and only each of its two-dimensional subspaces is
smooth (cf. [15, Proposition 5.4.21]). An analogous result can be proved for approx-
imate smoothness. However, if the approximation constant ¢ is not fixed, we can
prove it merely for finite-dimensional spaces. The authors do not know whether this
assumption is essential.

Theorem 2.6 (i) Let X be a normed linear space and ¢ € [0, 2). Then, X is e-smooth
if and only if each of its two-dimensional subspaces is e-smooth.

(ii) Let X be a normed linear space. If X is approximately smooth then so is each of its
two-dimensional subspaces. Moreover, if the dimension of X is finite and each of
its two-dimensional subspaces is approximately smooth then X is approximately
smooth.

Proof (i). Let X be e-smooth space and Y its two-dimensional subspace. For y €
Y ~.{0} any two supporting functionals at y, f, § € Sy« can be extended (by the Hahn-
Banach theorem) to f, g € Sxy=—supporting functionals at y in X. Now, || f —g| <
Il f — gll < e implies that Y is e-smooth.

Conversely, let every two-dimensional subspace of X be e-smooth. Suppose, on
the contrary, that X is not e-smooth. Then, there exist x € Sx and f, g € J(x) such
that | f — g|| > €. Let y € Sx be such that |(f — g)(y)| > ¢. Clearly, this choice of
y implies that x and y are linearly independent. Let ¥ = span{x, y}, f = f|y and
g = gly. Then, f(x) = 1, g(x) = 1 implies that f, § € Sy+. Also, |(f —g)(y)| > ¢
implies that || f — §|| > . Thus, f, g € {h € Sy» : h(x) = 1}and || f — &|| > &. This
leads to the contradiction with e-smoothness of ¥ and thus X is e-smooth.

(ii). If X is approximately smooth then, as above, an application of the Hahn—
Banach theorem yields approximate smoothness of any two-dimensional subspace of
X.
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Now, we assume that X is a finite-dimensional space and let every two-dimensional
subspace of X be approximately smooth. Suppose, on the contrary, that X is not
approximately smooth. Then, by Theorem 2.5, there exist x € Sx and f, g € J(x)
such that | f — g|| = 2. Let y € Sx be such that |(f — g)(y)| = 2. Clearly, this choice
of y implies that x and y are linearly independent. Let ¥ = span{x, y}, f = f|y and
g = g|y. Now, using arguments similar to the proof of (i), we arrive at the contradiction
with approximate smoothness of Y and thus X is approximately smooth. O

The following example shows that in some spaces the notions of smoothness and
approximate smoothness can coincide.

Example 2.7 (a) Observe that if x = (x, x2,x3,...) € £; ~ {0} then d(x) = 2 if
xi, = 0 for some ip € N and d(x) = 0 if x; # O for all i. Using this observation it
follows that x € £1 \ {0} is e-smooth for ¢ € [0, 2) if and only if x is smooth.

d) If x = (x1,x2,x3,...) € ¢ \ {0} then d(x) = 2 if norm of x is attained at
more than one coordinate and d (x) = 0 if norm of x is attained only at one coordinate.
Thus, it follows that x € ¢ \ {6} is e-smooth for ¢ € [0, 2) if and only if x is smooth.

2.2 Approximate rotundity

Rotundity (strict convexity) is another important geometrical property of normed

spaces. Although rotundity and smoothness are independent properties, they are related

to each other. We would like to show that it is so with their approximate counterparts.
Let X be a normed linear space and let ¢ € [0, 2).

Definition 2.8 We say that X is e-rotund (or -strictly convex) if S(X) < e.

Obviously, for ¢ = 0, the above condition means that each functional f € Sy
supports the unit sphere in at most one point, which is equivalent to rotundity (cf. [15,
Theorem 5.1.15, Corollary 5.1.16]).

Based on (1.3) and (1.4), we can easily establish connections between approximate
smoothness (rotundity) of a given space and approximate rotundity (smoothness) of
its dual.

Theorem 2.9 Let X be a normed linear space and let ¢ € [0, 2).

1. If X* is e-smooth, then X is e-rotund;

2. If X* is e-rotund, then X is e-smooth;

3. If X is reflexive, then X is e-smooth if and only if X* is e-rotund and X is e-rotund
if and only if X* is e-smooth.

3 Approximate additivity of the Birkhoff-James orthogonality in
approximately smooth spaces

As we have reminded, the Birkhoff-James orthogonality is right-additive at smooth
points. Although it is no longer true for non-smooth points, we will show that under a
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Fig. 1 Illustration to Example 3.1

relaxed condition of approximate smoothness, right-additivity can be partially main-
tained.

We will start with an example showing that, in general, approximate smoothness
does not imply approximate right-additivity of the Birkhoff—James orthogonality.

Example 3.1 Let X = R? with a norm generated by
Bs :=conv{(1, 1), (0, 1 +68), (=1, 1), (=1, =1), (0, =1 = 8), (1, —=1)}

as a unit ball (with § > 0).
Consider the point P = (0, 1 + §) and functionals

flry) = x4+ %ﬁgy,
g(x,y) = — 55X + 15

Notice that f, g € J(P) (we denote by Ly and L, the respective supporting lines)
and J(P) = conv{f, g} (see Fig. 1). Then,

26

diam J(P) = || f — gl = sup T 1xs

— x|
(x.y)eB; 1 +6

Thus, the considered space is e-smooth at P, with arbitrarily small ¢ (if only § is small
enough). On the other hand, for Ry = (1, §) and Ry = (—1, §), we have

P1lgRy, PlpR»

but R; + Ry = (0,28) = AP with A = {2 hence P L% (R + Ry) forany ¢ € [0, 1).
Although approximate smoothness generally does not imply even approximate
right-additivity (no matter how small is ), the following results give some information

in particular situations.

W Birkhauser



Approximate smoothness in normed linear spaces Page110f23 41

Theorem 3.2 Let X be anormed linear space and let x € X ~{6}. Let y;, y» € X~ {0}
be such that x 1% y1, x L% y2, where e € [0, 1) is such that

2lly1 + 2l
3AIyill + Nly21D

If x is e-smooth, then there exists €1 € [0, 1) such that x J_‘;‘ (y1 + y2).

Proof According to (1.8), we can find f, g € J(x) such that | f(y;)| < &]|y1] and
lg(y2)] < glly2]l. Now, using e-smoothness of x, we get

[f )l =1(f —8) ) + g0l
< I f =gyl + llg)l
<ely2ll +ellyll
=2¢|ly2.

Using similar arguments, we can show that |g(y;)| < 2¢|/y1]|. Convexity of J(x)
yields %f + %g € J(x) and

1
= 5(8||y1|| + 2e|[y2ll + 2¢elly1ll + €lly21D

1 1
'<§f + 58) 1 +y2)

3
= eyl + 1y

< Iyt + y2ll.

Lete; € [0, 1) be such that |(%f + %g)(yl + y2)| < e1lly1 + y2||. Then, (1.8) implies
that x L% (y1 + y2). o

Theorem 3.3 Let X be anormed linear space andlet x € X ~{0}. Let y;, y» € X~ {0}
be such that x Lp y1, x Lp yo. If x is e-smooth, where 0 < ¢ < 2yl o 2, then

Iyill+ly2ll —
there exists €1 € [0, 1) such that x J_%l (y1 + y2).

Proof Wefind f, g € J(x)suchthat f(y;) = Oand g(y2) = 0. Now, by e-smoothness
of x, we get

[f )l = 1(f =&l = elly2ll,

and similarly [g(y1)| < e|ly1||. Clearly, } f + 1g € J(x) and

1 1 e
‘<§f + Eg) 1+ x| < 5(”)’1” +ly2D < llyr + y2l-

Lete; € [0, 1) besuchthat [(5 £ + 5g) (1 + ¥2)| < e1llyi+2]l. Thus, (1.8) implies
that x J_SBI 1 + y2). O
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(4) (B)

Fig.2 Illustration to Example 3.5

We now provide an example to show that in Theorems 3.2 and 3.3, approximate
smoothness of x cannot be omitted. We will need the following lemma.

Lemma 3.4 Let X be a normed linear space and let x € Sx. Then, the approximate
Birkhoff-James orthogonality is not right-additive at x tfand only ifthere exist y1, y €

Sx, f1, fo € J(x) suchthat y1 ¢ My, y» ¢ My, and ||yi+£ll € My forall f € J(x).

Proof The proof relies on characterizations (1.9) and (1.10). Let x € Sx and suppose
that the approximate Birkhoff-James orthogonality is not right-additive at x, i.e., there
exist y1, y» € Sx, € € [0, 1) such that x J_B Vi, X J_% y> and there does not exist
any €1 € [0, 1) such that x L8 vty Equivalently, we can write that (due to (1.9))

B Tntwl
there exist f1, f € J(x) such that | ¢ My,. y2 ¢ M, as well as (by (1.10)) that
uiiiiiu € My forall f e J(x). O

If x € X \ {0} is e-smooth and y;, y» € X satisfy the conditions stated in Theo-
rem 3.2, then there exists f € J(x) such that ”} 13 2, & My. The following example
shows that if in Theorems 3.2 or 3.3 the assumption of x being e-smooth is omitted,

the results are not true.

Example 3.5 Consider X = (Rz, Il loo). Let x, y1, y2 € Sx, where x = (1, 1), y; =
lLa),y2=(o,1),0 < < % (see Fig.2A). Then, we can observe, using (1.7), that

o o I4a _ _ 2lyi+yll
X LB Y1 and x J_ 2. MOI'COVCI',O <o < 3 = m

Now, we have y 'ﬂ 2” =x € Myforall f € J(x)and, by Lemma 3.4, approximate
Birkhoff-James orthogonality is not right-additive at x.

To justify essentialness of approximate smoothness in Theorem 3.3 take x, z1, 22 €
Sx,wherex = (1,1),z1 =, —a), 220 = (-, 1),0 < a < % (see Fig. 2B). Then,
x Lp z1,x Lp z2 and clearly, ”212” =x € My forall f € J(x). Thus, Lemma 3.4
implies that Birkhoff-James orthogonality is not approximately right-additive at x.

Finally, in this section, we give a result showing that approximate smoothness of a
vector x guarantees the approximate right-additivity of the Birkhoff—James orthogo-
nality on some restricted set of vectors.
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Theorem 3.6 Let X be a real normed linear space and let x € X ~ {0} be e-smooth
) . V2 + )
with & € [0, 2). Suppose that y1, y, € X are such that min{||y |, [y2[} < | 2522].

If xLpyy and x Lp ys, then

2
x L% (1 + »).

Proof Since x_L g y; and x L y», there exist f, g € J(x) such that f(y;) = g()2) =
0. Therefore,

fO2) =(f -8 (2 and gy1) = — HOD

which, together with the assumed diam J (x) < ¢, gives

[f(y2)] < elly2ll and [g(yD)| < elly1ll.

Suppose that || y1]| < ||y2]l. It follows then from the assumption that || y;|| < “ leerz ||
and

&
lg(y1 +y2)l = lg(yD] < ellyill < 5”)’1 + y2ll.

This means that xJ_2/2 (1 + y2).
Similarly, if [|y2| < lly1]l, we show that | f(y1 + y2)| < 5lly1 + y2ll, which also
gives the assertion. O

Note that the condition min{||y[l, 2]} < | y""Tyz | depends both on directions
and norms of vectors y;, y». It holds true, however, regardless of directions, if || y1 || >
3lly2ll or [ly2ll = 3lly1ll-

4 Polyhedral spaces

Now, we consider a 2-dimensional regular polyhedral Banach space X with 2n extreme
points. Regularity here means that all the edges of the unit sphere are of the same length
with respect to the Euclidean metric and all the interior angles are of the same measure.
For such spaces, we will calculate the values of d(x) for each x € Ext By and the
value of £(X).

Example 4.1 Let X be a 2-dimensional regular polyhedral Banach space with 2n (n >
2) extreme points and let x € Ext By. Then,

d(x) =&E(X) = {2“‘“ o ifn is even,

2tan 3 sin % if n is odd.

Proof If x € Sx \Ext By thenclearly d(x) = 0. Thus, to calculate £(X) itis sufficient
to find d(x) for all x € Ext Bx. Moreover, regularity and symmetry of Sy implies that
d(x) =d(y) for all x, y € Ext By.
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Fig.3 Illustration to Example 4.1

Without loss of generality, we may assume that
ExtBx = {vr: 1 <k <2n},

(k_nl)n'v sin @ for 1 <k < 2n (see Fig.3).

Let f; be the unique support functional for the segment v vy 1| fork = 1, ...,2n—1
and v2,v; for k = 2n (on Fig.3 the respective supporting lines are denoted by L ¢,
and L p,,). Some calculations, which will be omitted here, lead to the explicit formula
for the value of f; at (x, y) € R?:

where v, = (cos

fﬂ@a»):(xm595:125+ygn95;iyvse;T

2n 2n 2n

(compare with a similar result in [19, the proof of Theorem 3.1]). Moreover,

T(u) Si—1fx if 1 <k <2n,
v =
‘ onfl ifk=1
and thus
| fe—1 — fxll if 1 < k < 2n,
d(v) = i
v {Wﬁ—ﬂ”ﬁkzL
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For 1 < k < 2n, we have

sec —
2n 2
2k — DHr . 2k — 3)71)
— sin

2k — )m 2k — 3)m T
e = fio)((x, ) = x <cos @k=br _)

+y<sin
(k= Dm (k — ) . ﬂ} b/

={—2xsin ———si 2y cos ————— sin — ¢ sec —.
{ * n 2 + Y n 2n

To calculate the norm of f; — fx—1 (supremum over the unit sphere), we use the
Krein—Milman theorem and restrict ourselves to extremal points. Thus, we have for
1<k<2n

Ifi = fi1ll =

4.1
maxx,y)eExt By ‘—Zx sin ¥—~% (k=D 1)71 - 4.1)

(k=D 1)71 sin i Eid
+ 2y cos === sin 5| seC 3.

If n is even then by taking k = 5 + 1in (4.1), we get

.o T
lfoyr — foll= max  2|x|sin — sec —.
2 2 (x,y)€Ext By 2n 2n

For (x, y) € Ext By, |x| < 1. Thus, ||f%+1 - f%|| = 2tan 5.
If n is odd, then by taking k = n + 1 in (4.1), we get

T T
— = max  2|y|sin — sec —. 4.2
| fotr = Jul (x.y)eExt By o 2n 2n 42)

For (x, y) € Ext By, |y| < sin #5107 1)” . Thus,

m—Dm . w T T . (m—Dm
sin — sec — = 2tan — sin ——. “4.3)

I ot = full = 2sin = 7 €2 2 2

Now, using (4.2), (4.3), symmetry and regularity of Sx, we get

2tan - if n is even,

EX) =d(w) = {

2tan 3 sin (";;)” if nis odd.
O

As an application of the above, we obtain the following result on approximate
smoothness of a 2-dimensional regular polyhedral Banach space X with 2n extreme
points.

Proposition 4.2 Let X be a 2-dimensional regular polyhedral Banach space with 2n
extreme points (n > 2). Then, the following holds true.

(i) X is e-smooth for & € [2tan 3, 2), if n is even.
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(ii) X is e-smooth for & € [2tan 7 sin bz 1)” ,2), ifn > 3is odd.

In the next result, we give formulas for d(x), x € Sy and £(X) for a
finite-dimensional polyhedral Banach space X. Note that in case of X being a finite-
dimensional polyhedral Banach space, its dual X* is also a polyhedral Banach space
with finitely many extreme points in Byx.

Theorem 4.3 Let X be a finite-dimensional polyhedral Banach space and let x € Sy.
Then,

(i) d(x) =max{|lf; — fjll : fi. fj € Ext By such that f;, fj € J(x)},
(i) E(X) =max{||fi — fill : fi, fj € Ext Bx= such that M7} N M}’j £ ().

fi
Proof (i) Let x € Sx and F;,, F,, ..., F;, be the facets of Sx which contain
x. Let fi, fi, ..., fiy, € ExtByx+ be the unique supporting functionals for the

facets Iy, Fi,, ..., Fi, respectively. Let f,g € J(x). Then, f = 21;21 ajfij,
g=Y"_Bjfi, where0 <a;. B < land Y 5_ aj = 1,3_ B = 1. Now,

k k k
If =gl =D ajfi—g|=|D eifi, =Y ajg
j=1 j=1 j=1

k k
=D et | =D ajlfi, ¢
Jj=1 j=1

Similar arguments show that

k
iy =&l < D Bellfiy = fill < max i, = fil

(=1

forall 1 < j <k.Thus, || f — gl < max ||f, fi, |l and this proves the result.

(ii) Observe that if y € F for some facet Fand f,g € J(y) then f, g € J(x) for
some x € Ext Bx N F. Thus, to calculate £(X) it is sufficient to consider x € Ext By.
Now, (ii) follows from (i) by observing that if f, g € J(x) for some x € Ext Bx N F

and facet F then M}' NMS # 0. ]

5 Direct sums

Given normed linear spaces X, Y, we study the space Z = X @©pY, 1< p=<oo
and approximate smoothness of its elements. We start with a description of the set of
supporting functionals.

Proposition 5.1 Let X, Y be normed linear spaces andlet Z = X @, Y with1 < p <
00.
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1. If1 < p < ocoand q is conjugated to p, then foranyx € X ~\{0f}andy € Y ~ {6},
we have

(a)

J((x,y) =

p—1 -1
{( e = f T [N |> € SX*@,,Y* : f e J(x), g € J(y)} s
(UxP+liylieye  x P +1yliP) e
(5.1)

(®) J((x,0)) ={(f.0) € Sx*@,v: [ € (X))}
(©) J((O,y) =1{0,8) € Sx*@,v+: g € J(M)}

2Ilfp=1Lxe X\ {0}, yeY {0} then

@ J((x,y) =1{(f,8) € Sxray+: f€J(x), g€ J(y)
(b) J((x,0) ={(f.8) € Sxrg. v+ : f €J(x), g € By},
(©) J(O,y) =1{(f,8 € Sx*a.v:: f €Bx:, g€ J(}

3 Let p=o00and (x,y) € Z\ {6}
@ Ifllxll > llyll, then

J((x, y) ={(f.0) € Sx*@ v+ : [ € J()}.
() Iflixll < Iyl then
J((x,y) ={0,8) € Sxrayv+ : g € J(M}
© Iflixll =Nyl then
{af,(0=a)g): feJ(x),geJ(),0=a=1} S J(x,y).

Proof (la). Let F € J((x,y)), where F = (f, g) € Sx+@,v+. Then, using Holder’s
inequality, we get

U 1? + Iy IP)7 = 1 Wl = F(Gx ) = £(x) + g(y)
< 1710 + gyl
< IF19 + 11D 7 (I + [ylP)7
= (Ixll? + Iy17)7.

This shows that equality holds in Holder’s inequality and thus

)P~ [

gl = ————. (5.2)
(lxll? + 1y 17)s

Ifll = ———
(lxll” + 1y 17y
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Also,we get f(x) = || fIlllxll, g(») = llglllly|l which implies thatf = ﬁ e J(x)
and g = i” € J(y). Combining this with (5.2), we get

g
p—17 p—1lgz
F:(f,g):( [ S )
(2 + IyIP)s - (xlP + 1917)7

which shows C in (5.1). Now, consider

p—1 p—1
F:( [ A Y L I)GSX*W*,
P+ 1517)¢ (xlP + 1y )7)e

where f € J(x) and g € J(y). Then, (we use that (p — 1)g = p)

X117 4+ Iyll?

F((x,y) = :
(lxl1? + 1y [17)s

=[G, Wlp-

Thus, F € J((x, y)) and this proves D in (5.1) and finishes the proof of part (a).

Parts (b) and (c) follow using the similar reasoning.

(2). For the proof of (a) let x € X\{6}, y € Y\{0}, f € J(x) and g € J(y). Then,
(f,8) € Sxxa. v+ and (f, &)((x,y)) = f(x) + &) = lxl + Iyl = lI¢x, Y.
Thus, (f, g) € J((x, y)).

For the reverse, let (f, g) € J((x, y)). Then, || f|| < 1, |lgll <1 and

Il 41yl = 11 I = (f, ) (x, ¥)) = f(x) +g(y)
< WA+ lg iyl < el + 1yl

This shows that || Il = 1, [Iigll = 1, f(x) = llx| and g(y) = [[yll. Thus, f € J(x)
and g € J(y).
To prove (b) letx € X \ {#}, f € J(x) and g € By=. Then, (f, g) € Sx+g. v+ and

(f,8)((x,0)) = f(x) = x| = I(x, DIl1. Thus, (f, g) € J((x,8)). The reverse
inclusion is clear.

The proof of (c) is analogous.
(3). For the proof of ((a)) let x € X\{f}, y € Y be such that ||x|| > [|y||. Let f €

J(x). Then, clearly (f,0) € Sx+q,y+, (f, ) ((x,y)) = f(x) =[xl = [(x, Yoo
and thus (f, 0) € J((x, y)).
Now, let (f, g) € J((x, y)), where g € By=. If f = 0, then

(f,)(x,y) =g <yl < lIx, Yloo-

Thus, f # 0. Suppose g # 0. Since (f, g) € Sx=@,v*, f # 0,8 # 0, gives || fIl <1
and [|g]l < L. Also, || fIl + llgll = 1 implies [lg]l =1 — || f|l. Thus,

Xl = l1(x Yoo = (f @) ((x, ¥)) = f(x) +g(y)
< WA+ gyl < WA+ U= LA Dl = 1]l
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The obtained contradiction proves the required form of J((x, y)).

The proof of (b) is analogous.

Finally, we prove (c). Let x € X\{0}, y € Y\{0} be such that || x| = ||y|. Let
felJx),geJ(y)and0 <o < 1.Then, (af, (1 —a)g) € Sx+g,y+ and (a f, (1 —

)g)((x,y)) = af(x) + (1 —a)gy) = alxll + A =)yl = llx] = [I(x, y)llco-
This proves the result. O

Corollary 5.2 Let X, Y be normed linear spaces andletZ = X®,Y with1 < p < oo.

1. If1 < p < oo and q is conjugated to p, then foranyx € X \{0}andy € Y \ {0},
we have

(a)

llx1l” A0+ yl”

1

q
—_— —d(y)q) ) (5.3)
lxll? =+ Nyl 1?7+ {lyll»

d((x,y) = (

(b) d((x,0)) =d(x),
(©) d((0,y)) =d(y).

2. Ifp=1L,xe X~ {0}, yeY {0}, then

(@) d((x,y)) = max{d(x),d(y)},
(b) d((x,0)) =2,
(c) d((0,y)) =2

3. Let p =00, (x,y) € Z {6}

@) Ifllxll > llyll, then d((x, y)) = d(x).
®) Ifllxll < lIyll. then d((x, y)) = d(y).
© Ifllxll = llyll, then d((x, y)) = 2.

Proof We will prove (1a). Let F, G € J((x,y)). On account of (5.1), there exist
fx, 8x € J(x), fy, &y € J(¥) such that

B 7~ f Iy17=" fy
F= 17 1
(7 + IylPye Alxl? + Iyl

and

p—1 p—1
G:( L T &1>-
(x 1P+ 1iyliPye xll? + lyllP)e
This gives (using (p — 1)qg = p)

xllP P
Iy g, — g+ — 12

|F -Gl = ———— _
Tl A e lxll? +liyl?

”f} - gy”q
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and thus,

SV 1 LRV 1]

S T ———d(y).
P+ llyllP Ixll? =+ llyll?

To prove the reverse inequality fix arbitrarily § > 0 and choose f)f, gﬁ € J(x) such
that ||f)§S — gﬁ”q > d(x)? — 5. Analogously, let fy‘s, gi € J(y) be chosen such that

£ — &5l > d(y)? — 8. Define

P ( bl 2 Ity )
: T T
Uxl? +liyliPye lxlI? + [IyllP)e

and

5 Ix|P=1g? Iyl7—"'g}
G = T -
X2+ AylPye AlxllP + [lyllP)a

By (5.1), F%, G% € J((x, y)) whence

d((x, y)? > |F® — G°)¢

&(d(x)q — &) + &(d(y)q — %)
lxlI? 4+ 1Iyll” 1P+ [lyll?
and since § > 0 was arbitrary, we get
[l x]1” Iyll?
d((x, y)! > —————d(x) + —————d(y)?.
X (17 + llyll” X (17 + llyll”

The proofs of other cases are similar or obvious.

O

Now, as a straightforward consequence of Corollary 5.2, we characterize approxi-

mate smoothness of the direct sum.

Theorem 5.3 Let X, Y be normed linear spacesand Z = X ®,Y, 1 < p < oo. Then,

the following statements hold true:

(i) Letx € X~ {0}, y € Y ~ {6).

(a) If x is ex-smooth in X and y is y-smooth in Y for e, ey € [0,2), then (x,y)

is e-smooth in Z with

1
x||? p q
8::< [l ]| el 4 Iyl 83> ‘
lxl? +lyl? X7+ lyl? -

(b) If x is e-smooth in X and y is e-smooth in Y for ¢ € [0,2), then (x,y) is

e-smooth in Z.
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(c) If (x, y) is e-smooth in Z for ¢ € [0, 2), then either x is e-smooth in X or y is
g-smoothinY.

(d) (x,y) is approximately smooth if and only if either x or y is approximately
smooth.

(ii) Let x € X ~\ {0}. Then, (x,0) € Z is e-smooth for ¢ € [0, 2) if and only if x is
g-smooth in X.

(iii) Lety € Y ~ {0}. Then, (0,y) € Z is e-smooth for ¢ € [0,2) if and only if y is
e-smoothinY.

Proof For the proof of (i), we need to apply Corollary 5.2 (1a). In particular, for (id),
we observe that d(x, y) < 2 if and only if d(x) < 2 or d(y) < 2. The statements (ii)
and (iii) immediately follow from Corollary 5.2 (1b) and (1c), respectively. O

Theorem 5.4 Let X, Y be normed linear spaces and Z = X @1 Y. Then, the following
hold true:

() (a) If x is ex-smooth in X and y is €y-smooth in Y for ey, ey € [0,2), then (x,y)
is e-smooth in Z with & := max({gy, &,}.
(b) If x is e-smooth in X and y is e-smooth in Y for ¢ € [0,2), then (x,y) is
g-smooth in Z.
(c) If (x, ) is e-smooth in Z for ¢ € [0, 2), then both x and y are e-smooth in X
and Y, respectively.
(d) (x,y) is approximately smooth if and only if both x and y are approximately
smooth.
(ii) If x € X \. {0} then (x, 0) € Z cannot be approximately smooth.
(iii) If y € Y {0} then (0, y) € Z cannot be approximately smooth.

Proof The proof of (i) relies on Corollary 5.2 (2a). Statements (ii) and (iii) follow
immediately from Corollary 5.2 (2b) and (2c¢), respectively. O

Theorem 5.5 Let X, Y be normed linear spaces, Z = X @ Y and z = (x,y) €
Z ~ {B}. Then, the following statements hold true:

(i) Let ||x|| > ||yll. Then, z is e-smooth in Z for ¢ € [0, 2) if and only if x is e-smooth
in X.
(ii) Let ||x|| < ||yll. Then, z is e-smooth in Z for ¢ € [0, 2) if and only if y is e-smooth
inY.
(iii) If | x|l = |lyll, then z cannot be approximately smooth.

Proof Statements (i) and (ii) follow from Corollary 5.2 (3a) and (3b), whereas (iii) is
a consequence of Corollary 5.2 (3c). O

The following final example is an application of the above theorem and the fact that
any ¢t € R\ {0} is a smooth point of R.

Example5.6 Let Z = X @~ R be a 3-dimensional polyhedral Banach space whose
unit ball is a right prism with regular polyhedron P as its base. Then, the following
hold true for z = (x,t) € Z . {0}:
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(1) Let ||x|| > |¢|. Then, z is e-smooth in Z for ¢ € [0, 2) if and only if x is e-smooth

in X.
@ii) Let ||x|| < |#|. Then, z is smooth.
(iii) If ||x|| = |t], then z cannot be approximately smooth.
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