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Abstract
In this paper, we will use the convex modular p*(f) to investigate |U‘||qu on (Lg)*

defined by the formula |[f||i;,q =inf, , %sq(p*(kf)), which is the norm formula in

Orlicz dual spaces equipped with p-Amemiya norm. The attainable points of dual
norm [fly,  are discussed, the interval for dual norm|[f|ly,  attainability is described.
By presenting the explicit form of supporting functional, we get sufficient and nec-
essary conditions for smooth points. As a result, criteria for smoothness of
Ly, (1 <p <o0) is also obtained. The obtained results unify, complete and
extended as well the results presented by a number of paper devoted to studying the
smoothness of Orlicz spaces endowed with the Luxemburg norm and the Orlicz
norm separately.
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1 Introduction

It is well known that smooth points and smoothness are basic concepts in geometric
theory of Banach spaces. Smoothness of Orlicz spaces are of importance in applica-
tions of the approximation theory, the conditional expectation theory, probability limit
theorems and the nonlinear prediction theory as well as in other applications. Criteria
for smooth points and smoothness of Orlicz function and sequence spaces equipped
with Luxemburg norm were given in [4, 13, 28]. Criteria for smooth points and
smoothness of Orlicz function and sequence spaces equipped with Orlicz norm were
given in [5, 7, 26]. But up to now, the smoothness of Orlicz function spaces equipped
with p-Amemiya norm has not been solved. The aim of this paper is to present cri-
teria for smooth points and smoothness of Orlicz function spaces equipped with the
p-Amemiya norm.

The rest of the paper is organized as follows. In the first part of the paper some basic
notions, terminology and original results are reviewed, which will be used throughout
the paper. We also recalled some properties of outer function which were introduced by
Wisla in [30] and Kothe predual, i.e., (Eq,,p)* = L\,,,q where 117 + i =1and ¥ is the
function complementary to the Orlicz function @ in the sense of Young. In the next part
of the paper, we will use the convex modular p*(f) to investigate |[f||i‘;,’q on (Lg)* defined
by the formula |[f||:'i,’q =inf,, %sq(p*(kf)), which is the norm formula in Orlicz dual
spaces equipped with p-Amemiya norm. The attainable points of dual norm |[f||\’;,’q are
discussed, the interval for dual norm ”f“:kl’,q attainability is described. In the last part of
the paper, we present the explicit form of supporting functional and get sufficient and
necessary conditions for smooth points. As a result, criteria for smoothness of
Ly, (1 £ p £ ) are obtained.

Let X be a real Banach space, and S(X) be the unit sphere of X. By X* we denote the
dual space of X. In the sequel N and R denote the set of natural numbers and the set of
real numbers, respectively.

For any map ®@: R — [0, co] define

ag=sup{u>0: ®w) =0}, by =supfu>0: ®u) < }.

Notice that if @ is even on R, a4 = 0 means that @ vanishes only at zero while
bg = oo means that @ takes only finite values.

A map ®: R — [0, oo] is said to be an Orlicz function if ®(0) = 0, ® is not identi-
cally equal to zero (i.e., lim,_,  ®(u) = c0), ® is even and convex on the interval
(=bg,byp) and left-continuous at by, i.e., lim D(u) = P(by). Let us notice that
every Orlicz function @ is continuous on the interval (—bg, by ). Recall also that an
Orlicz function @ is called an N-function if it vanishes only at 0, takes only finite values
and the following two conditions are satisfied: lim,,_, 2@ — g and lim,_, 26 = .

For every Orlicz function @, we define its complemgntary function (in the sense of
Young) ¥ : R — [0, o] by the formula

u—by,

Y(v) = sup{u|v| — @) : u>0}.
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It is well known that the complementary function ¥ is also an Orlicz function when-
D(u)
ever —= — Oasu — 0 (see [18]).

In the following, by p, (1) and p_(u) ( ¢, (v) and g_(v)) we will denote the right
and left derivatives of ®(u) (¥(v)) at u( v) respectively. Here we define p, (bg) = o0
and p_(u) = oo for all u > by, (g, (by) = oo and g_(v) = oo for all v > by).

For every u, v € R, we have the following Young Inequality:

|uv| < ®(u) + ¥(v)

which reduces to an equality when v € [p_(u), p,(w)] if u is given, or when
u € [q_(v), g,(v)]if v is given (see [6]).

Let us underline that p,, p_, g,, g_ will always mean functions, while letters
p, g will always refer to numbers.

Let (G, Z, u) be a measure space with a o-finite, nonatomic and complete measure
u and L°(u) be the set of all y-equivalence classes of real and X-measurable func-
tions defined on G. To simplify notations, by a characteristic function y, of a subset
A C G we will mean the function defined by

) = 1, fort €A,
£at) =17 o, forz ¢ A.

For a given Orlicz function ® we define on L°(u) a convex functional (called a pseu-
domodular [21]) by

Ip(x) = / O(x(D)dp.
G

The Orlicz space Lg, generated by an Orlicz function @ is a linear space of measur-
able functions defined by the formula

Ly={x€ L) : Ip(cx) < o0, for some ¢ > 0 depending on x}.

By E4 we denote the linear space of all measurable functions such that Ig(cx) < oo
for all ¢ > 0. It may happen that the space E4 consists of only one element-the zero
function. For instance, this happens if the measure y is atomless and the function ®
jumps to infinity (i.e., bg < 00).

The Orlicz space Ly, is a Banach space when it is endowed with any of the norms:

llull =inf{e > 0 : I (u/e) < 1}
llullg =sup {/ lu(tyv(D)|du : v € Ly, Iy(v) < 1}
G
and
el = inf L1 + Iy (kuy)
Q0 k @

which are called the Luxemburg norm, Orlicz norm and Amemiya norm, respec-
tively. Krasnoslskii and Rutickii [18], Nakano [23], Luxemburg and Zaanen [20]
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proved, under additional assumptions on the function @, that the Orlicz norm can be
expressed exactly by the Amemiya formula, i.e., ||x||g = ||x||§). In the most general
case of Orlicz function @, the similar result was obtained by Hudzik and Maligranda
([15]). Moreover, it is not difficult to verify that Luxemburg norm can also be
expressed by an Amemiya-like formula (see [9, 24]), namely

.1
lulle = inf - max{1, Io(ki)}.

In the paper [15], Hudzik and Maligranda proposed to investigate another class of
norms given by the Amemiya formula-norms generated by the functions of the type

1
5. (1) = (I+uw)r, forl<p< oo,
P max{1,u}, forp = oo,

and
.1
”u”q),p = ]1(1>1(1; %sp(lq,(ku)) (1 <p< o)

In that case we obtain a family of topologically equivalent norms (called p-Amemiya
norms and denoted by |||l ,), indexed by 1 < p < oo and satistying the inequalities

lulle = Nullp o < Nlullo, < lulle, < lullpr = llullg < 2lulle (1)

foralll < g <p < .

Since that time, an intensive development of research connected with Orlicz
spaces equipped with p-Amemiya norms have taken place, many important
results broaden the knowledge about the geometry of these spaces (see [3, 8, 9,
11, 12, 14, 17, 19]) and some open questions were put (see [29]).

To simplify notation, the Orlicz spaces equipped with the p-Amemiya norms
are denoted by Ly, , = (Lo, || - |lg,)- Further, for any function u € L? the essential
supremum of lul over G, i.e. sup ees,c;|u(t)|, no matter whether this number is
finite or not, will be denoted by ||u|| .

We say an Orlicz function @ satisfies the A,-condition for all u € R (resp.,
at infinity) [resp., at zero] if there is a constant K > 0 (resp., and a constant
up > 0 with ®(u,) < o0) [resp., and a constant u, > 0 with ®(u,) > 0] such that
®(2u) < K®(u) for all u € R (resp., for every |u| > uy) [resp., for every |u| < ug).
We will shortly write ® € A,(R) (resp., ® € A,(c0)) [resp., ® € A,(0)]. Evidently,
® € A,(R) if and only if ® € A,(c0) and @ € A,(0).

We say that an Orlicz function @ satisfies the suitable A,(u)-condition if
® € A,(0) provided y is purely atomic, @ € A,(oo0) provided y is non-atomic and
#(G) < oo and ® € A,(R) in the case of u(G) = .

Further details about Orlicz spaces equipped with the Luxemburg or the Orlicz
norm, can be found in [2, 6, 18, 20-22, 24, 25, 31]. Basic results on the Orlicz
spaces equipped with p-Amemiya norms have been presented in [9].
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2 Auxiliary result

In the paper [9], Cui et al. introduced the function a, : Lq,’p — [—1, co] by

2 wly(p,(lul) = 1, for 1 <p < oo,
a,(u) =4 —1, for p = o0, Ip(u) < 1,
Ly(p,(lul)), for p = o0, I(u) > 1.

and the functions k; Ly, [0, 00), k;* Ly, (0, o0] by k;(u) =inf{k>0:
a,(ku) > 0} (with inf@ = o0), k;‘*(u) =sup{k =0 : a,(ku) < 0}.

It is evident that k;(u) < k;*(u) foreveryl <p < ocoandu € L(Dyp\{O}.

SetK,(u) = {0 <k <oo : k;(u) <k< k;*(u)}.

Lemma 2.1 [9] For every 1 <p < oo and u € Ly, ,\{0}, the following conditions
hold:

1
1) Ifk;(u) = k;*(u) = oo, K,(u) = 0, then||ullg, = lim;_, , i(l + Ig)(ku))ﬂ.
(i1) Ifk;(u) < k;*(u) = oo, then the p-Amemiya norm ||ully, , is attained at every
ke [k;(u), 00).
(i) If k;*(u) < oo, then the p-Amemiya norm |lullg, is attained at every
k €Tk, k@),

Lemma 2.2 [9] Let ® be an Orlicz function and let 1 < p < 0. The set Kp(u) is
nonempty if and only if one of the following conditions is satisfied:

(i) If p = 1then ® does not admit an asymptote at infinity.
(i) If1 < p < cothen @ is not linear on [0, o).
(iii) If p = oo, then for every Orlicz function ®@ is K, (u) # @.
(iv) D takes infinite values.

Remark 2.3 By Lemma 2.2, we know for every 1 < p < oo, if Kp(u) = (J, then there
exists G, C G such that Ly(G) is linearly isometric to L;. We know that L is
the dual space of L, and L, is not a smooth space. For this reason we will assume
K,(u) # @ in the following whenever smooth points and smoothness are considered.

The p-Amemiya norm is defined by using of two functions: the (inner) Orlicz func-
tion ® (more precisely: the modular ;) and the outer function s, defined on the half
line [0, o) by

s, (1) = (1+wuP)r, forl <p< oo,
max{1,u}, forp = co.

The family {sp(-) : 1 < p < oo} consists of convex, nondecreasing on [0, co) func-
tions with exactly one common point (knot) at 0 (i.e., 5,(0) = I for all 1 < p < o0).
Moreover, on the half-line [0, c0), the functions sp(-) are strictly increasing for

) Birkhauser



46 Page 6 of 27 X.Lietal

1 < p < oo, strictly convex for 1 < p < oo, and s, (u) < s,(u) foreveryl < g <p < o0
andu > 0.

In the paper [30], Wisla introduced outer functions and presented basic properties of
outer functions. We recall them here. A function s : [0, c0) — [1, co) will be called an
outer function, if it is convex and

max{l,u} <sw) <1+u for all u>0.

To simplify notations, we extend the domain and range of s to the interval [0, co] by
setting s(c0) =

Evidently, for every 1 < p < oo, sp(-) is an outer function.We will say that two outer
functions s, o are conjugate (to each other) in the Holder sense, if u + v < s(u)o(v) for
allu,v > 0.

Lemma 2.4 [30] The outer function c(v) = 1 + v is conjugate in the Holder sense
to any outer function s(-).

Lemma 2.5 [30] For any outer function s(-) the function s*(-) defined by
s*(v) = SUP,20 uy O <V < o0, 5s%(00) = o0, is the minimal outer function conjugate

to s(+) in the Holder sense.

Lemma 2.6 [30] If s,(w) = (l + u”)ﬂ then s*(v) =5, =0+ Vq)" for all
1<p, g<oo with l + =1 And the Holder equality

u+v= §p(u)] . sq(v) =1+ up)l’ (1 +v’1) for all 0 <u,v < o holds true if and
only ifus -ve =1(G.e,u ™ -v=10ru-vi"' =1).

Lemma 2.7 [30] Let ®, ¥ be the Orlicz functions complementary in the sense
of Young that take finite values only. If the p-Amemiya norm || - ||g, is k;—ﬁnite
(1 <p < o0)then(Eg, || - |le,) is the Kbthe predual of the Orlicz space (Ly, || - |y ),
ie,(Egp,)" =Ly,

Otlicz spaces are endowed with the structure of Banach lattices [1]. This property
can be used in a more refined analysis of the (topological) dual space of Lg, which is
denoted by (Lg)*. (L) " is represented in the following way (see [21]): (Lg)* = Ly @ F,
Le,every f € (Ly,)" (1 < p < o) is a uniquely represented in the form

f=v+ao, 2)

where @ is singular functional, i.e., ¢(u) =0 for any u € Eq , and v € Ly , where
+ - = land Y is the function complementary to the Orlicz function ® in the sense

of Young, is the regular functional by the formula:
u(v) = / uv(nde,  for all u € Ly, .
G

Let us define for each f € (Lg)™

X Birkhauser



Smoothness of Orlicz function spaces equipped with the... Page70f27 46

WIS = sup{f () : llulle =1}, IIflly = sup{f Q) : llullg = 1}.

Proofs of the next three lemmas can be found for N-functions @ in [16], but they are
also true for arbitrary Orlicz functions @ (see [27], even in the more general case of
Musielak—Orlicz functions).

Lemma 2.8 [27] Let f € (L) be as in (2). Then||f ||y, = IIVI[§, + [l@ll°.

Lemma 2.9 [27] Forany ¢ € F,

llell = llell” = sup{p@) : Iou) < o} = SUP{% CuE L¢\E¢},

where (1) = inf{1 > 0, Iq,(%) < 00}.

Lemma 2.10 [27] If f € (Lg)* is of the form (2), then

IFlly = inf(4 >0 : I\FG) + @ <1y.

3 Thedual norm|| - q and norm attainability

Iy,
Let f € (Lg)* be as in (2). Define
P () =Ly + lloll. (3)

Cui et al. proved that p*(f) is a convex modular in (Lg)* (see [10]). Now, for
1<p<oo,on (Lq,,p)* we introduce new functionals as follows

inf 1 “(f)9)e = inf Ls (p*
}Jlgk(l + (p* (kf))T)« ,y;gksq(p (kf)), forl < g < oo,

Iy, =
il inf 2 max{1, p*(k)}, for g = o0,
k>0 k

where f = v+ ¢ is of the form (2). Evidently, |||y, , = |Ifl}- In the next section we
will prove that ||f|ly = |[fly, - We will also prove there that for any 1 < g < oo the
functional |[f][3, . is a norm on (Lg )" and all the norms |[f 1[5, , are equivalent to each

other.
Theorem 3.1 Thel||f|ly and ||f|l},  coincide, i.e.,

N o1 ¥ *
lly = 11y = inf 3 max(Lp" (). for all f € (L)'

Proof Forany f € (Lg )", p*(f) > limplies p*(f) > ||f|ly. If there exists f € (Lg ;)"
with p*(f) > land 1 < p*(f) < ||f|lw, we have
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S ~
1<”<p*(f>> Ot

a contradiction. Thus, p*(%) > 1implies /1p*(§) > |Ifllg, so

Iflly = 1nf A =min inf A, 1nf Ap* <f>
()< p*<-§>51 p(>1 4

=min{ inf l, inf —P (kf)}

ROk prkH>1 k

=]1<r>1(f)%max{l,p K} = 11y -

O
Theorem 3.2 Let p*(f) be as in (3). The functional
| |
* = —_ * g = — * <
1, = inf 2L+ (")) = inf 5,(5" () (1 <q < 0)
is a norm on (Ly, ,)* where % + i = 1 which is equivalent to ||f ||
1
Il < W1, <200 1l “

Proof In the case ¢ = oo the thesis follows directly from Theorem 3.1. So, we can
assume that1 < g < oo.
Let A € R. Then

1471y, = inf - S,,(p (kf)) = Mllnfkwsq(p kAf) =141 - IIf Il

so]| - ||i;, is homogeneous.
Let fl, fr €Ly )p)" \{0} and €>0. We can find k, />0 such that
q(p &) <A ||q,q +e, lsq(p () < |[f2||q, + €. By the convexity of ¥ and s,
We have

I, +f2||q,q_",;§lsq( *(kH(fl +f2)>)

JZEZS ( *<k-l|-lf k+llf2>)

k+l "
skl 0 (kf1)+ L)

sq(p (kfl))+ q(p (If)

S”fl ”lll’q + |lf2”\y,q + 26'

Letting € — 0, we get the triangle inequality.
Further, by Theorem 3.1, we have

X Birkhauser
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il =inf 3 max{1,p" &) < inf 11+ (0" ()"

. I N
My <20 o 7 =2 Wl
Thus (4) holds true and |[f||f;,q =0« |flly=0&f=0. O

In the following by the determinant function we shall mean the function
defined by 3, : (Lg,)* — [-1, 0],

Io(g (VD) - (p*(F)*' =1, forl <g < oo,
P =4 -1, for g = o0, p*(f) < 1,
Ip(q(Iv])), for g = o0, p*(f) > 1.

Further, define
0" : (Ly,)" = [0,00), 0*(f) = inf{k >0 : p*(k™'f) < o0},
k)t (L) = [0,00), Ki(f) = inf(k 20 1 f,(kf) 20} (with infff = o),
k' ()t (Lop)" = (0,00l k°(f) = sup{k > 0 : B, (kf) <O}

The support of a measurable function v €Ly, is defined by
supp(v) = {t € G : v(¢) # 0}. In the sequel, together with a measurable function v,
we shall often consider a sequence (v,) of bounded measurable functions with sup-
port of finite measure defined by

v, = v X6, nr1,» 5)

foreachn e N,G, = {te G : |v)| <n},T, /', 0 < u(T,) <ocoandJ ., T, =G.

Lemma 3.3 [9] For everyl < g < oo and everya > 0

q-1 1
mfg(l-i_x—la — (1 +aq)q.
=1 4 x9)e

Lemma 3.4 For every essentially bounded  measurable  function
f € (Lgy,)" with support of finite measure, we have 0*(f)=0;(f) where
0;(f) = inf(k > 0. Ip(q,(})) < oo).

Proof Suppose  that 0")71(F) < kg < (6)71(F) (with inf(l) =o0). Then
Ip(q,.(kylv])) < 00, 50 kyllv|l, < by (otherwise I4(q, (k|v])) = oo for every k > k,
whence k, > (0(’;)‘1()‘ ), a contradiction). Thus

Ly(kgv) + koll@ll < ¥ (kolIvllee) - u(suppv) + kg ll@ll < oo.

Hence k, < (6*)~'(f), a contradiction.
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Similarly, if (6(";)‘1(]“) <ky < (@)7N(f) then Iu(kyv) +koll@ll < 0, so
kollvllo < by in this case as well. Thus

1p(q, (ko |v])) < @(q, (kylIVllso)) - u(suppv) < 0.

Hence k; < (¢96*)‘1 (f), a contradiction. O

Theorem 3.5 For every f € (Ly,)*"\{0} and every 1 < g < co the following condi-
tions hold:

1) the functlon k — ﬂ (kf) is nondecreasmg on [0, o0);
(i) (0,(0")7'() C {k>0: o5,(p* (k) < o0 };
(iii) the function k — Ls (p (kf)) is continuous on (0, (0*)~1(F));
@iv) the functionk — —s (p (kf)) is decreasing on (0, k*(f))
(v) the functionk — —s (p (kf)) is nonincreasing on (0 k**(f))
(vi) the functionk — —s (p (kf)) is increasing on (k**(f) (9*) (f))
(vii) the function k — S (p (kf)) is nondecreasing on (k*(f) @7 ).

Proof Condition (i) follows immediately from the fact that both functions
k — I(g,.(k|v])) and k — p*(kf) are nondecreasing on [0, o). Condition (ii) is
obvious.

(iii) The condition (iii) follows directly from the Lebesgue dominated conver-
gence theorem.

(iv) Let0 <k, <k, < kq*(f) and let f, =v, + @, v, be as in (5). Since, for every
neNand0 <k < k;(f), we have

I (g K1y, D) - (0 K" = L(g (kv D) - Hy(ky,) + kll@l)?™" < 1,

by Lemma 3.4, the numbers I4(q, (k;|v,|)) and Iy(k;v,), i = 1,2, have to be finite.
Therefore

L, 0" (afy)) = 5,y + Kol
2 2
1+ (0* Uof, )0 Uy Ueyy,) + Kl oll)
k(1 + (ykyv,) + Kyl
1 (" Ufy )0 ([ K (01 (s |9, (DD — Lo (s v, D) + Ky o1l
k(1 + (g kv, + k2||rp||>q>1‘l
WD Ol alv, 0D+ gl = 4, af)

(1 + (y(kyv,) + kyllolDn)' ™

Let ¢, = min{l,(ki - kl)pq(sz,,)(l + (p*(szn))q)rl}. Since k, < k!(f), we have

B,(kyf,) < B,(kof) <0, so g, > 0. By the Young Inequality and Lemma 3.3, we
obtain
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1,
L0 Gaf)

(0" afy )7 S va Dl o [y, ODde + Nl = 1B, Ko
<

- €,

(1 + (o))
L )T Ko 1, (D1, (o, DDA+ Ky lpl] = Lo, (Kalv, D)

k(1 + (kv + Ko I

e
L+ (" () Uyl + Kyl
k(1 + Uy, + Kl s
L1+ (RS — e, = s, (f,) — 6,
1 1

n

IA

Letting n — co, we get £, — &, = min{l,(ki - ki)ﬂq(sz)(l + (p*(sz))q)ﬁ‘l} >0
2 1
and

5,0 () < 25,07 () = £ < 5,0 ()
2 1 1

i.e., the function k — isq(p*(kf)) is decreasing on (0, k;(f)).

WM IO <k <k, < k;*(f), let f, =v, + @, v, be as in (5). Then

Ip(q (ky|v, ) - Lp(kyv,) + k|l@|)?~! < 1. Repeating the arguments used in the
proof of condition (iv) with slight changes: ﬂq(szn) <0 and g, = 0 we get, passing
with 7 to infinity, that ;-5 (p* (kyf)) < +-5,(p*(ky)).

2 1

(vi) Let k:*(f) <k <k, < (#*)"'(f) and let f,=v,+ @,v,be as in (5). Then by

Lemma 3.4, Iy(k;v,) < coand Ig(q,(k;|v,|)) < oo fori=1,2. Since k:*(f) <k,

0 < 8,0k f) = Ig(q Uy VD) (kyv) + Ky ll @I = 1 < co.
Thus, for every n € N sufficiently large,
0 < B,kify) = Lo(q, (ky [v, D)y (kyv,) + Kyl = 1 < o0

1
Let ¢, =min{1,(ki—kl)ﬂq(klfn)(l+(p*(k1fn))‘1)3_1}. In an analogous way as
1 2

above, for every sufficiently large n € N, we get
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L
PRI
(P R, ) S va Ol Gy v, ODAe + Nl = 3B, Kafy)

(1 + (p*(kyf, )0~
(0" (e, )" S vl Gy v, DDA+ o) = 1By afy)
—€

= 1 n

(1 + (e f, D)
1+ (p* ki f ) Ko v (D1 Gey v, (0D + Kyl ]l = T (g Gk v, )

ky(1 + (g (kyv,) + kgl

e
< 1+ (P*(k1ﬁ,))q_l(1\y(k2"n) + kel _
ly (1 + (I (kyv,) + Ky ||(p||>q>1“
kla + (" of )T — €, = —sq<p (kof) — €,
2

I\

Letting n — oo we gete, — £, = min{1, (ki - ki)ﬂq(klf)(l + p* (k)1 > 0, 50
1 y 1 . 1 ¥
2540 0) < 5,7 (af) = e < 507 o),
i.e., the function k — ks (p*(kf)) is mcreasmg on (k"*(f) O@H71F)).
(vii) Let k;(f) <k; <k, <) '(f) and let f =v,+¢@, v, be as in (5).
Then B, (kyf) = Io(q,(k|v,]) - Tp(kv,) + kll]))T™ ' —1>0. Repeating the argu-
ments used in the proof of condition (v1) with slight changes: £, = 0 we get, passing

with 7 to infinity, that s (p (k) S (p*(sz)). O

Theorem 3.6 All conditions of Theorem 3.5 hold true for q = oo and every
f €Ly \{0}.

Proof We need to prove conditions (iv)—(vii) only.
(iv) Let 0 < ky < ky <k (f). Then p*(k,f) < p*(kyf) < 1, because f (kf) <O.
Hence

L (0" af ) = max{ 1, p* )
2 2
<o max{1, "))
1
1
=0 )

(v) Let 0 <k, <k2 < kZ(f)and let f, =v, + @, v, be as in (5). If p*(k,f,) < 1 then
S0 (" (kyf)) < i L5 (0" (K )) by (V).
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Assume p*(k,f,) > 1. Then, since f, (k,f,) < B, (kyf) <0, we get
I(q,(ky|v,])) = 0. Thus, applying the Young Inequality, we obtain

Lty =1 < / ko 19,01, (s |v, (D))t = I, (ko v, ) + kzll(ﬂll)
k2 k2 G
- / v, (01, (kv (Ot - kl1¢<q+(k2|vn|>) +llgll
G 2
- / v, ()1 U v, (0 iz + ]
G
- / 17, D1, (Kol (DD = L, Kol )+ Tl
G 1
1 1 .
S btk +llgll = 0 th).
Hence, we have
L (0" fy) =2 max(1, " (hofy)
2 2
skl max (1, p*(k,f,)} = kism(p*(klf,,».
1

Letting n — oo, we obtain kisoo(p*(sz)) < kisoo(p*(klf)).
2 1

(vi) Let k2(F) <k <k, < 6*)7'(f) and let f, = v, + @, v, be as in (5). Since
B (ki) >0, we have prkf) > 1 and Ip(q (ki |v])) > 0.
Lete, = min{1, (kl - ki)lcp(q +(k v, ) }. Then, by the Young Inequality,
1 2

Ly =1 < / kg vy (01 (g v, (O DAL = T, ey v, 1) + &, ||(p||>
kl kl G
- / 17,014, G v, Dt = Lo g, G v, 1) + Nl
G 1
- / 17,014 17, O = ol K Iy, 1) = &, + gl
G 2
<Lyl — 6, + 9l = ") =
2 2

Passing with n to infinity, we get £, — &, = (% - ]jj)lq,(q+(k1|v|)) >0, so
D30 (1)) < 560" (af)) = £ < 500" (of ).

(vil) Let &2 (f) < k| <k, < ©")7Y(f) and let £, =v, + @, v, be as in (5). Since
P (kif) > 0, we have p*(k;f) > 1 and I4(q,(k;|v])) > 0. Repeating the arguments

used in the proof of condition (vi) with €, = 0. We get, passing with n to infinity,
that =5, (p* (k1f) < 1500 (0" (ko). O

As an immediate consequence of Theorems 3.5 and 3.6 we get the following
theorem.
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Theorem 3.7 For every 1 < g < oo and each f € (Ly,,)*\{0} the following condi-
tions hold.

) K =k () = oo, thenflly, = lim Ls, (5" (kf))
(i) Ifk;(f) < k;*(f) = o0, then |[f||?;q is attained at every k € [k;(f), 00).
(iii) Ifk;*(f) < ©0, then |[f||\’;,q is attained at every k € [k;(f), k;*(f)].

Theorem 3.8 Every Orlicz function ¥ with by <oo is k;-ﬁnite, ie.,
K, #8 (1 <q< o).

Proof 1f by < oo, then (9*)‘1(]‘) < oo forevery f € (Lq,p)*\{O}, evidently,

Iy, = 5" (k" (N)f) = lnf 234077 (f)) < co.

k**(f) q

Hence, k;(f) < k;*(f) < (6*)71(f). Thus, every Orlicz function is K,(f) # @ as long
as by < 0. O

Theorem 3.9 Forall f € (Ly,)"\{0} (1 < p < 00) is of the form (2).

(1) q= 116‘ p OO If](b(b(l))(iupp(v)) 2 1 thenK (f) ?é g
(i) 1<g< oo, + == 1.1If@ # 0, then for every Orlicz function ¥, K (f) # @.

Ifp=0 and‘I‘ lS not linear on [0, c0), then K (f) # .
(iii) g = ooi.e., p = 1. For every Orlicz function <I>, K. () # 0.

Proof (i) When g =1, B,(f) = Io(q,(IVD) — 1. If Ig(bg Xguppry) = 1, there exists
k>0 such that f,(kf) > 0. By the definition of k}(f), we have kj(f) < oo, i.e.,
K\(f) # 9.

(i) If @ # 0, then ||| > 0. We have p*(kf) = Iy(kv) + k||@|| = o0 as k = oo.
Thus, there exists k > 0, such that Io(q, (k|v])(p*(kf))?~' > 1. Hence, k;(f) < o0
ie., K,(f) # 0.

If @ = 0. The proof is similar to Theorem 4.3 in [9], so we omit it here.

(iii) Since p* < Ilfljlcl;m> < 1, we have ﬂm<m = -1, Ilflly < k%, (f). Sup-
<k <k (f) for some k > 0. Then f(kf) <0, so p*(kf) < 1, whence

= K (f). That is K, (f) # 9. O

1
Ilfll*

pose

a contradiction. Thus 0 <

k< Ilfll* Ilfll*

4 Bounded linear functionals

Lemma 4.1 (Minkowski inequality) For any sequences {&,}, {n,} C R, we have

1 1 1
() I8 +md Do < Xy 161D + (X Im| )2 for every 1 < g < oo,
1) (I+@+v)e <A +uf)s+vforallu, v>0andeveryl < g < oo,
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(i) 1+ ("T”)q)é < %(1 + uq)é + %(1 +v4)éf0rallu, v>0andeveryl < g < o

Proof The part (i) follows directly from the Minkowski Inequality. If we put &, = 1,
n =0,& =u, n, =v, then we get the condition (ii) for 1 < g < oo. Similarly, we
puté; = m =36 = %,112 = ;, then we get the condition (iii) for1 < g < c0. O

Theorem 4.2 Let @, ¥ be the Orlicz functions complementary in the sense of
Young that take finite values only. Assuming the p-Amemiya norm|| - ||, is k;—ﬁnite.
Let f € (Ly,)" (1 <p < 00), f have the unique decomposition f =v+ ¢ where
VEL\P’q, ]l)+§= 1, € F. Then

) inf 25,(0" (). for 1 < ¢ < oo,
”f” = |V||ly?q - gg%max{l,ﬂ*(kf)}, fOI'q = oo.

Proof By the definition of |U”||{;,’q, we have |[f||§,’1 = IF1IG = IVIIG + llelly, and
WG o = Wiy = infM{%, Iy(v) + )|l < 1}. So, we will prove the cases

of ] < g < oo.

For any f € (Ly,)", if ¢ =0 then Orlicz space L), is order continuous, i.e,
Ly, = Eg ). By Lemma 2.7, We have (Eq, ,)* = Ly ;. The case has been discussed.
So we assume ¢ # 0. By Theorem 3.9, we know K (f) # @.

VI1>0,Vué€S(Lg,), take k € K, (u), by the Young Inequality and the definition

of conjugate outer functions, we have
< / ku(t)lv(H)dt + l(p(ku))
G

< ga) + 1) + 101D < 1, (o (k) - 5,(0"U) = 5,6 (),

) =%(< fu, Iv > +lop(ku)) =

==

1
where  @(ku) <|lpll by Lemma 29 and Ig(ku) =k —1)r < oo.
So f(u) < %sq(p*(lf)). Since u and [ are arbitrary, we deduce that

1< inf 75,0" ) = 7

Take [ € Kq(f): for any € > 0, take k, € Kp(q+(lv)) and choose y € S(Lq,’p) such that
ol — e < (p(k’—). Select § > 0 such that
0

UE)< s> /l|q+(lv(t)) -v(p)|de < e,
E
then pick k > 0 such that yH < 6 and that
/ Lly(t)V(t)Idt <g, / D(y()dr < &,
u ko H

where H = {t € G : |y(?)| > k}. Define
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X teH.
kU

0 = { q.(v(), t€G\H,

Then by Lemma 4.1(ii), we have

. 1 p l
lullg, =i2£z<1 + I (ku))»

P\
= infl <1 + </ D (kg (v(@))dt + / q)(ky(t)/ko)dl‘> )
>0 k G\H H
P\
< 1 <1 + </ D(koq, (v())dr + / d)(koy(t)/ko)dt> >
ko G\H H

1
Sk—(l + (Up(kog (V) + €))7
0
1 » e €
Sk—(l +1¢(koq+(lv)))” + N = ||q+(lv)||cp,p + o
0 0 0
For the arbitrary of £, we obtain [|ullg,, < [lg,(IV)llg -

Since [ € K, (f), that means /4,(g,.(Iv)) - (p*(I)7! = 1. By the Young Inequality
and Lemma 2.6, we have

11 2 i f0 = (@ () eya) +FOR )

~ lulle, llullo,
_ < b, q,(Wxou >+ < lv,yka1 “Xn > Holg (V) xo\n) + l(p(ykal)
- Mo,
S <l,g,(v)>—=<b,q.(W)yy>+< lv,yka1 Xy > +l(p(ykal)

= Mullg,

(g (V) + Iy(v) = 2e + [(||@|| — €))

>
di ||q>,,

(s, (o () - 5, (5" (Uf)) — (L + 2)e)
= llu ||¢p

=5, U (q WIFII,, — (1 +21De)
"l ||q>p

lg (W)l . (1421 e (1421 e
> ———Yflly, - o > Iy, —
llullg ’ llullg, : llull g,

Letting £ — 0, we get||f{| > [|f[ly ,, combine [[f[| < [lf[ly , we have[lf]| = [Iflly-
O

Theorem 4.3 For any ¢ € F\{0} is not norm attainable on S(Ly, ), 1 < p < co.

Proof For any u € S(Lq,,p),l < p < oo we have
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) < loll - Nlulle < llell - llulle, = lel.

O

Theorem 4.4 Assuming the p-Amemiya norm || - ||g, is k;—ﬁnite (1<p< o),
[ € (Ly,)*\{0} where f = v + @ is norm attainable at u € S(Ly, ,) if and only if:

(@ g=1, p=oo,foranyl € K,(f). Then
O el = @u),

(i) fG W(@u()dt = Iy(w) + Ly(lv), and

(i) Ipu) =1

b)) 1<p, g< oo, 117+Ll,=1,f0ranykel(p(u), L€ K,(f). Then
@ el = elku),

(i) /G ku(t)lv(t)dt = Iy (ku) + Iy(lv), and

(i) Ip (ku)p*(If) = Lo (ku)(p*(If))i~" = 1.

(¢) g=o0, p=1,foranyk € K,(u). Then
@ el = elku),

(i) /Gku(t)”fvu(:) dr_lq,(ku)+1q,(w ), and
(iif) P(w )= 1.

Proof When g = 1 or ¢ = co, we have |[f||f;,,1 = |If1l§ and |[f||(;,’oo = ||f|ly. The con-
clusions of (a) and (c) are known (see [6, Theorem 1.76, 1.77]). We need to prove
case (b) only.

For any k € K, (u), | € K,(f),

f(u) =i(< W, ku > +lp(ku)) < i(lq,(ku) + Iy(lv) + lp(ku))
< Lo ha) + Iy () + Ul pl) = -y Ki) + 7 (1)
s, (L ku)) %Sq(p*(lf)) = lullo,, - P15, = 1,
where @(ku) < ||@|| holds by Lemma 2.9 and Iy(ku) = (k¥ — 1)i < 0. Suppose
that (i), (ii) and (iii) are satisfied, then all inequalities become equalities. Hence, f'is

norm attainable at u € S(LQP).
Conversely, let f =v+ @ € (Lq,!p)* be norm attainable at u € S(LQP). We have
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0 =) - 1y, - Nl
= (< Dok > +Hepka) = 15,(0" A + 25, Uo (R
gi(ld,(ku) + Ly(v) + lop(u)) — %Sq(ﬂ*(lf)) ' %Sp(fm(k“))
gi(lq,(ku) + Ly(Iv) + lop(ku)) — i(lq»(k“) + () + el
=k ~ llgl) <0.

Then we obtain the condition (i). By the Young Inequality, the condition (ii) holds.
By Lemma 2.6, we have the condition (iii). O

Theorem 4.5 Assuming the p-Amemiya norm is k;—ﬁnite. Letu € Ly, (1 <p < ).
Thenv € S(Ly ) is a supporting functional of u if and only if:

(@ g=1, p=oco.Then

i) Tol— - )=1,and
) v= ”w” - sign u, for some w satisfying p_ (|| L;I(t) ) < w(h) < p+(”u””(l) ),
u-a.e. t e G.

(b) 1<p, g< oo, £+%I=1.Then

i v= i ” - sign u, for some w satisfying p_(ku(t)) < w(t) < p, (ku(®)), u

-a.e. teG k € K,(u), and
(i)  IoCku) - 15" (w) 2l

(c) g=o0, p=1.Then

i) Ig(v)y=1,and
(i)  p_Cku@®) <v(@) < p,(ku(?)), p-ae.t € G, k € K,(u).

Proof 1t is well known |[f||i;,!1 = IFIIS andl[fllfi,’oo = ||f||y, and the conclusions of (a)
and (c) are obtained (see [6, Theorem 1.78, 1.80]). We need to prove case (b) only.

Sufficiency. Suppose (v,u) = [Vlly, - llullp, = llullg,. Then v(2) - u@@) >0, u
-a.e. t € G. Given v, is norm attainable at u, take k € Kp(u), le Kq(vo), by Theo-
rem 4.4(b-ii) and the Young Inequality, we have

p_(ku(0) < I|vy®)| < p,(ku(D)), p-ae.t€G.

By Theorem 4.4(b-iii) and ¢ = 0, we have I (ku) -Ig,_l(lvo) = 1. Hence, w = [|vy]| is
as required. Now let
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v=—0 signu, p_(ku(t) < w(t) < p, (ku(D).
wlly,

Then by the Young Inequality and the definition of p-Amemiya norm,

1
1 2<v, u > = (w, u)
llullg, wllg, - lullg,

1
=——— (I(ku) + Iy(w))
Kwllg, - lullg, !
5,Ly(W)) lIwll
= s (o) 2 =
iy, lullo, & lIwlly,

Necessity. If condition (i) fails, i.e., lvy(t) = w(t) & [p_(ku(?)), p, (ku(t))], by Theo-
rem 4.4(b-ii) v, is not norm attainable at u. Hence, v = - signu is not a sup-

wlle,
porting functional of u.

If condition (ii) fails, i.e., I (ku) - Iz,_l(w) # 1. In an analogous way as above, by
Theorem 4.4(b-iii) and ¢ =0, we have v, is not norm attainable at u. Hence,

V= ”WV”V - sign u is not a supporting functional of u. O
v

5 Smoothness

Let X be a Banach space. u € X is called a smooth point if it has a unique supporting
functional f,. If every u # 0 is a smooth point, then X is called a smooth space. Criteria
for smooth points of Orlicz function (sequence) spaces equipped with the Orlicz norm
and Luxemburg norm were given in [5, 7, 13, 28]. Criteria for smoothness of Orlicz
function (sequence) spaces equipped with the Orlicz norm and Luxemburg norm were
given in [4, 16, 26, 27]. In this section, we provide a characterization of smooth points
inLg, (1 <p < oo0)and as a result, we give necessary and sufficient conditions for the
smoothness of L, .
Foranyu € Ly, (1 < p < o0), foreachn € N, set

GCm)={teG: lu@| <n}, u,)=ul®)- xg - (6)

Lemma 5.1 [6] For any u € Ly,
tim [l = 1l = lim [l = u, I3, = 6Gu),
where u,, is defined as in (6) and 6(u) = inf{1 > 0, Iq,(%) < oo}.

By Lemma 5.1 and (1), we have

O(u) = lim [lu — ]|, = inf{/l >0, 1¢(%> < oo}.
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Lemma 5.2 [6] Let u € Ly, and 0(u) # 0. Then there exist two different singular
Sunctionals @; € S(Lg)* such that @;(u) = 0(u),i = 1,2.

Theorem 5.3 Letu € Ly, (1 < p < o) and for any singular functional ¢. Then we
have 6(u) < (k**(u))~" and p(u) < 0(u) - |||l
Proof Let u, be defined as in (6), Then u, € Eq, ,. We have

. 1 1 sk
N —u,llo, = Ilcgg Esp(lq)(k(u —u,)) < kT(u)Sp(Id)(k () (u — u,)) < 0.

Letting n — oo, we have 6(u) < k**( S

. Since p(Eq ) = 0 then
o) = e —u,) < |l - lu—u,llq,
Letting n —» o0, @(u) < ||@|| - 0(u). O

Theorem 5.4 u € SLy,) (1 <p <o), us0 and O(u) < . k € K,(u). Then the
supporting functional of u must be in Ly, where + l = 1 and W is the function

complementary to the Orlicz function @ in the sense of Young

Proof If p = 1 or p = oo, then [31] has given the proofs. We need to prove the cases
ofl <p < oo

Let f be the supporting functional of u. Then f has the unique decomposition
f=v+ewherev €Ly, (1 <g<o), ¢ €F.Assuming ¢ # 0, then

f(u)=/GM(l)V(l)df+(P(M)-

For any k € K, (u), | € K,(f), by Theorem 5.3, the Young Inequality and the defini-
tion of conjugate outer functions, we get

kl =kl / u(t)v()de + klp(u)
G

<l (k) + Ly () + Kll| ]| 6)
<Ly (k) + Ly () + U]l

<s, (g (ku)s, Ly () + o)
=5, (I (k)3 (o™ (If)) = kI

a contradiction. O

Theorem 5.5 If p_(u) is continuous and u € L(Dp\{O} (1<p<L)is a smooth
point if and only if the supporting functional of u must be in Ly, where - + -=1

and ¥ is the function complementary to the Orlicz function @ in the sense of Young
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Proof 1If p = 1 or p = o0, the conclusions have been proved in [26], so we omit them
here. We need to prove the cases of I < p < oo only.

Sufficiency. Let vy € S(Ly ) (1 < g < o0) be a supporting functional of u. If there
is another supporting functional f of u, and f = v + @, @ # 0. Then L +V° = VJ;“ + ‘;
will be a supporting functional of u, too. Since

| 1
Ivollw,, =}{§g;(1 + I, (kvg))s =1 and
I | .
1y, = inf (1 + Uyhv) + Kllpl)?) 7 = 1.

By the convexity of ¥ and Lemma 4.1(iii), we have

< << V)+k||§||)q>$ ]
()

< a+ Ifi,(kvo))E + %(1 + (Iy(kv) + kll(pll)"ﬁ)

||v0|| Ilflliu,q
T2 2

Hence, I‘y(kw%) = w + I“"(% Since W(v) is strictly convex iff g_(v) is
strictly increasing, i.e., p_(u) continuous (see [6]). So v, = v, p-a.e. t € G. Thus
@]l =0,ie.,p=0.

Necessity. Set f = v+ @, @ # 0is a supporting functional of u, then

" .1 " 1 1 1
L= 11, = inf (1L + " G)D?) 2 inf (1 + L)) = Vil
So ué¢ Eq,,p, by Lemma 5.2, there exist singular functionals

@i ol =1, @,(u) =0w), (i=1,2), and @, # @,. Let fi=v+ || - ¢; Then
fi #/, and by Theorem 3.2, ||f; ”;’q = |[f2||fi,q = 1. By Theorem 5.3, we have

) = /G u(ew(rdr + o]l - o u) = /G u(tyv(r)de + |1 0(u)
> / WOVt + @) = F(u).
G

Hence, f| and f, are both supporting functionals of u, which shows that u is not a
smooth point of Lg, . O

Theorem 5.6 Letu € S(Lg ) (1 <p < o), u # 0is a smooth point iff
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(i) ay =0,
) 1<p <]oo, Ig)_l(ku)-]q,(p_(k|u|)) =1 or Ig_l(ku)-lq,(p+(k|u|)) =1 and
0(u) < -.
(i) p= oo,ke(u) <landGu) = {t € G : p_(lu]) < p,.(lul)} is a null set.

Proof Necessity.
If (i) is not true, then ay > 0. Suppose f =v+ @ (v # 0) is a supporting func-
tional of u. Take [ € Kq(f), there exists ¢ > 0 such that Ic < ay. Set

__ J v, fort e supp(u)\supp(ay),
", forte supp(ay).

Hence

1

l
1 : *

<7+ U@ + oD = v+ olly, = 1.

1
v+ olly,, <51+ Up) + L@l

Since (v + @)(u) = (v + @)(w) = ||ullg,, we have |V + q)||i’;,’q >1.Sov+ @isalso a
supporting functional of u. But ¥ + @ # v + ¢, thus « is not a smooth point.

(i)  Suppose Ig_l(ku) ~ly(p_(klul])) #1. By Theorem 4.4, we have
If;_l(ku) dy(p_(klu))) =a < 1. If O(u) < %, then Theorem 5.5 implies that all sup-
porting functionals of u are in Ly ,. Theretore if Ig_l(ku) - Iy(p, (klul)) # 1, then we
must have If;_l(ku) - Iy(p,(k|u|)) > 1. This implies that the set

V={v: p_(klu®)) < v < p Klu@)). I (aly(v) = 1}

contains infinitely many elements, and by Theorem 4.5(b), every ﬁ -signu is a
v Vg

supporting functional of u, which shows that u is not a smooth point of L, .
Now, we assume 6(u) = 1 the supporting functional f=v+ @, ¢ #0 and

el = 1<1”1‘+Zc) ie., Ifl’)_l(ku)(lly(p_(klul)) + k|l@|]) = 1. By Lemma 5.2, there exist
@ u

@, p, €F such that |¢]l=1 and ¢;m) =60u), ((=1,2). Define
fi=p_(klu)+lell-@; (=1,2). Then f,#f, and by Theorem 3.2,
Iy 11 .= V> 11 .= 1. By the Young Inequality and Lemma 2.6, we have

10 = | up_ @it + ol - 9,0
= o) + L p_(Klul)) + 1100
=gl + Iyp_(KluD) + o]

=5, oK) 5,0y p_(KluD) + ol

>llullg, - 1515,
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Hence, f; and f, are both supporting functionals of u, which shows that u is not a
smooth point of Ly, ,,

The paper [6] has given the proof of the necessity of condition (iii).

Sufficiency.

Let f = v + ¢ be a supporting functional of u, where v € Ly ,, ¢ € F.

If 1 £p < oo. Then Theorem 4.4(b, c) shows that p_ (k|u|) <Ipv| < p,(klul),
where k€ K,(u), € K,(f) and Ilfll* if g=o00. Hence if

Ip 1(ku) TIy(p_ (klul)) = 1 holds, then by Theorem 4.4(b, ¢) we deduce that ¢ =0
v

and V= m signy is the unique supporting functional of u. If
u Vg
I” 1(ku) I\ﬁ(p+(k|u|)) =1 holds, by Theorem 4.4(b, c), we have @ = 0. Thus
V= ”p (kl ol sign u the unique supporting functional of u.
+ KUy 4

When p = co. Theorem 4.4(a) and Lemma 2.9 imply that all supporting func-

tional of u are contained in Ly ;. By Theorem 11, we know v = ﬁ - signu is
’ - Wl s

the unique supporting functional at u. O
Theorem 5.7 L, , (1 < p < o0) is smooth if and only if:

(i) ay=0;
(i1) p_(w)is continuous,
(iii)) D € A,(o0).

Proof Sufficiency.

The condition (iii) implies Ly, , = Eg, ,. For any u € Eg, ,, we have 8(u) =0 < i
If condition (ii) holds, then for every u € S(L@’p), p_(uw) = p,(u),i.e., Vhas only one
function where V defined as in Theorem 5.6. By condition (i) and Theorems 5.5 and
5.6, u is a smooth point of E@’p.

Necessity.

The condition (i) follows from Theorem 5.6.

(ii) If p_(u) is not continuous, then there exist A, v, v, such that g_(v) = A for
allv € [v{,v,]. We can find G, C G such that

(@AuG)Y ™ - P(p_(A)Hu(G)) < 1.
Select @ > 0 such that
(@Au(G)) + D(q_(@)u(G\G )Y~ (P(p_(A)u(G)) + ¥(@)u(G\G))) > 1.
There exists G, C G\G,, satisfying
(DAU(G)) + D(g_(@)u(G)Y (P (p_(A)u(G)) + Y(@)u(G,)) = 1.

Set u(t) = Axg, () + q_(a))(Gz(t), then Ig_](u) - Iy(p_(Jul)) = 1. Divide the set G,
into two sets E and F, with uE = uF and let

wi () =v ¥ (0) + vy xp(0) + a)(cz(t)s (7)
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Wz(t) =V2)(E(t) + Vlﬂ(p([) + a)((;z(t)7 (8)

then g_(wi(1)) = Ay, (1) + q_(@) x5,(1) = u()) (i = 1,2).
Let p = 1. Then Iy(p_(u)) = Iy(w;) = Land [[w;lly o = 1 (i = 1,2).

lullos = IIMIIZ,=/Gu(l)p_(u(t))dt=/Gu(l)wi(l)dt-

Hence, w, and w, are both supporting functionals of is not a

s

llu I|q>1 [l ||q>1

smooth point of Lg, ;.
Letl <p<ooandv,; = , by the Young inequality and Lemma 2.6, we have

[ ||~vq

1 ><V TS > = < w; u >
g ”u”d), ”Wi”‘{’, ’ ”u”(l)
P q P

1 1 / w(Oyw(t)de
Mlley Taloy Jo

1
= I 1,
Tlles Tllg, o)+ 100

11

Wiy Tullg, ”

s,(LpW)) - s,(Ip(w;)) > 1.

Hence, v; = (i =1,2) is a supporting functional of which implies

[lw, Ilr )
is not a smooth point of Ly, ,.

Let p = 0. In an analogous way as above, we can construct

Nl ||¢p ||u||¢,,
u(®) = Ay, () + q_(a) x, (1)

such that @A) u(G,) + D(g_(a))u(G,) = 1. We define w, and w, as (7) and (8). Then
u€Eg . llulle, =1and Ip(u) = Ig(g_(w;)) = 1. Hence

I— /'Mm (w,(1)dt /’W“ (Hdr.
= || — w. = u
oo 0 = o Tl -0 6 willy s

(i = 1,2) is a supporting functional of u, which implies u is not a

Hence, v, =
llw Ilw i

smooth point of Lg, .

(iii) Let 1 < p < oo. We assume that @ & A,(o0). By the definition of @ & A, (),
there exist u,, /' oo such that ®((1 + %)un) > n - 2"1®(u,) where n € N (see [6]).
Observing that l

1 (1+;)un
O((1 + ;)un) = / p_(Hdt  (u, > 0),
0

and
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D) > /(1 " pode > %u,m_((l - 1>u> (u, > 0),

1
_;)”n n

we have

(1 + %)u,p_((l + %)u,Z) > d>(<1 + %)un> > n - 2" d(u,)
> 2"+1unp_<(1 - %)un).

Therefore p_ ((1 + - )u )>2"p_((1 - —)u ). Without loss of generality, we

assume % p_ ( ),uG > 1, then there exist disjoint {G,} (n > 3) in ). such that

(1- -)an (1 —od;)u )MG ==, Pu,)uG, =
Define x = 2= —)un)(G ,then

2n+l

Ip(x) + Iy(p_(x)) = / x(Op_(x(1))dt

=§(1——)w-<(1—‘> 4G, gzl

We imply I4(x) < 1and Iy(p_(x)) < 1. Thus we have Ip @ ly(p_(x)) < L
For any [/ > 1, let m > 2 satisfy (1 — —)l > 1 + Then

Io(0) + Iy(p_(0) > /G *Op_((D)dr
0 oo e
502 (1- o

n>m

This shows Iy(p_(Ix)) = 0. So we have Ig)_l(lx)l\},(p_(lx)) = 00

[so] 1 [So] .,
Iy(lx) > ) (1 + )G, = Y n- 2" d(u,)uG, = co.
n>m n>m

We imply 6(x) = 1 and K,(x) = {1}. By Theorems 5.5 and 5.6, x is not a smooth
point of L, ,,.

Let p = . Then [4, 31] have given the proof of sufficiency in different ways. So
we omit it here. O
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