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Abstract
Let D denote the unit disc in C. We define the generalized Cesaro operator as follows:

1 1 Z
Colf)@) = / £2) <- / B,“’(u)du) o).
0 ZJo

where {BZJ’ }cep are the reproducing kernels of the Bergman space Ai induced by a
radial weight w in the unit disc . We study the action of the operator C,, on weighted
Hardy spaces of analytic functions H,, y > 0 and on general weighted Bergman
spaces Ai.
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1 Introduction

Let H(ID) denote the space of analytic functions in the unitdiscD = {z € C : |z| < 1}.
For y > 0, let H, denote the Hilbert space of analytic functions in ID such that its
reproducing kernels are given by

1 s .
Ky(2) = Ty — Zy(n)(a)z) .z, w €D,
n=0
Itis clear that the sequence y (n) is given by y(0) = 1, (1) = y and y (n) = 1}((";’)1’!) i

n € N. Actually, this family of spaces are well known: for y = 1 the space H,, is the
Hardy space H; = H? and y(n) = 1 foralln € N. For y > 1, ‘H, consists of the
standard weighted Bergman space A)Z/f2 and for y < 1, it is the weighted Dirichlet
space H, = D)z/_

Observe that for y = 0, the corresponding space would be the classical Dirichlet
space D2, so it is not included in the definition of the spaces H,.

In other words, the Hilbert space H,, consists of all the analytic functions such that

£, = |f(0)|2+/D|f’(z)|2(1 — |z))7dA(2) < oo,

where dA(z) = @ is the normalized area measure on D. Moreover, a simple obser-
vation yields an equivalent norm in terms of the coefficients of an analytic function

FIEF@) =20 Ft,
1£15¢, = D IF P +1D'
n=0

Further, we can consider more general weighted Bergman spaces than the ones
defined by H,, with y > 1. For a nonnegative function w € L%O 1) the extension to I,

defined by w(z) = w(|z|) for all z € D), is called a radial weight. Let Az) denote the
weighted Bergman space of f € H(ID) such that IFI%, = fD | f(@)|Pw)dAz) <

A2 T
oo. Throughout this paper, we assume @(z) = flll w(s)ds > 0 for all z € D, for
otherwise AZ) = HD).

For any radial weight, the convergence in A(zu implies the uniform convergence in
compact subsets, so the point evaluations L, are bounded linear functionals in Ai
and by the Riesz Representation Theorem, there exist Bergman reproducing kernels
B? € A2 such that

L(f)=f@ = (f. B = /D FOBPQw@)dAE), f <AL,
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For a complex sequence {ax}; . the classic Cesaro operator is defined as follows:

I
Clax)) = [m de} .
k=0 n=0

It is well known that the Cesaro operator is bounded on [”, 1 < p < oo. This result
was mostly showed by Hardy, whose main aim was to provide a simpler proof of the
Hilbert inequality in [11, 12] and Landau [14], whose contribution was obtaining the
sharp constant in the inequality, that is, the norm of the operator, among other authors.

Further, it can be considered as an operator between analytic functions by identi-
fying each analytic function with its Taylor coefficients as follows: for f € H(D),

f@ =2, f,

Sl LN
CHD=) (m > f(k)> 2", zeD.
n=0 k=0

Observe that it defines an analytic function, and a simple calculation gives the
following integral representation:

1
1—1tz

1
C(NH) = /0 f(t2) dt, zeD. (1.1)

This operator is bounded on H”, 0 < p < oo. This result has been showed by
several authors and on different ways such as Hardy [13], Siskakis [23, 25], Miao [16],
Stempak [27] and Andersen [3], among others.

The boundedness of the Cesaro operator on Bergman spaces was studied in [3] and
[24] where it is shown that the Cesaro operator is bounded from AZ into itself if p > 0
and o > —1.

Regarding Dirichlet spaces, Galanopoulos [7] proved that it is bounded on the
weighted Dirichlet spaces Dé if0<o< 1.

Due to the historical magnitude of this classical operator and the authors that have
been working on it, different generalizations have been raised during the last decades
[5, 8, 9, 27]. Bearing in mind the formula (1.1), we are interested in replacing the
kernel 1—1_12 of the integral representation with a more general kernel. In that sense,
we are going to focus on the following generalization of the kernel induced by radial
weights, which was previously introduced in works regarding the Hilbert operator [15,
22].

For a radial weight w, we consider the generalized Cesaro operator

1 1 z
Colf)(2) = /0 £2) (Z /O B?(;)d;) w()dr, (12)

where {B};ep C Az) are the Bergman reproducing kernels of Ag). Notice that this
operator is well defined for any analytic function and the choice w = 1 gives (1.1).

) Birkhauser
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One of the first and main obstacles that we find when dealing with the operator
(1.2) is that Bergman reproducing kernels have not an explicit formula in general (this
is not the case for standard weights vy (z) = (1 — |z])¥, @« > —1, since Bergman
reproducing kernels induced by v, have nice properties and they can be written as
B() = (1 — 7¢)~ (@t Consequently, we are forced to use that for any radial
weight w they can be written as B (¢) = Y_ e,(2)e,(¢) for each orthonormal basis
{en} of AZ), and therefore, using the normalized monomials as basis, we can obtain
the following representation in terms of the odd moments of the weight, denoted by
wWop+41:

B =) @) eD. (1.3)

o 202541

In general, from now on, we will write @, = fol r*w(r) dr for all x > 0. In addition,
we can write the norm of AZ) in terms of the Taylor coefficients of an analytic function
as follows:

oo
1£ 15 =D 20011 F).

n=0

The primary purpose of this paper is to describe the radial weights w so that C,,
is bounded on H,,, for y > 0 and on general weighted Bergman spaces. It is worth
mentioning that just as Galanopoulos [7] pointed out that C is not bounded in the
Dirichlet space D?, this fact is true not only for @ = 1 but also for any radial weight.
Indeed, using the formula (1.3), for any radial weight w,

oo

(O
C,((z) = [ ",
@D ,12:(:)2(n+1)w2n+1z

so, since the moments of a radial weight form a decreasing sequence, we have

2
2 - 00 Wy, 00 1 . . .
ICo(DlI% = 2020 pEET. > > n=0 751y Which implies that C,,(1) does

not belong to D?.

Before stating the main result of the paper, we need to introduce some notation and
definitions. A radial weight w belongs to the class D if there exists C = C(w) > 1
such that w(r) < Co( ]J”) for all 0 < r < 1. This condition implies a restriction
on the decay of the weight, for example, if w € D, w cannot decrease exponentially.
However, every increasing weight belongs to D, and weights of D admitan oscillatory
behavior. The study of the intrinsic nature of this class of weights entails a considerable
difficulty, which has led to a deep research for years, collected in works such as [18,
20, 21].

A radial Welght w € Dif there exist K = K (w) > land C = C(w) > 1such that
o) > Co ( ) forall 0 < r < 1. We write the class D = DN D. Observe that
standard weights va = (1 — |z])¥, o > —1 belong to the class D, which means that
H, = Ay »» ¥ > 1 are particular cases of weighted Bergman spaces A%, ueD.

W Birkhauser
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Moreover, a radial weight @ € M if there exist constants C = C(w) > 1 and
K = K(w) > 1 such that w, > Cwg, for all x > 1. Peldez and Rattya showed
that the classes T and M are closely related. They recently proved that D c M |20,
Proof of Theorem 3] but D C M [20, Proposition 14]. However, [20, Theorem 3]
shows that D = DN D = D N M. The theory of these classes of weights has been
basically developed by these authors in the work [20], and they have shown that these
classes of weights arise on a natural way in significant questions of the operator theory
and the weighted Bergman spaces. For instance, D describes the radial weights such
that the following Littlewood—Paley formula holds

A1, A/ IFP@IP (1 = |2 o) dAG) + Z IFP O, f e HD)

j=0

for any 0 < p < oo, n € N; or the radial weights such that P,(f)(z) =
fD f(&)B2(¢) w(¢)dA(¢) is bounded and onto from L to the Bloch space, among
other important results.

Theorem 1 Let w be a radial weight, y > 0. Then C, : H,, — H,, is bounded if and
onlyifw € D.

The underlying nature of the spaces H, that we are considering and as far as we
know, the almost unique formula for the Bergman reproducing kernels (1.3) lead us
to address the problem by working on coefficients, so an appropriate expression for
C,, in terms of coefficients plays a key role in this work. Let f € H(D), f(z) =
Z;?o:o f(k)zk , by (1.3) and a change of variable,

e¢]

_ 1 - oy n+k
Co(f)(2) = ;—2(11 Ty (g Fl) iz )

_ i Z f o
2(n —k+ Dong-pye1 )

n=0 \k=0

(1.4)

The proof of the Theorem 1 for y = 1 draws strongly on accurate estimates of the
moments w2(,—k)+1 and w, and on the Carleson measures theory.

For0 < y < 1, the Carleson measures description was solved in [26], but the inno-
cent looking condition that characterize such measures is not easy to work with, so we
are forced to appeal to Littlewood—Paley formulas for non radial weights, specifically
whose v on D which belongs to one of the Bekoll€ classes B, («) for some p > 1 and
o> —1.

The proof of the case y > 1 is slightly simpler since it is not necessary to use the
Carleson measures tool. Going further, we are able to characterize the boundedness of
the Cesaro-type operator C,, in more general weighted Bergman spaces A%, u € D.

Theorem 2 Let u and w be radial weights, i € D. Then C,, : Ai — Ai is bounded
if and only if w € D.

) Birkhauser
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Finally, we are able to show in Theorem 5 that there does not exist radial weight
w such that C, : H, — H,, y > 0, is compact neither radial weight such that
Co: A2 — A2, pu € D, is compact.

The letter C = C(-) will denote an absolute constant whose value depends on
the parameters indicated in the parenthesis, and may change from one occurrence to
another. We will use the notation a < b if there exists a constant C = C(-) > 0 such
thata < Cb, and a 2 b is understood in an analogous manner. In particular, if a < b
and a 2 b, then we write a < b and say that a and b are comparable.

2 Previous results

2.1 Previous results of radial weights

Before tackling with the proof of Theorems 1 and 2, we gather the following two
lemmas with some descriptions of the classes of weights D and M in terms of the
moments or integral tails of the weights, which are useful for our purposes. The next

one concerning the doubling properties of the weights in the class D can be found in
[18, Lemma 2.1].

LemmaA Letw be aradialweight onD. Then, the following statements are equivalent:

(i) w € D;
(i) There exist C = C(w) > 1 and ay = ag(w) > 0 such that

l_ o
8(r)§C<1—:> 51), O<r<t<l;

forall o > a.

(iii)
! 1
f sw(s)ds < cT)(l — —) , x €[1,00);
0 X
(iv) There exist C = C(w) > 0 and o = a(w) > 0 such that

yOl
a)xfC(—) wy, 0<x<y<oo;
X )

Wn
w2pn

(v) sup < 0.

neN

The following lemma gives useful descriptions of the class M. The results and
their proofs can be found in [20, (2.16) and (2.17)]. To set notation, we will denote

wip)(2) = (1 = |zDfw(2).
Lemma B Let w be a radial weight. The following statements are equivalent:

(i) we M;

W Birkhauser
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(i) There exist C = C(w) > 0 and By = Po(w) > 0 such that
y\B
a)sz(—> wy, 1<x=<y<o
X

forall0 < B < By,
(iii) For some (equivalently for each) B > 0, there exists C = C(w, ) > 0 such
that

wy < Cxﬂ(a)[;;])x, 1 <x < oo.

2.2 Littlewood-Paley formula for general weights

Now, we are interested in the general weights v that satisfy the following equivalence,
called Littlewood—Paley formula:

fDIf(Z)I”v(Z)dA(Z) = f O + /D If @I (1= zP)Pv(2)dAG).  (2.1)

These kind of estimations are useful not only to obtain equivalent norms in terms of
derivatives but also due to their relation with bounded Bergman projections, and this
is one of the reasons why it is a prominent topic in the operator theory on spaces of
analytic functions [1, 2, 4, 19, 20]. We are interested in the one proved in [1] en route
to a description of the spectra of integration operators on weighted Bergman spaces,
where Aleman and Constantin showed that (2.1) holds for every weight v on D which
belongs to one of the Bekoll€ classes B, () for some p > 1 and @ > —1. In fact, they
proved not only the belonging to one of the Bekollé classes is sufficient condition in
order that (2.1) holds, but also it is necessary for sufficiently regular weights v on D.

Before stating the results, and to be self-contained, we will recall the definitions
of the Bekollé class B («) and also a closed related class B} (1). On the one hand, a
weight v on ID belong to the Bekollé class B, («), p > 1 and o > —1if

P

(/ vdAa> <f v_l;/dAOl)p/g(Aa(S(@,h)))p
S(0,h) S(6,h)

for any Carleson square S(0,h) = {z = rel® : 1 —h <r < 1, |60 —a| < h/2},
6 € [0,2n], h € (0, 1), where A, denote the measure given by dA, = (o + 1)(1 —
|z1>)*dA and 1/p 4+ 1/p’ = 1. On the other hand, a weight v on ID belongs to the
class By (n), n > —1if

/ YO 2y dA@ S v
pll—

5Z|'7+2
for almost every a € D.

) Birkhauser
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Theorem C [1, Theorem 3.2] Let v be a strictly positive weight v € C'(D) which
satisfies that (1 — |z|*)|Vv(z)| < kyv(z) for some constant k, > 0 and all z € D.
Then the following are equivalent:

(i) The estimate (2.1) holds for all p > 0O;

(1) The estimate (2.1) holds for some p > 0;
(iii) m belongs to B, («) for some p > 1 and o > —1;

@iv) m belongs to B} (n) for some n > —1.

3 Proof of the main results

Proof of Theorem 1 Since the Bergman case will be deal with in a more general way
in Theorem 2, it is enough to prove the result for 0 < y < 1.

Let us consider the following suitable formula for the generalized Cesaro operator
(1.4), which is mainly followed by (1.3):

(v fk) .
Co(f)@) =) <Z e 1)w2(n—k)+1) wpZ", z € D.

n=0 \k=0

Before we get into the proof, note that if we find a constant C > O satisfying
||Cw(f)||%{y < C||f||%{y for any function f € H(D) with f(n) > 0,n € NU {0}, we
are done.

Assume w € D. By Lemma A(iv),

00 n 7 ?
_ k)
Cw 2 = 2 +11 Y f(
ICa (NI, goco(n ) (k:o 21—k + Dongrtort

oo n 1 ?
B f (k)
< ng(n + D' (Z 2 —k + l)wn_k+1)

n=0 k=0

and by Lemma B (ii), there exists 0 < B < 1 such that (n — k + 1)Pw,_j41 pe
(n + DPw,y forallk < n, so

00 n ~ 2
2 ! 0]
ICo ()3, sn;(nﬂ)zm,] (kgjo (n—k—i—l)‘ﬂ) SENEAY

Now, it is well known that g(z) = =Y 2 oanz" € H(D), whose Taylor

1
(1=2)f
I'(n+p)

coefficients are given by o), = VRCESVR(IE and folklore estimations for ratios of
gamma functions yields «;,, < m In addition, a simple observation yields
@ e~ .
m—i;) ]gf(k)an—k 7", zeD.
n= =

W Birkhauser
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From now on, we will deal with the following two cases separately:

Case y = 1: Bearing in mind that ||z"||%2, = ﬁ, n € Nand (3.1), we
Asp (n+1)
deduce
< (Z) 2 2
1Cu (DI S Z 121, f(k)an " — S 12
n=0 = (1 _Z) AZﬂ 1

where the last inequality holds if and only if dv(z) = %d A(z) is a Carleson
measure (see [6, Theorem 9.3]).
A direct computation using the Cauchy—Schwarz inequality shows that

—lal?

sup -
aeD Jp |1 — az/?

1 2
1
< 1 — |a)? 1—22ﬁ—1/ : 4o )d
~ s "")fo( ) o L —are® 21— reopp® )
1 1— 2
<sup/ ( |a|) < 00,

aenJo (1 —lalr)3(1 - r)?

dv(z)

so by [10, Lemma 6.1], v is a Carleson measure and this finishes the proof of this case.
Case 0 < y < 1: For this range of gamma values, the space H, consists of the

Dirichlet space ‘H, = D}Z,. Observe that ||z"||2D%ﬁ+ = W, so from (3.1)

follows:
ICu(NIFy, S Zuz I15,,, ( Fkya k> H (1f_(zz))ﬂ 2 ST+11
where
I= [ %(1 21 TP dA(2)
and

2
11 Z/D%(l — 2" PdA).

Itisclearthat I < || f ||%)2 . Therefore, the proof of the sufficiency for 0 < y < 1 boils
Y

down to prove the inequality

If@)P N )
1 2812 T <
/Du |2ﬁ+2(1 2HTTTAAR) S 1 e
which is followed from Littlewood—Paley formula (2.1).

) Birkhauser
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In order to simplify notation, let us denote by v(z) = % It is not difficult

to show that v € C'(ID) and it satisfies the regularity condition (1 — |z|?)|Vv(z)| <
kyv(z). In addition, the weight 7 belongs to the class B (2y +28).

1%
(1—z)?r+2
Indeed, let b, =1 — %, by Fatou’s Lemma and [17, Lemma 2.5],

(1 = |z)r*2F A
D [1— 5Z|2y+2/3+2|1 _ Z|2/f5+2 (@)

< liminf/ (1~ Je)r+ dA(z)
= n—oo Jp |l —5Z|27’+2‘3+2|1 _ bnz|2ﬂ+2
1
S = by
|
(L= laP)r|l — al>+2p
v(a)

- (1— |a|2)2y+25'

This is W € By (2y +2p), so by Theorem C the proof of the sufficiency is
finished. ~
Conversely, assume C,, : H,, — H,, is bounded. First, we proceed to show w € D.

N _
We consider the following family of test functions fy(z) = > (n+1) VT] 7", N € N.

n=0
Then, ||fN||%{y = (N + 1) and
o d NG ’
C z = D'V w?
D S e DO e e e

2

8N N y=1
k+ 1)z
> (n+ 1) w?
Z X(‘; 2(n — k + Dwag—k)+1

n=TN
S 98N w%N 1 Z( +1)1 y ﬁ:(k-l—l)% 2
= n
a)12N (N + 1)2 P
for all N € N, hence,
2 +1 8N 2
wzy (N + 1)Y _ w
ICa(fllpy, 2 5 D i+ D7 2 SEW 4+ 1), NeN.
wipy (N+1) n—TN @DoN

Since C,, : H, — H, is bounded, wgy < wion, N € N and this implies € D by
Lemma A(Vv).

Now, to finish the proof, we will prove w € M, which together with @ € D
gives w € D by [20, Theorem 3]. We want to point out that from now on, the letter

W Birkhauser
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C = C(y, w) > 0 will denote a constant whose value depends on y > 0 and w, but
does not depend on M or N, and may change from one occurrence to another.

Consider the family of test functions fN m(z) = Z,’lw 1\6 7", N, M € N. On the one
hand, observe that ||fN,M||%.[ C Zn 0(n + 1)!=7, and on the other hand,

MN n 1 2
ICo(fu )3, =CY (n+ 1) a?
“ Hy Z " ,; (n —k+ Dwrg—i)+1

n=0

MN n | 2
> Co D7 (S ——— ) M NeN,
= Colyy Y+ 1) (z (k+1)wk) c

n=0

hence, by hypothesis,

2
1
2 -
oyn | v Z("+1) V(Zm) <C, M,N e N.
> (n+ D=y =0
n=0

Therefore, using Jensen inequality,

WMN Z(l’l—i—l)l 7(2@) <C, M,N eN,
Z(n+ 11y =0 '
=0
SO,
MN
Yy Z( + D= V<C—Z( +1)'77, M,NeN.
k:N(k+1) N =0

It remains to prove that there exists a sufficiently large M € N and C’ > 1 such
that

al—

1 MN 1 MN ~
MN (Z *k+ 1) Z(n—i-l) ”) > C'forall N € N.
(o) EED 5

n=0

) Birkhauser
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Indeed, for M, N € N

1 MN 1 MN 1_
W (Z P IR )
Z(n+ 1)1—;/ k=N n=k

n=0

MN 1 1 MN
2 - — > k+ 1)1V>
(g}% (k+1) (MN)>v k;v

and due to W Z (k + 1)'=7 is uniformly bounded for all M, N € N, there

exist C1 = C1(y) > 0 and C> = C2(y) > 0 such that

1

MN 1 MN
(Z &FD >+ 1)“?) > CilogM — C», M, N € N.
=N n=k

MN

> (41
n=0

Then, take a sufficiently large M € N satisfying log M > % so that there exists
C'=C'(w,y) >1land M = M(w, y) > 1 such that oy > C'wyy forall N € N.
This is w € M. ]

Proof of Theorem 2 Assume w € D and note that it is enough proving that there exists
a constant C > 0 such that |C,, (f)||A2 < C||f|| for any function f € H(ID) such

that f(n) > 0,n € NU {0}.
By following the proof of (3.1), we obtain there exists 0 < 8 < 1 such that

00 n y 2
2 M2n+1 f(k)

and by Lemma B(iii),

2

f (z)

< 2
SIS

||Cw(f)||ii§2(ﬂ[25])2n+l( Fk)a— k) H =
n=0

where we recall that «,, n € N, denote the Taylor coefficients of the function g(z) =
1

- N
Reciprocally, let u € D and assume C,, : A% — A2 is bounded. First, we

will show w € D. Now, we consider the following family of functions fy(z) =

W Birkhauser
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Z —o(M2n41)" 21 N € N. Then, ||fN||A2 = (N + 1) and on the other hand

1 2
5N N -7
Mokt
ICo(f)I%, > [on 4107
G gN S ,§)2(n—k+1)wz<n7k>+1

N 2

wSN 1
~ v (N + 1)2 Z H2n+1 (Zuzkﬂ) )

for all N € N, so Lemma A(iv) yields there exists & = o(t) > 0 such that

2
w2 N 4 2
I pion+1 2k+1\2 )
ICa (/I3 2 iN o <§ (2N+1 >N+ DN
k=0

Wy D) won+i We N

The boundedness of C,, yields wsy < wgn, for all N € N and this implies o € D
by Lemma A (v).
We proceed to prove w € M. Consider the family of functions fy y(z) =
ZrI:/I:A(;(Man)_%z", N, M € N. As before we obtain ||f1\/,11,1||1242 =< (MN + 1) and
m

by Lemma A(iv), there exists & > 2 such that

MN _1\2
1ol 2 a3 o (3 Lokt )
’ m = = (k + Dwg+1

MN n a2
1 (n—k+1)2
> w2
~ MNnZ:;)(an)a (g (k+1)a)k+1>

forall M, N € N. Now, by Jensen inequality and the boundedness of the operator C,,,
it follows

MN n a2
1 1 —k+1)2 1
Y T Gy Dern) S Ve
MN + 1= 2n 4 1)3 = (k+ Do %N

Asa consequence,

MN o
om Z Z”_kJri)ZSC(MNH).
WN kN ! (n+1)2

To complete the proof, we will show that there exists M € N large enough such that

11 % N —k+ 1S
C 1 =k — (n+1)%

) Birkhauser
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Sincea > 2,(n—k+1)2 = (n+ D21 -5 >+ DT - Sk+ D+ 12!
foralln > k, so

1 % 1 %(n—kﬂ)%
MN+1 & k+142 (n+ 12
1 (MN MN—k+1 MN MN 1 ) MN 1

o
ZMN+1k§V K+ 1 _Ekzzn+l Skl

=N n=k

and there exist Cy, C, > 0 such that

MN a
—k+1)2
Z(” D CllogM - ¢,

MN
1 Z 1
MN +1 = k+1 = n+1)32

Therefore, for a fixed M € N such that log M > 2Cg] G2 , there exists C’ > 1 such that

wy > C'wyy forall N € N. Then, w € M and the proof is finished. O

4 Compactness

Once we have described the radial weights such that C, : H, — H, and C,, : Ai —
Ai, w € D is bounded, it is natural to think about the compactness of this operator.

Lemma3 Let w be a radial weight and { fi};2, C H(D) such that fy — O uniformly
on compact subsets of D. Then, Cy,( fx) — 0 uniformly on compact subsets of D.

Proof Letbe M C ID a compact subset and K;°(z) = % foz BP(u)du.If z € M,

1
1Co (i) ()] S/O | fet2) K ()] (1) di.

By following the proof of [15, Lemma 20], we obtain that there exists a pg € (0, 1)
such that M C D(O0, pg) and

sup |K;”(2)| < C(w, po) < o0.
zeM
1€[0,1)

Let ¢ > 0. By hypothesis, there exists a kg € N such that for every k > ko
and 1z € D(0, po), | fr(tz)| < e. Putting all together, we have that |C,(fi)(z)| <
e - C(w, po) - wg, 0 Cy,(fx) — O uniformly on M. O

Bearing in mind the previous lemma and by following a classic argument (see for
example [15, Theorem 21]), we claim the following characterization of the compact-
ness holds.
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Theorem 4 Let w and p be radial weights, y > 0, u € D, and X € {H,, Ai}. Then,
the following assertions are equivalent:

(1) Cy : X — X is compact;
(ii) For every sequence {fi};, C X such that sup;y |l fkllx < oo and fi — 0
uniformly on compact subsets of D, klim ICu(fi)llx =0.
—00

Once we have the previous result, we are able to show that there does not exist
radial weight o such that C,, : H,, — H,,, ¥ > 0 is compact neither C,, : A;Z,L — Ai,
u € D, is compact.

Theorem 5 Let w and p be radial weights, y > 0, u € D, and X € {H,, Ai}. Then,
Cy : X — X is not compact.

Proof Case X = H,,. Foreacha € (0, 1), we set

Ja(@) = (l_a )2
Z (n+1)

Consequently, it is obvious that
o0 (0.¢]
I fallsg, = D 1 fa@P+ 177 =) (1 —aha® =1, ae 1.
n=0 =

Furthermore, it is clear that f, — 0 as a — 1~ uniformly on compact subsets of D.
In addition, we have

00 n —~ 2
1Cofo)llzg, = D, (Z 20—k l)a)2(nk)+1> vy

n=0 k=0

_ 2
ak+ 1T -
(l—a)Za) (Z (n—k+ Dwrp—i)+1 (1)

1\ 2
wha® " k41T
SO S (2

=0 @2n—k)+1

n y=1y 2
a)n k+1)2
>(1_a)2(n_i1)1+1/ (; )

@W2(2n—k)+1

o 4n n | 2
1-aHy —2 ( (k + 1)Vz>
nX:(:) (n+ Dty =

=1
)

v

so using Theorem 4, we deduce that C,, : H,, — H,, is not a compact operator.
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Case X = AEL. For each a € (0, 1), we consider

o
1 -1
fa@) =) (1 =a))2p,} a2
n=0

As aresult ||fa||1242 =< 1,a € (0, 1) and it is clear that f, — 0 as a — 1~ uniformly

on compact subsets of . By following the argument of the previous case, it is not
difficult to show

2
o] 4n n 1
a _1
ICalfulis 2 (1=t} omgs (Do madn ) 2w, a € .1,
n=0 k=0

so Lemma A(iv) yields that there exists @ = a(u) > 0 such that

n ay 2

o] 4n
2k + 1
Colf)l2 2 (1 —a) Y —— wa1) ) b
ICalfll3; 2 ( a>n;(n+1)z Z(Zn—f—l)

k=0

]

Therefore, using Theorem 4 again, we deduce that C,, : Ai — Ai is not a compact
operator. O
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