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Abstract

The primary objective of this paper is to explore the multi-phase variant of quadrature domains
associated with the Helmholtz equation, commonly referred to as k-quadrature domains.
Our investigation employs both the minimization problem approach, which delves into the
segregation ground state of an energy functional, and the partial balayage procedure, drawing
inspiration from the recent work by Gardiner and Sjodin. Furthermore, we present practical
applications of these concepts in the realms of acoustic waves and magnetic fields.
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1 Introduction

1.1 Background

The subject under consideration in this note is k-quadrature domains with k > 0, also known
as quadrature domains for the Helmholtz operator. This topic is intricately connected to the
inverse scattering theory, as detailed in references [33, 36, 41].

Given any u € & (R") (n > 2), we recall that a bounded open set D C R” is termed a
(one-phase) k-quadrature domain with respect to w if u € &’(D) and

/ w(o) dx = (. w)
D

holds for all w € L1 (D) satisfying (A + k®)w = 0in D. It is shown in [33, Proposition 2.1]

that a bounded open set D C R” is a k-quadrature domain for . € &' (D) if and only if there

exists i € Z'(R") satisfying the following equations
(A+Kk»ii=xp—p inR", 0
i=|Vi|=0 inR"\ D. '

Later in [36], the system of equations (1.1) was further generalized by introducing the
following Bernoulli-type free boundary problem:

{(A+Kki=h—p inD, =0 inR"\aD,|Vil=g inR"\dD, (1.2)

where the Bernoulli condition |Vii| = g is considered in a very weak sense. Refer also to
[35] for a connection between the anisotropic non-scattering problem and the Bernoulli-type
free boundary problem. We refer to a bounded domain D in (1.2) as the hybrid k-quadrature
domain.

1.2 Two- and multiphase k-quadrature domains (the notion)

A bounded domain D in R" is referred to as a quadrature domain for harmonic functions,
associated with a distribution u € &' (D) if

/ h(x)dx = /h(x) du(x) (1.3)
D
holds for every harmonic function 4 € LY(D); see, for example, the monograph [39]. In the

special case when u = ZT:1 Xjdyx;, where §, is the Dirac measure at a, (1.3) reduces to a
quadrature identity for computing integrals of harmonic functions; refer to [25]. Quadrature
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domains can also be regarded as a generalization of the mean value theorem for harmonic
functions: B,(a) is a quadrature domain with 4 = |B,(a)|8,. Various examples can be
constructed using complex analysis; see, for instance, [13, 25, 40] for further background.

A generalization of the Helmholtz operator was investigated in [19, 33]. For k > 0, a
bounded open set D in R" (not necessarily connected) is referred to as a quadrature domain
for (A + k%), ora k-quadrature domain, associated with a distribution u € & (D), if

/ w(x) dx =/w(x) du(x) (1.4)
D

holds for all w € L'(D) satisfying (A + k¥)w = 0in D. It is essential to note that the
k-quadrature domain can also be regarded as a generalization of the mean value theorem: For
each k > 0, B,(a) is a k-quadrature domain with p = c}ﬁ{féa for some suitable constant
c’l:’l,:/f (which may be zero for specific parameters n, k, and r). Similar to the classical case
(k = 0), various examples can also be constructed using complex analysis [33].

We now introduce the concept of two-phase quadrature domains as defined in [14], and
later in [18].

Let D4 be disjoint bounded open subsets of R”, and let ui € &' (D), respectively. If a
pair (D4, D_) has the property that

/ h(x) dx —/ h(x)dx = /h(x) dpus — pno) (1.5)
Dy

holds for every harmonic function 2 on Dy U D_ with h € C(D4 U D_), then we designate
such a pair (D4, D_) as a two-phase quadrature domain (for harmonic functions) corre-
sponding to distributions (1, u—) € & (D4) x &' (D—). The precise meaning in the right
hand side of (1.5) is the distributional pairing (4, h) — (u—, k), which is well-defined since
h € C*®(D4). The following trivial example also illustrates this notion:

Example 1tis evident thatif D are quadrature domains (for harmonic functions) correspond-
ing to distributions u € &’ (D4 ) respectively in the sense of (1.3) and satisfy Dy N D_ = @,
then such a pair (D4, D_) clearly satisfies (1.5).

Here, we refer to [14, 18] for some less trivial examples of two-phase quadrature domains
(1.5). It is worth mentioning that Gardiner and Sjodin [18, Theorem 3.1(b)] proved that
if (D4, D_) is a two-phase quadrature domain (for harmonic functions) corresponding to
distributions (uy, u—) € &' (Dy) x & (D-), then there exist polar sets Z4 such that there
exists & such that

Aii=1—-u)xp,uz, —1—pu)xp_uz_ inR", @ =0outside DL UZ, UD_UZ_.
Conversely, if a function i € H'(R") with compact support satisfies'
At = (1 — ) xga=o0p — (I — w-) x(a<oy in R”,

and if supp (u+) C {£i > 0}, by [18, Theorem 3.1(a)] we see that ({# > 0}, {# < 0}) atwo-
phase quadrature domain (for harmonic functions) corresponding to distributions (4, n—) €
&'"(Dy) x &'(D2).

1 We define the sets {v > 0} := R™\{v <0} and {v < 0} := R"\{v > 0}. In the case when v € HY(R") has
compact support, the inequalities v > 0 and v < 0 also can be understood in almost-every pointwise (a.e.)
sense, see [30, Definition I1.5.1 and Proposition 5.2].
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In [14], they use a minimization approach to study the model equation
Aii = Ay — ) X(a=0) — (A= — =) X(a<oy in R". (1.6)

The above discussions strongly suggest studying the following model equation, which is also
the main theme of this paper:

Aii + ki = k2ii- = O — p) Xjas0) — (o — ) xga<oy inRY, (17

where k+ > 0, A+ > 0 and u+ € & (R"). We refer to such pair of domains (D, D_) with
Dy = {£u > 0} as the two-phase (k4 , k_)-quadrature domain.
In [1], the following problem in terms of partial differential equations was considered:

Given m positive measures p; and constants A;, fori = 1,--- , m, find functions u; > 0
with suitable regularity and disjoint sets D; = {u; > 0} such that
A —uj) = (i — p)xp, — (j — ) xp; inR*\ ) De. (1.8)
O£, ]

It is easy to see that (1.6) is simply a special case of (1.8) for m = 2. We remark that
(1.8) is locally a two-phase problem in the set R"\ | J ki Dy, which excludes all points
in dD; N 9D, therefore it is not easy to establish quadrature identities similar to (1.5) for
multi-phase case. One can think about the Lakes of Wada, which are three disjoint connected
open sets of the plane or open unit square with the counter-intuitive property that they all have
the same boundary. Indeed, one can also construct a countable infinite number of disjoint
connected open sets of the plane with the same boundary.

According to [1], inspired by the segregation problem [11], they minimize some suitable
energy functional so that the minimizer satisfies (1.8). In other words, the supports of densities
u; have to satisfy a suitable optimal partition problem in R”.

Not only the multi-phase problem which we considered, there are also some other type of
segregation problem, for example [8]: they minimize the Dirichlet functional (say)

Pew = Y [ ViR b+ e
i=1

where f¢(u) is chosen such that the functional gets huge penalties, say 1/€, on the set
{u; > 0}N {u.,' > 0}, and the limit of this functional leads to a segregation of the supports of
the components. The work [1] or the equation (1.8) strongly suggests studying the following
model equation: We want to find functions u#; > 0 with disjoint positivity sets D; = {u; > 0}
such that

Awi — uj) + kjui —kuj = Oi — pid)xp; — Oj — ) xp; in @\ | De
i

where k; > 0, A; > 0 and u; € & (R"), for some open domain 2. We refer to such k-tuple
of domains (D, - - - , Dy,) as the multi-phase (ky, - - - , kp,)-quadrature domain (in 2).

1.3 Applications: acoustic waves and magnetic fields
1.3.1 Inverse scattering in acoustic waves

To provide motivation for this study, we initially establish a connection between the two-
phase problem (1.7) and the inverse scattering problem for acoustic waves. We consider the

@ Springer



Partial Differential Equations and Applications (2024) 5:13 Page 5 of 28 13

acoustic scattering problem governed by the wave equation ¢(x) 28?U — AU = 0, where
c is the velocity of sound in the given medium. The acoustic wave with a fixed frequency
(wave number) kg > 0 corresponds to solutions of the form U (x, t) = etkory 5(x), where the
total field u ; satisfies the (inhomogeneous) Helmholtz equation

Auj+k3p(x)uz =0 inR" (1.9)

where (for simplicity) we have set p = p(x) = c(x)~2. Later, we will also explain that (1.9)
models the cylindrical magnetic field; refer to Sect. 1.3.2 below.
If we expose the medium with an incoming wave u( that solves

(A +kDug =0 inR", (1.10)

then the total field u 5, which verifies (1.9), has the form u; = ug + uS¢ for some scattered
wave u*¢, which is outgoing. Classical scattering theory [9, 10, 31] guarantees the existence
and uniqueness of such an outgoing scattered field u%¢ € HILC ®R™).

In order to define non-scattering phenomenon, we need to recall some background in the
topic. Indeed, we first recall that a solution v of (A + k(z))v = 0in R"\ By (for some R > 0)
is outgoing if it satisfies the Sommerfeld radiation condition

lim |x|%(8mv —ikgv) = 0 uniformly in all directions X = X es™ !, a1y
lx|—o0 x|

where 9j,| = X - V denotes the radial derivative. In this case, the far-field pattern v> of v is

defined by

VU@ = lim yob el T ey () forall £ € 577
X[—> 00 ’

for some normalizing constant y, x, 7 0. The Rellich uniqueness theorem [10, 27] implies
that v = 0 if and only if v = 0 in R"\ Bg.

To formulate our theorem, regarding applications to acoustic waves, we need the following
definition.

Definition (Non-scattering) Consider two acoustic-penetrable obstacles (medium) (D, p+)
such that D4 N D_ = ¢ with refraction indices (the light bending ability of that medium)
p+ € L®°(Dy). We call pr € L*®(Dy) signed contrasts if po > ¢ > 0 near dD4,
respectively. For each fixed wave number ky > 0, we illuminate the obstacles (D4, p+)
using the incident field ug as in (1.10), producing a unique total field u,, = ug + usc (see
(1.9)) satisfying

(A+k5+ pixp, — p—xXD IUp, =0 inR". (1.12)

We say that the pair of obstacles (D4, p+) is non-scattering with respect to the incident field
ug if ugc = 0 outside Bg for some sufficiently large R > 0.

Remark If (DL, p4) is non-scattering and u( is real-valued, then by taking the real and
imaginary parts of (1.12), one sees that u,+ must be real-valued.

Theorem 1.1 Ler kg > 0, k+ > 0, A+ > 0 and uy € &' (R"™). Suppose that there exists a
solution ii € &' (R") of the two-phase problem (1.7) with

supp (u+) C Dy := {xu > 0}. (1.13)

If there exists an incident field ug of (A + ké)uo = 0inR" such thatug < 0ondD;UID_,
then there exist contrasts p+ € L°°(D+) such that the pair of obstacles (D+, p+) is non-
scattering with respect to uy.
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Remark 1In the above theorem, if the obstacles DL are “touching” each other, i.e., D4 N
dD_ # @, then the common boundary is a two-phase free boundary:

Upt > uoin Dy and up+ < upin D_near DL NID_, (1.14)
where u,+ is given in (1.12). In addition, limp, 5x— x, 0+ (x) both exist with

A
lim py(x)=— R 0, lim p_(x)=—
Dy3x—>Xxg up(xo) D_3x—xg uo(xo)

foreachxp € 9D NJD_.

Remark (Existence of incident field u¢) In general int(D4 U D_) is not a Lipschitz domain.
We still can construct such ug (can be even chosen to be Herglotz wave function (1.22) below)
using [34, Theorem 1.2] when d D U d D_ is contained in a small set.

Proof of Theorem 1.1 From (1.7) and the support condition (1.13), one sees that there exists
a neighborhood U of 3(D4+ U D_) = D4 U dD_ in R" such that

(A+k§i=hypinU, ilyp=0, D=DyUD_,
where
h=—(k2 = k)iiy + (kK2 —kDii— +rixp, —A_xp_ € L¥(D). (1.15)

By continuity of # in U and u|;p = 0, one has || > %min{)\_,_, A_} > Onear dD in D.
Now, the theorem (and the following remark) can be proved by following the exact same
argument as in [36, Theorem 2.4] (with g = 0) and the discussions following the theorem. O

1.3.2 Connection with magnetic fields

The Helmholtz equation is fundamental for understanding the spatial characteristics of
electromagnetic fields, which provides a mathematical framework to describe how elec-
tromagnetic fields propagate and vary in space.

Here, we shall connect the concept developed in this paper to one of the waveguide mode,
called the transverse-electric mode (TE-mode), which roughly means that there is no electric
field in the direction of propagation, see (1.19) below. In this case, since there is only a
magnetic field along the direction of propagation, sometimes we call this waveguide mode
the H-mode. One can refer e.g. the monograph [32] for mode details about this topic.

Let wp > 0 denote a frequency, eg represent the electric permittivity in a vacuum, and
1o denote the magnetic permeability in a vacuum. The (time-harmonic) magnetic field H =
(Hy, Hy, H3) in a medium with zero conductivity is governed by the equation

EW) 7@ 16
&0 0

— curl ( L H) +KH=0 inR> with&(x) =
E(x)
where kg = wo./eoit0 > 0 is the wave number. In this equation, £(x) signifies the electric
permittivity in the medium, and o (x) represents its conductivity; for further details, refer to
[31, (5.18)—(5.19)] or [32, (1.8)—(1.9)].

We assume that £ = 1 if and only if ¢ = g9 and o = 0 outside of a bounded domain. When
we illuminate the inhomogeneity, supported on supp (£ — 1), using the incident magnetic
field Hy that satisfies

—curl curl Hy + k3Hp =0 in R?,
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then, under certain mild assumptions on ¢ and o (refer to [31, Theorem 5.5]), there exists a
unique scattered magnetic field Hy. that satisfies the equation

1 1
—curl <€(x) curl HSC> + kSHSC = —curl (1 - &

curl H0> R
x)

and the Silver-Miiller radiation condition
curl Hg.(x) x X — ikgHg (x) = 0(|x|_2) as |x| - oo,
uniformly on all direction £ = x/|x| € S2.

Remark By using the fact that div curl = 0 and the curl—curl identity

—curl curl = A — Vdiv, (1.17)
it is easy to see that (1.16) is equivalent to
vé
AH + (();) xcurlH—i—kgE(x)H:O, divH=0 inR>. (1.18)
X

It is also noteworthy that the incident field satisfies the equation
AHp 4 kiHp =0, divHy =0 inR?,

and by direct computations, one can easily see that A(x - Hp) + k% (x -Hp) = 0in R3. The
curl—curl identity (1.17) can be extended for dimension n > 2 in terms of n-dimensional curl
and its formal transpose. This even can be further extended to the symmetric tensors case in
terms of Saint Venant operator [28].

In practical application, one usually illuminates the inhomogeneity using the superposition
of plane waves, which called the Herglotz wave:

Hol[pl(%) := / p@)e*0xidz forall p e L*(S?) and for all x € R?,
82

where
LESH = {ve (L (SH) % -v(E) =0,% € §?}.

The radiation condition for electromagnetic field is usually called the Silver-Miiller radi-
ation condition, which is closely related to (see [32, Corollary 2.53]) Sommerfeld radiation
condition (1.11) and the far-field operator is analogously defined by the far-field amplitude
of the scattered field. In fact, one can reconstruct supp (£ — 1) from the far-field amplitude
[31].

In the case when both £ and H are cylindrical, i.e. independent to the variable x3, we see
that the third component H3(x’) of H in (1.16) satisfies the isotropic elliptic equation

1
div’ <£(x’) v’Hg) +kH; =0 inRZ (1.19)

where V’ and div’ are gradient and divergence operator on R?. In this case, we usually not
interested in the first two components H; and H;, and we simply put H; = H, = 0, and this
situation is called the magnetic mode (H-mode) or transverse-electric mode (TE-mode) [32,
p- 11].
If £ € C2(R?) and is real-valued (iff o = 0), one can rewrite (1.19) as the Helmholtz
equation:
(A 4k +q@)Hu=0 inR? (1.20)
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with u = ()} H3(x) and ¢(x') = —(E(X'))P A ((S(x/))*%), where A’ = div'V is
the Laplacian on R2, see e. g. [37, (0.2)—(0.3)]. We can formulate similar inverse problems
involving the reconstruction of ¢ from the knowledge of the far-field operator (1.23). After

recovering g, we then finally recover £ by solving the following elliptic boundary-value
problem:

A (ECNTT) +g(NEN T =0inBr, E@NTI| =1 (2D
R
by choosing suitable large R > 0. We can construct ¢ = p4 xp, — p—xp_ as described
in Theorem 1.1, and then construct £ = £(x1, x2) by solving (1.21). Formally, this is non-
scattering with respect to some incident H-mode/TE-mode magnetic field.

1.3.3 Some related application

We now revisit the Helmholtz equation, selecting u™

incident wave, expressed as the Herglotz wave function:

as the superposition of the plane

U™ f] = / &0 £(6) do (1.22)
Sn—1
where f € L?>(S"~!). Consequently, we consider the far-field operator:
fel* (8" u™ @', 0)f(0)do. (1.23)
Sn—1

Here, u®(0’, 9) represents the far-field of the scattered field corresponding to the incident
plane wave €<

Combining results from [37, 43], if k2 is not a Dirichlet eigenvalue of —A on D, it can be
shown that p xp can be uniquely determined from the far-field operator (1.23). Refer to [26]
for a log-type stability estimate, which is nearly optimal [29]. See also [16, Appendix B].
In practice, obtaining only finitely many measurements {u™[f;]:i =1,---, N} is fea-
sible. However, based on nonscattering results in Theorem 1.1 above (also see [33, 36]),
it is generally impossible to determine pxp solely from a single measurement u™[ f;].
Thus, one should not expect to always determine pxp from finitely many measurements
{um[fil:i=1,--- N}

Intuitively, one can approximate the far-field operator (1.23) using {uinc[ﬁ] =1, N}
for large N. For instance, choosing f; as the eigenfunction of the Laplace-Beltrami operator
on 8"~ ! is a possible approach. This intuition can be validated in a probabilistic sense (with
randomly chosen samples fi,---, fy with a large N), as seen in [16]. In simple terms,
while one might fail to determine p x from the knowledge of {u™[f;]:i =1,---, N} for
randomly chosen fi, - -+, fn, the probability of such a situation occurring decreases as the
sample size N increases.

2 Multiphase problem through minimization
2.1 Main results

We now delve into the exploration of the existence of two-phase (k1, k2)-quadrature domains
(1.7). Let Q C R" be a bounded Lipschitz domain in R” (n > 2). The function space C2°(£2)
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consists of C*°(R") functions supported in €2, and H& (€2) is the completion of C2°(L2) with
respect to the H L(©)-norm.

Foreach fi,..., fiu € L°(®R") andk = (ky, ..., ky,) with k1, ..., k,, > 0, we consider
the functional

T =Y T i), Ty (i) = /Q (1Vui ()1 = k| O = 2 fi ()i (x)) , dx

i=1

(2.1)
foru = (uy,...,un) € (H(2))™. We define
K (Q) 1= {(u1, -+, um) € (Hy ()" :u; = 0foralli =1,---,m},
Sm() == {(u1, -+, um) € Kp(Q) :uj -uj =0foralli # j}.

Similar to [11], we refer to the elements in S, (2) as segregated states. A state u =
Ui,y wm) € (HY())™ is called segregated if u; - uj =0foralli # j.
The primary focus of this paper is to investigate the following minimization problem:

Minimize Jk (u) subject to segregated states u € S, (2). 2.2)

The situation where k = 0 was examined in [1], and an application from control theory
was presented. Also in [36], the functional J;, was investigated for sufficiently small k; > 0.

By using [36, Lemma 3.1], it is easy to see that Jx is unbounded from below in S, (2) if
ki > ky forsomei € {1, --- , m}, where

IVell7,
Q)= inf — @ 2.3)
9eCx @020 [Bll75 g,
is the first Dirichlet eigenvalue of 2. When 0 < k; < k, foralli =1, --- , m, by using [36,

Lemma 3.4], we know that J is weakly lower semi-continuous on (HO1 (2))™. Since the set
Sy (R2) is closed in (HO] (£2))™, by following the standard arguments of calculus of variations
(as in [36, Proposition 3.6]) one can show that

there exists a minimizer u, of the functional Jj in S, (£2). 24

We show that the difference uy ; — us, j locally satisfies the two-phase obstacle equation.

Theorem 2.1 Let Q be a bounded Lipschitz domain in R, let 0 < k; < ky and f; € L*°(2)
foralli =1,--- ,m. Ifu, = (U1, -, Usm) is a segregated ground state of the energy
Sfunctional Jx, i.e. a minimizer of the functional Jx in S, (2), then

A = e j) + Kt i = kit j = = fiXiu, ;500 + fiXiue >0 in 2\ ) Q. (2.5)
ki, j

where Q; = {u*’i > O}foralli =1,---,m.

Remark As mentioned above, we assume 2 has Lipschitz boundary in order to guarantee
(2.4), see also [36, Remark 3.5].

When m = 2, the functional Ji, x, = Jk reads

Tier o 1, u2) = Ty (u1) + Tiy (u2),
and the minimization problem (2.2) reads:

minimize J, i, (41, u2) subject to (uy, uz) € Sp(L2). (2.6)
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Similar to [14], we consider the functional
Forsa0) = [ (VUP ~ RSP~ BIU-P =2V, ~2120-) dx
Q

with f1, f» € L°°(£2), and the minimization problem
minimize jkl,kz(U) subject to U € HO1 (£2). 2.7
In fact, the minimizing problems (2.6) and (2.7) are equivalent in the following sense:

If & is a minimizer of the functional jk,,kz in HO1 (2), then (14, u_) is a
minimizer of the functional Ji, k, in Sp(€2). Conversely, if (4 1, U« 2) is
a minimizer of the functional J, r, in S2(£2), then iy 1= u, | —uszisa
minimizer of the functional jkl ko in H(} (2).

(2.8)

This can be proved by following the arguments in [1, Theorem 2] and the observation
w; = (w; —w2)g, wy = (wy—wz)- forall (wy, wr) € SH(R).

When 0 < ki, ko < ks, by using (2.4), one immediately sees that there exists a minimizer i
of the functional Jj, , in HO1 (£2). Consequently, from Theorem 2.1, we can easily conclude
that: If # is a minimizer of the functional ik],kg in Hol (£2), then

Aii + kfiiy — k3ii— = — fixa=0y + f2X(a<o) in . (2.9

Therefore the two-phase problem (1.7) is a special case of the multi-phase problem (2.5).
We also exhibit some interesting point in Appendix A.

By using approximation theorem, we are also able to extend the existence result for the
solution of the local two-phase problem (2.5) for f; = u; — A; when u; is a measure.

Theorem 2.2 Let Q2 be a bounded Lipschitz domain in R", let 0 < k; < ky, let A; be positive
L () functions with A; > ¢ > 0in , and let ; € &' (). Then there exists at least one
solution Wy = (Ux,1, -+ , Us,m) Of (2.5) with fi = ;i — A,

In [36, Proposition 3.6] it is shown that there exists a minimizer v, ; of the functional
Jk; in K1 (£2). In this case, by using the Euler-Lagrange equation, one can prove that such a
minimizer v, ; of the functional J, is unique in K (£2). This implies that?

Vi = (Us,1, -+ , Ux,m) 1S the unique minimizer of the functional Jk in K, (2).  (2.10)

However, at this point, we do not know whether v is segregated (i.e., v; -v; = Oforalli # j)
or not. We can compare the supports of minimizers in (2.2) with supp(vs, ;) as presented in
the following theorem.

Theorem 2.3 Let Q be a bounded Lipschitz domain in R", let ki = --- = k,, = k with
0 <k <kyandlet f; € L®°(Q) foralli = 1,---,m. Then for each minimizer u, =
(U1, -+, Us,m) Of the functional Jy in S,,(2) one has

supp (tx, i) C supp (vg, i) foralli =1, --- ,m, (2.11)
where Vi = (Vg 1, -+ , Vs ) IS given in (2.10).
2 Given v, = (v;,l,--- Vi) € K (Q) with v, 5 vy, ie. v;’j # v, ; for some j, one sees that vfw.

must not the minimizer of Jk/. , therefore ‘7]‘/’ (vfk j) > Jk/. (v*,j), which implies Jk (V;) > Jk(Vy), i.e. the
minimizer of Ji in K, (2) is unique. ' '
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Suppose that for each i = 1,2,---,m we are given the non-negative distribution ;
which is sufficiently concentrated near x; € R" in the sense of

1 = 0 outside B, (x;)

and

37)s Ji(nz2 )
LR > Corser, Cpz2'—0m T80
CA+5 T30z 1/3)

for some constants €; > 0 and A; > 0, where I is the standard Gamma function, J, is the
Bessel functions of order « of the first kind, and j ,, is the mth positive root of J,. We now
fix a parameter 0 < 8 < j 12 . By using [36, Theorem 7.6], for each k > 0 satisfying

n 2
)1 Y 4r\2 n /3 (gj"Ezvl)
k < min 3 Chp——— » Cup= 3 B2Ir(B)——F———

n(®") Ty (uziy)

there exists a non-negative function vy ; € C l%cl (R™) such that

(A+ kv = =t +Aixo, Qi ={vei >0}, [li = i * P,
with the support condition

supp (i) C Qi, Qi C Bgg1(xi), (2.12)

where
$re = (3 Amas N2 = QU)K (2€)2 Ty (2ke).

Here, Q; is a (1-phase) k-quadrature domain corresponding to w; and positive constant
Ai. In addition, such vy ; is also the unique minimizer of J; with f; = ; — A; xo, in K;(£2).
Hence we see that v, = (vy,1, - , U p) is the unique minimizer of the functional J with
k= (k,k,---,k)and f; = u; — A xo, in K, (€2). When u is bounded, the above also holds
true by replacing i with w.

It is important to notice that Q; may not be disjoint even in the case when supp (u;) N
supp () = P forall i # j.In this case, we need to shrink Q; into {u,; > 0} in the sense
of Theorem 2.3.

An essential component of the theory of quadrature domains involves the relationship:

supp(i) C {uxi > 0). (2.13)

From Theorem 2.3, it becomes evident that a prerequisite for (2.13) is expressed by:

supp (i) C Qi = {vx,; > 0}.

In this scenario, for each i = 1, ..., n, it can be observed that Q; represents a one-phase
k-quadrature domain corresponding to j;. This observation prompts the formulation of suf-
ficient conditions for (2.13) in terms of 1-phase k-quadrature domains.
The following theorem exhibits some sufficient condition to guarantee the following
weaker support condition:
supp (u;) C supp (ix,;i), (2.14)

where Wy = (U 1, - , Us, ) i @ minimizer of the functional J in S,, (2):
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Theorem 2.4 Let Q be a bounded Lipschitz domain and let 0 < k < k4. For each i =

1, -+, m, let pj € L°(R") with supp (u;) C 2 and let Q; = {vy; > 0}, where v ; is the
unique minimizer of Jy; in Ky (Q2) with k; = k. Suppose that
QiNsupp (uj) =0 foralli # j, (2.15)

andletk = (k,k,--- ,k)and fi = u; —Ajfori =1,--- ,m.If

in{/ wi(x) > X; holdsforalli =1, --- ,m, (2.16)
xeu;

for some open sets U; C supp (i), then all minimizers of Jix in S, (S2) satisfy the support
condition o
U; Csupp (uy;) foralli=1,--- ,m. 2.17)

Remark 1f supp (u;) = int (supp (u;)), then we can guarantee (2.14) by choosing U; =
int (supp (i:))-

2.2 Proofs of the theorems
By modifying the ideas in [1, Proposition 1], we now prove Theorem 2.1.

Proof of Theorem 2.1 Let Yy € CZ° be non-negative such that supp () C @\ Uy .
Given any € > 0, we define

Qe = {er:u*,i—u*,j §€¢}~

If we define z := (z1, 22, -+ - , Zm) a8

Zei=us g if L F#0,j, zii= (Ui — U, j — €y)4+ and Zj = (tx,i — Us,j — €Y,

then z € S, (2). Since M*J‘Q\Q€ =0, us; = (g — Uy )+ and uy; = Uy — Uy, j)—, WE
obtain

0< K@ — I =1+ D, (2.18)
where

I = /Q (19 = usj =€) = [Vusi ) + (IV i = sj =€) = [Van, ;) dx
+2/9 JiQuai — ai — s j — €Y)p) + f(usj — (Ui — Uy, j — €P)-) dx
and
L= —/Qk? (10t = e j = €)1 1P = |t i) + k7 (|(twi — st j — €9 > = Jus j?) dx

Following the exactly same arguments as in [1, Proposition 1], one can show that

I < —26/ V(g —u*,,)-vw+62/ VY dx
Ui ) AUz,

+2e / _ JiXtuisu, ) ¥ dx — 2€ / _ fiXtusi<u, ) ¥ dx 4+ 0(€)
Q\Uk;é[.j Q Q\Uk;é[.j Q
(2.19)
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On the other hand, we see that
h= —/ K2 (s — G + )P — lia i) d
Q\ Qe

+/ k§|u*,,-\2dx—/ K3 (It j = (ai — €)1 — | j17) dx

€ Q€

=2e/ K iy dx—2€/ K jr dx
Q\ Qe Qe

+[ k3|u*,,-\2dx—/ I —erx—/ ks, j + eyr|* dx

€ Q€ ’ Q\Q(

=2¢ / (P xev0. + k5 xp s i dx — 2€ / (K xo. + Kk xey0 s ¥ dx
Q Q

\Uki,j S AUz, j @

+<k,-2—k§)/Q |u*,,-|2dx+62(k?+k?>/g WP dx

Since uy,; - ux,j = 0, then

| i|* dx =/ lug ;1> dx < 62/ Clytdx,
0. XEQ 1y (X) SV (x) A\ Ui, @

(k7 x\0c + K5 X0 Ui = (6 Xius=ew) + K Xzt

as well as

(K5 x0. + ki Xy 0 ), j = Kt j.

From this, we reach

L < 26/ 7(kj2X{u*’i>€1//} + k?)({u*,[ge;//})u*,ﬂ/f dx
\Uk#l,] k (2.20)
—2e/ _ Ku dx—i—Cez/ Y dx.
Q Q

AUz, j S \Uezi, j S

Combining (2.18), (2.19) and (2.20), we divide the resulting inequality by 2¢ and then taking
the limit € — 0, we reach

Auy; — u*,j) + kl'zu*,i - ka'u*,j < _fiX{u*.,->0} + ij{u*,j>0} in @\ U ka
ki, j
Finally, by interchanging the role of i and j we conclude (2.5). O

We are now in position to prove Theorem 2.2, which can be done similarly to [1, Theo-
rem 5].

Proof of Theorem 2.2 For each u;, we choose the sequence ! € C2°(R2) such that uf! — u;
in £'(€2). We choose f/' = u! — A;, and it is clear that f/' — f; := pu; — 4; in &' (). We
consider the functional

T =" T w), J,;j(ui)=/ (IVui > = K?|wi |* = 2 f/'w;) dx.
i=1 Q@

By (2.4), for each n € N there exists a minimizer uj; of the functional 7} in S, (R2). By using
Theorem 2.1, such minimizer satisfies

Ay = e j) + Kt i = K5t j = = f] Xuei»0) + 1 X =00 2\ () Q.
k#i, j
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Since the support of the minimizers u” remain in a compact set Q x - - - x 2, there exists a
subsequence which is weak-* convergent as distributions to a limit u,, which satisfies (2.5)
with f; = u;i — ;. O
For later convenience, we introduce the notation
min{u, v} := (min{uy, vi}, - -+ , min{u,,, v, }),
max{u, v} := (max{uy, vi}, -, max{um, vm}).

We now prove Theorem 2.3 by modifying the ideas in [1, Theorem 1].

Proofof Theorem 2.3 Let u, = (uy 1, -+, Usxm) € Sp(2) be a minimizer of the problem
(2.4). Since

min{uy i, Vs,i} + max{iy i, Vs,i} = Us;i + Vs

. 2 2 2 2
|mln{”*,i7 U*,i” + |max{u*,,-, v*,i}| = |u*,i| + |U*,i|
: 2 2 2 2
J 9 minfus v )P 19 max( 0)P) = [ (Vs 4 190,0)
Q Q

andk; =ky =--- =k, €0, k), then
Jk(min{uy, vi}) + Jik(max{u, vi}) = Tk () + Tk (Vs).
Since minf{u,, v4} € S;,(2), then
Jk(uy) < J(minfuy, vi}).

Hence we reach
Jk(max{uy, vi}) < Jk(Vs).

Since max{u, vi} € K,,(2) and v, is the unique minimizer of Jx in K, (£2), then
max{Uy, Vi) = Vi,
which proves our lemma. O

We are now in position to prove Theorem 2.4 by modifying the ideas in [1, Theorem 7]
or [14, Theorem 5.1].

Proof of Theorem 2.4 Let u,, = (ux 1, , U ) be a minimizer of Ji in S, (Q) with k =
(k,k, - -, k). The remaining task is to prove the support condition (2.17). In order to do this,
we only need to show

U; C supp (us;).

Suppose the contrary, assuming the existence of iy such that U;, \ supp (us i) # 9.
Let’s fix zg € Uj, \ supp (u4,i,). According to Theorem 2.3, we have supp (uy ;) C 0i
for all i = 1,...,m. Consequently, using (2.15), it is evident that z9 € U,»O\s”z, where
Q= UYL, supp (u,;). Since Qis compact and U, is open, we can find0 < R < Bk~ with
0<B< j%,l such that Bg(zg) N Q=0and BRr(z0) C Uj,.

Let 0 < & < M be such that

max [pillpe@ny <M,  min A; >e.
i=l,,m i=1,.m

Let 0 < r < R be a constant to be determined later, and we define

Vig += Mig X B, (z0)-
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It is easy to see that

A0 XB.(z0) < Vip < MXB,(zp)» a0o:= _inf  p;(x).
xesupp ()

Since the mapping ¢ — 13 Ja (kt) is monotone increasing on (0, Bk~ '), we can choose r > 0
sufficiently small so that

e r2Jukr)
S A (2.21)
M " R2Jy(kR)

and hence .,
e r2Jn(kr)
R’ := max {p er, Bk = - —2 < 0}

M p2Jy(kp)

The sufficient condition of [36, Proposition 7.4] can be verified by (2.16) and (2.21), and one
sees that

supp (Us,ig) C Br/(20) C Br(20),  Bry C supp (Vi) (2.22)

where vy j, is the unique minimizer to the functional
v .—>/ (IVl* = K {v]* = 2(viy — Aip)v) dx
Bg—1(z0)

in Kl(Bﬁk—l (z0)). Since Bg(zo) C €2, then in particular v, ;, is also the unique minimizer
to the functional

Teinging @ = [ (0P = R0l =205, = 1)) dx
Q

inK; (€2). The second inclusion in (2.22) implies {v,. ;, > 0} # @, therefore Ji, Vig Mg (Vs,ig) <
0.
Since Bg(zp)N Q = @, then first inclusion in (2.22) implies supp (Vx,i5) N Q = 0, therefore

Wy = (Us,1, -, Us jg—15 Ux i T ﬁ*,[oa Useig+1s " Usem) € S (€2),

as well as Vi, ;- Vi jo = 0 and 0y jous ;, = 0. If we consider the functional Ji with
k= (k,---,k)and f; = u; — A;, then we see that

Ji(Wy) = Z/ (Vi I* = K2t i1 = 2 — A ) dx
iig U
+ / (IV g + Brig) 1* = K |ty + Dssig* = 2(ip — Mig) (Ui + i) dx
Q
= Tk k(W) + / (IV i 12 = K2 (D510 1> = 2(1ip — ig)Vig) dx
Q
= Thoo kW) + Tty iy i) < Ty k (W),

which contradicts the minimality of w, € S, (2).
Therefore, we conclude that U; \ supp (u«,;) = @ foralli =1, -- - , m, whichis equivalent
to U; C supp (u4,;) foralli =1, .-, m, which concludes our theorem. O
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3 Two-phase problem through partial balayage
3.1 Main results

It appears that Theorem 2.4 does not ensure the crucial support condition (1.13) in our
application. Even for the one-phase case with k = O there is no simple way to guarantee the
support condition. To address this limitation, we slightly refine Theorem 2.4 specifically for
the case of m = 2, as presented in Theorem 3.1 below. This refinement employs a potential-
theoretic analysis known as partial balayage [17, 19, 22-24]. The framework adopted here
largely follows the concepts outlined in [18, 19]. For ease of discussion, we introduce the
same terminologies as in [19].3

Definition Let k > 0. A function s that is upper semicontinuous (USC) and satisfies (A +
k%)s > 0 in the sense of distributions will be referred to as k-metasubharmonic.

Similarly, s will be termed k-metasuperharmonic if —s is k-metasubharmonic. Addi-
tionally, we use the term k-metaharmonic when s is both k-metasubharmonic and k-
metasuperharmonic.

The partial balayage heavily relies on the following concept:

Definition We say that the k-maximum principle holds on a domain (i.e. open and connected)
© C R” if the following properties holds: Every k-metasubharmonic function s which is
bounded from above and satisfies

limsup s(x) < O for all z € 92 apart (possibly) from a polar set

X—>Z

must also satisfy s < 0in Q.

‘We introduce the number

k«(2) := sup {k : there exists USC s < 0 in Q satisfying (A + k?)s > 0in Q} .

It is worth mentioning that there exists a positive eigenfunction 4 of —A corresponding to
k« = k«(£2), meaning

(A + IE*)h =0and 2 > 0in 2, h|yn = 0in a suitable sense,

as stated more precisely in [4, Theorem 2.1]. Importantly, it is also noted that ks () = ke (R2),
where k, is the number given in (2.3), a result that holds true for arbitrary bounded domains
€2, as shown in [19, Proposition 2.6]. The connectedness of €2 is crucial here. Additionally,
it was demonstrated in [19, Proposition 2.8] that the following are equivalent (see also [4,
Theorem 1.1]):

(i) the k-maximum principle holds on £2;

(1) 0 <k < ky;
(iii) there is a positive k-metasuperharmonic function on €2 which is not a multiple of 4;
(iv) there is a k-metaharmonic function v > 1 in .

3 The approach based on Balayage, does not straightforwardly generalize to multi-phase cases, and one would
need to find an enhanced version of it to assure an existence theory with the support-inclusion conditions (1.13).

@ Springer



Partial Differential Equations and Applications (2024) 5:13 Page 17 of 28 13

By imitating some ideas in [17, 18], we now introduce a version of partial balayage which
is slightly general than the one in [19, Section 3]. Let k > 0. Given an open set D C R”" and
a positive measure p with compact support in R”, we define

Fep(p) i=ve Z[R"): ~(A+k)p <1inD, v<UfinR"
’ the set {v < U}'} is bounded ’

where the potential is given by

n=2

n 1 k\?2 _n=2
Ot = [t = ann W =5 (5] " T i,

We simply denote
Fr(w) = Fpre ().

Obviously .Z; () C Fi, p(n), and by [19, Theorem 1.4], one can guarantee % (1) # 9,
and so is %, p(un), when k > 0 is sufficiently small such that

r@®R") < cr(Ry), (3.1a)

where

2 k

see also [19, Corollary 3.21 and Corollary 3.22] for some refinements.
By using the ideas in [19, Lemma 2.4], which involves Kato’s inequality for the Laplacian
[5] (see also [18, Corollary 2.3]), one sees that

-1 2rr z g no_n=2
Ry =k ju2, cr(r)=|— J% (kr) = Qmt)zk™ 2 J% (kt)dt,
0

max{u, v} € F p(n) forallu,v e F p(u).

Standard potential theoretic arguments [2, Section 3.7] now show that .%; p (1) has a largest
element, which has a USC representative. We denote this function by Vk” p» Which also can be

referred to as the partial reduction of U ,é‘ [17]. Accordingly, we can define the non-contact
set by

oen() = {Vi'p < U} onn) = or o),
and the partial balayage is defined by
Baly p(n) == —(A + kz)Vk’fD in 2/ (R"), Bal;(u) := Baly gn ().

Obviously one has V" < V}* ) and @y p (1) C @i () N D for any open set D. If we further
assume that
n@®R") < cr(Ry), (3.1b)

since wy (1) is bounded, then one can choose € > 0 such that
(1t + €Ml () R") = u(R") + em(wg (1)) < ek (R)-

again using [19, Theorem 1.4], we see that 7 (u + €|y, () 7 9. Consequently, by using
[19, Theorem 3.9] we see that

wi () satisfies the k-maximum principle (i)—(iv). 3.1¢)

By using the fact V', = U} in R"\ D, one can easily verify that

w _ p/Balp(p)
Vk,D =U, .
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Following the same arguments as in [17, 19], similar to [18, (5)] or [42, (4)], one also can
show that there exists a measure v > 0 which is supported on 0D N dwy, p (1) such that

Balg p (1) = My, p) + HlRMwp p) T V5 (3.2)

where m is the usual Lebesgue measure. In addition, Baly, p(¢) < 1in D. Here and after, we
identify m with 1. When D = R", the above definitions are identical to the one mentioned
in [19].

We will prove the following analogue to [18, Theorem 5.1].

Theorem 3.1 (See (3.15) below for a more precise description) Let pu+ be positive measures
with disjoint compact supports in R", and let k > 0 satisfies

p (R + o (RY) < p(Re) = (2 juz2)3 Ty (a2 )" (3.3)

If
wi(u—) Nsupp (k1) =¥, wr(pu4+) Nsupp (u—) =¥ (3.4)

and additionally assume that

Supp (144) C @ g\ ey (U4)s SUPP (=) C 0 gy gy (M=) (3.5)

then there exist two disjoint open bounded sets D+ such that (D4, D_) is a two-phase (k, k)-
quadrature domain, in the sense of (1.7), with Ay = A_ = 1, which the support condition
(1.13) holds.

By combining Theorem 3.1 and [33, Theorem 7.1 and Remark 7.2], we also can prove
the following result:

Theorem 3.2 Let i+ be positive measures with disjoint compact supports in R". There exists
a positive constant ¢, depending only on dimension n such that the following statement holds
true: If k > 0 satisfies
Cn
0<k< 3.6)
(4 + p)(Rm)Y/n

and p satisfy (3.4) as well as the concentration condition
I u+(Br(x)) 1

imsup ——= > —

r—04 rt Cn

—(B 1
lim sup Lnr(y)) > — forally € supp (1-),

r—04 r Cn

Sfor all x € supp (u+),
(3.7)

then there exist two disjoint open bounded sets Dy such that (D4, D_) is a two-phase (k, k)-
quadrature domain, in the sense of (1.7), with A+ = A_ = 1, which the support condition
(1.13) holds.

3.2 Proofs of the theorems

Given a signed measure 4 = 4 — u— with compact support and a Borel function u : R" —
[—o0, +00], we define the signed measure

G ) = (g = Dy = (g = Dlpmg) = (2= = Dy = (e = Dlpuzqy) -
We recall the properties of 1:
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Lemma3.3 ([18, Lemma 4.1]) Let u,ui,upy : R" — [—o0, +00] be Borel measurable
functions, W, L1, w2 be signed measures with compact supports, and A C R" be a Borel set.
Then

(@ n(—u, —p) = —nu, w;
) u—1=n,pn) <pu+1; and
(©) utla <uzla and pyila > p2la imply n(ui, pw1)la > n(uz, u2)la.

Similar to [18, Section 2.2], by a §-k-metasubharmonic function on an open set 2 we
mean a function w = 51 — s, for some k-metasubharmonic functions s; and s> on €2, which
is well-defined outside the polar set where s = s = —o0. By using exactly same ideas there,
we also can refine this observation using the fine topology: As a distribution, —(A + k%)w
is locally a signed measure, and there exists a unique decomposition

—(A+EH)w = (—(A + KHw)g + (—(A + kP)w).

where (—(A +k2)w)q does not charge polar sets and (—(A + k?)w). is carried by a polar set.
We always assign values to a §-k-metasubharmonic function in the following way (without
explicitly mention after that):

w := 400 a.e. with respect to ((—(A + kz)w)c)+,
w := —oo a.e. with respect to ((—(A + kz)w)c)_,

where (—(A+k?)w)e = (—(A+k2)w)e) +— ((—(A+k2)w)e)_ is the Jordan decomposition
of (—(A + kHw)e.
It is convenient to define W,ﬁf p=Ui — Vk’f p» Whence W/' + p is lower semicontinuous
(we use the abbreviation “LSC”), and we also denote Wk = Wk rn- We now define
T = {w : w is §-k-metasubharmonic, — (A + kz)w >n(w, n) and w > =W, "~ in R”} .
Fix any ¢ € C®(R") with (A + k%) = 1, we also can consider the collection
Ty = lw+U" —9p:wen,l,

where the elements of 7, . are suitably refined on a polar set to make them k-

metasuperharmonic. When k = 0, one can simply choose ¢(x) = |x|?/2n. We now modify
[18, Lemma 4.2] in the following lemma:

Lemma 3.4 Let 1 be positive measures with disjoint compact supports in R", and letk > 0
satisfies (3.1a) with respect to . If vi, vy € r,é u with @ = (4 — —, then min{vy, v2} €

’
Tep

Proof Let vy, vy € rk and write v; = w; + Uk — ¢ where w; € 7} 4. Following the
arguments in [18, Lemma 4.2], by using [19, Lemma 2.4] one can show that min{vy, v} is
8-k-metasubharmonic function and min{w;, wy} > Wk in R”, as well as

n(min{wy, w2}, w) = (Wi, 1)l {w—w<0) + VW2, 1) |{w) —wy>0}-
By using Kato’s inequality for Laplacian, one further computes that
n(min{wy, wa}, 1) < —(A + kWil (w, —wy<0) — (A + K32y —wy>0)
< —Amin{wy, w2} — K1 |y <wy) — k2 Wal{uwy<uy) = —(A + k) minfwy, wy},

we conclude our lemma. O
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We can prove the following two technical lemmas by employing the ideas presented in
[18, Theorem 4.3].

Lemma 3.5 Let . be positive measures with disjoint compact supports in R", and letk > 0.
Consider uy and uy as §-k-metasubharmonic functions with

{ur #0} U {up #£ 0} C Q

for some open set Q such that the k-maximum principle ()—(iv) holds. If —(A + k*)u; >
nui, k) and —(A + kuy < n(ua, ) with o = Uy — [, then it follows that u, < uj.

Proof One computes that the function v = up — u; satisfies
— (A + K < nuz, ) — nur, @)
= (U4 — 1)—|{u1>o} - (U4 — 1)—|[u2>o} + (u- — 1)—|{u2<0} — (U- — 1)—|{u1<o},

so —(A + k%)
that

|{v20} < 0. By using the Kato’s inequality as in [19, Lemma 2.4], one sees

(A+ vy > (A +EH] 0,

w=0) =

in other words, v is k-metasubharmonic. Since {vy > 0} C €, we conclude v, = 0 by
k-maximum principle (i)—(iv), which completes our proof. O

If we have the assumption (3.3), from the discussions in (3.1c) above we know that
Fi(p4 + pu-) # ¥ and

i (4 + ) satisfies the k-maximum principle (i)—(iv). (3.8a)
By using [19, Lemma 3.3], we have
op(p) U (i) C og(is + po). (3.8b)
Based on these observations, we now able to proof the following lemma.

Lemma 3.6 Let 1 be positive measures with disjoint compact supports in R", and let k > 0
satisfy (3.3). Consider u as a §-k-metasubharmonic function with {u # 0} C wr (4 + (—).
Then the following hold:

@) If —(A+kHu < n(u, w) with p = py — pu—, thenu < W/,
®) If —(A+ Ku > n(u, w) with u = py — u—, thenu > —Wlﬁ" and so u € T .

Proof First of all, we remind the readers that W,ﬁ‘ * is non-negative (see the definition of
Vk“ * and the definition of .% (1)), 8-k-metasubharmonic and has compact support. Since
Balg(t+) < 1in R", by the structure of partial balayage (3.2) we see that

et lpwrs —gy = Bt lRmapuy) < 1-
Consequently, together with Lemma 3.3(c) we compute that
— (AW = iy = Bali(peg) = g — Ml o) = p |y g,
= (k4 = Dlgyrsop = (e = D = (g = Dy L) = n(We™, )
> (Wi, w.
Now we choose u; = W,i”, ur =uand Q = wk (4 + p—) in Lemma 3.5 (together with

(3.8a)—(3.8b)) to conclude u < W,f * and we complete the proof of Lemma 3.6(a).
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We now replacing p with —u to obtain
— (A KDWY = A+ DW= W (—w)y)
f _n(Wk _s _/“L) = n(_W]éL_a M)v

where the last equality follows from Lemma 3.3(a). Now we choose u; = u, up = =W~
and Q = wy (14 + pn—) in Lemma 3.5 (together with (3.8a)—(3.8b)) to conclude —W,f‘ <u
and we complete the proof of Lemma 3.6(b). O

‘We now follow the arguments in [ 18, Theorem 4.4, Theorem 4.5, Corollary 4.6, and Remark 1]
to establish the following lemma.

Lemma 3.7 Let u be positive measures with disjoint compact supports in R, and let k > 0
satisfies (3.3). If we write . = i — ju_, then the set Ty ;, contains a least element WZ with

{Wﬁ: # 0} C wr(uy + _)* If the following support conditions hold:
supp (1) C Dy = |iW,ﬁ‘ > 0} , (3.9)

then both Dy are open set in R" and the pair ofdomams (D4, D) is a two-phase (k, k)-
quadrature domain with .y = A_ = 1, that is, i := Wk satisfies the model equation (1.7)
withky =k_ =kand Ay =A_ = 1.

We now ready to prove Theorem 3.1.

Proof of Theorem 3.1 We define

Mt H— M4 H—
u:=Ww - -, v=W [ 7
k k. R\ (1) k. R\ (1) k

and using the disjoint condition between p4 (3.4) we observe that

{lu <0} = o gy (=), {u > 0} = (),

(3.10)
{v >0} = gn gy W),  {v <0} = o ().
Combining (3.5) and (3.10), we reach
supp (u4+) C {v > 0}, supp(u-) C {u < 0}. (3.11)

By using (3.8b), we see that all the sets mentioned in (3.10) are contained in wg (L4 + ©—),
and thus

{u#0}U{v # 0} C or(uy +p-). (3.12)

For readers’ convenience, we recall (3.8a): w (44 + p—) satisfies the k-maximum principle
(1)—(v).

On the other hand, by using the structure of partial balayage (3.2), from (3.10) one sees

that
— (A + K = g = Bale(iey) — p + Baly oo (1)

= (U4 — l)lwk(u+) —(u- — 1)|kaRn\m(u_) +v
> (Uy — 1)l{u>0} - (u— — l)|{u<0}-

4 Since W/f T>0> - ”_ , then Wk € Tk, By definition of 7, and the minimality of W;: , one has

W,':"' > W;: > —W,': Consequently by (3.8b), one reaches {W;: # 0} C wr(u4+ + pn—). This condition
is essential when applying Lemma 3.6.
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In view of the structure of partial balayage (3.2) (with D = R"), one observes that p <1
outside wy () = {u > 0}, hence one sees that

— (A +Ku = (s — D=0y — (= — Doy = n(u, ). (3.13)

Combining (3.13) and (3.12) with Lemma 3.6, we conclude u € 1 ;,, and we reach u > Wf
Consequently, from (3.11) we conclude that

supp (u—) C {u < 0} C (W <0}. (3.14a)
One can similar show that
supp (iuy) C {v > 0} C {W; > 0}. (3.14b)

This means that the support conditions (3.9) are verified by (3.14a) and (3.14b). Using the
second part of Lemma 3.7, we can conclude our theorem defining

Dy =W >0}, a=W}. (3.15)
O

Using Theorem 3.1, we can prove Theorem 3.2 following the ideas in [18, Corollary 5.2].

Proof of Theorem 3.2 First of all, let ¢, be the small positive constant (depending only on
dimension) described in [33, Theorem 7.1]. Let x € supp () and from (3.7) there exists a
decreasing sequence of positive numbers {r;} which converges to 0 such that

1
W (B, (x)) > —r;’ forall j € N.
c

n

If n+({x}) = 0, then from (3.4) we know that there exists j such that

Wk (M+|B,j (x)) CR"\ o (u-).

Applying [33, Theorem 7.1] to the measure p4|p () We see that
J

x € By () C on (slp, 1) = O pmarisy (H+la, ) © Opmnas (44) - 3.16)

If p+({x}) > O, there exists € > 0 such that €5, < p, using similar arguments as in [19,
Lemma 3.3], one can show that

X € wk,R"\iwk(u,)(E(SX) C kaRn\iwk(ui)(ug. (3.17)
We now combine (3.16) and (3.17) to conclude

Supp (i+) C @ o gy ()

Similar arguments also work for p_, verifying condition (3.5). Possibly replacing ¢, by a
smaller constant, still depending only on dimension 7, the condition (3.3) can be guaranteed
by (3.6). Therefore we conclude Theorem 3.2 using Theorem 3.1. O
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Appendix A. The Pompeiu problem (a minimization viewpoint)

Given a ball Br withradius R > 0 we consider the functional corresponding to k; = k, =k,
f1 = —1, fo = 1 (This corresponds to Theorem 2.2 with u; = 0and A; = 1,and A, = —1):

Tex(U) = / (IVU)* = k*U* +2U) dx U € Hy (Bg).
Br
In view of Theorem 2.1, we consider the function # which is a solution of the following
(unstable) two-phase problem, or no-sign one-phase problem:
(A +k>)ii = xp inR", @ = 0 outside D, (A1)

provided D C Bg.If k < ky(Bg) = j%,lk_l, then the (unique) minimizer of J; x must
trivial. This suggests us to consider the case when k > k,(Bpg). In this case, the above
functional is indeed unbounded below in HOl (BR), see [36, Lemma 3.1] or a more concrete
example below in (A.8). The main theme of this appendix is to exhibit some interesting point
of jk,k as below:

Theorem A.1 Let it be a solution of (A.1) for some bounded Lipschitz domain D in R", then

it satisfies
- n - n—+2
IVal7a ) = 5Pl K alga ) = 2 |D (A2)

and it is neither a local minima nor local maxima of the functional jk,k in Ho1 (BR) for each
R > 0 with D C Bg.

Remark See Example A.2 below for an example of such D in (A.1).

Proof of Theorem A.1 By integrating the identity V - (x|u 12) = n|u|? + 2ux - Vu over D, one
can easily obtain

n 1
(u,x -Vu)2p) = —§||M||i2(1)) + §<x v, ul*)ap (A.3a)

for all real-valued u € H'(D). On the other hand, combining the equations’
V- (x|Vul?) = n|Vul> + x - V(|Vul?)

and
X - V(|Vu|2) =2(V-NVulx-Vu)) — Au(x - Vu)) — 2|Vu|2

=2(Vu-V(x-Vu) —2|Vul?,

5 These differential identities are suggested in [12, 15].
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we obtain
2—n , 1 2
Vu-V(x-Vu) = Tqul —I—EV-(leul ).

Then by integrating the above identity over D we obtain

2—n 1
(Vi Ve Vi) g2y = —5 IVulZs y + 500 ValPap. (A3D)

for all real-valued u € H2(D). See also [15, Lemma 2.3] for a probabilistic version of
(A.32)—(A.3Db).
If we choose u = i1, then from (A.3a)—(A.3b) we see that

~ ~ n . ~ - —n -
(@i, x - Vi) j2p) = —Enuniz(m, (Vit, V(x - Vi) 2(py = anniz(m

because & = |Vit| = 0 on d D. By testing (A.1) using x - Vii over D, we see that

—n/ ﬁdx:/ (x-v)ﬁdS(x)—n/ ftdx:/x~Vﬁdx
D aD D D

/ (Afl + k2i0) (x - Vi) dx = —(Vii, V(x - ViD)) 2(py + k2, x - Vi) 2py (A4
D

n—2 __ 5 K*n . 2
T”V””L2(D) - THMHLZ(D)a

On the other hand, we integrate (A.1) over D to obtain

|D|:/ Aﬁdx+k2/ﬁdx:/ v-VﬁdS(x)+k2/ﬁdx:k2/ﬁdx. (A.5)
D D oD D D

We combine (A.4) and (A.5) to obtain the energy estimate

n n—2.__5 Kn o,
We also test (A.1) by #, and using (A.5) to obtain
i|D| = | ddx = | (Aid+kKd)idx = —||Vii|%,, . +k2|li]? (A7)
k2 b b - L2(D) L2(D) :
Solving (A.6) and (A.7), we reach (A.2), that is,
n+2 4y~ 02 n 219012
TIDI =k a2 p) EIDI =k IVallg py-
For each t € R, from (A.5) and (A.2) we see that
= iy — 2 (1vin2 LR o [ ide — 22|D|
T iy = 12 (Vi ) = K21 ) + 20 adx= s
for all R > 0 with D C Bg. It is clear that
lim Jex i) = —00, max Fetd) = Jx(@) = o) (A8)
t—+o0 ’ ’ teR ! ’ k2 ’
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which shows that jk,k is unbounded below in H&(BR) and u is not a local minimum. We
now fix an eigenfunction ¢ € HO1 (BRr) with —A¢ = k(2)¢ with kg > k. We see that

Tl +18) = Font@) + 21 [ Vi Vo ar +21V61
D
—2k2t/ a¢dx—t2k2||¢||§2(m+2z/ ¢ dx
D D
= Jex () + 21 (kG —kz)/ i dx + 17 (7 = kD172, ) +2z/ ¢ dx
D D

> Fealii) + 21 ((kﬁ ~i) [ dgav+ [ ¢>dx> .
D D
If (kg — k%) [pia¢dx > [, ¢ dx, then we see that
T k(i +1¢) = Ji i (i) foralls > 0;
Otherwise, if (k3 — k?) [}, ii¢p dx < [, ¢ dx then we see that
Tk +1¢) = Jex(@) forallr < 0.
In either case, we see that i is not a local maximum. O

Example A.2 (A refinement of [33, Example 2.3]) For eachm = 1,2, 3, - - -, we now show
that By-1;, isanull k-quadrature domain. We consider the function x > |x| e J n2 (k|x])
E 74111

that solves (A + k*)u = 0 in R". By using the fact
2-n / 2-n
(t2 J% @) =—-t72 Jg 1),
one can easily see that {k’ljgym : m is odd} are all positive local minima with J% (Jam) <

0, while {k_]j%,m : m is even} are all positive local maxima with J% (j%’m) > (. For each
m € N, we define

. 2-n . 2-n
K™y 2" a2 (g ) — 112" Tz (Rl

] — for all |x| < k_]ja, ,
iy (x) = kz(k_lj%,m)zTJ% (Jz.m) -

0 otherwise.
We see that x(z,,>0)Uti <0} = XB 1 and @i, € CH1(R") satisfy (A.1). It is interesting
7.]"
to mention for the case m = 1 that z; > 0 in R”".

Recall that the assumption in the Pompeiu problem [38] is equivalent to the existence of
a function i solving the two-phase problem (A.1) for some k > 0, as demonstrated in [44,
45]. It’s worth mentioning that [45] guarantees that if D has a Lipschitz boundary d D which
is homeomorphic to the unit sphere in R” and it satisfies the assumption in the Pompeiu
problem, then the boundary of such D must be analytic. However, the unanswered question,
posed in [46, Problem 80], is whether D, a bounded Lipschitz domain homeomorphic to a
ball and satisfying (A.1), must be a ball or not.

Partial results exist [3, 6,7, 20] as partial answers to this question. In [33], it is observed that
such a domain D is also a k-quadrature domain. Therefore, using the maximum principle
along with the positivity of the first Dirichlet eigenfunction of —A, it is necessary that
k > k. (D). This problem is challenging from the following perspective:
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e By using Theorem A.1, one sees that nontrivial local minima (if they exist) of the func-
tional jk, k in Hé (BR) never satisfy (A.1). We do not see how to study the symmetry of
null k-quadrature domain by directly using the ideas in [1, Corollary 1].

e The lack of positivity of solution to the Pompeiu problem, is also an obstacle for using
the moving plane technique.

e It is easy to see that k > 0 is also a Neumann eigenvalue of D with eigenfunction
U = ii — k=2, which satisfies |5, = —k~2. One also can see e.g. [21] for isoperimetric
inequality for (Dirichlet, Neumann or Robin) eigenvalues. The main difficulty is the
knowledge of v|,p does not explicitly contained in the Courant minimax characterization
of Neumann eigenvalues. Therefore we also believe that the Courant minimax principle
is not helpful in the study of the Pompeiu problem.
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