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Abstract
In this paper, we prove the well-posedness of the initial-boundary value problem for a non-
local elliptic-hyperbolic system related to the short pulse equation. Our arguments are based
on energy estimates and passing to the limit in a vanishing viscosity approximation of the
problem.
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1 Introduction

This paper is dedicated to the well-posedness analysis of the following initial boundary value
problem

du — g0y (uv) = bP, 1>0, x>0,

Ox P =u, t>0,x>0,
a3§v+ﬂ8xv+yv=/(u2, t>0,x>0,

oxu(t,0) = g(), t >0, (1.1)
P(t,0) =0, t >0,

v(t,0) = h(1), t>0,

u(0,x) = ug(x) x > 0.
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The equations in (1.1) belonging to the large class of systems of the form

o + gaxu3 — aﬁiu + qoy(uv) =bP,
0P =u, (1.2)
otB)%v + Boyv + yv = Ku?,

are termed continuum spectrum pulse equations [7-9, 55, 60, 61, 68, 79]. They describe the
dynamics of the electrical field u of linearly polarized continuum spectrum pulses in optical
waveguides, including fused-silica telecommunication-type or photonic-crystal fibers, as well
as hollow capillaries filled with transparent gases or liquids.

The constants a, b, g, ¢q, o, «, B, y,in(1.2), take into account the frequency dispersion
of the effective linear refractive index and the nonlinear polarization response, the excitation
efficiency of the vibrations, the frequency and the decay time (see [8, 9, 79]).

From a mathematical point of view, in [29], the well-posedness of the classical solutions
of the Cauchy associated with (1.2) is proven.

Taking b = o = B8 =0, (1.2) reads

At + <g n ﬂ) deu® — addu =0, (13)
y

which is known as modified Korteweg—de Vries equation (see [23, 45, 59, 75, 81]).

In[6,7, 10, 63-65], it is proven that (1.3) is a non-slowly-varying envelope approximation
model that describes the physics of few-cycle-pulse optical solitons. In [34, 59], the Cauchy
problem for (1.3) is studied, while, in [23, 75], the convergence of the solution of (1.3) as
a — 0 to the unique entropy solution of the following scalar conservation law

qgK 3
o+ <g+—> ocu” =0 (1.4)
Y

is proven.
On the other hand, taking @ = @ = 8 = 0 in (1.2), we have the following equation

Oru + (g + %) dyu® =bP,
Y
0y P = u.

(1.5)

It was introduced by Kozlov and Sazonov [61] as a model equation describing the nonlinear
propagation of optical pulses of a few oscillations duration in dielectric media, and Schifer
and Wayne [76] as a model equation describing the propagation of ultra-short light pulses in
silica optical fibers.

In [3, 4, 30, 63-65], the authors show that (1.5) is also a non-slowly-varying enve-
lope approximation model that describes the physics of few-cycle-pulse optical solitons.
Meanwhile, [5, 24, 72, 74] show that (1.5) is a particular Rabelo equation which describes
pseudospherical surfaces.

System (1.5) is also deduced in [82] to describe the short pulse propagation in nonlinear
metamaterials characterized by a weak Kerr-type nonlinearity in their dielectric response.

It also is interesting to remind that equation (1.5) was proposed earlier in [69] in the
context of plasma physic and that similar equations describe the dynamics of radiating gases
[62,77]. Moreover, [31, 52-54] show that (1.5) is also a model for ultrafast pulse propagation
in a mode-locked laser cavity in the few-femtosecond pulse regime. Finally, an interpretation
of (1.5) in the context of Maxwell equations is given in [71].
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From a mathematical point of view, wellposedness results for the Cauchy problem of (1.5)
are proven in the context of energy spaces (see [50, 70, 80]). Similar results are proven in [20,
27,41, 51] in the context of entropy solutions, while, in [19, 33, 43, 73], the wellposedness
of the homogeneous initial boundary value problem is studied. Finally, the convergence of a
finite difference scheme is studied in [42].

Observe that, taking « = f = 0 and a # 0, (1.2) reads

oru + <g + ﬂ) 8xu3 — aagu =bP,
14
0y P = u.

(1.6)

It was derived by Costanzino, Manukian and Jones [48] in the context of the nonlinear
Maxwell equations with high-frequency dispersion. Kozlov and Sazonov [61] show that
(1.6) is an more general equation than (1.5) to describe the nonlinear propagation of optical
pulses of a few oscillations duration in dielectric media.

Mathematical properties of (1.6) are studied in many different contexts, including the
local and global well-posedness in energy spaces [48, 70] and stability of solitary waves [48,
67], while, in [34], the well-posedness of the classical solutions is proven.

In analogy with the convergence result of (1.3) to (1.4), in [27, 28], the convergence of
the solution of (1.6) as @ — 0 to the unique entropy solution of (1.5) was proved.

Taking g = a = 0 in (1.2), we have the following system:

Oru + q0x(uv) = bP,
0xP =u, 1.7
ozafv + Boyv+ yv = wcu’,

which represents a non-local formulation of (1.5) (see also [37]).

Conservation laws with non-local flux can be found in the context of traffic flow modeling
[1,12, 14, 15, 39, 44, 46, 47, 49, 56-58], in the context of sedimentation dynamic modeling
[11] and in the context of slow erosion modeling [2, 16, 78].

In [32, 37], the well-posedness of the classical solution of the Cauchy associated with
(1.7) is proven. Here we continue the analysis started in [37], studying the initial boundary
value problem associated to (1.7).

Since our argument does not depend on the sign of the coefficient ¢ here we assume

qg <0

and for the sake of notational simplicity from now on we write —g? instead of ¢

du — q2d(uv) = bP, >0, x>0,

0y P =u, t>0, x>0,
aafv—i—,BE)xU—i—yv:Kuz, t>0, x>0,

dcu(r,0) = g(), t>0, (1.8)
P(t,0) =0, t >0,

v(t,0) = h(?), t >0,

u(0, x) = up(x), x >0,

where d,u(z, 0) is the trace of d,u(zf, x) at x = 0.
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We can rewrite the problem as a boundary value problem for a single integro-differential
equation.

X

du — ¢y WVilu(r, )]) = b/ u(t, y)dy, t>0, x>0,
0

dyu(r,0) = g(1), t>0,
u(0, x) = uo(x), x >0,
where v (¢, x) = Vy[u(t, -)](x) is the solution of the problem
{aﬁfv+,88xv+yv:l<u2, t >0, x>0,
v(#,0) = h(@), t >0,
On the function g, we assume
g € Wh(0, 00), (1.9)
while on the function /, we assume
0< K]2 < h(t), he L*0,00), (1.10)
for some constant x; > 0. On the initial datum, we assume that
uo € L0, 00) N H'(0, 00), /oo up(x)dx =0, (1.11)
00 x ’ 2
1IP0I 0.00) = /0 ( /0 uo(y)dy> dx < oo, (1.12)
where Py(x) = /Ox uo(y)dy, x > 0. (1.13)

The zero mean requirement in (1.11) and the L? one in (1.13) imply that the solution
of (1.8) satisfies the same conditions at every time ¢ > 0 (see [17, 22, 35]), i.e.

o0
/0 W, 0dx =0, [P <00 120,

Those properties will play a key role in the estimates of the next sections.
In addition, on the constants «, 8, k, we assume

“_o Py (1.14)
K K
and either (1.15) or (1.16)
b,B,y#0, af <0, or, (1.15)
b#0, =0, ay <O. (1.16)

Observe that, in all cases, @ # 0. Therefore, we may set it equal to 1 and work with only
three constants.
We use the following definition fo solutions.

Definition 1.1 A triplet of real valued functions (u, v, P) defined on [0, c0) X [0, 00) is a
distributional solution of (1.8) if

o uc L%(0, 00; HX(0, 00)), P € L%(0, 00; H' (0, 00)), v € L3(0, 00; H'(0, 00));
e 0,u(-,0) =g, P(-,0) =0, v(-,0) = h in the sense of traces;
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e for every test function ¢ € C*°(R x (0, 00)) with compact support

o0

o0 o0
f / (udr — g uvd @ + bPg) dtdx—i—/ uo(x)@(0, x)dx = 0
0 0 0
o0 o0
/ / (Poyg +up)didx =0,  (1.17)
0 0

o0 o0
/ / (avdip — Pvdyg + yve — ku*p) dtdx = 0.
0o Jo

The assumptions (1.14), (1.15) and (1.16) on the constants guarantee the boundedness of
the L2 norm of u in time (see Lemma 2.3 below).
The main results of this paper are the following theorem.

Theorem 1.1 Assume (1.9), (1.10), (1.11), (1.13), (1.12), (1.14) and either (1.15) or (1.16).
Given T > 0, there exists a unique distributional solution (u, v, P) of (1.8) in the sense of
Definition 1.1 such that

ue H'(0,T) x (0,00) N L0, T; H'(0, 00)), (1.18)

ve L®0,T; H(0, 0)), (1.19)

P e L0, T; H*(0, 00)), (1.20)

/OO u(t,x)dx =0, t>0. (1.21)
0

Moreover; if (u1, v, P1) and (ua, va, P») are two solutions of (1.8), we have that

T
||M] (t7 ) - 14207 .)”LQ(O,OO) feC( " HUI,O —u20 ||L2(0 00) ’
’ (1.22)
T
||U] (t’ ) - Uz(t, ')”HQ(O,QQ) feC( " HUI,O —u20 ”LZ(O,OO) )

for some suitable C(T) > 0, and every 0 <t < T.

Finally, we decided to study only the stability with respect to the initial datum in order to
shorten the arguments.

In the next theorem we give a necessary condition on the constants that gives some
additional regularity on the solutions.

Theorem 1.2 Given T > 0 assuming either (1.14) or (1.15), if
By <0, (1.23)

there exists an unique distributional solution (u, v, P) of (1.8) in the sense of Definition 1.1
such that (1.18), (1.20) and (1.21) hold, while

ve H' (0, T) x RyNL®, T; H3(R) N W0, T) x R)

32.v e L0, T; L*(0,00)) N L>®((0, T) x (0,00)), 8d*v € L>(0, T; L*(0, o0)),
(1.24)
forevery 0 <t < T. Moreover, assuming (1.14), one between (1.15) or (1.16), and

0 < ki <h(r), heW'>®0,00), (1.25)

there exists an unique distributional solution (u, v, P) of (1.8) such that (1.18), (1.20),
(1.21), (1.24) hold. Finally, if (u1, vy, P1) and (ua, vy, P2) are two solutions of (1.8),
(1.22) holds.
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The paper is organized as follows. In Sect. 2, we prove several a priori estimates on a
vanishing viscosity approximation of (1.8). Those play a key role in the proof of our main
result, that is given in Sect. 3. In Sects. 4 and 5, we prove Theorem 1.2, under Assumptions
(1.23) and (1.25), respectively.

2 Vanishing viscosity approximation

Our existence argument is based on passing to the limit in a vanishing viscosity approximation
of (1.8)

dute — q*0y (Ueve) = bPs + £02u, >0, x>0,

0y Pe = ug, t>0,x>0,
a8§v£+ﬂ8xv£+yv£ =I(u§, t>0, x>0,

Oxug(t,0) == (1), t >0, 2.1
P.(t,0) =0, t >0,

ve(t,0) = he(2), t >0,

ug(0, x) = ug o0(x), x>0,

where 0 < ¢ < 1 and ug o, g >, h, are C* approximations of ug, g, h such that

o
”ué‘,O ”Hl(0,00) = ”uO”H](O,oo) s /() uS,O(-x)d-x =0, ¢ ” a)%us,() HLZ(O,OO) < Co,
lgelltoc0oe) < Con 0 <2 < he(t), lhellzoo0) < Co. (2.2)
X
|| PE,O ||L2(0 00) S ||PO||L2(0’OO) ) Wlth PE,O(X) = / ”s,O(Y)dy,
’ 0

and Cj is a constant independent on ¢. The existence of a unique smooth solution
e € C%([0, 00) x [0, 00)) N H2((0, 00) x (0, 00))

can be proved using the same arguments as in [25, 36, 38]. Finally, we want to point put

that the requirement ¢ H 8§u8,0 H L2(0.00) = Cp is quite common in the arguments based on

vanishing viscosity and it states the fact that the H2 norm of ug.0 1s not uniformly bounded
with respect to ¢ but it blows-up as ¢ — 0.

Let us prove some a priori estimates on u,, P, and v,. We denote with C all the the
constants which depend only on the initial data, and with C(T), the constants which depend
also on T. Moreover, we always assume that ¢ € (0, 1) is given,l (u,, ve, Pe) is a solution
of (2.1), and that (2.2) holds.

We begin by proving the following lemma.

Lemma 2.1 For eacht > 0, we have that

P.(t.00) = 0, 2.3)
/ et x)dx = 0. 2.4)
0

Proof Arguing as in [32, Lemma 2.2], or [18, Lemma 2.1], we have (2.3).
We prove (2.4). Integrating the second equation of (2.1) on (0, x) and using the boundary
conditions, we have that

P.(t,x) = /x ug(t, y)dy. 2.5)
0
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By (2.3) and (2.5), we get

oo
/ ug(t, x)dx = Pe(t, 00) =0,
0
which gives (2.4). O

Lemma 2.2 Foreacht > 0, we have that,
* o B Y
‘/0‘ ugaxvgdx - _ﬂ(axvé‘(t’ 0))2 + ; ”axva(t’ )”%12(0’00) - ﬂhg(t) (26)

Proof Multiplying the third equation of (2.1) by 9, v,, thanks to (2.1), integrating on (0, 00),
we get

o0

o0 oo
K/ uld vedx :a/ 0 Ve vedx + B 10xvet, 720 o) T y/ Ve dy Vedx
0 0 ’ 0

o Y
= — S @06, 002 + B 13xve (1, )2 00 = 5 V2 1, 0)

o
= 5 @xve(t, 0)% + B1IBve (1, 720,00 = ghﬁm,

which gives (2.6). O
We continue by proving an L2-estimate unform in €.

Lemma 2.3 FixT > 0and assume (1.15), or (1.16). Then, there exists a constant C(T) > 0,
independent on &, such that

2.2
e, g 426 [ osue (s, )2 o ds + T [ u2s, 0ds
L=(0,00) 0 L2(0,00) ) 0 &
2 t 2 t
q o q“p
v L2 /0 (drvets, 0)7ds — 2 fo 182065, )22 o) ds < CCT),

2.7
forevery) <t <T.

Proof Let 0 < ¢ < T. Multiplying the first equation of (2.1) by 2u,, thanks to (2.1), an
integration on (0, co) gives

d 2 %
E ”us(tv -)”LZ(O,OO) :2/0 ugatugdx

o0 oo

Pougdx +28/ usagugdx

o0
=24 / Uuedy (Upvg)dx + 2b /
0 0 0

o0

o0
=24 / updy (Ugve)dx + 2b f P.ugdx
0 0

= 2eue (1, 0)yus (1, 0) = 2¢ | dute (1, 172 g o)
e.¢] o0
:2(]2/ g0y (UgVe)dX + 2]?/ Poucdx
0 0

— 268 (Dus (1, 0) — 2¢ |9xus (1, )32 9 ) -
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Therefore, we have that
— ||u$<r M 20.00) + 26 195ttt 720 o)
0o 00 (2.8)
= 2q2/ Ugdy (UgVe)dx + Zb/ Pougdx —2e > (Hug(t,0).
0 0
Observe that, by the boundary condition on P, and (2.3),
o0 oo
Zb/ Poucdx = 2b/ P.0y P.dx = 0. 2.9
0 0
Moreover, by (2.1) and (2.6),
o0 oo
2q2/ uedy (e ve)dx = —2q%u>(t, 0)ve(t, 0) — 2q2/ UgdyllpVedx
0 0

o0
= — q2uA(t, 0)v. (1, 0) + ¢ f d.vendx
0

2 2
= — q*ul(t, 0)ve(t,0) — " S Bxve(t, 007 + —ﬂ 19xve (1, 17 20,00) — Kyhi(r)
5 2 2/3 2)/ 5
= — ¢*he(ul(t.0) - —(ax 0e(1, 0)% + == 10cve (1. ) g oy = o H20)
2 25 y
< —q*k{ul(t,0) — (a e (t, 00)% + == 100 (1, )2 00 = 5 hE(0)-

(2.10)
Using (2.9) and (2.10) in (2.8)
d 2y
T st )2 g ) + 26 100t (0 )2 g o) + K021 0) + "—wavg(r, 0))?
q*B

——ua Ve(t, 720,00y < —268 (D, 0)—2—h2(r> (2.11)
Since 0 < ¢ < 1, thanks to (1.10) and the Young’s inequality,
2 2
2¢lge Li2(t,0), ‘ﬂ R < C.
2K
Consequently, (2.11) becomes,
d q2K2
2 1 )0 0y F 28 10xtte (1 M 2,00 + =5 472, 0)
2
q o q /3
5 (06, 00 = == 1306 (1, )2 g ) = C-

Integrating on (0, t), by (2.2) we get
2 ! 2 ‘12"12 ")
”ng(l, .)”LZ(O,OO) +28/0 ||8xu€(sv .)”LZ(O,OO) dS + T‘/O ME(S, O)dS

2 t 2 t
g o 2 q°B 2
+ L8 [ 0o, 02s = T2 [ a0,

2
< [ue0] 120,000 C + Ct = €+ Ct < C(D),
which gives (2.7). ]
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We continue by proving the Lipschitz continuity of v,

Lemma2.4 Given T > 0. Assume either (1.15) or (1.16). There exists a constant C(T) > 0,

independent on &, such that

10x vell Loo(0,7)x (0,00)) <C(T),
0xve (£, )l £2(0,00) <C(T),
lve (2, 20,000 <C(T),

Ve ll oo (0,7 x (0,000 <C(T),

forevery) <t <T.

Proof (Proof assuming (1.15)) Let 0 < ¢ < T'. We begin by proving that

287 1105 0e (2, 1729 o) — @B@xve (1, 0))* < C(T) (14 192 ve ll L2 (0.7 (0.00))) -
(0,00)

Multiplying the third equation of (2.1) by 280, v, we have that
2Bad, 0820, 4+ 2B%(8,ve)? + 2By ve 0y ve = 2BKud, v,

Observe that -
2B / 0, ved2vedx = — Bar(Byve(1, 0))2,
0

o0
2By / vedvedx = — Byv2(t, 0) = —By (D).
0

Thanks to (1.15) and (2.18), an integration of (2.17) on (0, co) gives

o0
2B 1006 (1, )17 20, o) — @B (v (2, 0))* = 2B fo u2dvedx + By h2(1).

Since, using Lemma 2.3,

o0
2|B«| / 2|3 veldx + | By |h2(t)
0
< 218|192 Ve | (0.7 0,000 N6 5 720 o0y + 1BY 1)
< C(T) (14 19xvell oo (0.7 % 0.00)) ) »

(2.16) follows from (2.19) and (2.20).
We prove that for every ¢ € [0, T']

102, M 20,00y SCY 1+ 18cve Lo 0.1y 0,000

lve (2, 1l Lo (0,00 SC(T)\/l + 110x vell 2o (0.7 x (0.00)) -

Multiplying the third equation of (2.1) by 2y v,, we get

2yav£8§v£ + 2y Bvs0x Ve + 27/2%2 = 2)//<u§v5.

2.12)
(2.13)
(2.14)
(2.15)

(2.16)

2.17)

(2.18)

(2.19)

(2.20)

2.21)

(2.22)

(2.23)
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Observe that, thanks to (2.1),
2ya fooo Vedyvedx = — 2yave (1, 0)3,ve (7, 0) — 2y e |05 ve (1, ) 1720 o)
= —2yahe (8,0 (1.0) = 2y [10:ve (1. T2 oy (224)
2y /0 " vedvedx = — yB2(, 0) = —yBIA(0).
Therefore, integrating (2.23) on (0, co), thanks to (2.24),

oo
22 0s 0, M0y =20 [ wved + yBA2C)

(2.25)
+ 2y ahys (03 ve (1, 0) + 2y 1950 (1, ) 172g, o) -
Due to (2.2), (2.7) and the Young’s inequality,
[e¢]
20y« /0 uzlveldx <21yl e (t, )l Loo(0,00) I (5 1720, 00)
C(T)
SCT) ve e Mzio.00) < ==+ Di e, Mio.00 »

YBhE(t) + 21y allhs (1)]19:ve (1, 0)| <C +2C |3y ve (7, 0)] < C + (3, v (1, 0))%,

where Dj is an arbitrary positive constant, which will be specified later. It follows from (2.25)
that

c(m
2 t, <——+D t, o0
J/ llve ( )||L2(0 ) =D, + Dy [lve( )”L (0,00) (2.26)
+ C + (3xve (1, 0)” + 21yl [13:vs (1, ) 1720 o) -
Due to (2.2) and the Young’s inequality,
X o0
w2t ) =2/ vedyvedy + h2(1) < 2/ |V 182 Ve ldx + C
0
SI'UE(I7 )” (000)+||a vé‘(t )||L2(OOO)+C
Hence,
lve (2, T oo (0,00) < 10t T2 0,000 + 1006 a9 o) +C- (227
Since Dy > 0, (2.26) implies

cm
2)/ “vb‘(t )”LZ(OOO)S D

1 1
+ (1 + D—) C + (e (1,0)” + <2|ya| + DT) 10eve (1. )22 0, -

1

+ Dy ”Ué‘(t )”L2(0 00)

that is

) 1
(207 = D) et ) s g oy < (HDT)C

< C(
D,
1 2

+ <1 + Fl) C + (9,ve (2, 0))

1 2
2lya| + F]) ll0x ve (2, ')“LZ(O,OO) :
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Choosing D| = yz, we have that

P20t )2 g gy = CT) (14 @t 002 + 100061, ) o)) - (228

(2.21) follows from (2.16) and (2.28), while (2.16), (2.21) and (2.27) give (2.22).
We prove (2.12). Multiplying the third equation of (2.1) by 2«9y v,, we have

2020, 002ve + 208 (3, ve)? + 20y v 0y Ve = 20kU> D, V. (2.29)
Observe that,
X
202 [ 8,0.0%udy =000, ~ @ @c0.1,0))
0

N (2.30)
201)// Ve 0y Vedy =ayv§(t,x) — ayvgz(t, 0) = ayvf(z, x) — ayhg(t).
0

Integrating (2.29) on (0, x), thanks to (2.2), (2.7) and (2.30), we have

X X
o2 (3,ve (1, x))% = 2ou<f U0, vedx + a (d,ve (1, 0))% — 204,3/ (0yve)dy
0 0
—ayvi(t, x) — ayh(r)
o0
< 2lax| /0 195V dx + o B ve (1, 00)% + 2laBl [10:ve (1, )17 g o)

+ oy et ) e 0,00) + lay 112 (2)
< 2]ak| [18xve ll oo 0,7y % (0,00)) [l (2 ~)||iz(0,oo) + 202 (3, ve (1, 0))?
+ 200B1 1806 (2, ) 1720 o0y F lev HIe(, HF 00,00 + €
= C(T) (1 + ||3er||Lw((0,T)X(o,oo))) + 202 (0, v, (1, 0))?
+ 200B1 195V (1, 1720 00y + 171 1061, 1 e 0,00) -
Consequently, by (2.16) and (2.22), we have that
2 (@ ve (1, 200)2 < C(T) (14 182 Ve ll 2o (0,7 0,00)) - 231)
Hence,
@ 195 Ve 1700 0,7y 0,001 — € (T) 195 ve [l L (0,7 ¢ 0.00) — C(T) <0, (2.32)

which gives (2.12).
Finally, (2.13), (2.14) and (2.15) follows from (2.12), (2.13), (2.14) and (2.15), respec-
tively. O

Proof (Proof assuming (1.16)) Let 0 < ¢t < T. We begin by observing that, thanks to (1.16),
the third equation of (2.1) reads

a&qu + yve = Kzug. (2.33)
Following [18], or [33], in order to work with homogeneous boundary conditions we define
Wi(t, x) = ve(t, x) — he(t)e™™, x >0. (2.34)

‘We have that
A Wi(t, x) =0,ve(r, x) + he(D)e™™,

2.35
AZW1(t, x) = 820 (1, x) — he(t)e ™, 23
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and
Wi(t,0) = ve(t,0) — he(t) = 0.

Due to (2.34) and (2.35), (2.33) is equivalent to the following one:
ad> Wy + y Wy = k2u? + ahe(1)e ™ + yhe(t)e ™.
Multiplying (2.37) by 2y W1, we have that

20y Wi1d2Wy + 2y2 W2 = 2yl ul Wi + 2ayhe(0)e ™ Wi + 2y he (1)e ™ Wy.

Observe that, thanks to (2.36),
oo 5 5
20()//0 Wio; Widx = —2ay ||0, Wi (2, ')”L2(0,oo) .

Consequently, integrating (2.38) on (0, 0o), by (1.16) and (2.39), we have that

— 20y 0 Wi(t, ) 720,00 + 277 IWI (T 20,00

o0 o0 o0
=2yk / u2Widx + 2ayhe (1) / e Widx + 2y2h, (1) / e Widx.
0 0 0

Observe that

o0 1
/ e Xdx = —.
0 2

Thanks to (2.2), (2.41), the fact that y # 0, and the Young’s inequality,
o0 o0
2y line)] [ e IWildx <C [ e wilan
0 0
o0 Ce—x
_/0 ‘ 1%
o0 o0
212 he (1)) / e |Wildx <Cy? f e |Wildx
0 0

v’ 2
=C+ S IWLE 20 00

2

The L? estimate stated in (2.7) and (2.40) gives
—ay 19 Wit M 20 o) + 77 IWIE D720 00
[e.¢]
< iyl [ adwidx
0

< I IWil oo 0,700,000 et 12 o0 +C
< C(T) (14 IWill oo (0, 7% (0,00))) -
We prove that
Wil oo (0,7)x 0,00y < C(T).
Due to (2.36), (2.42) and the Holder inequality,

o0

X
W2(1, %) =2/ Wid, Widy < 2f LARA
0 0

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

Y
lyWildx < C + == Wi, ) 720,00

(2.42)

(2.43)

< 2IWi(, )l 220,00y 10 Wi )l 220.00) < CT) (14 Wil o (0,79 x0,000)) »
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for every x > 0. Hence,

2
W) ||L°°((O,T)><(O,oo)) = C(T) Wil oo (0, 1y% (0,000 — C(T) =0,

which gives (2.43).
Observe that, by (2.42) and (2.43), we have that

—ay 19 Wi, 70 00y + V2 IWIE T2 g o0) < C(TD). (2.44)
We prove (2.15). Thanks to (2.2) and (2.34),
Ve (t, )| < |Wi(t, x) + he()e™| < [Wit, x)| + |he(t)e ™|
< IWillLee(0,7)%(0,00) T C = C(T).

Therefore,
Ve ll oo (0,7 x (0,000 < C(T),

that is (2.15).
We prove (2.14). Thanks to (2.2), (2.34) and the Young’s inequality,

V2t x) = (Wi(t,x) + he()e™)” < 2W2(t, x) + 2k (e < 2W2(t, x) + Ce .
(2.45)
Integrating (2.45) on (0, 00), by (2.41) and (2.44), we have (2.14).
In a similar way, thanks to (2.2), (2.35), (2.44) and the Young’s inequality, we have (2.13).
Finally, we prove (2.12). We begin by proving that

@ (3,06 (1, 0)%) < C(T) (14 102 vell oo (0,7 % (0.00)) - (2.46)
Multiplying (2.33) by —2adxve, we have that
— 20{28X vgaivg — 2y V05V, = —2ouc2u§8x Vg. (2.47)

Observe that, thanks to (1.8), we have that

o
—20? / 3y v:02vedx = a® (8, ve(1, 0))?,
0
o0 (2.48)
—Zay/ Ve 0y Ved X =ayv§(t, 0) = ozyhg(t, 0).
0

Therefore, integrating (2.47) on (0, 00), by (1.16), (2.2), (2.7) and (2.48), we get
o0
otz(axvg(t, O))2 = - ouc[ ugaxvedx — ocyhg(t, 0)
0
o
< IaKI/ u2|9yveldx + C
0

< lorkc 195 Ve ll Loo (0.7 0,000 142 (5 12 ) + €
< C(T) (14 10xvell oo (0.7 x (0.00))) +

which gives (2.46).
Now, we prove (2.12). Multiplying (2.33) by 2«0y v,, thanks to (2.1), an integration on
(0, x) gives

X
a? (B ve (1, X)) = 20(/(2/ u2dyvedx + a(dyve(t, 0)% — ayv(t, x) + ayhi(t, 0).
0
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Therefore, by (2.2), (2.7), (2.14) and (2.46),
X
a?(Beve (1, %)% < 2|ax|/ u2|9yveldx + a9y ve (2, 0))?
0
+ lay [vA(t, x) + |ay |h2(t, 0)
o0
< 2|om|f W13, veldx + o3y ve (1, 0))°
0
+ lay [vA(t, x) + |ay|h2(t, 0)
< 2lak| 105 vell Loo (0,7 x (0,00)) Itte (, ')HZLZ(o,oo)
+ C(T) (1 + ||axve||L°°((0,T)><(0,oo))) + lay| ||Us||%oo((0,T)X(0,oo))

< C(T) (1 + 192 vell oo 0,7 x (0,00))) -
Therefore, we have (2.32), which gives (2.12). ]

Lemma 2.5 Assume (1.15), or (1.16). Define

Fe(t,x) = /Ox P.(t,y)dy, t,x>0. (2.49)

Then for every t > 0 we have
bF.(t,00) = b/Ooo Po(t, x)dx = q*uc(t, 0)he(r) + £g (1), (2.50)
F2(1,00) < Cu’(1,0) + C, (2.51)

where
Fe(t,00) = lim Fg(¢,x).
X—>00

Proof Integrating the first equation of (2.1) on (0, x), thanks to (2.1) and (2.49), we have that

bF.(t,x) = / Qe (t, Y)dy — qPup(t, X)vs (1, x) + % (t, 0)he (1)
A (2.52)
— edyue(t, x) + £8:(1),

for every x > 0. Observe that, differentiating (2.4) with respect to 7, we have that

d %) 00
—/ ug(t, x)dx = / Orug(t,0) =0, (2.53)
dt 0 0

therefore (2.50) follows from (2.52) and the fact that u, v, d;v, vanish at infinity.
Finally, we prove (2.51). Since 0 < ¢ < 1, by (2.2) and the Young’s inequality,

2
BEFX(t, 00) = (qPue(t,0ho (1) + & > (1)) < 2q*ul(t, 0)h2(1) + 262 g2 (1)
<Cul(t,0) +2g2(t) < Cul(1,0) + C,
which gives (2.51). O

Lemma2.6 Fix T > 0 and assume (1.15), or (1.16). There exists a constant C(T) > 0,
independent on ¢, such that

t
1Pe (2, 19 00y +265 e /0 eI flue (s, 179 o) ds < C(T), (2.54)
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forevery 0 <t < T. Moreover, we have that

| Pell Loo 0,7y % (0,00)) < C(T). (2.55)
Proof Let 0 < ¢t < T and x > 0. We begin by observing that, differentiating (2.5) with
respect to ¢, we have that

d X X
0 Ps(t,x) = d—/ ug(t,y)dy = / rug(t, y)dy. (2.56)
tJo 0
It follows from (2.52) and (2.56) that
0; P — qzuavs + qzua(tv 0)he(t) — 0xus(t,x) +& > (t) =bF;. (2.57)

Observe that, thanks to (2.1) and (2.49),

00 o0 o0
_2q2/ Pougvedx = — 26]2/ Peoy Povedx = 612/ axv5P62dx’
0 0 0

o0 o0
—2ef0 Pydue(t, x) =2s/0 O Peedx =26 Jue(t, )72 o) » (2.58)

o0 oo
Zb/ Fe Pedx :2b/ Fedy Fedx = bF2(t, 00).
0 0

Therefore, thanks to (2.49), (2.50) and (2.58), multiplying (2.57) by 2 P, an integration on
(0, 00) gives

Pt YPag o + 26 et I
dl e\l LZ(O,OO) e\l L2(0,OO)
o0
— g2 f dyve P2dx + DF2(1, 00) (259)
0
— qPus (1, 0)he (1) Fe(1, 00) — £c (1) Fe (1, 00).
Since 0 < ¢ < 1, due to Lemma 2.4, (2.2), (2.51) and the Young’s inequality,
2 [ 2 2 2
g /O 105061 P2dx <2 100 0. 0000 1Pt )
< CD Pt )20 00) »
|b|F2(t, 00) <Cu?(t,0) + C,
@ lus (t, 0)||hs (1) Fe(t, 00)| <Clug(t, 0)|| Fe(r, 00)| < Cug(l‘, 0) + Cng(l, 00)
<Cu?(t,0) + C,
el = (|| Fe(t, 00)| <C|Fe(t, 00)| < Cug(t,o) +C.
Consequently, by (2.59),
Pt 2 + 26 llue (¢, )13 < C(T) |P(t,)]I; + Cu(1,0)+ C
d[ [ACER LZ(O,OO) & ug(t, - LZ(O,OO) = e\t, " LZ(O.OO) ue 5 .
The Gronwall Lemma and (2.7) give

t
1P )22 o + 265D /0 eCD Yty (5, ) gy 5
t
<C+ CeC(T)t/ eiC(T)Sug(s, 0)ds
0

t
<C(T) + C(T)/ u?(s, 0)ds < C(T),
0
that is (2.54).
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Finally, we prove (2.55). Due to (2.1), (2.7), (2.54) and the Holder inequality, for every

x>0
X X o0
PX(t, x) =2f P.dy P.dy =2f Pougdy < 2/ | Po||ue |dx
0 0 0
< 20 Pe(t, Il 20,00y et I L2(0,00) < C(T)-
Hence,
2
”PSHLOO((O,T)X(O,oo)) < C(),
which gives (2.55). O

Lemma 2.7 Fix T > 0 and assume (1.15), or (1.16). There exists a constant C(T) > 0,
independent on &, such that

Jute (1, ) 0,000 = CC)NBette (1, ) 120,00 (2.60)
192068, 9| 0,00 = CT) (14 100061, )l 20.00)) (261)

forevery) <t <T.

Proof Let0 <t < T.We prove (2.60). We begin by observing that, by (2.7) and the Holder
inequality,

o0

X
ug(t,x) :2/ UgOxuedy 52/ |ug||Oxug|dx
0 0
< 2 e (1. )| 20,000 Nxte (1. )l 2(0,00) < CCT) Nytts (1. )l 120,00 -

Hence,
e (t, oo 0.00) < CI) 03146t )l 120,00 -

which gives (2.60).
Finally, we prove (2.61). By the third equation of (2.1) and Lemma 2.4, we have that

|l 187 ve ] = [reuy — Bdrve — yue|

< liclu + BII9xvel + [y ]1vel

< il flue (2, ')”i“’(o,oo) + 1B 110xvell L0, 7yxR) + ¥ Vel Loo(0,7) xR)

= ) (14 et M 0,0 ) -
Therefore, since o #~ 0 (see (1.14)),

1920 )] 000y = €O (14 T0e 0, e 0.0 ) - (2.62)

(2.61) follows from (2.60) and (2.62). ]
Following [18], or [33], in order to work with homogeneous boundary conditions we define

Wa(t, x) = ue(t,x) + ge(t)e™, t, x >0. (2.63)
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Thanks to (2.63), we have that
0 Walt, x) = 0rue(t, x) + gh(t)e™,
O Walt, x) = dyue(t,x) — ge(t)e™™, (2.64)
ZWa(t, x) = 82ue(t,x) + ge()e™™.
Moreover, by (2.1), (2.2) and (2.64),
0x Wa(t,0) = dxue(£,0) — g (1) =0, [[W2(0, )ll12(0,00) = C- (2.65)
Thanks to (2.63) and (2.64), the first equation of (2.1) reads
9 Wa — q* 0.0 W — q> Wi v,

=bPs +02Ws — ege(e™ + gL (e ™ + q?ge (e ™ ve — g ge (e ™ By ve.
(2.66)

We prove the following lemma.

Lemma28 Fix T > 0 and assume (1.15), or (1.16). There exists a constant C(T) > 0,
independent on &, such that

W22, 120,00y = C(T), (2.67)
0xue (2, I 120,000 < C (10x W2t I 1200.00) + 1)+ (2.68)
lue (@, )l Loo0,00) < C(T)\/l + 18 Wa (2, )l 120,009 (2.69)
|07ve(t, ) | 10,00y = €T (1 +13: W22, ) 120,00)) - (2.70)

forevery) <t <T.

Proof Let 0 <t < T and x > 0. We prove (2.67). We begin by observing that, by (2.2),
(2.63) and the Young’s inequality,

W31, x) = (ue (1, %) + ge()e ™) < ul(t, x) + 4g2(Ne™> < ul(t,x) + Ce .
Integrating on (0, 00), by (2.7), we get
o0
IW2(2, 130,00y < et I F20,00) + € fo e *dx < C(T)+C < C(T),

which gives (2.67).
We prove (2.68). By (2.2), (2.64) and the Young’s inequality,

—x\2 _
Oxue(t,))? = (D Walt, x) + ge()e™)" < (9 Wa(r, X)) + g2 (e
< (B Walt,x))* + Ce .

(2.41) and an integration on (0, co) gives

192t (0, M 20,00y = € (10W20, )22 g oy + 1)
Therefore, we get

l8xete (£, ) 120,00y < C (13 Walt, Il 1200.00) + 1) -
which gives (2.68).

Finally, (2.69) follows from (2.60) and (2.68), while (2.61) and (2.68) give (2.70). ]
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Lemma29 Fix T > 0 and assume (1.15), or (1.16). There exists a constant C(T) > 0,
independent on ¢, such that

t
_ 2
19 Wat, )1 72g 00 + 28¢5 T f e D TWa(s, )| 120,00y @5 < C(T), (271
, A ,

ll0yue(t, ')||L2(0,oo) , ””s”LOO((O,T)x(O,oo)) >

2
02ve | 0.1y x 000y = CT), (272)
t
2
8/0 ||8§ug(s, ')”LZ(O,oo) ds < C(T), 2.73)

forevery) <t <T.

Proof Let 0 <t < T. We begin by proving (2.71). Multiplying (2.66) by —283 W5, thanks
to (2.1) and (2.65), an integration on (0, co) gives

o0 d
) /O O2Wa0 Wadx = - [0 W2t )22 )
o o0
= —24? / Ve 0, W22 Wadx — 2g° / W202Wad, vedx
0 0
o0
—2b [ P.2Wadx — 26 |92Watt, )|}
0 €%x x > JI1L2(0,00)
o0 o0
+2¢eg:(1) / e 2 Wadx — 2gl(1) / e 92 Wadx
0 0
o0 o0
—2q2g8(t)/ e*xueaﬁwzdx+2q2g8(t)/ e 0, 0,02 Wadx
0 0
oo oo
=34° / e Ve (9 Wa)2dx + 247 / W2, Wad2vedx
0 0
o0 5 2
+2b/0 updx Wadx — 26 [0 Wa (1, )| 120 o0
o o
+2£g£(z)/ e_xaszdx—Zgé(t)/ e 9, Wadx
0 0
o0 o0
2020 [ e ud Wads g0, ) [ e o Wads
0 0

o0
~ 247 (1) / ¢~ 920,9, Wadx.
0

Therefore, we have that
d 2
T 1ot Ea(q 00y + 26 [TW2 8, ) [ 20,0
o0 o0
= 34> f 3y ve (3 Wa)2dx + 2g° / Wad, Wad2vedx (2.74)
0 0
o0 o0
+ Zb/ ug 0, Wadx — 28g£(t)/ e 0, Wadx
0 0
o0 o0
—2gL(1) / e Fa  Wadx — 2q° g (1) / e v, 0 Wadx
0 0

oo [o.¢]
+4q2g5(t)/ e 0,00, Wodx — 2q2gg(t)/ e*)‘a)%vsax Wadx.
0 0
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Since 0 < ¢ < 1, using Lemma 2.4, (2.2), (2.7), (2.41), (2.67), (2.70) and the Young’s
inequality, we estimate separaltely each term in (2.74)

(e ¢]
3¢7 /0 10,06 (3 W2)?dx < 3 1102 ve Il oo (0,7 0.000) 195 W2t 729 o)

< C(M) 13 W2, 129 o) -

o o
2’ / | W20 v 19x Waldx < f W3 (@70 °dx + g * 19 Wa(t, )72 o)
0 0 s
2
= ||8§'U8([, ) “LOC(O,OO) W2z, ')”22(0,00) + (]4 l19x W2z, ')”%12(0300)
2
< C(T) 3701, )| oo 0.0y + 4 13 W2, )20 o)
< C(T) 13 Wa(t, )17 29 00y + C (D),
o0
20b| fo Jue10x Waldx < b? lue(t, 320 o) + 19x W2t 1720, o0,
< C(T) + 19: Wat, 720,00y
o0 o0
2elge )] + gL D) / ¢~ [0, Waldx < 2C f e~ [0, Waldx
0 0

< C+ ClWalt, 720,00

o0 oo
2qzlga(l)lf e " ve]|0x Waldx < ZC/ e " ve||0x Waldx
0 0

o0
<c / e 202dx + C 19 Wa(t, )2 )
i ,

00
=C ||Us||%oo((0,T)><(0,oo))/0 e Hdx+C ll0x Wa(z, ')”iz(o,oo)

< C(T) + C1a:Walt, 720 o) »

o0 o0
4q2|gs(t>|/ e—ﬂaxvgnaxvvzwxszc/ ¢ (3, ve10, W]
0 0

o0 o0
<C f e X dx + / (0,v:)% (3 Wa)2dx
0 0

<C+ ||axva||%OO(((),T)x(0,oo)) [|0x Wat, ')”iz(R)

< C+CM 13:Walt, Mo »

e}

o0
2q2|gs<z>|/ e*’C|a$vg||asz|dxszc/ ¢ 192010, Wa dx
0 0

o
<C / e (0Fve) dx + C I Wat, 720,00,
A ,

2
< C[03ve (. ) | oo 0,00) T C 10 W2t 1720 o)

< C(T) 13: W22, )17 00y + C (D).

It follows from (2.74) that

d 2
T 10 W20, g ey F 28 [T W2(, )2 00 = CT) N0 Wt ) 2(g, 00y + C(D-
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The Gronwall Lemma and (2.65) give
t
_ 2
10, Wat, 1220, o, + 26T /0 e 3 Was. )| 20,00 45

t
<C+ C(T)eC(T)’/ e CDsgs < (1),
0

that is (2.71).
(2.72), follows from (2.68), (2.69), (2.70) and (2.71).
Finally, we prove (2.73). By (2.2), (2.64) and the Young’s inequality, we have that

—x\2 _
(ue(t, x))* = (B Wa(t, x) — ge(e ™) < 27 Wa(t, x))* + 282 (e 275
<2(2Wa(t, x))* + Ce .
Multiplying (2.75) by ¢ and integrating on (0, co), thanks to (2.41), we have that

(@]
e | 02u.(t, .)H’;(O,w) < 2¢ |82Wa(t, .)”iz(o,oo) - 2C8/0 e Hdx

<26 [02Wat, ) |32 o) + Ct-

(0,00)
Being 0 < ¢ < 1, integrating on (0, 1), by (2.71), we get

t 1
o [ 18005 a5 = 26 [ 182,93y s+ 5Ct

')”2Lz(o,oo) ds +Ct

t
< 28eC(T)’/ e~ CMs HBsz(s,
0
< C(),
which gives (2.73). O

Lemma2.10 Fix T > 0 and assume (1.15), or (1.16). There exists a constant C(T) > 0,
independent on &, such that

H a)%vé‘([? ) HL2(O,OO) < C(T)7 (276)
[03ve (. )] 12000y = €D, 2.77)
forevery) <t <T.

Proof Let 0 <t < T. Multiplying the third equation of (2.1) by 2« 8% Vg, an integration on
(0, 0o) gives

o o0
2a2 ”3?vs(t, ')”12(0 00) =2KO{/ uga)%vgdx — Zﬂa/ 3xv683v£dx
’ 0 0
oo (2.78)
— 2yozf vaa)%vgdx.
0
Due to Lemma 2.4, (2.7), (2.72) and the Young’s inequality, we obtain

% a2 2 [T 4 oy 2
2|/<||a|/ u£|8xv£|dx§2/c/ uedx+7||axu£(t,.)|}L2(Ooo)
0 0 ’

2
2 2 2 I 2 2
= 26 e oo (0,7yx 0,000 146 s 20, 00) + 5 (05061 ) 120,00

@ Springer



Partial Differential Equations and Applications (2022) 3:79 Page 210f40 79

o2
<+ % ||azvs(r )||L2(O o)
= 2 2 2 o? 2 2
2| Bl A [0x Ve [|05veldx < 287 ||0xve (2, -)Ile(O.oo) + 5 H Ocve(t, ) ||Lz(0,oo)
2
o 2
=)+ — Haive(t’ Miz0,00) -
2 Ol2 2 2
2|7/||05| |l)<°||8 'U5|d.x = 27/ ||Us(t )”LZ(O 00) 7 ||axv8(tv .)”Lz(0,00)

<C(T)+ 7 ||3)%U8(tv ')”LZ(O,oo) :

Consequently, by (2.78), 2
H 3%v. (1, )H 20,00 < C(D), (2.79)

which gives (2.76).
Finally, we prove (2.77). Differentiating the third equation of (2.1) with respect to x, we
have that
@dve + BO2ve + YOy ve = 2t Dyt (2.80)

Multiplying (2.80) by 2« 8;’ Ve, an integration on (0, 0o) gives

2 o0 o0
202 “ Bive(t, ')||L2(0,oo) =4ou</ ugaxugagvgdx — 20[/3/ 8§v£8§v£dx
0 0 (2.81)

oo
—2ay / 8xv58;vedx.
0
Due to Lemma 2.4, (2.72) and the Young’s inequality,

© 3 2 [ 2 2 o? 3 2
4|oc||/<|[ |uedyute] 95 veldx < 8k / uz (gue)*dx + 5 |87 ve (2. ) ”LQ(O o)
0 0 ’

2
< 8k2 ”ug”L:)o((O 00) % (0,00)) 10 ue(z, )”LZ(O o) + H33v5(t )”LZ(O 00)
O[ 2
< () + 7 [830e, ) 20,000 -

* 2 3 2192 2 o? 3 2
2|a||;3|/ 92vel03veldx = 487 [020et, ) [0y + 5 (93060 ) 120,

2
<cm+Z ||a3vg(r )||L2(Ooo),

o0 012 5
2ally| f |axvg||ajv£|dx < 272 11050 (1, M 720,000 T 5 132 ) 120,00

2

<Cm)+ 5 ||83v8(t )||L2(0 ) *
Therefore, by (2.81),
- H33UF(’ )”Lz(o o) =€),
which gives (2.77). ]

Following [26, Lemma 3.2], or [40, Lemma 2.2], we prove the following H 2 estimate on ug.
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Lemma2.11 Fix T > 0 and assume (1.15), or (1.16). There exists a constant C(T) > 0,
independent on ¢, such that

2
&% [07uc(t, )| 120 00y F 387 1021t (1, 1320 o)
. . . ) (2.82)
+3 /0 19: e (s, 1720 00 45 + /0 I8¢t (s, )17 20,0y 45 < C(T),

forevery) <t <T.

Proof Let0 <t < T and x > 0. Let A be a positive constant, which will be specified later.
Multiplying the first equation of (2.1) by

—268,02u; + 2Aedu;
we have that
(—269,0%u, + 2Aedu,) due — q* (—269,02u, + 2Aed;u,) v dsu,
— g% (—268,0%us +2Aedue) usdyv, — b (—263,02u, +2Aedius) P (2.83)
= ¢ (—28,07u, + 2Aedue) Oue.

Observe that, since the traces of 9;9,u, and P at x = 0 are g, and O respectively, by (2.1),
we have that

oo
/ (—269,02u; + Aedu,) ducdx
0
= 268, (1)0us (1, 0) + 2 19 0xus (1, )72 g o) + 24 131145 (1, 120 o0y s (2:84)
o0
_ q2/ (—268,02us + 2Aed;up) vedeupdx
0
2 2 *
=—-q €h£(t)g;,(t)g£(t) —2q 5/ Ox Vg OxUg 0y OxUtedX
0
oo oo
—2q28/ vaafuga,axusdx —2q2A5/ VeOyllgOiUgdx,
0 0
oo
_ q2/ (—260,02u; + 2A80,u¢ ) 1 Dy vedx
0

o0
= —2¢”cu.(t,0)d,ve(t, 0) gL (1) —2ng/ Dy llp Oy Ve 0y Oy ttpdx
0

oo oo
— 2(]28/ u88fv88,8xugdx - 2q2A8/ Ug Oy Vg OrUgdX,
0 0

oo
- b/ (—268,02us + 2Aeduz) Pedx
0
o0 oo
= —2b8/ 0y Pe0; 0y ucdx —2bAs/ P.o;uc.dx
0 0
o0 o0
= —2b8/ Ug 0t OxUedx —2bA8/ P.oucdx,
0 0
o0
s[ (—288,8)%% + 2A88,u£) 8§u5dx
0
d

2
= _d[ (‘92 ”a)%u&‘(tv ')”LZ(O,OO) + Agz “axu&‘([a )”512(0,00))
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— 2Ae%g: (1)d,uc (. 0).
Therefore, integrating (2.83) on (0, 0o), thanks to (2.84), we have

d (510 2 2 2
- (8 |02ue e, .)||L2(0700) + Ag” |0 u(t, ~)||Lz<o,oo))

+ 26 110 9xtte (1, 720 o) + 248 100 (1, 172 o) (2.85)

o0
= —288,/30)3:148(&0)+2q28ha(t)g;(l)gs(l)+46128/ Ox Ve Oy e 0y Oxttedx
0
oo oo
+2q28/ vgafuga,axuedx +2q2A8/ Ve Oy Ug OrUgdX
0 0

o0
+2¢%euc(t, 0)d, ve (z, 0) gL (1) + 2q25/ 102V 0 0y uedx
0
o0 o0
+ 242A£ / Ug 0y Vg Orlhed X + 2be / Ug0; O UdX
0 0
o0
+ 2bAs/ P0susdx — 2Ae%g, (t)0,u, (1, 0).
0
Since 0 < ¢ < 1, due to Lemma 2.4, (2.2), (2.7), (2.54), (2.72), and the Young’s inequality,
we can estimate all the previous terms in (2.85) as follows.
2elgl()|dus (1, 0)| < 26C|Ju(t,0)| < C + *(Bue(t, 0)* < C + e(@us(t, 0))%,
7elhe (18 (D1Ige (D] < g*he(D]IgL (D18 (1] < C,

° o0 2q28xvsaxue
4q28/ |8v8u||88u|dx:28/ ‘
0 xvelVxte tUxWUe o \/E

dg*e [ 2 2 2
= Diz (0xve) (Oxtte)“dx + Dre |0, 0xue(t, .)”LZ(O 00)
0 ,

‘\/ D» 0, Bxugdx’ dx

4
q
<—— ||axvg||%w(<o,w0m)) 19xtte (1, G20 0y + D26 108t (2, 172 o)

C( )
< =2 Doe e (1. )y o)

2 2
Ve 0ZU
2q2€/ |v53§u£||3,8xu£|dx:28/ ‘L eOxlle
0 0
4
98
< Dz

q 8
= “UEHLOO((Q T)X(O OO)) Ha ué‘(t )||L2(0 OO) + ng ”8[8 ué‘(t )”LZ(O OO)

C(T)e

‘\/ D500, u.|dx

o0
v?(afuazdx + Dae [19;dette (1, )} 20 )

/\

”azuF( )||L2(0 0) + D28 ”8t8 us(t )”LZ(O 00) ’

‘\/D38tuE dx

2q2A8/ Ve Oy tts || Ot |dx = 2Az—:/
0

‘q VeOxUe
0

4
<qA8
=D

4
A
7 ”Us ”LOO((O 00) % (0,00)) ”a Ug (t )||L2(0 00) + AD’%S ||8tu8(t )”LZ(O 00)

o0
f VBt dx + ADse ries 6, )P )
i ,

| /\
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- C(TA
=~

2g°lue (1, 0)]19,ve (1, 0)] 184 (D] < Clue (2, 0] ve (1, 0)| < Cuz(t,0) + C(Drve (1, 0))
< Cuf(t,0) + C 19,0, 0)| 7o (o 1y < Cuz (1, 0) + C(T),

‘,/Dzataxug dx

+ AD3e (101 (1, 172 o) »

0 qzusa,gvs

oo
2q28/ |02 ve |0, Dy te |dx = 28/
0 0

g'e [ 2002 12 2
= E ug(axvs) dx + D25 ||31‘8Xu8(t7 .)”Lz(0,00)
q 2
< ||a§vg | e 0.7y x 0,00 16 s W20 o) + D26 181821t (2, 1720, o0
C( )
=, Dae lnduue M 200,00
Ug Oy V
2q2As/ it 3 Ve |9y 14 |dx :2As/ ‘M ’\/D38,u5 dx
0 0
4 o0
q"Ae
< / W2 (0,0 dx + ADse [ (1, )2 g o,
D3 Jo ’
g*A 2
< — Ds [l 0x va”Loc((() T) % (0,00)) llue (2, )“L2(0 ) + ADse ||0ruc(t, ')”LZ(O,OO)
AC(T) >
E D3 + AD38 ||atus(t5 .)”LZ(O,OO) )
00 00 bug
2ble | Juel|d,deueldx = 2¢ )‘/Dza,axug dx
0 0 v D2
b2e 5
< F ”ng(t )”LZ(O OO) + D28 ”ataxué‘(t’ .)”LZ(O,OO)
C(T)
< T‘I’DZS ”81‘8 us(t )||L2(000)’

o
2|b|A8/ | Pel|0ugldx = 2A8/
0 0

bP, ‘
——| [/ D30:ue | dx
JDT’ e

2
< 1P (2, 1729 00y + AD3E 8014 (2, 175 o)
AC(T) )
S D3 + AD38 ||8tu£(ls .)”LZ(O,OO) )

248% > (O)||3us(t, 0)| < 2ACe|duc(t,0)| < A*Ce + e(Bu.(t, 0))>
< AC + e(dus(t, 0))?,

where Dy, Ds are two positive constants, which will be specified later. It follows from (2.85)
that

d 2
(2 1020 [ ey + A 1000001, )

+2(1 = 2D3) & [3,Bette (1, )20 o) + A @ = 3D3) € 012, )2,

1 A
<C() (1 + A+ D, + F) +Cu (t, 0) + 2e(D;u (1, 0))?
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2

C(T)e
+ H a)%us(tv ')”LZ(U,OO) '

D>

Choosing D; = i and D3 = %, we have that

d (512 2 2 2
(£ 1020t )20 ey + A 1021000 ) 2 o)
+ & 1001t (1, 1720, 00) + A 1114t ) 1720, o) (2.86)
2
< C(T) (14 A) + Cul(t,0) + 26 @yuc (1, 0) + C(T)e |92ue(t, )| 1200 o0 -

Observe that, thanks to the Holder inequality and the Young’s inequality,

e}

o0
2e(due(,0))> = — 28/ Ol 0 0xusdx < 28/ [0ue||0; Oxttg |dx
0 0

< 2e ||10sue(F, )l 20, 00) 10 Oxtte (£, )l £2(0.00)
&
< 26 101 (1, )79, 00 + 5 10ee (1, 720 0y -

Consequently, by (2.86),

d 2
< (82 |92uc (2, -) ||L2(o,oo) + Ag? |0y ue(t, .)Iliz(om))

&
5 18aue (2, G20 00 + (A = D &N, 720 o
2
< C(T) (1+ A) + Cul(1,0) + C(De 021t )| 12000,
Taking A = 3, we have that

d 2
E (‘92 H a)%ué‘(h )H LZ(O,OO) + 3‘92 ||8Xué‘(t7 )“22(0’00))

I
+ 5 10, 0xue(t, ')“iz(o,oo) + & [19,ue(t, ')“iz(o,oo)
2
< C(T) + Cul(,0) + C(Te [92ue (1, ) 120 o -
Integrating on (0, 00), by (2.2), (2.7) and (2.73), we get
2
&7 02U, ) | 20 00y F 387 1002t (1, )13 20 00

e t t
+ = | 18Bcus (s, 20y oy ds A& | NBiue(s, 2 o ds
L2(0,00) L=(0,00)
2 Jo ’ 0 '

t t
2
<C+C()t+ c/ u?(s, 0)ds + 2C(T)s/ |9%ue (s, I 20,00 9
0 0 ’
= (),
which gives (2.82). ]

In order to prove the compactness of the family u, we prove the following estimate on
the time derivative of u,.

Lemma2.12 Fix T > 0 and assume (1.15), or (1.16). There exists a constant C(T) > 0,
independent on ¢, such that

9rue (7, )l 120,00y = C(T), (2.87)
forevery) <t <T.
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Proof Let 0 < t < T. Multiplying the first equation in (2.1) by 20,u,, an integration on
(0, co) gives

o0 o0

OxUg Ve 0sUedx + 2q2/ Ug Oy Vg Orled X

201y (2, 172,00y =247 /
] 0 0

) 00 (2.88)
+ Zb/ Peoucdx + 28/ 3fu58,u£dx.
0 0

Due to Lemma 2.4, (2.7), (2.54), (2.72), (2.82) and the Young’s inequality, we can estimate
the previous terms as follows

00 00
1
26[2/ [0xueve||Opueldx < 2q4/ (3xua)2v§dx + E 10 ue (2, ’)”iz(o 00)
0 0 s

1
<2¢* ||v£||%oo((O,T)><(0,oo)) ll0xue (2, -)Iliz(o,o& *t3 10y (7, ')”iQ(O.,oo)

1
< C(T) + 5 Nrte (8, )2 g 00y
o0 [o¢] 1
2 4 2 2 2
2q f lute D ve || dyueldx < 2q / uZ @eve)dx + 2 N0 (1, ) 1720 o)
0 0 s

1
< 2" 1006 oo (0,7 (0,000 16 1 W20,y T 5 18146, 20,0

1
< C(T) + 5 Nrte (8, )2 g )
* 2 2 1 2
2061 [ 1Pellyueldx < 267 11 Pe(t MZ2(,00 + 5 I00tte (1 )2 0,0
0 ’ s
1
= C(D) + 5 19, 20,00

o0 o0
2gf 102u,||3yue|dx = 2/ }«/Esa)%ug
0 0

Orue

3

2 1
=< 362 ”3)%’46(1" ) ||L2(0,OO) + g ”aIuE(t’ ')”iZ(OyOO)

dx

1
< C(T) + 5 10rte (1, )2 g ) -

It follows from (2.88) that

6 [10;ue (2, ')||L2(0,oo) <C(),
which gives (2.87). ]
Lemma2.13 Fix T > 0 and assume (1.15), or (1.16). There exists a constant C(T) > 0,

independent on &, such that
197 ve (2. )l 12(0,00) = C(T), (2.39)

forevery) <t <T.

Proof Thanks to the estimates (2.60) and (2.87), the claim follows differentiating with respect
to ¢ the third equation in (2.1) and using the same argument developed for (2.14). O
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3 Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1.
Using the Sobolev Immersion Theorem [13], we begin by proving the following result.

Lemma 3.1 Fix T > 0. There exist a subsequence {(ug, , Ve,, Pe,)}ren of {(ue, Ve, Pe)}es0
and a limit triplet (u, v, P) which satisfies (1.18), (1.19) and (1.20) such that

g, — ua.e and in L}, ((0,00) x (0,00)),1 < p < oo,
ug,—u in H'((0, T) x (0, 00)),
ve,—v in H'((0, T) x (0, 00)), (3.1

X
Py — / u(t,y)dy a.e. and in Llpac((O, o0) x (0,00)),1 < p < o0.
0
Moreover, (u, v, P) is solution of (1.8)satisfying (1.21).

Proof Let 0 <t < T. We begin by observing that, thanks to Lemmas 2.3, 2.8, and 2.12
{ug}e=0 is uniformly bounded in Hl((O, T) x (0, 00)). (3.2)

Therefore, there exists a subsequence {ug, }xen of {#¢}¢~0 and an function u such that

ug, — u a.e.andin Lﬁlc((O, o0) x (0,00)),1 < p < o0, 3.3)
ue,—uin H'((0, T) x (0, 00)). (3.4)
Observe that by (2.1), we have that
X
Pg, (1, x) :/ ug, (¢, y)dy. 3.5)
0
Therefore, by (3.3), (3.5) and the Holder inequality, we have that
X
Py — f u(t,y)dy a.e. and in Ll’;C((O, o0) x (0,00)),1 < p < o0. 3.6)
0

Moreover, by Lemmas 2.4 and 2.13, we have that
Vg, —V in Hl((O, T) x (0, 00)). 3.7

(3.3), (3.6), (3.7) and (3.4) give (3.1).
Observe that, by Lemmas 2.7, 2.8 and 2.9 , we have that

ue L®0,T; H (0, 00)), (3.8)
while by Lemmas 2.7, 2.6, 2.8 and 2.9,
P e L®(0, T; H*(0, 00)).
Additionally, by Lemmas 2.4 and 2.10,
ve L0, T; H*(R)). (3.9)

Therefore, (1.17), (1.18), (1.19) and (1.20) holds and (u, v, P) is solution of (1.8).
Finally, (1.21) follows from (3.1) and Lemma 2.4. O

Following [25, Theorem 1.1], we prove Theorem 1.1.
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Proof of Theorem 1.1. Lemma 3.1 gives the existence of a solution of (1.8) such that (1.18),

(1.19) and (1.20) hold.

We prove (1.22). Givent > 0, x > 0. Let (u1, vy, P1) and (42, v, P>) be two solutions

of (1.8), which satisfy (1.18), that is

oru;j — qzax(uiv,') =bP;, t>0,x>0,

Ox P = uj, t>0, x>0,

aafv,- + Boyv; + yv; = Ku,-z, t>0,x>0,

dxui(t,0) = g(), t >0, i=1,2.
P;(t,0) =0, t >0,

v (t,0) = h(r), t>0,

u;i (0, x) = ui o(x), x>0,

Then, the triplet (U, V, U) defined by

U(t,x) =u(t,x) —ux(t,x), V(t,x)=wvi(t,x)—va(t,x),

x x x (3.10)
Q(t,x)zfo U(t,y)dyZ/O ul(t,y)dy—/o ua(t, y)dy,
is solution of the following Cauchy problem:
BtU—qzax(ulm —urn) = b, t>0, x>0,
0,2 =U, t>0, x>0,
ad?V + o,V +yV =k@? —u3), t>0, x>0,
o U(t,0)=0, t >0, (3.11)
Q(t,0) =0, t >0,
V(t,0) =0, t>0,
U, x) =uy,o0(x) —uz o0(x), x > 0.

Observe that, thanks to (1.21) and (3.10),
(e ¢] o0 [o.¢]
Q(t,00) = / Ut,x)dx = / ui(t, x)dx —/ uy(t, x)dy = 0. (3.12)
0 0 0

Moreover, since uy, uy € L0, T; H! (0, 00)), for very 0 <t < T, we can define

C(T) = esssup {|u1| + |u2|}. (3.13)
0,T)xR
We prove that
IVt 20,000 < CD NV 20,00 - (3.14)

We need to distinguish two cases. We begin by assuming (1.15). Multiplying the third
equation of (3.11) by 280, V, an integration on (0, oo) and (3.10) give

o0
2p [ OV O Vdx + 282 19V (1, )2 0,0
) ,
o o (3.15)
+ 2)/5/ Vo, Vdx = 2/3/(/ 0xV(uy +ux)Udx.
0 0

Since,

o0 o0
2ﬂa/ 32V, V = —aB(3,V(t,0)), 2;49/ Va,Vdx =0,
0 0

@ Springer



Partial Differential Equations and Applications (2022) 3:79 Page 29 0f40 79

it follows from (1.15) and (3.15) that
o
282 110:V (1, )20 00) — @B0xV (2,00)” = 2Bk / ) +u)Ud,Vdx.  (3.16)
’ 0

Due to (3.13) and the Young’s inequality,

2|ﬁ||x|/0°o 1 + sl U113 Vldx < 2|ﬁ|C<T)/OOO U1a,V Idx
< CD U@ 320,000 T B2 105V E ) 720 00 -
Consequently, by (3.16),
B210:V (1, )1 720,00y — @BV (1,000 < CDY U, ) 172,00, - (3.17)
Squaring the equation for V in (3.11), by (3.10), we get
2@2V)2 4 B0, V)2 + 2V 4 2aB0, V2V

) 5 N (3.18)
+ 20y VoV 428y VoV =« (ur +u)°U”.
Observe that, by (3.11),
oo
Zay/ Va,%‘/dx = —2(1)/ ||8xv(tv )”iZ(O OO)’
0 )
an integration on (0, co) gives
2|42 2 2 2 2 2
o ” ax V(tv ')”LZ(O,OO) + 13 ”axv(t’ ')||L2(0,oo) + Y ”V(tv .)”Lz(0,00) (3 19)

o0
= KZ/ (1 +u2)UPdx +2ay 1V (1, 172 o) — @B@:V (1, 0)%.
; :
Due to (1.15), (3.13) and (3.17),

oo
@ [+ 0+ 2y 18V g
i ,

+1aBl@:V (1,007 < C(D) U, 720 00 -
Therefore, by (3.19),

2
@ [TV ()| 20,00 F BNV @ T2, 00) + ¥ IVE T2 0,06) < CAINU T 20 ) -

Defining

2

2 = min{o?, 2, %)

)

we have that
IV 0,00 < CONUE 20 00 -

which gives (3.14).
We continue by assuming (1.16). Since 8 = 0, by (3.10), the third equation of (3.11)
reads
ad’V +yV =k +u)U. (3.20)

Squaring (3.20), we have that
2@2V)2 + 2V 4 2ay VRV =k (uy + up)*U>. (3.21)
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Since, by (3.11) .
2a/0 yVorVdx = =2ay 18V (t, )72, o) (3.22)
it follows from an integration of (3.21) on (0, 00), (1.16) and (3.13) that
o [0V, 720 0y 207 18V 0 )22 o HP2 IV (2 g ey < CAV U P2 g -
Reminding that «y < 0 we define
‘512 = min{az, —2ay, yz},

we have that

TV I 20,00 < CONUE 2000 -
which gives (3.14).
We prove that
IV, 70,000 < CANU G20 00 » (3.23)

forevery0 <t <T.
Due to (3.11) and the Holder inequality,

V2(t, x) =2/
0

Consequently, thanks to (3.14),

X o0

Vo Vdy < 2/ [VIloxvldx < 2V (2, )l 2(0,00) 105V, ) £2(0,00) -
0

V2(t,0) < CD U 720 00 -

which gives (3.23).
In a similar way, we have that

19:V (, MZw gy < CO U@ 20 ) - (3.24)
Observe that, by (3.10),
Ox (u1v1 — upv2) = dx (u1v1 — uv1 + ugv1 — ugv2) = A (U) + dx (U2 V).
Therefore, the first equation of (3.11) is equivalent to the following one:
QU = bQ + g%, U) + g0, (ua V). (3.25)

Multiplying (3.25) by 2U, an integration on (0, co) gives

d oo oo
U@ 72 0 =2b/ Qde+2q2/ Uax(le)dx—l—Zqz/ Udy(uaV)dx.
’ 0 R 0

(3.26)

Observe that by (3.12) and the second equation of (3.11),

oo o
Zb/ QUdx = Zb/ Q0. Qdx = bQ2(t, 00) = 0. (3.27)
0 0
Moreover, since vy (¢, 0) = h(t),
o o
2q2/ Ud,(viU)dx = —2¢*h(1)U(t, 0) — 2q2/ Ud,Uvidx

0 0 (3.28)

o0
=—q%mv%um+q{/ 8,01 U2dx.
0
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It follows from (1.10), (3.26), (3.27) and (3.28) that

— ||U(r 2000 F+ 4T U, 0)

o 0 o (3.29)
< qZ/ dcv1U%dx + 2q2/ deurUVdx + 2q2f urUd, Vx.
0 0 0
Fix T > 0. By (3.8) and (3.9), there exists a constant C(7") > 0 such that
lua(t, 20,00y » 10xu2(t, 200,00y » N0x01(2, Lo w) = C(T), (3.30)

Due to (3.23), (3.24), (3.30) and the Young’s inequality,
' 2 2
q fo 1| U%dx < CT) U g, o)

o0 o0
2¢° /0 D |lUNIVIdx < g* U1, )20 o) + fo (0xu2)*V2dx

<@ U@ 720,000 + 1V E (0,00 10501 20 o)
< UG ) 320,00 F CDIV T T (0,00) < CD NV 720,06 -

o0

o0
2q2f uallU119: Vidx < g* 1U @, )lI7a oo)+/ u3 (3, V)2dx
0

<G NV 22 ey + 1200122000 195V @ ) v 0,00
< g MU 220,00y + CT) 10V () 000y < C) IV g o -
It follows from (3.29) that

—||U(t M2 a000y + @KU 0) < CTY U 22(q ) -

The Gronwall Lemma and (3.11) give

t
U G200 + 47K C(T”/ eI U2 (s, 00ds < e“D UplTa0 0y - (B3D)
A ,

(1.22) follows from (3.10), (3.14) and (3.31). O

4 Proof of Theorem 1.2 assuming (1.23)

In this section, we prove Theorem 1.2 assuming (1.23). We consider (2.1), which is an
approximation of (1.8), such that (2.2) holds.

Arguing as in Section 2, we have Lemmas 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 2.7, 2.8, 2.9, 2.10,
2.11 and 2.12.

We prove the following result.
Lemma4.1 Fix T > 0. Assume (1.15) and (1.23). There exists a constant C(T) > 0,

independent on &, such that

—Ha,a%e(z >||L2(0w)+ﬁ 19: 0 ve (2, 1720, 009
5 “4.1)
”afvs(t )||L2(OOO) C(T)
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forevery 0 <t < T. In particular, we have that

10:vell oo 0,7y % (0,00)) <C(T), “4.2)
110 9x vell oo (0, 7y x (0,00)) <C(T). 4.3)

Proof Let0 <t < T. We begin by proving that
B2 10010 (1, ) 1720 00 = Ba(@i0rve (1, 00)% = yB@Brve(t,0)* < C(T). (44)
Differentiating the third equation of (2.1) with respect to #, we have that
@,02ve + 0,0, Ve + ¥ ve = 2hcuedyue. (4.5)

Multiplying (4.5) by 29,0, ve, an integration on (0, 0o) gives

oo
287 118,92 ve (1, 172 o0 + 2B / 0, 0y Ve 9 07 vedx
’ 0

o © (4.6)
+ 2By / 01 Vg 0y 0x VedX = 4/(/3/ UgOpUhg 0r 0x Ved X .
0 0
Observe that
o
2,30‘/ 8taxv£8ta)%vsdx = — Ba(d;0xve(t, O))2’
0
o0
2By / Vs, vedx = — By (3v,(t, 0)).
0
Consequently, by (1.15), (1.23) and (4.6), we have that
28 119195 ve (1, 172 00y — B(@rdxve (1, 0))?
4.7)

o0
— By (Bye(t, 0))® = 4B / e Byt 9y el
0

Due to (2.72), (2.87) and the Young’s inequality,

20| |B] f " e dyuel 13,0 veldx < 2 / Oouz(a,uazdx + B 1100 ve (1, ) 1720 00
0 0
<16 Nt 1700 (0,070,000 et (5 172 00y + B 1310206 (1, ) 720 o) (4.8)
< C(T) + B 19 0x e (1, )1 720 o) -
Therefore, by (4.7),
B2 10:0xVe (1, ) 1720 ) — B(@r0:ve (2,00 = By (90 (1, 0))* < C(T),

which gives (4.4).
We prove (4.1). Squaring (4.5), an integration on (0, co) gives

2
o [|9:07ve (1, )| 129,00y + B 10006 (1, M 20 0y + ¥ 1900 (5 D172 o)

o0 o0
< 4;<2/ u? (due) dx —2aﬂ/ 30 Ve 8 92 vedx (4.9)
0 0
oo

o0
—2ay/ 3y V0,02 vedx —2,8)// 9,00, 05 vedx.
0 0
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Observe that
* 2 2
—201)//(; e 09y vedx = 200y ;e (£, 0)9;9x Ve (2, 0) + 20y 10,05 ve (1, I 720 o) -
Consequently, by (1.16), (1.23) and (4.9),

2
a2 ”ata)%vs(t’ ')”LZ(O,OO) + ﬂ2 ”ataxvs(t’ )l|i2(R) + 7/2 ”3!1)5([7 )”12(000)

oo o
< dic? / uZ (due)’dx — 2ap / B0, Ve, 07 vedx
0 0

o (4.10)
_2:3)// 07 V07 0x Vedx + 20y 0, v (2, 0)0; 0, Ve (2, 0)
0
+ 20y 119:0x 0 (1, ) 1720, o0 -
Due to (2.72), (2.87), (4.4) and the Young’s inequality,
2 * 2 2 2 2 2
4 /(; ug (Beug) dx < 4x” el o0 (0.7 % (0.00)) 19rte (1, ')”Lz(o’oo) < C(D),
> 2 2 2 o 2 2
2|a||ﬂ|/0 |ataxv£||ataxv£|dx =< zﬁ ”axalve(t’ .)”LZ(O,OO) + 7 ”alaxvs(tv ')HLZ(O,OO)
Ot2 2 2
= C(T) + 7 ”81‘8x Us(tv .)“LZ(O,OO) i
> v 2 2 2
2|5||)’| /(; |8tv£||ataxv6|dx S 7 “atvs(t’ ')”LZ(O,OO) + 2,3 ”ataxvs([a ')”LZ(O,OO)

2
Y
< S 18e(t, 20,00 + €T,

2lee |y 18, ve (2, 0)]18; 8 ve (2, 0)| < @ (B ve (£, 0))* + ¥ (85 ve (7, 0))* < C(T),
20y [ 19:0xve (1, ) 720,00y < C(T)-

Therefore, by (1.15), (1.23) and (4.10), we get

2
o 2
S 100306 1, ) L2000y F+ B2 188506 (1, 720 o
J/2 2
+ 7 ”atvs(ts ')”LZ(O,OO) =< C(T)a

which gives (4.1).
We prove (4.2). Thanks to (4.1), (4.4) and the Holder inequality, we obtainfor > 0, x > 0

[ee}

X
(@ (1, X)) 22/ 0rve0; 0 vedy + (3,v¢ (1, 0) < 2/ |07 ve |07 0 ve [dx + C(T)
0 0

Hence, <210;ve (2, ) £2(0,00) 191 0x Ve (7, Il 12(0,00) + C(T) < C(T).
10 ve ||%°¢((0,T)X(0,00)) < C(),
which gives (4.2).
In a similar way, we can prove (4.3). O

Using the Sobolev immersion Theorem, we begin by proving the following result.
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Lemma4.2 FixT > 0. There exist a subsequence {ug,, Ve, Pg }ken of {ttg, Ve, Pele=oand
a triplet (u, v, P) which satisfies (1.18), (1.19) and (1.24) such that

o P
Ug, — uae andinL;,,

e, —u in H'((0, T) x (0, 00)),

Iy
Vg, > vae andin L,

ve,—v in H'((0, T) x (0, 00)),

((0,00) x (0,00)), 1 = p < o0,

((0, 00) x (0, 00)), 1 < p < o0, @.11)

loc

X
Py — f u(t, y)dy a.e. and in LY ((0, 00) x (0, 00)),1 < p < oo.
0
Moreover, (u, v, P) is solution of (1.8) satisfying (1.21).

Proof Let 0 < t < T. Arguing as in Lemma 3.1, we have (3.2), (3.6), (3.7) and (3.4).
Moreover, thanks to (3.4) and Lemma 2.1, (1.21) holds.
Observe that, thanks to Lemmas 2.4, 2.10 and 4.1, we have that

P
Ve, — vae.andin L;

(0, 0) x (0,0)),1 < p < o0. (4.12)

Therefore, (4.11) is proven.
Observe that, again by Lemmas 2.4, 2.10 and 4.1, we have that

ve L0, T; H3®R) N Wh>®(0, T) x R),
while, by Lemma 4.1,
32 v € L0, T; L*(0,00)) N L((0, T) x (0, 00)), 882v € L0, T; L*(0, 00)).

Arguing as in Lemma 3.1, the proof is conclued. O

Proof (Proof of Theorem 1.2 assuming (1.23)) Lemma 4.2 gives the existence of a solution
of (1.8), such that (1.18), (1.20) and (1.24) hold. Arguing as in Theorem 1.1, we have (1.22).
O

5 Proof of Theorem 1.2 assuming (1.25)

In this section, we prove Theorem 1.2 assuming (1.25). We consider (2.1), which is an
approximation of (1.8), such that (2.2) holds, and

”h;: ”LOO((J,OO) <C, (5.1

where C is a constant independent on ¢.

Arguing as in Section 2, we have Lemmas 2.1, 2.2, 2.3, 2.4, 2.5, 2.6,2.7, 2.8, 2.9, 2.10,
2.11 and 2.12.

We prove the following result.

Lemmab5.1 Fix T > 0 and assume (1.15) or (1.16). There exists a constant C(T) > 0,
independent on &, such that

”ata)%ve(tv .)||L2(0,OO) ) ”atava‘(t’ ')”Lz((],oo) ) ||atvs(t» ')”LZ(O,OQ) S C(T)v (52)

forevery 0 <t < T. Moreover, we have (4.2) and (4.3).
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Proof Let0 <t < T. Assume (1.15). We begin by proving that
B 10,020 (1, ) 1720 o) — @B @1 3xve (1, 0)> < C(T). (5.3)

Thanks to (1.8), we have that
B ve(t, 0) = hi(1). (5.4)

Consequently, by (4.7), we have that
287 110,92 ve (1, 1729 o) — B (30506 (2, 0))
=2p /Ooo Ue Oyt dyvedx — Byh2(t).
Therefore, by (4.8) and (5.1), we get

287 118,92 ve (1, 172 g 00y — Ba(@Brve (1, 0)* < C(T),

which gives (5.3).
Now, we prove (5.2). Arguing as in Lemma 4.1, we have (4.9). Moreover, thanks to (5.4),

o0
—2aB / B0,V 0,07vedx = af (8050 (1, 0)%dx,
0
> 2 2 2
—2ay / 0,007 0,97 vedx =20y he (1) v (1, 0) + 2y 3,950 (1, I 2(q, o0 -
o :

o0
2y [ dwddudx =iz
0
Therefore, by (1.15) and (4.9), we have that
2
o 9103V (2, )| 129 00y + B 10:0x0e (1, 720 00) + ¥ 181061 I 720 o)
o0
< 4’ / 1 (D) dx + aB (30, ve (1, 0))* + 2y he (1)9,ve (1, 0)
0
(5.5)

+ 20y 19:0xve (1, 1720 o0 + BY (D).
Due to (2.72), (2.87), (5.3) and the Young’s inequality,

4 /0 h p (Byue) dx < 4 uellZoo (0, 7% 0,000 101t (5 170,00y < C(D),
loeB1(3;0xve (2, 0))* < C(I),

20ay |1he (1)]18xve (1, 0)] < 2C1885ve| < C + (39, ve(r, 0)? < C(T),

2lay | 18,0:ve (1, 172,00 + 1BV IZ (1) < C(T) + € < C(T).

Consequently, by (5.5), we have that

2
o [|9:03ve (1, ) | 120 00y F B2 N385 06t 720 00) T 77 11061 M 20 o) < C (T,

which gives (5.2).
Arguing as in Lemma 4.1, we have (4.2) and (4.3).
Assume (1.16). Differentiating (2.33) with respect to ¢, we have that

@302V, 4 yB;ve = 2icuedyu,. (5.6)
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Squaring (5.6), an integration on (0, co) gives

2
o 91030 (2, )| 129,00y + ¥ 191050, 720 00

%0 % (5.7)
+ 2y / 9 ved,02vedx = 4K2/ uZ(dyue)’dx.
0 0
Observe that, by (5.4), we have that
o0
2“3’/ 3zvsatafvsdx = —2ayhe(1)0:9xve (1, 0) — 2ay [|0; 9 v (1, ')”i2(0 00) *
) ,
Therefore, by (1.16), (5.7), we have that
2
o 9103V (2, )| 129.00) = 207 1810506 (1, 1720 00 + 7 11350 (2, 172 o)
0 (5.3)
=4K2/ uZ (due)2dx + 20y he (13,9, ve (1, 0).
0
Due to (2.72), (2.87) and (5.1),
oo
4ic? / g (Bue) dx < 4 sl oo (0, 7% 0,00y 101t (5 1720 00y < C(T),
) :
20|ay|lhe ()]18,0xve (2, 0)| < C[0; 3y, (2, 0)].
Therefore, by (5.8),
2 2 2 2 2 2
(o4 ||alax Us(tv .)”LZ(O,OO) - 20‘)’ ||ataxv£(tv .)”LZ(O,OO) + Y ”alaxvé‘(t’ .)”LZ(O,OO) (59)
< C(T) (1 +10:9xve (2, 0)]) .
We prove that
[0;0xve (7, 0)| < C(T), (5.10)

forevery 0 <t < T. Due to (5.9) and the Holder inequality,
o0 o0
(8,040 (1, 0))> = —2/ B0y 10,02 ucdx < 2/ |90 ve |19, 02 ve |dx
0 0

< 210180 ve (1, I 12(0,00) 0071 (1, ) | 120000 < CT) (1 + 10,0506 (1, 0)]) -

Therefore,
(3 dxve (1, 0))* — C(T)]3,dxve (1, 0)| — C(T) <0,

which gives (5.10).
(5.2) follows from (5.9) and (5.10).
Finally, arguing as in Lemma 4.1, we have (4.2) and (4.3). ]

Arguing as in Sect. 4, we have Theorem 1.2 assuming (1.25).

6 Conclusions

In this paper we proved the well-posedness of a non local approximation of the short pulse
equation. Since in this problem the evolutive equation is a transport equation with smooth
coefficients several approaches for the well-posedness could be used (e.g. the fixed point one).
We used the vanishing viscosity one because we plan to design finite difference numerical
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schemes for the problem. Indeed such schemes have an intrinsic diffusion similar to the one
produced by vanishing viscosity. Moreover, we plan to study the boundary controllability of
this nonlocal approximation of the short pulse equation.
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