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Abstract
Halide perovskites are promising materials with many significant applications in photo-
voltaics and optoelectronics. Their highly dispersive permittivity relation leads to a non-linear
relationship between the frequency and thewavenumber. This, in turn,means the resonance of
the system is described by a highly non-linear eigenvalue problem, which is mathematically
challenging to understand. In this paper, we use integral methods to quantify the resonant
properties of halide perovskite nano-particles. We prove that, for arbitrarily small particles,
the subwavelength resonant frequencies can be expressed in terms of the eigenvalues of the
Newtonian potential associated with its shape. We also characterize the hybridized subwave-
length resonant frequencies of a dimer of two halide perovskite particles. Finally, we examine
the specific case of spherical resonators and demonstrate that our new results are consistent
with previous works.
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1 Introduction

Halide perovskites are set to be at the center of the next generation of electromagnetic devices
[12, 16, 17]. They are composed of crystalline lattices which have octohedral shapes and
contain atoms of heavier halides, such as chlorine, bromine and iodine [1]. Their excellent
optical and electronic properties, combined with being cheap and easy to manufacture, have
paved the way for a perovskite revolution. A particular benefit of halide perovskites is that
their high absorption coefficient enables microscopic devices (measuring only a few hundred
nanometres) to absorb the complete visible spectrum. Thus, we are able to design very small
devices that are lightweight and compact while also being low cost and efficient. Research
is ongoing to develop perovskites capable of fulfilling their theoretical capabilities for use in
applications such as optical sensors [9], solar cells [17] and light-emitting diodes [19].

The dielectric permittivity of a halide perovskite ε is given, in terms of the frequency ω

and wavenumber k by [16]

ε(ω, k) = ε0 + ω2
p

ω2
exc − ω2 + �ωexck2μ

−1
exc − iγω

,

where ωexc is the frequency of the excitonic transition, ωp is the strength of the dipole
oscillator, γ is the damping factor, μexc is related to the non-local response and ε0 is the
background dielectric constant. This expression captures the highly non-linear dispersive
characteristic of the material. We refer to [16] for the values of these constants for different
halide perovskites at room temperature. Meanwhile, the dispersion relation for the halide
perovskites is observed [11] to take the simplified form

n2 = 1 + S0λ20
1 − λ20k

2
,

where n is the refractive index, k is the wavenumber and S0 and λ0 are positive constants
that describe the average oscillator strength, see [11] for the values for some different halide
perovsksites. Hence,we can see how the non-linear dispersive permittivitymakes our analysis
non-trivial.

Dielectric nano-particles, and other electromagnetic metamaterials, have been studied
using various techniques. In the case of extreme material parameters, such as small parti-
cle size or large material contrast, asymptotic methods can be used [2, 3, 6, 8]. Likewise,
homogenisation has been used to characterise materials with periodic micro-structures [7,
10]. Multiple scattering formulations are popular, particularly when a convenient choice of
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geometry (e.g. cylindrical or spherical resonators) facilitates explicit formulas [18]. In this
paper, we will use integral methods to study a general class of geometries and will extend
the previous theory, e.g. [2], to the case of dispersive materials.

For simplicity, we consider the Helmholtz equation as a model of the propagation of
time-harmonic waves, and for the permittivity relation, we consider the form

ε(ω, k) = ε0 + α

β − ω2 + ηk2 − iγω
, (1.1)

where α, β, γ, η are positive constants. We will use an approach based on representing the
scattered solution using a Lippmann-Schwinger integral formulation and then using asymp-
totic methods to characterise the resonant frequencies in terms of the eigenvalues of the
resulting integral operator (which turns out to be the Newtonian potential). This approach
can handle a very general class of resonator shapes and can be adapted to study solutions to
the Maxwell’s equations [5]. A similar method was used in [2] for a simpler, non-dispersive
setting. This paper shows that the asymptotic theory developed in [2] and elsewhere can
be developed to model real-world settings and can be used to influence high-impact design
problems.

In Sect. 2 of this paper we will introduce the problem setting and retrieve its integral
formulation. Then, we will study the one particle case for three and two dimensions, using
integral techniques to formulate the subwavelength resonant problem and asymptotic approx-
imations to study the resonant frequencies. In Sect. 3, we will use these methods to describe
the hybridization of two halide perovskite resonators. Again, we treat the three- and two-
dimensional cases separately. Passing from the integral to amatrix formulation of the problem,
we obtain the hybridized subwavelength resonant frequencies. Finally, we examine the case
of spherical resonators, making use of the fact that eigenvalues and eigenfunctions of the
Newtonian potential can be computed explicitly in this case (see also [13]). We show that our
findings are qualitatively consistent with the ones of [2]. Hence, we show that the asymptotic
techniques used in [2] can be generalized to less straightforward andmore impactful physical
settings.

2 Single resonators

2.1 Problem setting

Consider a single resonator occupying a bounded domain	 ⊂ R
d , for d ∈ {2, 3}.We assume

that the particle is non-magnetic, so that the magnetic permeability μ0 is constant on all of
R
d . We will consider a time-harmonic wave with frequency ω ∈ C (which we assume to

have positive real part). The wavenumber in the background R
d \	 is given by k0 := ωε0μ0

and we will use k to denote the wavenumber within 	. We, then, consider the following
Helmholtz model for light propagation:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩


u + ω2ε(ω, k)μ0u = 0 in 	,


u + k20u = 0 in R
d \ 	,

u|+ − u|− = 0 on ∂	,
∂u
∂ν

|+ − ∂u
∂ν

|− = 0 on ∂	,

u(x) − uin(x) satisfies the outgoing radiation condition as |x | → ∞,

(2.1)
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where uin is the incident wave, assumed to satisfy

(
 + k20)uin = 0 in R
d ,

and the appropriate outgoing radiation condition is the Sommerfeld radiation condition,
which requires that

lim|x |→∞ |x | d−1
2

(
∂

∂|x | − ik0

)

(u(x) − uin(x)) = 0. (2.2)

In particular, we are interested in the case of small resonators. Thus, we will assume that
there exists some fixed domain D such that 	 is given by

	 = δD + z, (2.3)

for some position z ∈ R
d and characteristic size 0 < δ � 1. Then, making a change of

variables, the Helmholtz problem (2.1) becomes
{


u + δ2ω2ε(ω, k)μ0u = 0 in D,


u + δ2k20u = 0 in R
d \ D,

(2.4)

along with the same transmission conditions on ∂D and far-field behaviour. The behaviour
of resonators which is of interest is when δ � k−1

0 , meaning the system can be described as
being subwavelength. We will study this by performing asymptotics in the regime that the
frequency ω is fixed while the size δ → 0.

We will characterise solutions to (2.1) in terms of the system’s resonant frequencies. For
a given wavenumber k, we define ω = ω(k) to be a resonant frequency if it is such that there
exists a non-trivial solution u to (2.1) in the case that uin = 0.

2.2 Integral formulation

LetG(x, k) be the outgoing Helmholtz Green’s function inR
d , defined as the unique solution

to

(
 + k2)G(x, k) = δ0(x) in R
d ,

along with the outgoing radiation condition (2.2). It is well known that G is given by

G(x, k) =
{

− i
4H

(1)
0 (k|x |), d = 2,

− eik|x |
4π |x | , d = 3,

(2.5)

where H (1)
0 is the Hankel function of first kind and order zero.

Theorem 2.1 (Lippmann-Schwinger Integral Representation Formula) The solution to the
Helmholtz problem (2.1) is given by

u(x) − uin(x) = −δ2ω2ξ(ω, k)
∫

D
G(x − y, δk0)u(y)dy, x ∈ R

d , (2.6)

where the function ξ : C → C describes the permittivity contrast between D and the
background and is given by

ξ(ω, k) = μ0(ε(ω, k) − ε0).
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Proof We see from (2.4) that 
u + δ2ω2ε(ω, k)μ0u = 0 in D, so it holds that


u + δ2k20u = −δ2ω2ξ(ω, k)u,

where ξ(ω, k) = μ0(ε(ω, k) − ε0). Therefore, the Helmholtz problem (2.4) becomes

(
 + δ2k20)(u(y) − uin(y)) = −δ2ω2ξ(ω, k)u(y)χD(y), y ∈ R
d \ ∂D,

with χD being the indicator function of the set D. Then, we know that for x ∈ R
d and

y ∈ R
d \ ∂D, the following identity holds:

∇y ·
[
G(x − y, δk0)∇y

(
u(y) − uin(y)

)
−

(
u(y) − uin(y)

)
∇yG(x − y, δk0)

]

= −δ2ω2ξ(ω, k)u(y)G(x − y, δk0)χD(y) −
(
u(y)

− uin(y)
)
δ0(x − y).

Let SR be a large sphere with radius R large enough so that D ⊂ SR . Integrating the above
identity over y ∈ Sr\∂D and letting R → +∞, we can use the radiation condition (2.2) in the
far field and the transmission conditions on ∂D to obtain the desired integral representation
formula. �	

We are interested in understanding how the formula from Theorem 2.1 behaves in the case
that δ is small. In particular, we wish to understand the operator K δk0

D : L2(D) → L2(D)

given by

K δk0
D [u](x) = −

∫

	

G(x − y, δk0)u(y)dy, x ∈ D. (2.7)

The Helmholtz Green’s function has helpful asymptotic expansions which facilitate this.
However, the behaviour is quite different in two and three dimensions, so we must now
consider these two settings separately. We will first work on the three-dimensional case, and
then treat the two-dimensional setting as the asymptotic expansions are more complicated.

2.3 Reformulation as a subwavelength resonance problem

In order to reveal the behaviour of the system of nano-particles, we will characterise the
properties of the operator K δk0

D . We observe that the Lippmann-Schwinger formulation (2.6)
of the problem is equivalent to

(u − uin)(x) = δ2ω2ξ(ω, k)K δk0
D [u](x).

This is equivalent to

(I − δ2ω2ξ(ω, k)K δk0
D )[u](x) = uin(x),

which gives

u(x) = (I − δ2ω2ξ(ω, k)K δk0
D )−1[uin](x),

for all x ∈ D, where I denotes the identity operator. Then, the subwavelength resonance
problem is to find ω ∈ C close to 0, such that the operator (I − δ2ω2ξ(ω, k)K δk0

D )−1 is
singular, or equivalently, such that there exists u ∈ L2(D), u 
= 0 with

u(x) − δ2ω2ξ(ω, k)
∫

D
G(x − y, δk0)u(y)dy = 0, for x ∈ D. (2.8)
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2.4 Three dimensions

We consider the three-dimensional case, d = 3. Let us define the Newtonian potential on D
to be K (0)

D : L2(D) → L2(D) such that

K (0)
D [u](x) := −

∫

D
u(y)G(x − y, 0)dy = − 1

4π

∫

D

1

|x − y|u(y)dy. (2.9)

Similarly, we define the operators K (n)
D : L2(D) → L2(D), for n = 1, 2, . . . , as

K (n)
D [u](x) = − i

4π

∫

D

(i |x − y|)n−1

n! u(y)dy. (2.10)

Then, in order to capture the behaviour of K δk0
D for small δ, we can use an asymptotic

expansion in terms of small δ.

Lemma 2.2 Suppose that d = 3. The operator K δk0
D can be rewritten as

K δk0
D =

∞∑

n=0

(δk0)
nK (n)

D ,

where the series converges in the L2(D) → L2(D) operator norm if δk0 is small enough.

Proof This follows from an application of the Taylor expansion on the operator K δk0
D . Indeed,

using Taylor expansion on the second variable of G, we can see that

G(x − y, δk0) =
∞∑

n=0

(δk0)
n ∂nG

∂kn
(x − y, k)

∣
∣
∣
k=0

.

Since we are working in three dimensions,

G(x, k) = − eik|x |

4π |x |
and, thus,

G(x − y, 0) = − 1

4π |x − y| and
∂nG

∂kn
(x − y, k) = − i

4π

(i |x − y|)n−1

n! for n > 0.

Hence,

G(x − y, δk0) =
∞∑

n=0

(δk0)
n ∂nG

∂kn
(x − y, k)

∣
∣
∣
k=0

=
∞∑

n=0

(δk0)
n
(

− i

4π

)
(i |x − y|)n−1

n! ,

and then, multiplying by u and integrating over D, gives

K δk0
D [u](y) =

∞∑

n=0

(δk0)
nK (n)

D [u](y),

which is the desired result. �	
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2.4.1 Eigenvalue calculation

In order to study the operator K δk0
D , we need to find its eigenvalues. From Lemma 2.2, if k0

is fixed then we can write our operator as

K δk0
D = K (0)

D + δk0K
(1)
D + O(δ2) as δ → 0. (2.11)

Since we know that K (0)
D is self-adjoint, we know that it admits eigenvalues. Let us denote

such an eigenvalue by λ0, and by u0 the associated eigenvector. Let us now consider the
problem

K δk0
D uδ = λδuδ, (2.12)

where λδ denotes an eigenvalue of the operator K
δk0
D and uδ denotes the associated eigenvec-

tor.Wewish to express λδ as a function of λ0, for small values of δ, which is a classical idea in
perturbation theory. This is possible, since K (0)

D is a compact operator and hence, all the eigen-
values are isolated, except from 0. Using this eigenvalue problem, we will find the resonant
frequency ωs and the associated wavenumber ks of the halide perovskite nano-particle.

Proposition 2.3 Let λδ denote a non-zero eigenvalue of the operator K
δk0
D in dimension three.

Then, if δ is small, it is approximately given by

λδ ≈ λ0 + δk0〈K (1)
D u0, u0〉. (2.13)

Proof Using Theorem 2.3 of [14], eigenvalue perturbation formulas of this kind are straight-
forward to obtain, provided that the unperturbed eigenvalue is semi-simple. Since K (0)

D is
compact, all its non-zero eigenvalues are simple and isolated. Consequently, we know that
there exists an expansion of the form λδ = λ0 + δA, for some constant A which it remains to
calculate. We start by truncating the O(δ2) term in the expansion (2.11). Then, we have that

K δk0
D uδ = λδuδ ⇔ (K (0)

D + δk0K
(1)
D )uδ = λδuδ ⇔ 〈(K (0)

D + δk0K
(1)
D )uδ, u0〉

= 〈λδuδ, u0〉.
Since K (0)

D is self-adjoint, we have that

λ0〈uδ, u0〉 + δk0〈K (1)
D uδ, u0〉 = λδ〈uδ, u0〉.

Finally, since uδ ≈ u0 we find that

λδ = λ0 + δk0
〈K (1)

D uδ, u0〉
〈uδ, u0〉 ≈ λ0 + δk0〈K (1)

D u0, u0〉,

which is the desired result. �	
The following corollary is a direct consequence of Proposition 2.13:

Corollary 2.3.1 Let λδ denote an eigenvalue of the operator K
δk0
D in three dimensions. Then,

if δ is small, it is approximately given by

λδ ≈ λ0 − i

4π
δk0B, (2.14)

where B := (
∫

D u0(y)dy)2 is a constant.
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Proof From (2.10), we get that

K (1)
D [u](x) = − i

4π

∫

D

(i |x − y|)1−1

1! u(y)dy = − i

4π

∫

D
u(y)dy.

Let us define the constant B := (
∫

D u0(y)dy)2. Then, we observe that

〈K (1)
D u0, u0〉 =

∫

D

(

− i

4π

)

u0(y)
∫

D
u0(x)dxdy = − i

4π

(∫

D
u0(y)dy

)2

= − i

4π
B.

Substituting into (2.13) gives the desired result. �	

2.4.2 Frequency and wavenumber

Let us now find the resonant frequency ωδ and wavenumber kδ associated to this eigenvalue,
which will also constitute the basis of our analysis of the operator K δk0

D . From (2.8), we see
that if u = uε, then 1 = δ2ω2ξ(ω, k)λδ so, using Corollary 2.14 we have that

ε(ω, k) = 1

μ0δ2ω2
(
λ0 − i

4π δk0B
) + ε0. (2.15)

In order to study halide perovskite particles, we want the permittivity ε(ω, k) to be given by
(1.1), that is,

ε(ω, k) = ε0 + α

β − ω2 + ηk2 − iγω
, (2.16)

where α, β, γ, η are positive constants. Comparing the two expressions (2.15) and (2.16) we
see that

{
αμ0δ

2ω2λ0 − β + ω2 − ηk2 = 0,

γω − μ0
1
4π αδ3ω2k0B = 0.

(2.17)

We study these two equations separately. First, we look at the second equation of (2.17). We
have that

ω

(

γ − μ0
1

4π
αδ3ωk0B

)

= 0,

meaning that

ω = 0 or ω = 4πγ

αμ0δ3k0B
.

For ω = 4πγ

αμ0δ3k0B
, we obtain that

ηk2 = (1 + αμ0δ
2λ0)ω

2 − β,

which has solutions

k = ±
√
16π2γ 2(1 + αμ0δ2λ0)

α2μ2
0δ

6k20B2η
− β

η
. (2.18)

The case of ω = 0 is not of physical interest here. Thus, denoting this specific frequency by
ωδ and the associated wavenumber by kδ , we will work with

ωδ = 4πγ

αμ0δ3k0B
and kδ =

√
16π2γ 2(1 + αμ0δ2λ0)

α2μ2
0δ

6k20B2η
− β

η
, (2.19)
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where we have chosen the wavenumber kδ to be positive.

2.4.3 Asymptotic analysis

Let us now return to the problem of studying the singularities of the operator (I −
δ2ω2ξ(ω, k)K δk0

D )−1. We have the following equivalence:

(I − δ2ω2ξ(ω, k)K δk0
D )−1 = 0 ⇔

(

I − δ2ω2ξ(ω, k)
∞∑

n=0

(δk0)
nK (n)

D

)−1

= 0.

We define

An := δ2ω2ξ(ω, k)K (n)
D = −δ2ω2ξ(ω, k)

i

4π

∫

D

(i |x − y|)n−1

n! u(y)dy.

Then, it holds that
(

I − δ2ω2ξ(ω, k)
∞∑

n=0

(δk0)
nK (n)

D

)−1

=
(

I −
∞∑

n=0

(δk0)
n An

)−1

=
∞∑

i=0

(

(I − A0 − δk0A1)
−1

∞∑

n=2

(δk0)
n An

)i

(I − A0 − δk0A1)
−1

= (I − A0 − δk0A1)
−1

+ (I − A0 − δk0A1)
−1

(δk0)
2A2(I − A0 − δk0A1)

−1 + O(δ4).

Thus, the above equivalence yields

(I − δ2ω2ξ(ω, k)K δk0
D )−1 = 0 ⇔

(

I − δ2ω2ξ(ω, k)
∞∑

n=0

(δk0)
nK (n)

D

)−1

= 0 ⇔

(I − A0 − δk0A1)
−1 + (I − A0 − δk0A1)

−1(δk0)
2A2(I − A0 − δk0A1)

−1 + O(δ4) = 0.

Using this expression, we obtain the following proposition.

Proposition 2.4 Let d = 3 and letωδ be defined by (2.19). Then, as δ → 0, the O(δ4) approx-
imation of the subwavelength resonant frequencies ωs and the associated wavenumbers ks
of the single halide perovskite resonator 	 = δD + z satisfy

1 − δ2ω2
s ξ(ωs, ks)λδ = −δ4k20ω

2
s ξ(ωs, ks)〈K (2)

D [uδ], uδ〉. (2.20)

Proof For ψ ∈ L2(D), and dropping the O(δ4) term, we have
[
(I − A0−δk0A1)

−1+(I − A0−δk0A1)
−1(δk0)

2A2(I − A0−δk0A1)
−1

]
[ψ] = 0. (2.21)

We apply a pole-pencil decomposition, as it is defined in [4], to the term (I − A0 −
δk0A1)

−1[ψ] and obtain

(I − A0 − δk0A1)
−1[ψ] = 〈uδ, ψ〉uδ

1 − δ2ω2
s ξ(ωs, ks)λδ

+ R(δ)[ψ],
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where the remainder term R(δ)[ψ] can be dropped. Hence, (2.21) is, at leading order, equiv-
alent to

〈uδ, ψ〉uδ

1 − δ2ω2ξ(ωs, ks)λδ

+ 〈uδ, ψ〉uδ

1 − δ2ω2
s ξ(ωs, ks)λδ

(δk0)
2A2

〈uδ, ψ〉uδ

1 − δ2ω2
s ξ(ωs, ks)λδ

= 0,

which reduces to

uδ

1 − δ2ω2
s ξ(ωs, ks)λδ

+ uδ〈K (2)
D [uδ], uδ〉

(1 − δ2ω2
s ξ(ωs, ks)λδ)2

δ4k20ω
2
s ξ(ωs, ks) = 0,

which can be rearranged to give the desired result. �	

Remark In the appendix, we will recover a formula for 〈K (2)
D [uδ], uδ〉.

Before we move on to the consequences of this proposition, we recall that

K (2)
D [u](x) = − i

4π

∫

D

i |x − y|
2

u(y)dy = 1

8π

∫

D
|x − y|u(y)dy.

Thus, we can define the constant F to be such that

〈K (2)
D [uδ], uδ〉 =

∫

K (2)
D [uδ](x)uδ(x)dx = 1

8π

∫

D

∫

D
|x − y|uδ(y)uδ(x)dydx =: 1

8π
F.

So, from (2.20), we see that

1 − δ2ω2
s ξ(ωs, ks)λδ = −δ4k20ω

2
s ξ(ωs, ks)

8π
F. (2.22)

Then the following two corollaries are immediate consequences of the Proposition 2.4.

Corollary 2.4.1 Let d = 3. Then, as δ → 0, the O(δ8) approximation of the subwavelength
resonant frequencies of the halide perovskite resonator 	 = δD + z are given by

1 − ω2
s

ω2
δ

λδ(ε(ωs, ks) − ε0)
64π2γ 2

α2μ0δ4k20B2
= −δ4ω2

s k
2
0ξ(ωs, ks)

8π
F. (2.23)

Proof By a direct calculation and using (2.19), we have

1 − δ2ω2
s ξ(ωs, ks)λδ = 1 − δ2ω2

sμ0(ε(ωs, ks) − ε0)λδ

(2.19)= 1 − δ2
ω2
s

ω2
δ

μ0(ε(ωs, ks) − ε0)λδ

64π2γ 2

α2μ2
0δ

4k20B2

= 1 − ω2
s

ω2
δ

λδ(ε(ωs, ks) − ε0)
64π2γ 2

α2μ0δ4k20B2
.

Then, using (2.22), the result follows. �	

Corollary 2.4.2 Let d = 3. Then, as δ → 0, the O(δ4) approximation of the subwavelength
resonant frequencies of the halide perovskite resonator 	 = δD + z can be computed as

1 − δ2ω2
s ξ(ωs, ks)λδ = −ω2

s

ω2
δ

(ε(ωs, ks) − ε0)
8πγ 2

F

α2μ0δ2B2 . (2.24)
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Proof Again, we can calculate this directly:

δ4k20ω
2
s ξ(ωs, ks)

8π
F = 1

8π
δ4

ω2
s

ω2
δ

k20μ0(ε(ωs, ks) − ε0)ω
2
δ

(2.19)= 1

8π

ω2
s

ω2
δ

δ4k20μ0(ε(ωs, ks) − ε0)
64π2γ 2

α2μ2
0δ

4k20B2

= ω2
s

ω2
δ

(ε(ωs, ks) − ε0)
8πγ 2

α2μ0δ2B2 .

Then, using (2.22), the result follows. �	
We finish our analysis of the three-dimensional case with the following proposition.

Proposition 2.5 Let d = 3. For ω close to the resonant frequency ωs , the field scattered by
the halide perovskite nano-particle 	 = δD + z can be approximated by

u(x) − uin(x) ≈ 1 + δ2ω2G(x − y, δk0)ξ(ω, k)

δ2ω2
(
λδ − λ0 + i

4π δk0B
)
ξ(ω, k)

〈uin, uδ〉
∫

D
uδ.

Proof Our goal is to find u ∈ L2(D), u 
= 0 such that (2.8) is satisfied. Using the pole-pencil
decomposition, we can rewrite

u(x) − uin(x) ≈ −δ2ω2ξ(ω, k)G(x − y, δk0)
〈uin, uδ〉

∫

D uδ

1 − δ2ω2ξ(ω, k)λδ

+ δ4k20ω
2ξ(ω, k)

〈K (2)
D [uδ], uδ〉〈uin, uδ〉

∫

D uδ

(1 − δ2ω2ξ(ω, k)λδ)2
.

Using (2.20) and plugging it in the above expression, we obtain

u(x) − uin(x) ≈ −δ2ω2ξ(ω, k)G(x − y, δk0)
〈uin, uδ〉

∫

D uδ

−δ4k20ω
2ξ(ω, k)〈K (2)

D [uδ], υδ〉

+ δ4k20ω
2ξ(ω, k)

〈K (2)
D [uδ], uδ〉〈uin, uδ〉

∫

D uδ

δ8k40ω
4ξ(ω, k)2〈K (2)

D [uδ], υδ〉2

= G(x − y, δk0)〈uin, uδ〉
∫

D uδ

δ2k20〈K (2)
D [uδ], uδ〉

+ 〈uin, uδ〉
∫

D uδ

δ4k20ω
2ξ(ω, k)〈K (2)

D [uδ], uδ〉
.

Thus, defining the constant F := 8π〈K (2)
D [uδ], uδ〉, we obtain

u(x) − uin(x) ≈
8π

(
1 + δ2ω2G(x − y, δk0)ξ(ω, k)

)

δ4k20ω
2ξ(ω, k)F

〈uin, uδ〉
∫

D
uδ. (2.25)

From the Appendix A.1, we have that

F = 8π

δ2k20

(

λδ − λ0 + i

4π
δk0B

)

.

Plugging it into (2.25), we obtain

u(x) − uin(x) ≈
8π

(
1 + δ2ω2G(x − y, δk0)ξ(ω, k)

)

δ4k20ω
2ξ(ω, k)F

δ2k20
8π

1

λδ − λ0 + i
4π δk0B

〈uin, uδ〉
∫

D
uδ,

from which the result follows. �	
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2.5 Two dimensions

We now turn our attention to the two-dimensional setting. We define the Newtonian potential
on D, K (0)

D : L2(D) → L2(D), by

K (0)
D [u](x) := −

∫

D
u(y)G(x − y, 0)dy = − 1

2π

∫

D
log |x − y|u(y)dy.

We also define the operators K (−1)
D : L2(D) → L2(D) and K (1)

D : L2(D) → L2(D) by

K (−1)
D [u](x) := − 1

2π

∫

D
u(y)dy and K (n)

D [u](x) :=
∫

D

∂n

∂kn
G(x − y, k)

∣
∣
∣
k=0

u(y)dy.

Then, from the asymptotic expansion of the Hankel function, we have the following result.

Lemma 2.6 Suppose that d = 2. Then, for fixed k0 ∈ C, the operator K δk0
D satisfies

K δk0
D = log(δk0γ̂ )K (−1)

D + K (0)
D + (δk0)

2 log(γ̂ δk0)K
(1)
D + O(δ4 log δ), (2.26)

as δ → 0, with convergence in the L2(D) → L2(D) operator norm and the constant γ̂

being given by γ̂ := 1
2k0 exp(γ − iπ

2 ), where γ is the Euler constant.

2.5.1 Eigenvalue calculation

We use the same notation for uδ as in Sect 2.4.1. Let us consider the eigenvalue problem

K δk0
D uδ = λδuδ, (2.27)

where λδ denotes a non-zero eigenvalue of the operator K δk0
D , and uδ denotes an associated

eigenvector. As in the case of dimension d = 3, we now wish to express λδ in terms of, for
small values of δ. This is possible since K (−1)

D is a compact operator.

Proposition 2.7 Let λδ denote a non-zero eigenvalue of the operator K δk0
D in dimension 2.

Then, for small δ, it is approximately given by:

λδ ≈ log(δk0γ̂ )λ−1 + 〈K (0)
D u−1, u−1〉 + (δk0)

2 log(δk0γ̂ )〈K (1)
D u−1, u−1〉, (2.28)

where λ−1 and u−1 are an eigenvalue and the associated eigenvector of the potential K
(−1)
D .

Proof Since K (−1)
D is a compact operator, it has simple eigenvalues so we can use Theorem

2.3 of [14]. We start by dropping the O(δ4 log(δ)) term on the expansion (2.26). Then, we
have that

K δk0
D uδ = λδuδ ⇔ (log(δk0γ̂ )K (−1)

D + K (0)
D + (δk0)

2 log(δk0γ̂ )K (1)
D )uδ = λδuδ

⇔ log(δk0γ̂ )λ−1〈uδ, u0〉 + 〈K (0)
D uδ, u−1〉

+ (δk0)
2 log(δk0γ̂ )〈K (1)

D uδ, u−1〉 = λδ〈uδ, u−1〉.
Therefore, assuming that uδ ≈ u−1, we can see that

λδ ≈ log(δk0γ̂ )λ−1 + 〈K (0)
D u−1, u−1〉 + (δk0)

2 log(δk0γ̂ )〈K (1)
D u−1, u−1〉,

which is the desired result. �	
The following corollary is a direct consequence of the above proposition.
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Corollary 2.7.1 Let λδ denote an eigenvalue of the operator K δk0
D in dimension 2. Then, for

small δ, it is approximately given by

λδ ≈ log(δk0γ̂ )λ−1 − P

2π
− i(δk0)2 log(δk0γ̂ )G

4π
, (2.29)

where P and G are constants that depend on u−1.

Proof We observe that

〈K (0)
D u−1, u−1〉 =

∫

D

(

− 1

2π

∫

D
log |x − y|u−1(y)dy

)

u−1(x)dx

= − 1

2π

∫

D

∫

D
log |x − y|u−1(y)u−1(x)dydx =: − 1

2π
P.

Then, for u ∈ L2(D),

K (1)
D [u](x) =

∫

D

∂

∂k
G(x − y, k)

∣
∣
∣
k=0

u(y)dy

=
∫

D

∂

∂k

(

− i

4
H (1)
0 (k|x − y|)

) ∣
∣
∣
k=0

u(y)dy = − i

4π

∫

D

u(y)

|x − y|dy,

and so, we have

〈K (1)
D u−1, u−1〉 =

∫

D

(

− i

4π

∫

D

u−1(y)

|x − y|dy
)

u−1(x)dx

= − i

4π

∫

D

∫

D

u−1(y)u−1(x)

|x − y| dydx =: − i

4π
G.

Hence, from (2.28), we obtain the desired result. �	

2.5.2 Frequency and wavenumber

Let us now find the frequencyωδ and the wavenumber kδ associated to this eigenvalue, which
will also constitute the basis of our analysis of the operator K δk0

D . We see that (2.8) gives us
that

1 = δ2ω2ξ(ω, k)λδ ⇔ 1 = δ2ω2μ0(ε(ω, k) − ε0)λδ.

Using the expression (2.28) for λδ , we see that

ε(ω, k) = 1

μ0δ2ω2
(
log(δk0γ̂ )λ−1 − P

2π − i(δk0)2 log(δk0γ̂ )G
4π

) + ε0.

Arguing in the same way as in section 2.4.4 and comparing the two permittivity expressions,
we obtain the following system:

{
4παδ2ω2μ0 log(δk0γ̂ )λ−1 − 2Pαδ2ω2μ0 − 4πβ + 4πω2 − 4πηk2 = 0,

−αδ4ω2μ0k20 log(δk0γ̂ )G + 4πγω = 0.
(2.30)

From the second equation in (2.30), we see that

ω(−αδ4ωμ0k
2
0 log(δk0γ̂ )G + 4πγ ) = 0,

123



44 Page 14 of 28 Partial Differential Equations and Applications (2022) 3 :44

which shows us that

ω = 0 or ω = 4πγ

αδ4μ0k20 log(δk0γ̂ )G
.

For ω = 4πγ

αδ4μ0k20 log(δk0γ̂ )G
, we obtain the equation

4παδ2μ0λ−1 log(δk0γ̂ )
16π2γ 2

α2δ8μ2
0k

4
0 log(δk0γ̂ )2G2

− 2Pαδ2μ0
16π2γ 2

α2δ8μ2
0k

4
0 log(δk0γ̂ )2G2

− 4πβ + 4π
16π2γ 2

α2δ8μ2
0k

4
0 log(δk0γ̂ )2G2

− 4πηk2 = 0,

which has solutions

k = ±
√

−β

η
+

(
2παδ2μ0λ−1 log(δk0γ̂ ) − αδ2μ0P + 2π

) 8πγ 2

ηα2δ8μ2
0k

4
0 log(δk0γ̂ )2G2

.

Yet again, we discard the case of ω = 0, as there is no physical interest. Denoting the
frequency by ωδ and the wavenumber by λδ , we will work with

ωδ = 4πγ

αδ4μ0k20 log(δk0γ̂ )G
,

kδ =
√

−β

η
+

(
2παδ2μ0λ−1 log(δk0γ̂ ) − αδ2μ0P + 2π

) 8πγ 2

ηα2δ8μ2
0k

4
0 log(δk0γ̂ )2G2

,

(2.31)

where we have chosen the wavenumber to be positive.

2.5.3 Asymptotic analysis

Let us consider ω near ωδ , and define the coefficients

cn =

⎧
⎪⎨

⎪⎩

log(δk0γ̂ ), n = −1,

1, n = 0,

(δk0)2n log(δk0γ̂ ), n ≥ 1.

Then, we can write

K δk0
D =

+∞∑

n=−1

cnK
(n)
D .

We are interested in studying the singularities of the operator (I − δ2ω2ξ(ω, k)K δk0
D )−1.

Setting Bn := δ2ω2ξ(ω, k)K (n)
D , we find that (I − δ2ω2ξ(ω, k)K δk0

D )−1 = 0 can be written
as

(

I −
+∞∑

n=−1

cn Bn

)−1

= 0,
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which can be expanded to give
⎛

⎝I − log(δk0γ̂ )B−1 − B0 − (δk0)
2 log(δk0γ̂ )B1 −

+∞∑

n≥2

cn Bn

⎞

⎠

−1

= 0,

which gives

L + L(δk0)
4 log(δk0γ̂ )B2L + O(δ6) = 0,

where we have defined,

L :=
(
I − log(δk0γ̂ )B−1 − B0 − (δk0)

2 log(δk0γ̂ )B1

)−1
. (2.32)

Using this expression, we have the following proposition.

Proposition 2.8 Let d = 2 and letωδ be defined by (2.31). Then, as δ → 0, the O(δ4) approx-
imations of the subwavelength resonant frequencies ωs and the associated wavenumbers ks
of the single halide perovskite resonator 	 = δD + z satisfy

1 − δ2ω2
s ξ(ωs, ks)λδ = −δ6k40 log(δk0γ̂ )ω2

s ξ(ωs, ks)〈K (2)
D [uδ], uδ〉. (2.33)

Proof Applying a pole-pencil decomposition, we obtain
(
I−log(δk0γ̂ )B−1 − B0 − (δk0)

2 log(δk0γ̂ )B1

)−1[·]= 〈·, uδ〉uδ

1 − δ2ω2
s ξ(ωs , ks)λδ

+R(ωs)[·],

where the remainder R(ωs) is analytic in a neighborhood of ωδ and can be dropped. Thus,
dropping the O(δ6) term, we find for ψ ∈ L2(D) that

[
L + L(δk0)

4 log(δk0γ̂ )B2L
]
(ψ) = 0.

Applying a pole-pencil decomposition on (2.32), we get

〈ψ, uδ〉uδ

1 − δ2ω2
s ξ(ωs, ks)λδ

+ 〈ψ, uδ〉uδ

1 − δ2ω2
s ξ(ωs, ks)λδ

(δk0)
4 log(δk0γ̂ )B2

〈ψ, uδ〉uδ

1 − δ2ω2
s ξ(ωs, ks)λδ

= 0.

This implies that

1 − δ2ω2
s ξ(ωs, ks)λδ = −δ6k40 log(δk0γ̂ )ω2

s ξ(ωs, ks)〈K (2)
D [uδ], uδ〉,

which is the desired result. �	
In order to obtain the associated consequences of this proposition, we observe that, since
d = 2, we have that

K (2)
D [uδ](x) =

∫

D

∂2

∂k2
G(x − y, k)

∣
∣
∣
k=0

uδ(y)dy =
∫

D

∂2

∂k2

(

− i

4
H (1)
0 (k|x |)

) ∣
∣
∣
k=0

= − i

4

∫

D
− 1

π |x − y|2 uδ(y)dy = i

4π

∫

D

uδ(y)

|x − y|2 dy.

Hence,

〈K (2)
D [uδ], uδ〉 =

∫

D

(
i

4π

∫

D

uδ(y)

|x − y|2 dy
)

uδ(x)dx = i

4π

∫

D

∫

D

uδ(y)uδ(x)

|x − y|2 dydx =: i

4π
S.

(2.34)
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So, we get that (2.33) is equivalent to

1 − δ2ω2
s ξ(ωs, ks)λδ = −iδ6k40 log(δk0γ̂ )ω2

s ξ(ωs, ks)S

4π
. (2.35)

Remark In the Appendix A.2 of this paper, we recover a formula for S.

Then, the next two corollaries follow as immediate results.

Corollary 2.8.1 Let d = 2. Then, as δ → 0, the O(δ10 log(δ)3) approximation of the sub-
wavelength resonant frequencies of the halide perovskite resonator 	 = δD + z can be
computed as

1 − ω2
s

ω2
δ

·
16π2γ 2λδ

(
ε(ωs, ks) − ε0

)

α2δ6μ0k40 log(δk0γ̂ )2G2
= − iδ6k40 log(δk0γ̂ )ω2

s ξ(ωs, ks)S

4π
. (2.36)

Proof By a direct computation, we observe that

1 − δ2ω2
s ξ(ωs, ks)λδ = 1 − δ2ω2

sμ0

(
ε(ωs, ks) − ε0

)
λδ

ω2
δ

ω2
δ

(2.31)= 1 − δ2
ω2
s

ω2
δ

μ0

(
ε(ωs, ks) − ε0

)
λδ

16π2γ 2

α2δ8μ2
0k

4
0 log(δk0γ̂ )2G2

= 1 − ω2
s

ω2
δ

·
16π2γ 2λδ

(
ε(ωs, ks) − ε0

)

α2δ6μ0k40 log(δk0γ̂ )2G2
,

and thus, (2.35) gives the desired result. �	
Corollary 2.8.2 Let d = 2. Then, as δ → 0, the O(δ4 log(δ)) approximation of the subwave-
length resonant frequencies of the halide perovskite resonator 	 = δD+ z can be computed
as

1 − δ2ω2
s ξ(ωs, ks)λδ = −ω2

s

ω2
ε

·
4π iSγ 2

(
ε(ωs, ks) − ε0

)

α2δ2 log(δk0γ̂ )μ0G
2 . (2.37)

Proof Again, to show this, we need to make a straightforward calculation:

iδ6k40 log(δk0γ̂ )ω2
s ξ(ωs, ks)S

4π
= i

4π
δ6 k40 log(δk0γ̂ )

ω2
s

ω2
δ

S μ0

(
ε(ωs, ks) − ε0

)
ω2

δ

(2.31)= i

4π
δ6 k40 log(δk0γ̂ )

ω2
s

ω2
δ

S μ0

(
ε(ωs, ks) − ε0

)

16π2γ 2

α2δ8μ2
0k

4
0 log(δk0γ̂ )2G2

= ω2
s

ω2
ε

·
4π iSγ 2

(
ε(ωs, ks) − ε0

)

α2δ2 log(δk0γ̂ )μ0G
2 .

Hence, (2.35) gives the desired result. �	
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We continue our analysis in the same way as in the previous case.

Proposition 2.9 Let d = 2. For ω real close to the resonant frequency ωs , the following
approximation for the field scattered by the halide perovskite nano-particle 	 = δD + z
holds:

u(x) − uin(x) ≈
4π

(
1 + δ2ω2ξ(ω, k)G(x − y, δk0)

)

iδ6k40ω
2 log(δk0γ̂ )ω2ξ(ω, k)S

〈uin, uδ〉
∫

D
uδ. (2.38)

Proof Aswementioned at the beginning or our analysis, our goal is to find u ∈ L2(D), u 
= 0,
such that (2.8) is satisfied. Using the pole-pencil decomposition on this Lippmann-Schwinger
formulation of the problem, we can rewrite, as in Corollary 2.3 in [2],

u(x) − uin(x) ≈ −δ2ω2ξ(ω, k)G(x−y, δk0)
〈uin, uδ〉

∫

D uδ

1 − δ2ω2ξ(ω, k)λδ

+ δ6k40 log(δk0γ̂ )ω2ξ(ω, k)

〈K (2)
D [uδ], uδ〉〈uin, uδ〉

∫

D uδ
(
1 − δ2ω2ξ(ω, k)λδ

)2 ,

which, using (2.35), becomes:

u(x) − uin(x) ≈ G(x − y, δk0)〈uin, uδ〉
∫

D uδ

δ4k40 log(δk0γ̂ )〈K (2)
D [uδ], uδ〉

+ 〈uin, uδ〉
∫

D uδ

δ6k40ω
2 log(δk0γ̂ )ω2ξ(ω, k)〈K (2)

D [uδ], uδ〉
.

From (2.34), this gives

u(x) − uin(x) ≈
4π

(
1 + δ2ω2ξ(ω, k)G(x − y, δk0)

)

iδ6k40ω
2 log(δk0γ̂ )ω2ξ(ω, k)S

〈uin, uδ〉
∫

D
uδ,

which is the desired result. �	
We finish our analysis with the following result.

Proposition 2.10 Let d = 2 and δ be small enough. Then, the o(δ4) approximation of the
subwavelength resonant frequencies ωs of the halide perovskite nano-particle 	 = δD + z
satisfies

1 − δ2ω2
s ξ(ωs , ks)

(

−|D|
2π

log(δk0γ̂ ) + 〈K (0)
D [ÎD], ÎD〉 + δ2k20 log(δ)〈K (1)

D [ÎD], ÎD〉
))

= O
(
δ4

)
,

(2.39)

where |D| is the volume of D and ÎD = ID/
√|D|.

Proof We want to find ωs ∈ C such that
(
I − δ2ω2

s ξ(ωs, ks)K
δk0
D

)
[u](x) = 0,
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which, for small δ, can be written as
(
I − δ2ω2

s ξ(ωs , ks)
(
log(δk0γ̂ )K (−1)

D + K (0)
D + (δk0)

2 log(δk0γ̂ )K (1)
D

))
[u](x) = O

(
δ6 log(δ)

)
.

Let us denote

Mδk0
D := log(δk0γ̂ )K (−1)

D + K (0)
D + (δk0)

2 log(δk0γ̂ )K (1)
D .

We take ν(δ) ∈ σ(Mδk0
D ) and consider the eigenvalue problem for Mδk0

D :

Mδk0
D [�] = ν(δ)�. (2.40)

We employ the ansatz

�(δ) = �0 + O

(
1

log(δ)

)

,

ν(δ) = log(δ)ν0 + ν1 + δ2 log(δ)ν2 + O
(
δ2

)
.

From (2.40) and the fact that δ2 log(δk0γ̂ ) = δ2 log(δ) + O(δ2) we have that
(
log(δ)K (−1)

D + log(k0γ̂ )K (−1)
D + K (0)

D + (δk0)
2 log(δ)K (1)

D

)
[�0]

=
(
log(δ)ν0 + ν1 + δ2 log(δ)ν2

)
[�0] + O

(
δ2

)
.

Equating the O(log δ) terms gives

K (−1)
D [�0] = ν0�0 ⇒ ν0ÎD = K (−1)

D [ÎD] ⇒ ν0ÎD = −|D|
2π

ÎD ⇒ ν0 = −|D|
2π

.

Then, equating the O(1) terms gives

log(k0γ̂ )K (−1)
D [ÎD] + K (0)

D [ÎD] = ν1 ÎD ⇒ ν1 ÎD = −|D|
2π

log(k0γ̂ )ÎD + K (0)
D [ÎD]

⇒ ν1 = −|D|
2π

log(k0γ̂ ) + 〈K (0)
D [ÎD], ÎD〉.

Using the same reasoning for the O
(
δ2 log(δ)

)
terms, we get

ν2ÎD = k20K
(1)
D [ÎD] ⇒ ν2 = k20〈K (1)

D [ÎD], ÎD〉.
Thus,

ν(δ) = log(δ)ν0 + ν1 + δ2 log(δ)ν2 + O
(
δ2

)

= −|D|
2π

log(δ) − |D|
2π

log(k0γ̂ ) + 〈K (0)
D [ÎD], ÎD〉 + δ2k20 log(δ)〈K (1)

D [ÎD], ÎD〉 + O
(
δ2)

)

= −|D|
2π

log(δk0γ̂ ) + 〈K (0)
D [ÎD], ÎD〉 + δ2k20 log(δ)〈K (1)

D [ÎD], ÎD〉 + O
(
δ2

)
.

Using these expressions, 1 − δ2ω2
s ξ(ωs, ks)M

δk0
D = O(δ6 log(δ)) can be rewritten as

1 − δ2ω2
s ξ(ωs, ks)

(
− |D|

2π
log(δk0γ̂ ) + 〈K (0)

D [ÎD], ÎD〉
+ δ2k20 log(δ)〈K (1)

D [ÎD], ÎD〉
+ O

(
δ2

))
= O

(
δ6 log(δ)

)
,

from which the result follows. �	
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δ δ
κ

D1 D2

Fig. 1 Two identical spherical halide perovskite resontators D1 and D2 of radius δ, made from the same
material, placed at a distance κ from each other

3 Hybridization of two resonators

3.1 Three dimensions

Let us consider two identical halide perovskite resontators D1 and D2 (e.g. the speres in
Fig. 1), made from the same material. From now on, we will denote the permittivity by
ξ(ω, k), where ω is the frequency and k the associated wavenumber. In order to generalize
our results, we will define it by

ξ(ω, k) := μ0α

β − ω2 + ηk2 − iγω
, (3.1)

where the positive constants α, β, γ and η characterise the material.
Then, since there is an interaction between the two resonators, the field u − uin scattered

by the two particles will be given by the following representation formula:

(u − uin)(x) = −δ2ω2ξ(ω, k)
[∫

D1

G(x − y, δk0)u(y)dy +
∫

D2

G(x − y, δk0)u(y)dy

]

for x ∈ R
d .

(3.2)

Definition 3.1 We define the integral operators K δk0
Di

and Rδk0
Di D j

, for i, j = 1, 2, by

K δk0
Di

: u∣
∣
Di

∈ L2(Di ) �−→ −
∫

Di

G(x − y, δk0)u(y)dy
∣
∣
∣
Di

∈ L2(Di )

and

Rδk0
Di D j

: u∣
∣
Di

∈ L2(Di ) �−→ −
∫

Di

G(x − y, δk0)u(y)dy
∣
∣
∣
Dj

∈ L2(Dj ).

Then, the following lemma is a direct consequence of these definitions.

Lemma 3.2 The scattering problem (3.2) can be restated, using the Definition 3.1, as
(
1 − δ2ω2ξ(ω, k)K δk0

D1
−δ2ω2ξ(ω, k)Rδk0

D2D1

−δ2ω2ξ(ω, k)Rδk0
D1D2

1 − δ2ω2ξ(ω, k)K δk0
D2

) (
u|D1

u|D2

)

=
(
uin |D1

uin |D2

)

. (3.3)
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Thus, the scattering resonance problem is to find ω such that the operator in (3.3) is singular,
or equivalently, such that there exists (u1, u2) ∈ L2(D1) × L2(D2), (u1, u2) 
= 0, such that

(
1 − δ2ω2ξ(ω, k)K δk0

D1
−δ2ω2ξ(ω, k)Rδk0

D2D1

−δ2ω2ξ(ω, k)Rδk0
D1D2

1 − δ2ω2ξ(ω, k)K δk0
D2

) (
u1

u2

)

=
(
0
0

)

. (3.4)

Theorem 3.3 Let d = 3. Then, the hybridized subwavelength resonant frequencies ω satisfy

(
1 − δ2ω2ξ(ω, k)λδ

)2 − δ4ω4ξ(ω, k)2〈Rδk0
D1D2

φ
(δ)
1 , φ

(δ)
2 〉〈Rδk0

D2D1
φ

(δ)
2 , φ

(δ)
1 〉 = 0, (3.5)

where φ
(δ)
i , for i = 1, 2, is the eigenfunction associated to the eigenvalue λδ of the potential

K δk0
Di

.

Proof We observe that (3.4) is equivalent to

⎛

⎝
1 − δ2ω2ξ(ω, k)K δk0

D1
0

0 1 − δ2ω2ξ(ω, k)K δk0
D2

⎞

⎠

(
u1

u2

)

− δ2ω2ξ(ω, k)

⎛

⎝
0 Rδk0

D2D1

Rδk0
D1D2

0

⎞

⎠

(
u1
u2

)

=0,

which gives

(
u1
u2

)

− δ2ω2ξ(ω, k)

⎛

⎜
⎝

(
1 − δ2ω2ξ(ω, k)K δk0

D1

)−1
0

0
(
1 − δ2ω2ξ(ω, k)K δk0

D2

)−1

⎞

⎟
⎠

(
Rδk0
D2D1

u2
Rδk0
D1D2

u1

)

= 0.

(3.6)

Let us now apply a pole-pencil decomposition on the operators
(
1 − δ2ω2ξ(ω, k)K δk0

Di

)−1
,

for i = 1, 2. We see that

(
1 − δ2ω2ξ(ω, k)K δk0

D1

)−1
(·) = 〈·, φ(δ)

1 〉φ(δ)
1

1 − δ2ω2ξ(ω, k)λδ

+ R1[ω](·)

and

(
1 − δ2ω2ξ(ω, k)K δk0

D2

)−1
(·) = 〈·, φ(δ)

2 〉φ(δ)
2

1 − δ2ω2ξ(ω, k)λδ

+ R2[ω](·),

where the remainder terms R1[ω](·) and R2[ω](·) are holomorphic for ω in a neighborhood
of ωδ , so can be neglected. Then, (3.6), is equivalent to

(
u1

u2

)

− δ2ω2ξ(ω, k)

⎛

⎜
⎝

〈·,φ(δ)
1 〉φ(δ)

1
1−δ2ω2ξ(ω,k)λδ

0

0
〈·,φ(δ)

2 〉φ(δ)
2

1−δ2ω2ξ(ω,k)λδ

⎞

⎟
⎠

(
Rδk0
D2D1

u2

Rδk0
D1D2

u1

)

= 0.
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This gives us the system

⎧
⎨

⎩

u1 − δ2ω2ξ(ω,k)
1−δ2ω2ξ(ω,k)λδ

〈Rδk0
D2D1

u2, φ
(δ)
1 〉φ(δ)

1 = 0,

u2 − δ2ω2ξ(ω,k)
1−δ2ω2ξ(ω,k)λδ

〈Rδk0
D1D2

u1, φ
(δ)
2 〉φ(δ)

2 = 0.

Applying the operator Rδk0
D1D2

(resp. Rδk0
D2D1

) to the first (resp. second) equation, and then

applying 〈·, φ(ε)
2 〉 (resp. 〈·, φ(ε)

1 〉), we find that
⎧
⎨

⎩

〈Rδk0
D1D2

u1, φ
(δ)
2 〉 − δ2ω2ξ(ω,k)

1−δ2ω2ξ(ω,k)λδ
〈Rδk0

D1D2
φ

(δ)
1 , φ

(δ)
2 〉〈Rδk0

D2D1
u2, φ

(δ)
1 〉 = 0,

〈Rδk0
D2D1

u2, φ
(δ)
1 〉 − δ2ω2ξ(ω,k)

1−δ2ω2ξ(ω,k)λδ
〈Rδk0

D2D1
φ

(δ)
2 , φ

(δ)
1 〉〈Rδk0

D1D2
u1, φ

(δ)
2 〉 = 0.

This system has a solution only if its determinant is zero. That is, if

1 − δ4ω4ξ(ω, k)2
(
1 − δ2ω2ξ(ω, k)λδ

)2 〈Rδk0
D1D2

φ
(δ)
1 , φ

(δ)
2 〉〈Rδk0

D2D1
φ

(δ)
2 , φ

(δ)
1 〉 = 0,

which gives the desired result. �	

The following corollary is a direct result of Theorem 3.3.

Corollary 3.3.1 Let d = 3. Then, the hybridized subwavelength resonant frequencies are
given by

ω = iγ ± √−γ 2 − 4�(β + ηk2)

2�
,

where � = −1 − δ2αλδ ± αδ2
√

〈Rδk0
D1D2

φ
(δ)
1 , φ

(δ)
2 〉〈Rδk0

D2D1
φ

(δ)
2 , φ

(δ)
1 〉. (3.7)

where φδ
i , for i = 1, 2, is the eigenfunction associated to the eigenvalue λδ of the potential

K δk0
Di

and the ± in the two expressions do not have to agree.

Proof We introduce the notationK := 〈Rδk0
D1D2

φ
(δ)
1 , φ

(δ)
2 〉 andM := 〈Rδk0

D2D1
φ

(δ)
2 , φ

(δ)
1 〉. Then,

(3.5) becomes

(
1 − δ2ω2ξ(ω, k)λδ

)2 − δ4ω4ξ(ω, k)2KM = 0

⇔ 1 − δ2ω2ξ(ω, k)λδ ± δ2ω2ξ(ω, k)
√

KM = 0 ⇔
(
−1 − δ2αλδ ± αδ2

√
KM

)
ω2 − iγω + β + ηk2 = 0,

and the roots to this second degree polynomial are given by

ω = iγ ± √−γ 2 − 4�(β + ηk2)

2�
where � = −1 − δ2αλδ ± αδ2

√
KM,

with the two ± not necessarily agreeing. Finally, substituting the expressions for K and M,
we obtain the result. �	
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3.2 Two dimensions

Let usmove on to the case of dimension d = 2. For simplicity, we again consider two identical
halide perovskite resontators D1 and D2, made from the same material with permittivity
given by the formula (3.1). We define the operators K δk0

Di
and Rδk0

Di D j
, for i, j = 1, 2, as in

Definition 3.1 and we continue by defining the following integral operators.

Definition 3.4 We define the integral operators Mδk0
Di

and N δk0
Di D j

for i, j = 1, 2 as

Mδk0
Di

:= K̂ δk0
Di

+ K (0)
Di

+ (δk0)
2 log(δk0γ̂ )K (1)

Di
,

and

N δk0
Di D j

:= K̂ δk0
Di D j

+ R(0)
Di D j

+ (δk0)
2 log(δk0γ̂ )R(1)

Di D j
,

where

K (0)
Di

: u
∣
∣
∣
Di

∈ L2(Di ) �−→
∫

Di

G(x − y, 0)u(y)dy
∣
∣
∣
Di

∈ L2(Di ),

K̂ δk0
Di

: u
∣
∣
∣
Di

∈ L2(Di ) �−→ log(γ̂ δk0)K̂Di [u]
∣
∣
∣
Di

∈ L2(Di ),

K̂Di : u
∣
∣
∣
Di

∈ L2(Di ) �−→ − 1

2π

∫

Di

u(y)dy
∣
∣
∣
Di

∈ L2(Di ),

K (1)
Di

: u
∣
∣
∣
Di

∈ L2(Di ) �−→
∫

Di

∂

∂k
G(x − y, k)

∣
∣
∣
k=0

u(y)dy
∣
∣
∣
Di

∈ L2(Di ),

and

R(0)
Di D j

: u
∣
∣
∣
Di

∈ L2(Di ) �−→
∫

Di

G(x − y, 0)u(y)dy
∣
∣
∣
Dj

∈ L2(Dj ),

K̂ δk0
Di D j

: u
∣
∣
∣
Di

∈ L2(Di ) �−→ log(γ̂ δk0)K̂Di D j [u]
∣
∣
∣
Dj

∈ L2(Dj ),

K̂Di D j : u
∣
∣
∣
Di

∈ L2(Di ) �−→ − 1

2π

∫

Di

u(y)dy
∣
∣
∣
Dj

∈ L2(Dj ),

R(1)
Di D j

: u
∣
∣
∣
Di

∈ L2(Di ) �−→
∫

Di

∂

∂k
G(x − y, k)

∣
∣
∣
k=0

u(y)dy
∣
∣
∣
Dj

∈ L2(Dj ).

We observe the following result.

Proposition 3.5 For the integral operators K δk0
Di

and Rδk0
Di D j

, we can write

K δk0
Di

= Mδk0
Di

+ O
(
δ4 log(δ)

)
, and Rδk0

Di D j
= N δk0

Di D j
+ O

(
δ4 log(δ)

)
, (3.8)

as δ → 0 and with k0 fixed.

Proof The proof is a direct result of the expansion of the Green’s function in dimension
d = 2. Indeed, for u|Di ∈ L2(Di ), we observe that

K δk0
Di

[u](x) = −
∫

Di

G(x − y, δk0)u(y)dy
∣
∣
∣
Di

= −
∫

Di

(
log(γ̂ δk0)

1

2π
+G(x − y, 0)+(δk0)

2 log(δk0γ̂ )
∂

∂k
G(x − y, k)

∣
∣
∣
k=0
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+ O
(
δ4 log(δ)

))
u(y)dy

∣
∣
∣
Di

=
(
K̂ δk0

Di
+ K (0)

Di
+ (δk0)

2 log(δk0γ̂ )K (1)
Di

)
[u](x) + O

(
δ4 log(δ)

)

= Mδk0
Di

[u](x) + O
(
δ4 log(δ)

)
.

Similarly, for u|Di ∈ L2(Di ),

Rδk0
Di D j

[u](x) = −
∫

Di

G(x − y, δk0)u(y)dy
∣
∣
∣
Dj

∈ L2(Dj )

= −
∫

Di

(
log(γ̂ δk0)

1

2π
+ G(x − y, 0) + (δk0)

2 log(δk0γ̂ )
∂

∂k
G(x − y, k)

∣
∣
∣
k=0

+ O
(
δ4 log(δ)

))
u(y)dy

∣
∣
∣
Dj

=
(
K̂ δk0

Di D j
+ R(0)

Di D j
+ (δk0)

2 log(δk0γ̂ )R(1)
Di D j

)
[u](x) + O

(
δ4 log(δ)

)

= N δk0
Di D j

[u](x) + O(δ4 log(δ)).

�	
Therefore, our problem is to determine the frequencies ω and the associated wavenumber k,
for which the following holds:

(
I − δ2ω2ξ(ω, k)K δk0

D1
−δ2ω2ξ(ω, k)Rδk0

D2D1

−δ2ω2ξ(ω, k)Rδk0
D1D2

I − δ2ω2ξ(ω, k)K δk0
D2

) (
u1

u2

)

=
(
0
0

)

(3.9)

for nontrivial u := (u1, u2), such that u|Di ∈ L2(Di ), for i = 1, 2.

Proposition 3.6 Let d = 2. Then, the hybridized subwavelength resonant frequencies ω

satisfy

1 − δ2ω2ξ(ω, k)
(

− |D1|
2π

log(γ̂ δk0)(1 ± 1) + 〈K (0)
D1

[ÎD1 ], ÎD1 〉 + (δk0)
2 log(δk0γ̂ )〈K (1)

D1
[ÎD1 ], ÎD1 〉

± 〈R(0)
D2D1

[ÎD2 ], ÎD1 〉 ± (δk0)
2 log(δk0γ̂ )〈R(1)

D2D1
[ÎD2 ], ÎD1 〉

)
= 0,

(3.10)

where the ± symbols coincide.

Proof The first thing that we do is to observe that, by applying the expansion (3.8) to (3.9),
we reach the problem

(
I − δ2ω2ξ(ω, k)Mδk0

D1
−δ2ω2ξ(ω, k)N δk0

D2D1

−δ2ω2ξ(ω, k)N δk0
D1D2

I − δ2ω2ξ(ω, k)Mδk0
D2

) (
u1

u2

)

=
⎛

⎜
⎝

O
(
δ4 log(δ)

)

O
(
δ4 log(δ)

)

⎞

⎟
⎠ .

We note that |D1| = |D2|. Then, using the symmetries of the dimer, let us denote

ν̂(δ) : = −|D1|
2π

log(δk0γ̂ ) + 〈K (0)
D1

[ÎD1 ], ÎD1〉 + (δk0)
2 log(δk0γ̂ )〈K (1)

D1
[ÎD1 ], ÎD1〉

= −|D2|
2π

log(δk0γ̂ ) + 〈K (0)
D2

[ÎD2 ], ÎD2〉 + (δk0)
2 log(δk0γ̂ )〈K (1)

D2
[ÎD2 ], ÎD2〉,
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and

η̂ : = 〈N δk0
D1D2

[ÎD1 ], ÎD2〉 = 〈N δk0
D2D1

[ÎD2 ], ÎD1〉.
In addition, we have that

K̂ δk0
Di D j

[ÎDi ] = K̂ δk0
Dj

[ÎDj ].

Now, we define the quantity ν(δ) to be the eigenvalues of the operator Mδk0
Di

, that is,

ν(δ) = 〈Mδk0
D1

[�D1 ], �D1〉 = 〈Mδk0
D2

[�D2 ], �D2〉,

for the eigenfunctions �Di (δ) ∈ L2(Di ), �Di (δ) = ÎDi + O
(

1
log(d)

)
. Thus, we have that

(3.9) is equivalent to

(
u1
u2

)

− δ2ω2ξ(ω, k)

⎛

⎜
⎝

(
I − δ2ω2ξ(ω, k)Mδk0

D1

)−1
0

0
(
I − δ2ω2ξ(ω, k)Mδk0

D2

)−1

⎞

⎟
⎠

(
N δk0
D2D1

u2

N δk0
D1D2

u1

)

= 0. (3.11)

Applying a pole-pencil decomposition, we observe that

(
I − δ2ω2ξ(ω, k)Mδk0

Di

)−1[·] = 〈·, ÎDi 〉ÎDi

1 − δ2ω2ξ(ω, k)ν(δ)
+ R[ω](·),

where the remainder terms R[ω](·) can be neglected. Hence, (3.11) is equivalent to
⎧
⎪⎪⎨

⎪⎪⎩

u1 − δ2ω2ξ(ω, k)
〈N δk0

D2D1
u2,ÎD1 〉ÎD1

1−δ2ω2ξ(ω,k)ν(δ)
= 0,

u2 − δ2ω2ξ(ω, k)
〈N δk0

D1D2
u1,ÎD2 〉ÎD2

1−δ2ω2ξ(ω,k)ν(δ)
= 0,

which is equivalent to
⎧
⎨

⎩

〈N δk0
D1D2

u1, ÎD2〉 − δ2ω2ξ(ω,k)
1−δ2ω2ξ(ω,k)ν(δ)

〈N δk0
D1D2

ÎD1 , ÎD2〉〈N δk0
D2D1

u2, ÎD1〉 = 0,

〈N δk0
D2D1

u2, ÎD1〉 − δ2ω2ξ(ω,k)
1−δ2ω2ξ(ω,k)ν(δ)

〈N δk0
D2D1

ÎD2 , ÎD1〉〈N δk0
D1D2

u1, ÎD2〉 = 0.

For this to have a solution, we need the determinant of the matrix induced by this system to
be zero. This gives

1 − δ4ω4ξ(ω, k)2

(1 − δ2ω2ξ(ω, k)ν(δ))2
〈N δk0

D1D2
ÎD1 , ÎD2〉〈N δk0

D2D1
ÎD2 , ÎD1〉 = 0.

Given the symmetry of our setting, we have that

〈N δk0
D1D2

ÎD1 , ÎD2〉 = 〈N δk0
D2D1

ÎD2 , ÎD1〉,
and hence, we get

1 − δ2ω2ξ(ω, k)ν(δ) ± δ2ω2ξ(ω, k)〈N δk0
D1D2

ÎD1 , ÎD2〉 = 0.
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Fig. 2 Behaviour of the subwavelength resonances for small circular nano-particles of radius δ. The resonant
frequency ωs of a single circular methylammonium lead chloride nano-particle is shown. For two circular
nano-particles,made from the samematerial, we see how the hybridization causes the frequenciesωdip (dipole)
and ωmon (monopole) to shift either side of ωs

This is equivalent to

1 − δ2ω2ξ(ω, k)
(

− |D1|
2π

log(δk0γ̂ )(1 ± 1) + 〈K (0)
D1

[ÎD1 ], ÎD1 〉 + (δk0)
2 log(δk0γ̂ )〈K (1)

D1
[ÎD1 ],

ÎD1 〉 ± 〈R(0)
D2D1

[ÎD2 ], ÎD1 〉 ± (δk0)
2 log(δk0γ̂ )〈R(1)

D2D1
[ÎD2 ], ÎD1 〉

)
= 0,

which is the desired result. �	

4 Example: circular resonators

In this section, we illustrate our results for the case of two-dimensional circular halide
perovskite resonators. We can find the resonant frequencies of a single particle ωs by solving
(2.35). Similarly, the hybridized resonant frequencies of a pair of circular resonators can be
found by solving (3.10). The two solutions of (3.10) are denoted byωmon andωdip, to describe
their monopolar and dipolar characteristics. As is expected from other hybridized systems,
it holds that ωmon < ωdip. We plot these three frequencies as a function of the particle
size δ in Fig. 2a. Parameter values are chosen to corresponding to methylammonium lead
chloride (MAPbCl3), which is a popular halide perovskite [16]. We notice that the resonant
frequencies for these resonators lies in the range of visible frequencies, when the particles
are hundreds of nanometres in size. This puts the system in the appropriate subwavelength
regime that was required for our asymptotic method.

One thing we observe from Fig. 2 is that in the δ → 0 limit, the frequencies coincide. This
is because the nano-particles behave as isolated, identical resonators when δ is very small.
Then, as δ increases the single-particle resonance ωs always stays between the monopole
and dipole frequencies of the hybridized case. In Fig. 2a it appears that the three resonances
coincide, however in Fig. 2b, c we plot ωs −ωmon and ωdip −ωs to show that the three values
differ by several hundred Hertz and satisfy ωmon < ωs < ωdip. The phenomenon of the
dipole frequency ωd being shifted above ωs and the monopole frequency ωm being shifted
below ωs is a typical behaviour of hybridized resonator systems, see e.g. [3].
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5 Conclusion

Wehave established a newmathematical approach formodelling halide perovskite resonators.
This is a significant development of the existing theory of subwavelength resonators [2, 3],
as it generalizes the techniques to dispersive settings where the permittivity of the material
depends non-linearly on both the frequency and the wavenumber. Given the growing use of
halide perovskites in engineering applications, this theorywill have a significant impact on the
design of advanced devices [12, 15]. The integralmethods used here are able to describe a very
broad class of resonator shapes, so are an ideal approach for studying complex geometries,
such as the biomimetic eye developed by [9].
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A Appendix

A.1 Calculation of three-dimensional constants

We derive a formula for F, which was a crucial quantity in Sect. 2.4.3, in the case of a single
three-dimensional halide perovskite resonator. We have that

〈K (2)
D [uδ], uδ〉 = 1

8π
F.

From (2.22), we observe that

δ2ω2ξ(ω, k) = 8π

8πλδ − δ2k20F
.

Also, we know that ξ(ω, k) = μ0(ε(ω, k) − ε0), and we have shown that

ε(ω, k) = ε0 + 1

μ0δ2ω2
(
λ0 − i

4π δk0B
) .
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Substituting this into the above equation, we get

F = 8π

δ2k20

(
λδ − λ0 + i

4π
δk0B

)
.

Therefore, we obtain that

〈K (2)
D [uδ], uδ〉 = 1

δ2k20

(
λδ − λ0 + i

4π
δk0B

)
.

A.2 Calculation of two-dimensional constants

We derive a formula for S, which was a crucial quantity in Sect. 2.5.3, in the case of a single
two-dimensional halide perovskite resonator. We have that

〈K (2)
D [uδ], uδ〉 = i

4π
S.

From (2.35), we can obtain an expression for S. Indeed, (2.35) is equivalent to

4π = δ2ω2ξ(ω, k)
(
4πλδ − iδ4k40 log(δk0γ̂ )S

)
.

We know that ξ(ω, k) = μ0

(
ε(ω, k) − ε0

)
and we have shown that

ε(ω, k) = 1

μ0δ2ω2
(
log(δk0γ̂ )λ−1 − P

2π − i(δk0)2 log(δk0γ̂ )G
4π

) + ε0.

Substituting this into the above equality, we get

S = −i

δ4k40 log(δk0γ̂ )

(
4π(λδ − log(δk0γ̂ )λ−1) + 2P + i(δk0)

2 log(δk0γ̂ )G
)
.

Therefore, we obtain that

〈K (2)
D [uδ], uδ〉 = 1

4πδ4k40 log(δk0γ̂ )

(
4π(λδ − log(δk0γ̂ )λ−1) + 2P + i(δk0)

2 log(δk0γ̂ )G
)
.

References

1. Akkerman, Q.A., Manna, L.: What defines a halide perovskite? ACS Energy Lett. 5(2), 604–610 (2020)
2. Ammari, H., Dabrowski, A., Fitzpatrick, B., Millien, P., Sini, M.: Subwavelength resonant dielectric

nanoparticles with high refractive indices. Math. Methods Appl. Sci. 42(18), 6567–6579 (2019)
3. Ammari, H., Davies, B., Hiltunen, E. O.: Functional analytic methods for discrete approximations of

subwavelength resonator systems. arXiv:2106.12301 (2021)
4. Ammari, H., Fitzpatrick, B., Kang, H., Ruiz, M., Yu, S., Zhang, H.: Mathematical and Computational

Methods in Photonics and Phononics. Mathematical Surveys andMonographs, vol. 235. AmericanMath-
ematical Society, Providence (2018)

5. Ammari,H., Li, B. Zou, J.:Mathematical analysis of electromagnetic scattering by dielectric nanoparticles
with high refractive indices. To appear in Trans. American Math. Soc., (2022)

6. Ammari, H., Millien, P.: Shape and size dependence of dipolar plasmonic resonance of nanoparticles.
129(2019), 242–265 (2019)

7. Bouchitté, G., Boure, C., Felbacq, D.: Homogenization near resonances and artificial magnetism in three
dimensional dielectric metamaterials. Arch. Rational Mech. Anal. 225(3), 1233–1277 (2017)

8. Gorb, Y.: Singular behavior of electric field of high-contrast concentrated composites. Multiscale Model.
Simul. 13(4), 1312–1326 (2015)

123

http://arxiv.org/abs/2106.12301


44 Page 28 of 28 Partial Differential Equations and Applications (2022) 3 :44

9. Gu, L., Poddar, S., Lin, Y., Long, Z., Zhang, D., Zhang, Q., Shu, L., Qiu, X., Kam, M., Javey, A., et al.:
A biomimetic eye with a hemispherical perovskite nanowire array retina. Nature 581(7808), 278–282
(2020)

10. Guenneau, S., Zolla, F.: Homogenization of three-dimensional finite photonic crystals. Pr. Electromagn.
Res. 27, 91–127 (2000)

11. He, C., Zha, G., Deng, C., An,Y.,Mao, R., Liu, Y., Lu,Y., Chen, Z.: Refractive index dispersion of organic-
inorganic hybrid halide perovskiteCH3NH3PbX3 (X=Cl, Br, I) single crystals. Cryst. Res. Technol. 54(5),
1900011 (2019)

12. Jena, A.K., Kulkarni, A., Miyasaka, T.: Halide perovskite photovoltaics: background, status, and future
prospects. Chem. Rev. 119(5), 3036–3103 (2019)

13. Kalmenov, T.S., Suragan, D.: A boundary condition and spectral problems for the newton potential. In:
Ruzhansky, M., Wirth, J. (eds.) Modern Aspects of the Theory of Partial Differential Equations. Operator
Theory: Advances and Applications, vol. 216, pp. 187–210. Springer, Basel (2011)

14. Kato, T.: Perturbation Theory for Linear Operators. Springer, Berlin (1977)
15. Kuznetsov, A. I., Miroshnichenko, A. E., Brongersma, M. L., Kivshar, Y. S., Luk’yanchuk, B.: Optically

resonant dielectric nanostructures. Science 354(6314) (2016)
16. Makarov, S., Furasova, A., Tiguntseva, E., Hemmetter, A., Berestennikov, A., Pushkarev, A., Zakhidov,

A., Kivshar, Y.: Halide-perovskite resonant nanophotonics. Adv. Opt. Mater. 7(1), 1800784 (2019)
17. Snaith, H.J.: Present status and future prospects of perovskite photovoltaics. Nat. Mater. 17(5), 372–376

(2018)
18. Tsuei, T.G., Barber, P.W.: Multiple scattering by two parallel dielectric cylinders. Appl. Opt. 27(16),

3375–3381 (1988)
19. Wang, H., Kosasih, F.U., Yu, H., Zheng, G., Zhang, J., Pozina, G., Liu, Y., Bao, C., Hu, Z., Liu, X., et al.:

Perovskite-molecule composite thin films for efficient and stable light-emitting diodes. Nat. Commun.
11(1), 1–9 (2020)

123


	Asymptotic analysis of subwavelength halide perovskite resonators
	Abstract
	1 Introduction
	2 Single resonators
	2.1 Problem setting
	2.2 Integral formulation
	2.3 Reformulation as a subwavelength resonance problem
	2.4 Three dimensions
	2.4.1 Eigenvalue calculation
	2.4.2 Frequency and wavenumber
	2.4.3 Asymptotic analysis

	2.5 Two dimensions
	2.5.1 Eigenvalue calculation
	2.5.2 Frequency and wavenumber
	2.5.3 Asymptotic analysis


	3 Hybridization of two resonators
	3.1 Three dimensions
	3.2 Two dimensions

	4 Example: circular resonators
	5 Conclusion
	A Appendix
	A.1 Calculation of three-dimensional constants
	A.2 Calculation of two-dimensional constants

	References




