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Abstract

Halide perovskites are promising materials with many significant applications in photo-
voltaics and optoelectronics. Their highly dispersive permittivity relation leads to a non-linear
relationship between the frequency and the wavenumber. This, in turn, means the resonance of
the system is described by a highly non-linear eigenvalue problem, which is mathematically
challenging to understand. In this paper, we use integral methods to quantify the resonant
properties of halide perovskite nano-particles. We prove that, for arbitrarily small particles,
the subwavelength resonant frequencies can be expressed in terms of the eigenvalues of the
Newtonian potential associated with its shape. We also characterize the hybridized subwave-
length resonant frequencies of a dimer of two halide perovskite particles. Finally, we examine
the specific case of spherical resonators and demonstrate that our new results are consistent
with previous works.
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1 Introduction

Halide perovskites are set to be at the center of the next generation of electromagnetic devices
[12, 16, 17]. They are composed of crystalline lattices which have octohedral shapes and
contain atoms of heavier halides, such as chlorine, bromine and iodine [1]. Their excellent
optical and electronic properties, combined with being cheap and easy to manufacture, have
paved the way for a perovskite revolution. A particular benefit of halide perovskites is that
their high absorption coefficient enables microscopic devices (measuring only a few hundred
nanometres) to absorb the complete visible spectrum. Thus, we are able to design very small
devices that are lightweight and compact while also being low cost and efficient. Research
is ongoing to develop perovskites capable of fulfilling their theoretical capabilities for use in
applications such as optical sensors [9], solar cells [17] and light-emitting diodes [19].

The dielectric permittivity of a halide perovskite € is given, in terms of the frequency w
and wavenumber k by [16]

( ) 2
e(w, k) = &0 +
s 1 . ’
a)g cc Le)2 + ﬁa)gxckzlle,w —1lyw

where ey is the frequency of the excitonic transition, w, is the strength of the dipole
oscillator, y is the damping factor, iy is related to the non-local response and &g is the
background dielectric constant. This expression captures the highly non-linear dispersive
characteristic of the material. We refer to [16] for the values of these constants for different
halide perovskites at room temperature. Meanwhile, the dispersion relation for the halide
perovskites is observed [11] to take the simplified form

Sok(z)
1—A3k2

n? =1+

where n is the refractive index, k is the wavenumber and Sy and X are positive constants
that describe the average oscillator strength, see [11] for the values for some different halide
perovsksites. Hence, we can see how the non-linear dispersive permittivity makes our analysis
non-trivial.

Dielectric nano-particles, and other electromagnetic metamaterials, have been studied
using various techniques. In the case of extreme material parameters, such as small parti-
cle size or large material contrast, asymptotic methods can be used [2, 3, 6, 8]. Likewise,
homogenisation has been used to characterise materials with periodic micro-structures [7,
10]. Multiple scattering formulations are popular, particularly when a convenient choice of
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geometry (e.g. cylindrical or spherical resonators) facilitates explicit formulas [18]. In this
paper, we will use integral methods to study a general class of geometries and will extend
the previous theory, e.g. [2], to the case of dispersive materials.

For simplicity, we consider the Helmholtz equation as a model of the propagation of
time-harmonic waves, and for the permittivity relation, we consider the form

o
B—w?+nk:—iyw’

e(w, k) =¢e9+ (1.1)
where «, B, y, n are positive constants. We will use an approach based on representing the
scattered solution using a Lippmann-Schwinger integral formulation and then using asymp-
totic methods to characterise the resonant frequencies in terms of the eigenvalues of the
resulting integral operator (which turns out to be the Newtonian potential). This approach
can handle a very general class of resonator shapes and can be adapted to study solutions to
the Maxwell’s equations [5]. A similar method was used in [2] for a simpler, non-dispersive
setting. This paper shows that the asymptotic theory developed in [2] and elsewhere can
be developed to model real-world settings and can be used to influence high-impact design
problems.

In Sect. 2 of this paper we will introduce the problem setting and retrieve its integral
formulation. Then, we will study the one particle case for three and two dimensions, using
integral techniques to formulate the subwavelength resonant problem and asymptotic approx-
imations to study the resonant frequencies. In Sect. 3, we will use these methods to describe
the hybridization of two halide perovskite resonators. Again, we treat the three- and two-
dimensional cases separately. Passing from the integral to a matrix formulation of the problem,
we obtain the hybridized subwavelength resonant frequencies. Finally, we examine the case
of spherical resonators, making use of the fact that eigenvalues and eigenfunctions of the
Newtonian potential can be computed explicitly in this case (see also [13]). We show that our
findings are qualitatively consistent with the ones of [2]. Hence, we show that the asymptotic
techniques used in [2] can be generalized to less straightforward and more impactful physical
settings.

2 Single resonators
2.1 Problem setting

Consider a single resonator occupying a bounded domain Q C R?, ford € {2, 3}. We assume
that the particle is non-magnetic, so that the magnetic permeability (o is constant on all of
R¢. We will consider a time-harmonic wave with frequency @ € C (which we assume to
have positive real part). The wavenumber in the background R? \ 2 is given by ko := weouo
and we will use k to denote the wavenumber within 2. We, then, consider the following
Helmholtz model for light propagation:

Au + w*e(w, K)pou =0 in Q,

Au+ku =0 inRY\ @,

uly —ul-=0 on d€2,

) )

Sl —55l-=0 on 9€2,

u(x) — ujp(x) satisfies the outgoing radiation condition as |x| — o0,

(2.1)
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where u;, is the incident wave, assumed to satisfy
(A +kD)uin =0 inRY,

and the appropriate outgoing radiation condition is the Sommerfeld radiation condition,
which requires that

. a1 (0 .
lim |x| 2 (— - zk0> (u(x) —ujn(x)) = 0. 2.2)

|x]—o00 3|x|

In particular, we are interested in the case of small resonators. Thus, we will assume that
there exists some fixed domain D such that 2 is given by

Q=6D+z, (2.3)

for some position z € R? and characteristic size 0 < 8 < 1. Then, making a change of
variables, the Helmholtz problem (2.1) becomes

Au + 82w%e(w, k)pou =0 in D, ”
Au—i—ézk%u:o inRY\ D, @4
along with the same transmission conditions on d D and far-field behaviour. The behaviour
of resonators which is of interest is when § < k¢ ! meaning the system can be described as
being subwavelength. We will study this by performing asymptotics in the regime that the
frequency w is fixed while the size § — 0.
We will characterise solutions to (2.1) in terms of the system’s resonant frequencies. For
a given wavenumber k, we define @ = w (k) to be a resonant frequency if it is such that there
exists a non-trivial solution u to (2.1) in the case that u;,, = 0.

2.2 Integral formulation

Let G (x, k) be the outgoing Helmholtz Green’s function in R?, defined as the unique solution
to

(A + k)G (x, k) = §p(x) inRY,

along with the outgoing radiation condition (2.2). It is well known that G is given by

— L H (kIx]), d =2,
G(x, k) = : ] ~ (2.5)
~ I d=3,

where Hél) is the Hankel function of first kind and order zero.

Theorem 2.1 (Lippmann-Schwinger Integral Representation Formula) The solution to the
Helmholtz problem (2.1) is given by

u(x) — uin(x) = —8*w’€(w, k)/ G(x — y, Sko)u(y)dy, x e R?, (2.6)
D

where the function & : C — C describes the permittivity contrast between D and the
background and is given by

§(w, k) = po(e(w, k) — &o).
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Proof We see from (2.4) that Au + 8%w?e(w, k)ou = 0 in D, so it holds that
Au+ 8% k3u = —82w*E(w, k)u,
where & (w, k) = po(e(w, k) — &9). Therefore, the Helmholtz problem (2.4) becomes
(A + 82k u(y) = uin(y) = —8%w*é (@, u(xp(y), y € R\ D,

with xp being the indicator function of the set D. Then, we know that for x € RY and
y € R?\ 9D, the following identity holds:

Vy - [G =y, 80V, (1) = i) = (1) = win (1)) ¥, G x = v, 8k0)
= —820%E(, UG (x = v, 8k0) xp () — (u()

— in(¥))80(x = ).

Let Sk be a large sphere with radius R large enough so that D C Sg. Integrating the above
identity over y € S,\d D and letting R — 400, we can use the radiation condition (2.2) in the
far field and the transmission conditions on d D to obtain the desired integral representation
formula. o

We are interested in understanding how the formula from Theorem 2.1 behaves in the case
that § is small. In particular, we wish to understand the operator K BDkO : L2(D) — L*(D)
given by

K] (x) = — /Q G(x — y, Sko)u(y)dy, x € D. 2.7)

The Helmholtz Green’s function has helpful asymptotic expansions which facilitate this.
However, the behaviour is quite different in two and three dimensions, so we must now
consider these two settings separately. We will first work on the three-dimensional case, and
then treat the two-dimensional setting as the asymptotic expansions are more complicated.

2.3 Reformulation as a subwavelength resonance problem

In order to reveal the behaviour of the system of nano-particles, we will characterise the
properties of the operator K ?)ko. We observe that the Lippmann-Schwinger formulation (2.6)
of the problem is equivalent to

(U = uin)(x) = 820*E(w, N K [u] (x).
This is equivalent to
(I = 80’ E(@. K p)[ul(x) = uin (x),
which gives
u(x) = (I — 80’6, K p*)  [uinl(x).

for all x € D, where I denotes the identity operator. Then, the subwavelength resonance
problem is to find w € C close to 0, such that the operator (I — 8%w’&(w, k)K’SDkO)’1 is
singular, or equivalently, such that there exists u € L*(D), u # 0 with

u(x) — 82w’ (o, k)/ G(x — y, Sko)u(y)dy =0, forx e D. (2.8)
D
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2.4 Three dimensions

We consider the three-dimensional case, d = 3. Let us define the Newtonian potential on D
to be Kg)) : L2(D) — L%(D) such that

KO [ul(x) = — /D UG — . 0)dy = — / Sl 29

|x —

Similarly, we define the operators Kg’) : LZ(D) — L2(D), forn=1,2,..., as
[ (ilx —yh"~!
KW ul(x) = —— / 2 u(y)dy. (2.10)
4 Jp n!

Then, in order to capture the behaviour of K %k" for small §, we can use an asymptotic
expansion in terms of small §.

Lemma 2.2 Suppose that d = 3. The operator K 8Dk° can be rewritten as
6k() Z ((Sk )Vl (’l)

where the series converges in the L*(D) — L*(D) operator norm if kg is small enough.

Proof This follows from an application of the Taylor expansion on the operator K %ko. Indeed,
using Taylor expansion on the second variable of G, we can see that

G(x — vy, d8ky) = Sko - v,k
(x = y. 8ko) = Z( >8kn( v,
Since we are working in three dimensions,
oiklxl

G(x, k) =—

R =
and, thus,

"G i (ilx—ypr!
Gx—y,0)=———— d -y ky=———-——"— A 0.
@y ==y M e =T orn =

Hence,

- "G oyt
G(x —y,8ko) = Z(Sko)n T (x —y, k)‘k Z((Sk ) ( ) %’

n=0
and then, multiplying by « and integrating over D, gives

ee}

Kpolul(y) = Y (6ko)" K 3 [u](y),

n=0

which is the desired result. O
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2.4.1 Eigenvalue calculation

In order to study the operator K %0 we need to find its eigenvalues. From Lemma 2.2, if ko
is fixed then we can write our operator as

K5O = K + 8koK ) + 0(8?) asd — 0. (2.11)

Since we know that K g)) is self-adjoint, we know that it admits eigenvalues. Let us denote
such an eigenvalue by ¢, and by u( the associated eigenvector. Let us now consider the
problem

K%0us = asus, 2.12)

where s denotes an eigenvalue of the operator K ‘SDkU and us denotes the associated eigenvec-
tor. We wish to express As as a function of 1, for small values of §, which is a classical idea in
perturbation theory. This is possible, since K g)) is acompact operator and hence, all the eigen-
values are isolated, except from 0. Using this eigenvalue problem, we will find the resonant
frequency w; and the associated wavenumber k; of the halide perovskite nano-particle.

Proposition 2.3 Let L5 denote a non-zero eigenvalue of the operator K Zko in dimension three.
Then, if § is small, it is approximately given by

s 2 ho + Sko(K 5o, uo). (2.13)

Proof Using Theorem 2.3 of [14], eigenvalue perturbation formulas of this kind are straight-

forward to obtain, provided that the unperturbed eigenvalue is semi-simple. Since K g)) is

compact, all its non-zero eigenvalues are simple and isolated. Consequently, we know that
there exists an expansion of the form A5 = Ao + § A, for some constant A which it remains to
calculate. We start by truncating the O (82) term in the expansion (2.11). Then, we have that

ki 0 1 0 1
K?)Oug = AUy & (K(D) + 8k0K(D))u5 = Asls & ((K(D) + SkoK(D))ug, uo)

= (Asus, up).
Since K g)) is self-adjoint, we have that
1
Aofus, uo) + 5/60(1(;))”5, up) = As{us, uo).
Finally, since us ~ u( we find that

1
(Ki))us, uop)

(1
~ Ao + Sko(K p uo, uo),
(us, uo) b

As = Lo + Sko
which is the desired result. O

The following corollary is a direct consequence of Proposition 2.13:

Corollary 2.3.1 Let A5 denote an eigenvalue of the operator K ‘z)ko in three dimensions. Then,
if § is small, it is approximately given by

As A Ao — éékoB, (2.14)

where B := (fD uo(y)dy)? is a constant.
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Proof From (2.10), we get that

i Gl =y

K ) =~ .
D !

u(y)dy = —# fD u(y)dy.

Let us define the constant B := ([}, uo(y)dy)?2. Then, we observe that

. . 2 .
(K Do, ug) = /D (—é) uo() /D E(dxdy =~ ( /D uo(y)dy> -—_B.

Substituting into (2.13) gives the desired result. O
2.4.2 Frequency and wavenumber

Let us now find the resonant frequency ws and wavenumber k; associated to this eigenvalue,
which will also constitute the basis of our analysis of the operator K 8Dk°. From (2.8), we see
that if u = u,, then 1 = §2w?&(w, k)As so, using Corollary 2.14 we have that

1

e(w, k) = -
@5 1o8%w? (Lo — 7=8koB)

+ &o. (2.15)

In order to study halide perovskite particles, we want the permittivity €(w, k) to be given by

(1.1), that is,
o

B—w?+nkr—iyw’
where «, B, y, n are positive constants. Comparing the two expressions (2.15) and (2.16) we
see that

e(w, k) =g+ (2.16)

2,25 — 2 2
{Olﬂotsw 0— B+ —nk~=0, @.17)

yw — Moﬁaﬁwzkoﬁ =0.

We study these two equations separately. First, we look at the second equation of (2.17). We
have that

1
w (y — MogaﬁwkoB) =0,

meaning that

4y
wo=0 or w=—F—.
appd3koB

4

Ty .
Py D we obtain that

For w =

nk* = (1 + apod®ro)w* — B,

which has solutions

167252(1 P
kzi\/ my (¥ apod"ro) B (2.18)

@2 uls0kZB2n n

The case of w = 0 is not of physical interest here. Thus, denoting this specific frequency by
ws and the associated wavenumber by ks, we will work with

Ay 1672y2(1 + apps?rg) B
= and ks =

= — - -, 2.19
aod3koB a2 uls0k3 B2y n @19
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where we have chosen the wavenumber ks to be positive.

2.4.3 Asymptotic analysis

Let us now return to the problem of studying the singularities of the operator (I —
82a)2§(a), kYK %ko)_l . We have the following equivalence:

—1
o0
(I — 80’6, KXY 1 =0 & (1 — 82w (w, k) Z(ako)”Kg”) =0.
n=0

We define
i [ Glx—yh!
Ay = 820?E(0, KW = —(Sza)zé(a),k)ﬂ /D e u()dy.

Then, it holds that

00 -1 0 -1
(1 - 80’ (o, k)kao)an”) = (1 - Z(ako)”An>

n=0 n=0

00 00 i
=§:(U—ﬁ%—8hAﬂ”§:QMWAJ
i=0 n=2

(I — Ag — 8koA1) ™!

= (I — Ag — 8koA1) ™!

+ (I — Ag — SkoAp) ™!
(8ko)*Aa(I — Ag — koA ™" + O (&Y.

Thus, the above equivalence yields
0o -1
(I — 820, KN =0 < (1 — 8%w?E(w, k) Z((Sko)”Kg’)> =0 &

n=0
(I — Ag — koA~ 4+ (I — Ag — SkoA1) ™ (8ko)2Aa(I — Ag — koA~ + 0% = 0.

Using this expression, we obtain the following proposition.

Proposition 2.4 Letd = 3 and let ws be defined by (2.19). Then, as § — 0, the 08" approx-
imation of the subwavelength resonant frequencies w; and the associated wavenumbers kg
of the single halide perovskite resonator Q = 8§D + z satisfy

1 — 8202 (s, ky)hs = —8 kw26 (g, ko) (K [us), us). (2.20)
Proof For ¢y € L?(D), and dropping the 0(8*) term, we have
[(1 —Ag—8koA) T 4+ (I — Ag—Sko A1) " (8ko)? Ax (I — Ag —SkoAl)_l][w] =0. (2.21)

We apply a pole-pencil decomposition, as it is defined in [4], to the term (I — Ap —
SkoA1) ™[] and obtain

(I_A0_5k0A1)_1[1p]— (ug, ¥ug

= T RwlE @y, kg + R(O[Y],
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where the remainder term R(8)[v] can be dropped. Hence, (2.21) is, at leading order, equiv-
alent to

(us, ¥us (us, ¥us 2 (us, Uyus
2.2 2,2 (8ko)" A2 2.2 =Y
1 — §2w=&(wy, ky)As -6 wsg(wmkx)}\(s 1-46 wsé(wS7kS))"6
which reduces to
s us(K 5 lus), us)

82w (ws, ky) = 0,
[ 82a2E @y k)h T (1= 8202 @y, kg2 (0P8 (@ ko)

which can be rearranged to give the desired result. O
Remark 1n the appendix, we will recover a formula for (K (Dz) [us], us).
Before we move on to the consequences of this proposition, we recall that

ilx

K@ i =yl 1
b [u](x)——a 2 u(y)dy—g Dlx—ylu(y)dy~

Thus, we can define the constant IF to be such that

. 1 o 1
(KD [us), us) = / K P[] 001t (x)dx = —/ / |x — ylus(y)us(x)dydx =: —F.
8 DJD 8w
So, from (2.20), we see that
84k2 2 kg
1 — 82w (w5, ky)hs = koS @s, k) (2.22)

8

Then the following two corollaries are immediate consequences of the Proposition 2.4.

Corollary 2.4.1 Letd = 3. Then, as § — 0, the O (8%) approximation of the subwavelength
resonant frequencies of the halide perovskite resonator Q = 8D + z are given by

2 2.2 4,212
w; 64y 3" wiky§ (wy, ky)
— = As(e(ws, k) — € = — - F. 2.23
(e k) = e0) s - (2.23)
Proof By a direct calculation and using (2.19), we have
1= 8wk (@, ks = 1= 87w uo(e(ws, ks) — £0)s
2 2.2
2.19) 2 W5 64"y
=" 1—=8"—=pole(ws, ky) — e)hs ———5—
wg /'LO( ( S _3) 0) 6(12/1,%84163]32
2 2.2
w5 64y
=1— =s(e(wy, ky) — 80) ——5—.
a)§ s(e(ws, k) 0) O{zl,L()54k§Bz
Then, using (2.22), the result follows. ]

Corollary 2.4.2 Let d = 3. Then, as § — 0, the 0 (8%) approximation of the subwavelength
resonant frequencies of the halide perovskite resonator 2 = § D + z can be computed as
2 2
2 2 W 8wy F
1-46 a)sé(a)s, kg)As = —;g(g(ws: kg) — So)m-

(2.24)
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Proof Again, we can calculate this directly:

54](2 2 ,k 1 2
Skoosé (s, ks) 754%1(3%(8(%, ks) — £0)w?

8 8 5
2 2.2
@19 1 of 4 5 64n°y
=’ — =387k e(wy, ky) —80) ————5—
2 2

w5 ny

= — o ks) — &0) ——m—.
wg (8(6()_3 .S) 80) O[ZI,LOBZ]Bz

Then, using (2.22), the result follows. O

We finish our analysis of the three-dimensional case with the following proposition.

Proposition 2.5 Let d = 3. For w close to the resonant frequency wy, the field scattered by
the halide perovskite nano-particle Q = 8§ D + z can be approximated by
14 820G (x — y, 8ko)&(w, k)

u(x) —uj(x) ~ _ Uin, U us.
() = tin () 2 S 2 (s — ho + o BkoB) E(@. 1) 5)/0 ’

Proof Our goalisto findu € L2(D), u # 0 such that (2.8) is satisfied. Using the pole-pencil
decomposition, we can rewrite

(Win, us) 1 us
— 820%E(w, k)As

(Kg)[us], us) (win, us) [p us
(1 — 820 (w, k)1s)?

Using (2.20) and plugging it in the above expression, we obtain

u(x) — iy (x) & —820*E(w, )G (x — y, 8ko)+

+ 8* G ’E (w, k)

(in, us) [ us
— 83w (o, k) (K ) [us), vs)

u(x) — uin(x) & —82w’t(w, )G (x — v, Sko)

(K 5 [us ], us) (tin, us) [y us

+ 8k’ (o, k)
0 S8k (, KK [us), vs)?

G(x — y, 8ko) (uin, us) [, us n (in, us) [p us
822 (K 3 [us), us) S4B w2 (w, k) (K S [us], us)

Thus, defining the constant F := 87 (Kg) [us], us), we obtain

8n(1 +8202G (x — v, Sko)& (o, k))
(uin,ua)/ us.

u(x) — ujp(x) = 28 (@, OF (2.25)
From the Appendix A.1, we have that
F= ;7’:8 (xa — o+ ﬁék(ﬂﬁ%) .
Plugging it into (2.25), we obtain
87 (1+8%07Gx - v, k)£ (@, b)) 9242 :
u(x) — ujn(x) ~ 207 (@, F B rrat LskoB (Win, M5>./;)Ma,
from which the result follows. O
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2.5 Two dimensions

We now turn our attention to the two-dimensional setting. We define the Newtonian potential
on D, KW : L2(D) — L%(D), by

1
KOu](x) = — /D WGy, 0)dy =~ /D log [x — ylu(y)dy.

We also define the operators K})_l) : L2(D) — L*(D) and Kg) : L*(D) — L*(D) by

n

(=D 1 (n) d
Kp “lul(x) = _E/[)M()’)dy and K, [u](x) ::/Dak"

Then, from the asymptotic expansion of the Hankel function, we have the following result.

Gx —y, k) kzou(y)dy-

Lemma 2.6 Suppose that d = 2. Then, for fixed ky € C, the operator K f)ko satisfies

K30 —1log(8kop) K5V + K + (8ko)? log(7 ko) K ) + 0(8% log 8), (2.26)
as § — 0, with convergence in the L*(D) — L%*(D) operator norm and the constant y
being given by y = Lko exp(y — %), where y is the Euler constant.

2.5.1 Eigenvalue calculation

We use the same notation for u;s as in Sect 2.4.1. Let us consider the eigenvalue problem
K%0us = asus, 2.27)

where As denotes a non-zero eigenvalue of the operator K 5"0, and u;s denotes an associated

eigenvector. As in the case of dimension d = 3, we now wish to express As in terms of, for

)

small values of §. This is possible since K gl is a compact operator.

Proposition 2.7 Let As denote a non-zero eigenvalue of the operator K f)ko in dimension 2.
Then, for small §, it is approximately given by:

i~ 10g(8koP)A—1 + (K u_1.u_1) + (5ko)* log(SkoP) (K b u_1.u_1),  (2.28)
where A_1 and u_1 are an eigenvalue and the associated eigenvector of the potential K (D_]).

Proof Since K E)_l) is a compact operator, it has simple eigenvalues so we can use Theorem
2.3 of [14]. We start by dropping the O (8*10g(8)) term on the expansion (2.26). Then, we
have that

Kpous = hsus & (log@kop)Kpy " + K§ + (8ko)* log(8kop) K ) us = Asus
& log(8kop)A_1(us, uo) + (K5 us, u_1)
+ (ko) log(8koP ) (K 1y us, u—1) = hs (us, u_1).
Therefore, assuming that us &~ u_1, we can see that
hs 2 log(8koP)A—1 + (K u_1,1_1) + (8ko)* log(8koP) (K 11, u_1),
which is the desired result. O

The following corollary is a direct consequence of the above proposition.
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Corollary 2.7.1 Let A5 denote an eigenvalue of the operator K‘gcO in dimension 2. Then, for
small 8, it is approximately given by
P i(8ko)?log(8kop)G

~ log(8koP)h—1 — — — : 2.29
0g(8koy)A—1 7 s (2.29)

where P and G are constants that depend on u_.

Proof We observe that

1
K = [ (=5 [ el — a0y ) micoar
D T Jb
1 1
== log |x — ylu—1(y)u=1(x)dydx =: ——P.
2w DJD 2w
Then, for u € L>(D),

M [ 26k
Kyl = [ 566 =y | _utndy

d i i u(y)
ZfD3*k<—ZHo(l)(klx—yl)>‘ Ay = = |x_y|dy
and so, we have

(KW urous) = f(—i/ ‘- ‘(y)d) T (dx
D p lx =yl
L[ s, i
=l o

Hence, from (2.28), we obtain the desired result. O

2.5.2 Frequency and wavenumber

Let us now find the frequency ws and the wavenumber ks associated to this eigenvalue, which
will also constitute the basis of our analysis of the operator K f)ko. We see that (2.8) gives us
that

1 = 82wt (w, k)rs & 1 = 82w’ nole(w, k) — e0)hs.
Using the expression (2.28) for A5, we see that
1

s@, k) = —— N P (ko) log(kop)G
pnod*w” (log(Bkoy)A—1 — 5o — ———F

+ &9.
Arguing in the same way as in section 2.4.4 and comparing the two permittivity expressions,
we obtain the following system:

4 as®w? g log(8kop)a_1 — 2Pas’w? g — 4 + 4mw® — dmnk® = 0,

2.30
—as*w? uokl log(8ko7)G + 4wy w = 0. (2-30)

From the second equation in (2.30), we see that

w(—as*wuokd log(8ko7)G + 4y) =0,
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which shows us that

4y
wo=0 or w= T3 —.
ad” uoky log(8koy )G

_ 4y . .
For w = S R log ko7 )G we obtain the equation
1672y? 1672y?
4 as® o1 log(Skoy — 2Pas?
Hor-1 108 0k0Y) s 8 2 log(oko7 P G2 0 0288 121 log (Skop 2 G2
167292 2
—4nB + 4n —4mnk” =0,

a288 12k log(8kop )2 G2

which has solutions

8mwy?

na8812kd log(8ko )2 G2

k= j:\/—ﬁ n (2m52u0)\,1 log(8kop) — a82uoP + 271)
n

Yet again, we discard the case of @ = 0, as there is no physical interest. Denoting the
frequency by w;s and the wavenumber by A5, we will work with

_ 4y
- ad* ok log(8kop)G
B N 8my?
ks = |-+ (2na32 o1 10g(8koP) — a8 puoP + 27 —
s \/ . por—1log(8koy) o )naQSSM%kg log (ko7 2G2

(2.31)

where we have chosen the wavenumber to be positive.

2.5.3 Asymptotic analysis

Let us consider w near wg, and define the coefficients

log(8ko7). n=-—I,
=11, n=0,
(8ko)*" log(8kop), n > 1.

Then, we can write

+00
Sko (n)
K’ = E cnKpy.

n=—1

We are interested in studying the singularities of the operator (I — 8202 (w, kK f)ko)_l.
Setting B, := 8%wE(w, k)K", we find that (I — 82w (w, k) K ¥°) =1 = 0 can be written

as
+00 -1
n=-—1
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which can be expanded to give

I —log(8koP)B—1 — By — (8ko)* log(8ko?)By — Y _cuBy | =0,

n>2
which gives
£+ £(8ko)* log(8koP) B2& + 0(8%) = 0,

where we have defined,
—1
£= (1 — log(8kop)B_1 — Bo — (5ko)? log((Sko)?)Bl) . (2.32)

Using this expression, we have the following proposition.

Proposition 2.8 Letd = 2 and let ws be defined by (2.31). Then, as 8 — 0, the O (8*) approx-
imations of the subwavelength resonant frequencies wg and the associated wavenumbers kg
of the single halide perovskite resonator Q = § D + z satisfy

L= 878 (s, k)hs = —5°Kkg log(BkoP)w§ (s, ko) (K3 [us], us). (2.33)
Proof Applying a pole-pencil decomposition, we obtain

—1 .
(1—log(8koa7)B_1 — By — (Sko)zlog(éko)?)Bl) [1= { us)us

1 — 520)525@)3, k) +R(wy)[],

where the remainder R(w;) is analytic in a neighborhood of ws and can be dropped. Thus,
dropping the 0(8%) term, we find for Ve L?(D) that

[s + £(8ko)? log((Sko)?)Bzi}](w) —0.

Applying a pole-pencil decomposition on (2.32), we get

(W, M(S)u(; <W, M(S)ug
- 5260&2‘.‘;((1)“ k‘v))h‘s 1 - 8260?5(60.?, ks))LB
(8ko)* log(8ko7) B> (W, ug)us

1= 8202 (w5, ko)hs
This implies that
1 — 8%w2E (w5, ky)hs = —6%k 1og(SkoP)wZ& (s, k) (K 3 [us]. us),
which is the desired result. O

In order to obtain the associated consequences of this proposition, we observe that, since
d = 2, we have that

2 2 .
kst = [ 560 —yon|_usmay= [ 25 (<5a ) |
P k> pakZ\ a0 k=0
i 1 i us(y)
= dy = —
4/0 Y = g =y
Hence,
@ — s us(y) 7ff ua(y)u,;(x) N
(K} [us], us) _/D<4JT /D |x—y|2dy) us(x)dx = |X—y|2 dx =: 47rS'
(2.34)
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So, we get that (2.33) is equivalent to

—i8%%g log(8ko )ik (w5, ks)S
4r ’

Remark 1In the Appendix A.2 of this paper, we recover a formula for S.

1 — 8202t (W, ko)hs = (2.35)

Then, the next two corollaries follow as immediate results.

Corollary 2.8.1 Let d = 2. Then, as § — 0, the 0(81°1og(8)3) approximation of the sub-
wavelength resonant frequencies of the halide perovskite resonator Q = 8§D + z can be
computed as

2.2
R (s k) —e0) - i3k log@koP)erE (s kS
w3 a280p0k] log(8kop) G2 4 ' '
Proof By a direct computation, we observe that
w2
1= 802 k)hs = 11— 8020 (s k) = 20 )35 —
s
@31 205
="1-9 7#0(8(%, ks) — 80)&5
s
167%y?
288 2k log(8kop )2 G2
| w? 16n2y2A5 (a(a)s, ks) — 8())
B w?  a28%u0kd log(8kop)2 G2
and thus, (2.35) gives the desired result. ]

Corollary 2.8.2 Letd = 2. Then, as § — O, the 0(s* log(8)) approximation of the subwave-
length resonant frequencies of the halide perovskite resonator Q = § D 4 z can be computed
as

4niSy2(8(a)s, ky) — 50)
a8 log(8koy ) 10 G?

2
1 — 82026 (wy, ky)hs = — =2 . (2.37)
w?

Proof Again, to show this, we need to make a straightforward calculation:

150k2 log(8ko 7 ) w? koS 1 2
i87ky log(8koy)eoyé (ws, k)5~ i 8% kg log(8koy) % S o (8((037](.&‘) - 80) ;
)

4 4

2
W

6 ké log(8koy) —“; S uo (8(ws, ks) — 80)
ws

(Zél) LS

4
167292

288112k log(8ko7)2 G2

w2 4iSy2 (s k) — &)

w2 a282log(8kop)noG?

Hence, (2.35) gives the desired result. O
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We continue our analysis in the same way as in the previous case.

Proposition 2.9 Let d = 2. For w real close to the resonant frequency wyg, the following
approximation for the field scattered by the halide perovskite nano-particle 2 = §D + z
holds:

(2.38)

u(x) = uin(x) ~

471(1 + 82028 (0, )G (x — v, Sko))

YY) > (in,ua)/ua
8%k w* log(8koy)w?E(w, k)S D

Proof Aswe mentioned at the beginning or our analysis, our goalisto findu € L*(D),u # 0,

such that (2.8) is satisfied. Using the pole-pencil decomposition on this Lippmann-Schwinger
formulation of the problem, we can rewrite, as in Corollary 2.3 in [2],

(in, us) [pus
— 8202E(w, k)As
+ 8%k log(8kop ) w*E(w, k)

(K5 Tus), us) (uin, us) [ us

(1 — 8202 (o, k)A,;)z

u(x) — iy (x) ~ —82w’E(w, )G (x—y, 8ko) ;

)

which, using (2.35), becomes:
G(x —y, 8ko) (uin, us) [}, us
84k 1og(8ko) (K 3 [us1, us)
(Win, us) [y, us
85k w? log (8koP )2 (o, k) (K D us], us)

u(x) —upp(x) =

From (2.34), this gives

4n(1 + 8202 (w, )G (x — y, ako))
u(x) —ujn(x) =~ (uin,us>/1)ua,

i8%kgw? log(8kop ) w2 (w, k)S

which is the desired result. O
We finish our analysis with the following result.

Proposition 2.10 Let d = 2 and 8 be small enough. Then, the o(8*) approximation of the
subwavelength resonant frequencies ws of the halide perovskite nano-particle Q = 8D + z
satisfies

D R A A ~ ~
1 — 8202 (. ky) (—% log(8kop) + (K 3y ip1. p) + 873 log(8) (K [ip1. HD>)) = 0(5%,
(2.39)
where | D| is the volume of D and Ip = Ip//ID].
Proof We want to find w; € C such that

(1 = ol kK )il = 0.
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which, for small §, can be written as
(1 = 22y, ko) (log@hop) Ky + K + (ko) log@kop K ) )l x) = 0 (6 10g(®)).
Let us denote

M3 = 1og(Sko) K " + K\ + (5ko)? log (ko) K | .
We take v(§) € o (M,’;ko) and consider the eigenvalue problem for leS)ko:
MOO[W] = v(8)W. (2.40)
We employ the ansatz

1
W) =W+ 0 <m) :
V() = log(8)vo + v + 8% log(8)vs + 0(52).
From (2.40) and the fact that 8% log(8kop) = 8% log(8) + O (8%) we have that
(toe@K ;" +1ogko?) Ky + K + (ko) log®)K [} ) ol
- (10g(8)v0 + vy + 82 10g(8)v2>[\110] 4 0(32).

Equating the O (log §) terms gives

- S — S D]~ |D|
K5 V%ol = voWo = wlp = K VIpl = volp = ———Ip = vo = ———.
27 2w
Then, equating the O (1) terms gives
g Df OF 1 _ s s _ 1Dl 533 O3
log(koy)K, "[Ipl+ K [Ip] = vilp = vilp = ~on log(koy)Ip + K, [Ip]
D R P
= = —'27' log(ko?) + (K [1p). 1p).
Using the same reasoning for the O (82 log(S)) terms, we get
nlp =K Up] = va = kKD [Ip]. Ip).
Thus,
v(8) = log(8)vo + v1 + 8% log(8)vy + 0(52)
|D| |D| . 0% ¢ Dt 1
= — 5 log(®) — o logkoy) + (K3 T ). 1) + 826 log®) (k ; 1Hn). 1) + 0(5)
D|

= Jz—nlog(Sko)?) + <Kg)>[ﬁ[)],ﬁ,)> + 82k} 10g(5)(K1(;1)[ﬁD],ﬁD> 4 0(82).

Using these expressions, 1 — 82w§§(ws, k‘Y)M,‘?)kO = 0(8° log(8)) can be rewritten as

D R .
1= 8202y, k)~ 5 Togko?) + (Kol o)

+82k3 log(8)(K 1) [lp1. Ip)
+0(8%)) = 0(8°10g®)),

from which the result follows. O
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D1 D2

Fig. T Two identical spherical halide perovskite resontators D1 and D, of radius §, made from the same
material, placed at a distance « from each other

3 Hybridization of two resonators
3.1 Three dimensions

Let us consider two identical halide perovskite resontators D; and D, (e.g. the speres in
Fig. 1), made from the same material. From now on, we will denote the permittivity by
&(w, k), where w is the frequency and k the associated wavenumber. In order to generalize
our results, we will define it by

oo
B—w?+nk?—iyw’

E(w, k) = 3.1

where the positive constants «, 8, y and n characterise the material.
Then, since there is an interaction between the two resonators, the field u — u;, scattered
by the two particles will be given by the following representation formula:

(= uin)(x) = =8>’ (w, k)
[/ G(x — y, Sko)u(y)dy +/ G(x—y, Sko)u(y)dy] for x € R4,
D D,
(3.2)

Definition 3.1 We define the integral operators K ﬁ,kl_o and RSD](,-OD]-’ fori, j =1,2,by

KpO |, € L*(D;) —> —/ G(x —y,8k0)u(y)dy’D e L*(D))
i D; i

and

RSDkI_ODj : M|D,- € L*(D;) —> —/ G(x — y, Sko)u(y)dy
D

e L*(D)).
D.

J

Then, the following lemma is a direct consequence of these definitions.

Lemma 3.2 The scattering problem (3.2) can be restated, using the Definition 3.1, as

1= 8202 (@, KD —820% (@ DRy, \ (ulp)  (uilp, 33
Uinlp, ) .

—8202E (. )RY", 1 — 820’6 (w. H)K ) \ulp,
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Thus, the scattering resonance problem is to find w such that the operator in (3.3) is singular,
or equivalently, such that there exists (41, uz) € L%(Dy) x L3(D»), (u1, u2) # 0, such that

1= 820, DK 820, KRN, \ (u; (()) o)
—820% (0, ORI, 1 - 82020, K) \uz) —\0) '

DDy

Theorem 3.3 Let d = 3. Then, the hybridized subwavelength resonant frequencies w satisfy
2
(1= 82026, 0)2s) " = 8o, D2RY, 617 VR, 0. 6) =0, (35)

where ¢i(8) , fori = 1,2, is the eigenfunction associated to the eigenvalue As of the potential

Sko
K.

Proof We observe that (3.4) is equivalent to

s 9 Sk Sk
L= 8ol bk ° “) e n | o PP ()=0
0 1= 8202, KO | \u2 Rpip, 0 )\

which gives

1
1= 820 (0, k)K" 0 sko
R
<Z;) 820w, k) ( ) 1 (R§>k200,m> _o.
0 (1 — 8202 (o, k)K‘”‘O) DD,

(3.6)

-1
Let us now apply a pole-pencil decomposition on the operators (1 — 82wt (w, K f)/j(’) ,
fori =1, 2. We see that

(- ¢(5)>¢(5)
1 — 82w%E(w, k)As

(1—5%25( k)K‘”‘O) 1(-): + Ri[w](-)

and

(s ¢(8))¢(5)
1 — 82w2E(w, k)As

(1- 5% 0. ) O = + Rol] (),

where the remainder terms Rj[w](-) and Rz[w](-) are holomorphic for @ in a neighborhood
of ws, so can be neglected. Then, (3.6), is equivalent to

(-91")91” 5k
m\ o, TPk w0 0 Rp,p,u2
" — 8w E(w, k) .6D)p® ko -
2 0 Py 19 RDlDzul

1—82w2E(w,k)As
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This gives us the system

2,2 e (S
up — 8w E(w.k) (R R0 2¢()>¢()

1=02a2E(w,k)hs D2 D 0,
82w2E (w,k Rk 5 a

1-8202 (. k) ks Rp p,u

Applying the operator R p, (resp. R p,) to the first (resp. second) equation, and then

applying (-, ¢>2 ) (resp. (-, ¢ls )), we ﬁnd that
R ) 82w2E(w k) Rk ©®) 4Oy pok ©)
(Rp/p,u1:92") = =5 ions (Roy oy @1 @2 MRp)p U2, ¢17) =
Rk ®) SwlEwk)  pok @) 5@y gk ®)
( DZODlu ¢ ) 1_3222&—(2,]())% < D20D1¢ ¢ )( DIOD2 ¢ ) -

This system has a solution only if its determinant is zero. That is, if

St E(w. k)2
1_ w'E(w, k) (R R0 ¢(s) ¢(5))< Sko ¢(6) ¢(5)>

D1 D> D2DI
(1 — 8202 (o, k)kg)

which gives the desired result. O

The following corollary is a direct result of Theorem 3.3.

Corollary 3.3.1 Let d = 3. Then, the hybridized subwavelength resonant frequencies are
given by

_ivE/—y2 4T B+ k)
2r ’

where T = —1 —52axsia52\/<Rﬁ‘sz¢(5) ¢V Rpp 03 ). (3

where ¢l‘.5, fori = 1,2, is the eigenfunction associated to the eigenvalue A5 of the potential

K f)lio and the % in the two expressions do not have to agree.

Proof We introduce the notation K := (R %2002‘1’(5) ¢§5) yand M := (R%‘;DIQS(‘S) ¢>(5)) Then,
(3.5) becomes

2
(1 — 520t (w, k)kg) — S0t (w, k)2KM = 0
& 1= 82w%E(w, ks £ 820’ E(w, k)VKM =
(—1 _ S2ans + a(Sz\/KM) o —iyw+ B+ k> =0,

and the roots to this second degree polynomial are given by

iy £/—yT—4AT(B +nk?)
- r

where T = —1 — 8%ahs £+ as>vVKM,

with the two = not necessarily agreeing. Finally, substituting the expressions for K and M,
we obtain the result. O
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3.2 Two dimensions

Letus move on to the case of dimension d = 2. For simplicity, we again consider two identical
halide perovskite resontators D; and D;, made from the same material with permittivity
given by the formula (3.1). We define the operators K, ‘Sko and RgCOD ,fori,j =1,2,asin
Definition 3.1 and we continue by defining the followmg integral operators.

5/(() Sko

Definition 3.4 We define the integral operators M}, ° and N D;D; fori, j =1,2as

> 0 ~ 1
Mp© = R0+ K + (8ko)* log(8ko?) K ).

and
Np, = K, + Ry, + (ko) log(ko?) R}y
where
K u‘ e LA(Dy) —> /D Gx —y,O)u(y)dy‘Dl e L3(D)),
Ry cu| e L2(Dy) — log(poko) Ko, u] € LXD),
5 1
Ko, :u‘ € L3(D;) —> ——/ u(y)dy‘ e L2(D)),
i 27 D; D;
k') u‘ eLZ(D-)+—>/ iG(x—y k)‘ u(y)dy| e L*(Dy)
bi ; ’ p; 9k " k=0 D; o
and
o . 2 _ 2p.
RS, .u‘Di € L2(D;) —> /a- Gl =y, Ou(dy| € LDy,
ks, :u’Di € LX(Di) —> log(98ko) K p, o, [u] " LX(D)),
) 1
. 2 2
Kp,p; .u’Di € L“(D;) —> —E/[ u(y)dy o, € L°(Dj),
o >
Ry, .u‘Dl el (D)»—>f G = y,k)’kzo p, € L),

We observe the following result.

Proposition 3.5 For the integral operators K, 5k° and R‘SDkI_ODj, we can write
Ko — piko 4 0(54 1og(5)), and Ry, = NpS, + 0(54 1og(5)) (3.8)

as 8§ — 0 and with k fixed.

Proof The proof is a direct result of the expansion of the Green’s function in dimension
d = 2. Indeed, for u|p, € L2(D;), we observe that

Kot == [ G =y skt

i

. 1 .0
=— / (log(wko)—w(x — ¥, 0)+(8k0)* log(8ko?) — G (x — ¥, k)
; 21 ok k=0
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+ 0(34 1og(5)))u(y)dy

D;
= (R} + Ky + (ko) log@ko?) K f}) ) l(x) + O 6% 10g(®) )
= Mp°Lul(x) + 0 (5* log(®) ).

Similarly, for u|p, € L*(D;),

R, i) = = [ Gl =y, stounay| € 10

R 1 .. 0
== [ (1o78k0) 3 + Glx = 3.0)+ ko) ogtdka?) 5 Glx = 3. )
; T ok k=0

+ 0(54 log(é)))u(y)dy)D‘
= (R}, + R, + (ko) log(Sko?) R, JMuel(x) + O (5% 1og(®))
= Nf)foDj [u](x) + 0 (8*10g(8)).
m]

Therefore, our problem is to determine the frequencies w and the associated wavenumber &,
for which the following holds:

I - 80 HKp ~806@. DRY), \ fur) (0) (3.9)
—820% (@, RYp, 1 — 820 (@, K ) \u2 0 '

for nontrivial u := (u1, u), such that u|p, € L3(D;), fori =1, 2.

Proposition 3.6 Let d = 2. Then, the hybridized subwavelength resonant frequencies w
satisfy
1 — 8%w*E(w, k)

D ~ ~ ~ ~
(— % log(P8ko)(1 £ 1) + (K [ip, 1. Ip,) + (8ko)* log(8ko?) (K [Ip, 1. 1p,)  (3.10)

1
& (R, 1,1, oy = (8k0)? log(6ko P (R p, [T, 1. 1)) ) = 0,
where the £ symbols coincide.

Proof The first thing that we do is to observe that, by applying the expansion (3.8) to (3.9),
we reach the problem

(1 — 82w (0. k)M —6%w*E(w. K)N}Y, ) <u1> 0(84 log(S))

—8202E(w, )N, 1 — 82w (0, k)M}p° ) \u2 0 (54 log(é))

We note that | D1| = |D»|. Then, using the symmetries of the dimer, let us denote

. D1 5 s 5 -

§(0) : = —— = log(kop) + (K} [lp, 1. Ip,) + (ko) log(ko?) (K ) [lp, 1. I,
_ D2l Skop) + (K O10p,1,1p,) + (ko) log(Skop ) (K V1ip. 1, 1p,)
= o gloKoY D, D215 Dy 0 g2oKoY D, WDy 15 Dy )
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and

i+ = (Npo, [p,1.1p,) = (NRY,, [p,1. Tp,).
In addition, we have that

K, n1 = KU, .
Now, we define the quantity v(§) to be the eigenvalues of the operator M ‘SD]jO, that is,
V() = (Mp[¥p, 1. Wp,) = (Mp[Wp, ], Wp,),

for the eigenfunctions Wp, (§) € LZ(D,) Wp, (8) = ]ID, + 0 (
(3.9) is equivalent to

log(d)) Thus, we have that

1
“ (1 — 8202 (o, k)M‘”“O) 0
<u2> — 820%E(w, k) :
0 (1 — 820t (w, k)M”‘U)
Sko

N up
( ?EOD‘ ):0. @3.11)

ND1D2u1

Applying a pole-pencil decomposition, we observe that

('7 ﬁDi>ﬁD[
1 — 8202 (w, k)v(8)

(1 — %0t (o, k)Mf)/jo)il[-] - + R[o](),

where the remainder terms R[w](-) can be neglected. Hence, (3.11) is equivalent to

D2D1 2]101>]IL)1 .

uy — 8w’ (o, k) = aszs(w ove)

Dl Dy U1> HDZ )]1172

2.2 —
uy — 807 (o, k) =820 i) — O
which is equivalent to
Sk s 82w2E (w, k) Sko % a Sk s _
(ND10D2M1 , HDz) - W(NDIODZHDI s HD2>(ND20D1 uz, ]IDI) =0,
Sk & 82w2E(w.k) Sko © % Sk & o
(Npyp,u2: Ip,) = WUVD;DlHDzv Ip, ) {Np/'p,u1,Ip,) = 0.

For this to have a solution, we need the determinant of the matrix induced by this system to
be zero. This gives

st (o, k)? ko & & St A
(1 - 820% (o, k)v(S))2( D10 101 1D,) (N, I, . Iy ) = 0.

Given the symmetry of our setting, we have that

Sko 5 A ok 5 %
(NDlDZI[Dl ’ ]IDz) - (ND2D1HD27 HD] )5
and hence, we get

— 8%w*E (0, k() & 82w’ E (0, k) (NpYp, Tp, . Ip,) = 0.
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Fig.2 Behaviour of the subwavelength resonances for small circular nano-particles of radius §. The resonant
frequency wy of a single circular methylammonium lead chloride nano-particle is shown. For two circular
nano-particles, made from the same material, we see how the hybridization causes the frequencies wgip (dipole)
and wmon (monopole) to shift either side of wg

This is equivalent to
Dy
v/

Tp,) % (RY) [0, T, & (5ko)? logBko) (R}, 1,1 Ty )) = 0,

1 - 8%, 0 log(8ko?) (1 £ 1) + (K [T, 1. Ip, ) + (8k0)* log(8ko?) (K [T, 1.

1 1

which is the desired result. ]

4 Example: circular resonators

In this section, we illustrate our results for the case of two-dimensional circular halide
perovskite resonators. We can find the resonant frequencies of a single particle w; by solving
(2.35). Similarly, the hybridized resonant frequencies of a pair of circular resonators can be
found by solving (3.10). The two solutions of (3.10) are denoted by wmon and wyip, to describe
their monopolar and dipolar characteristics. As is expected from other hybridized systems,
it holds that wmon < wdip. We plot these three frequencies as a function of the particle
size § in Fig.2a. Parameter values are chosen to corresponding to methylammonium lead
chloride (MAPbCI3), which is a popular halide perovskite [16]. We notice that the resonant
frequencies for these resonators lies in the range of visible frequencies, when the particles
are hundreds of nanometres in size. This puts the system in the appropriate subwavelength
regime that was required for our asymptotic method.

One thing we observe from Fig. 2 is that in the § — 0 limit, the frequencies coincide. This
is because the nano-particles behave as isolated, identical resonators when § is very small.
Then, as § increases the single-particle resonance w; always stays between the monopole
and dipole frequencies of the hybridized case. In Fig. 2a it appears that the three resonances
coincide, however in Fig. 2b, ¢ we plot wg — @mon and wgip — w; to show that the three values
differ by several hundred Hertz and satisfy wmon < @s < wgip. The phenomenon of the
dipole frequency w, being shifted above w, and the monopole frequency w,, being shifted
below wy is a typical behaviour of hybridized resonator systems, see e.g. [3].
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5 Conclusion

We have established a new mathematical approach for modelling halide perovskite resonators.
This is a significant development of the existing theory of subwavelength resonators [2, 3],
as it generalizes the techniques to dispersive settings where the permittivity of the material
depends non-linearly on both the frequency and the wavenumber. Given the growing use of
halide perovskites in engineering applications, this theory will have a significant impact on the
design of advanced devices [12, 15]. The integral methods used here are able to describe a very
broad class of resonator shapes, so are an ideal approach for studying complex geometries,
such as the biomimetic eye developed by [9].
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A Appendix
A.1 Calculation of three-dimensional constants

We derive a formula for I, which was a crucial quantity in Sect. 2.4.3, in the case of a single
three-dimensional halide perovskite resonator. We have that

1
(K [us), us) = o F

From (2.22), we observe that

8

S0 (k) = ——— .
el 8 — 82k2F

Also, we know that & (w, k) = uo(e(w, k) — &9), and we have shown that

1

e(w, k) =¢eo0+ - .
Hod2w? ()\.0 — ﬁSkoB)
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Substituting this into the above equation, we get
8 i
F =5 (ks — o+ ;- 8koB).
512 s —A0t a7 0K

Therefore, we obtain that

) _ _ i
K lus) us) = < (%s ko+4n8kOB)‘

82k3

A.2 Calculation of two-dimensional constants

We derive a formula for S, which was a crucial quantity in Sect. 2.5.3, in the case of a single
two-dimensional halide perovskite resonator. We have that
@ i
Ky (us], us) = —S
(K p'[us], us) o

From (2.35), we can obtain an expression for S. Indeed, (2.35) is equivalent to

4 = 8202E(w, k)(4m5 — 8% log(rSkm?)S).

We know that & (w, k) = o (8((0, k) — 80) and we have shown that

1

e(w, k) = —— —~ *+ ¢o.
1108202 (log((gko);)k_l — B _ iy 10g(5k0)/)G>

4

Substituting this into the above equality, we get

S= m <4n(xa — log(8koP)A_1) + 2P + i (8ko)? log(Sko]?)(G).
0 0

Therefore, we obtain that
1

@
K usl,ug) = ———————
(K Lus]. us) 4764k 1og(5ko )

(4n(x5 — log(8koP)A_1) + 2P + i (8ko)? log(ékg)?)G).
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