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Abstract

We consider the sharp interface limit of a convective Allen—Cahn equation, which can be part
of a Navier—Stokes/Allen—Cahn system, for different scalings of the mobility m, = mos?
as ¢ — 0. In the case & > 2 we show a (non-)convergence result in the sense that the
concentrations converge to the solution of a transport equation, but they do not behave like a
rescaled optimal profile in normal direction to the interface as in the case 6 = 0. Moreover,
we show that an associated mean curvature functional does not converge to the corresponding
functional for the sharp interface. Finally, we discuss the convergence in the case 6 = 0, 1
by the method of formally matched asymptotics.
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1 Introduction

In this contribution we consider the so-called sharp interface limit, i.e., the limit ¢ — 0, of
the convective Allen—Cahn equation

dc® +v- Ve =m, (At —e72f(cP)) in 2 x (0,T), (1
flag =—1 ondf2 x (0,7), 2)
|,y =cf inQ. 3)

Here v: £2 x [0, T) — R is a given smooth divergence free velocity field withn - v|3o = 0
and ¢®: 2 x [0, T) — Ris an order parameter, which will be close to the “pure states” %1
for small ¢ > 0. Here f = F’, where F: R — R is a suitable double well potential with
global minima 1, e.g. F(c) = (1 — ¢2)2. ¢¢ can describe the concentration difference of
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two different phases in the case of phase transitions, where the total mass of each phase is not
necessarily conserved. Moreover, 2 C R is assumed to be a bounded domain with smooth
boundary, m, is a (constant) mobility coefficient and ¢ > 0 is a parameter that is proportional
to the “thickness” of the diffuse interface {x € §2 : [c®(x,1)| < 1 — 8} for § € (0, 1).

The convective Allen—Cahn equation (1) is part of the following diffuse interface model
for the two-phase flow of two incompressible Newtonian, partly miscible fluids with phase
transition

v + V¢ - Ve —div(u(c®) DY) + Vp© = —ediv(Ve® @ V), )
divv® =0, ®)
3¢t + v -Vt =m, (ACE - Sizf(cg)) ©)

in 2 x (0, T), where v¢: 2 x [0, T) — R is the velocity of the mixture, Dv® = %(Vvs +
(VvOT), p?: 2 x [0, T) — Ris the pressure, and v(c®) > 0 is the viscosity of the mixture.
This model can be considered as a model for a two-phase flow with phase transition or an
approximation of a classical sharp interface model for a two-phase flow of incompressible
fluids with surface tension. Here the densities of the two separate fluids are assumed to be
the same. A derivation of this model in a more general form with variable densities can be
found in Jiang et al. [10]. We refer to Gal and Grasselli [6] for the existence of weak solutions
and results on the longtime behavior of solutions for this model and to Giorgini et al. [7] for
analytic results for a volume preserving variant with different densities. Mathematically, this
system arises if one replaces the Cahn—Hilliard equation in the well-known “model H”, cf.
e.g. [1,8], by an Allen—Cahn equation.

With the aid of formally matched asymptotic expansions one can formally show that
solutions of this system converge to solutions of the following free boundary value problem

V4 v-Vv—divoEDv) +Vp =0 in2%@), 1€ (0,T), (7
divv=0 inQ2%@),r € (0, 7T), (8)
[Vl =0 on I}, 1€ (0,7), )
—[np, - (viDv—pId)]n =oHrnp, only,te(0,T), (10)
Vi, —nr, -v=moHr, onlyte(0,T), (11)

when m, = mg > 0 and
v +v-Vv—divoEDv) +Vp =0 in 2% 1), 1€ (0,T), (12)
divv =0 in 2%(1),1 € (0,T), (13)
[Vl =0 on I}, 7€ (0,7), (14)
—[n5 - WDV = pld)] . =oHpnp on T, 1€ (0,7), (15)
Vrb—np,-v=0 onl;,te(0,T7), (16)

when m, = moe, mgp > 0. We will discuss this formal result in the appendix in more detail,
cf. Remark 2 below. Here v > 0 are viscosity constants, 2% (1) C £2 are open and disjoint
such that 92~ (t) = I, = 927 (1) N 2, ny; denotes the outer normal of 9§27 (f) and the
normal velocity and the mean curvature of I are denoted by Vr, and H,, respectively, taken
with respect to n,. Furthermore, [ . ], denotes the jump of a quantity across the interface in
the direction of nr, i.e., [ f1f, (x) = limy—o(f(x + hnp) — f(x — hnp,)) forx € I;.
Inthe case v = v~ and that the Navier—Stokes equation is replaced by a (quasi-stationary)
Stokes system Liu and the author proved rigorously in [4] that the convergence holds true in
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the first case m, = mg > 0 for sufficiently small times and for well-prepared initial data.
More precisely, it was shown that in a neighborhood of I}

dr,(x) —ehg(x,1)
£

ce(x, 1) 290( >+O(8) (I7)

(even with O(g2)), where dr, is the signed distance function to I} and h, are correction
terms, which are uniformly bounded in ¢ € (0, 1), and 6p: R — R is the so-called optimal
profile that is determined by

—0) + f(6) =0in R, 0p(0) =0, 1111 0o(z) = £1. (18)
Z—> 00

This form is important in order to obtain in the limit ¢ — 0 the Young-Laplace law (15), cf.
e.g. [2, Section 4].

It is the goal of the present contribution to show that in the case m, = mos? with 6 > 2
the solutions of the convective Allen—Cahn equation (1)—(2) do not have the form (17) in
general. Moreover, we will show that the functional

(H®, 9) == 8/ Vet @ Vel : Vodx
2
does not converge to the mean curvature functional

ZUf nr, @nr, : Vo dH = —20 (Id —nr, ® np,) : Vo dHe!
I I

= —20 Hrnp, ~(0de_1 (19)
r

forall ¢ € Cgf’g(.Q) = {f € CgO(SZ)d cdivf = O}, where

o= 1/ (Oé(z))zdz.
2 Jr

We note that H® is the weak formulation of the right-hand side of (4), which should converge
to a weak formulation of the right-hand side of (15). Therefore there is no hope that solutions
of the full system (4)—(6) converge to solutions of the corresponding limit system with (15)
as ¢ — 0 in the case that m, = moe?, 6 > 2. We note that this effect was first observed
for the corresponding Navier—Stokes/Cahn—Hilliard system by Schaubeck and the author in
[5] in the case 6 > 3. These results are also contained in the PhD-thesis of Schaubeck [11].
It is not difficult to show that (H?®, @) converges to (19) if (17) holds true in a sufficiently
strong sense. Moreover, in the case & > 3 non-convergence of the Navier—Stokes/Cahn—
Hilliard system in the case of radial symmetry and an inflow boundary condition was shown
by Lengeler and the author in [3, Section 4]. We note that the latter counter example can be
adapted to the present case of a Navier—Stokes/Allen—Cahn equation in the case 6 > 2.

The structure of this contribution is as follows: in Sect. 2 we summarize some preliminaries
and notation. Afterwards we prove the nonconvergence result in Sect. 3. Finally, in Sect. 4
we discuss briefly the sharp interface limit of the convective Allen—-Cahn equation in the case
me = moe? with6 =0, 1.
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2 Preliminaries and notation

We denote a ® b = (aibj),-d,j:l fora,b e R%and A : B = ZE{_/:] A;jBjjfor A, B € Rdxd,

We assume that £2 C R is a bounded domain with smooth boundary 9£2. Furthermore, we
define 27 = 2 x (0, T) and 0782 = 052 x (0, T) for T > 0. Moreover, ny, denotes the
exterior unit normal on d52. For a hypersurface I'; C §2,t € [0, T], without boundary such
that I'; = 0£2~ (¢) for adomain 27 () CC §2, the interior domain is denoted by £2~ (¢) and
the exterior domain by 27 (¢) := 2\(27(t) U I}), i.e., I} separates 2 into an interior and
an exterior domain. nr, is the exterior unit normal on d§2~ () = I;. The mean curvature of
I'; with respect to n; is denoted by H;. In the following d, is the signed distance function
to I chosen such thatd, < 0in 27 () anddr, > Oin £27F(t). By this convention we obtain
Vdr, =nr, on I';. Moreover, we define

0F = {(x,1) € 27 :d(x,1) = 0}.

The “double-well” potential F : R — R is a smooth function taking its global minimum 0
at 1. For its derivative f(c¢) = F’(c) we assume

u u
f(E1) =0, fl(£1) >0, / f(s)ds =/ f(s)ds >0 (20
-1 1
forallu € (—1, 1). In Eq. (1) the given velocity field satisfies v € Cy ([0, T1; C}(£2))¢ with

divv = 0 and v-nyu = 0 on 352 and the mobility constant m, has the form m, = mgs? for
some 6 > 0 and mo > 0. In Eq. (3) we choose the special initial value

d d d .
oo =0 () 00( )+ (1-¢(2)) a0y — 1) n@ @D
where we determine the constant § > 0 later. Here ¢ € C§°(R) is a cut-off function such that
1
() =11f |z| < 3 (z) =0if |z| > 1, z¢'(z) < 0in R, (22)

and 6 is the unique solution to (18). This choice of the initial value is natural in view of (17).

3 Nonconvergence result

Our main result is:

Theorem1 Let 0 > 2, 2 C R? be a bounded domain with smooth boundary 082, Iy a
smooth hypersurface such that Iy = 382 for a domain 2, CC 2 and let ¢® be the
solution to the convective Allen—Cahn equation (1), (2) with initial condition (21). Then for
every T > 0 and for all ¢ € C*([0, T1; D(2)4) with divg = 0 we have

T T
/ (H', g)dt =0 2"/ / V(dry(X;")|nr; @np, : Vodr'™ dr.
0 o Jr

Here the evolving hypersurface I, t € [0, T], is the solution of the evolution equation
Vr(x) =nr,(x,t)-v(x,t) forx e I[},t € (0, T], I'(0) =Ty,

where Vr, is the normal velocity of I';, and X, : §2 — 2 is defined by X;(yo) = y(t; o) for
yo € §2,t € [0, T], where y(-; yo) is the solution of

d
gy(S; y0) = v(y(s;y0),5),s €[0,T], y(0; yo) = yo.
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Moreover; it holds

| = @xp+ — 1)“%2@) —O(e) ase — 0.

Remark 1 In general ‘V(dro (X;l))‘ - ’DX;TVdFO o X;l‘ £ 1, we refer to [5, Remark 1]
for a proof. This shows that the weak formulation of H® does not converge to the weak
formulation of the right-hand side of the Young-Laplace law (15) in general.

To prove the theorem we follow the same strategy as in [5]: First we construct a family
of approximate solutions {cz}o<£ <1 Afterwards we estimate the difference V(c® — ¢),
which will enable us to prove the assertion of the theorem. We start with the observation that
I := X,(Ip) is the solution to the evolution equation.

Lemma1l Let Iy C §2 be a given smooth hypersurface such that Iy = 982, for a domain
25 CC $2. Then the evolving hypersurface It :== X, (I)) C £2, t € [0, T, is the solution
to the problem

Vr,

t

=n;-v onl},t€(0.T), I'0) =T

We refer to [5, Lemma 3] for the proof.

For the following let Pr; (x) be the orthogonal projection of x onto ;. Then there exists
a constant § > 0 such that I3(8) = {x € 2: |d;(x))| <8} C 2 and 7,: ;) —
(=38, 68) x I} defined by 7;(x) = (dr,(x), Pr,(x)) is a smooth diffeomorphism, cf. e.g. [9,
Chapter 4.6].

We will need the following result:

Lemma2 Fore: Ute[O,T] X (Ip(8)) x {t} — R defined by e(x,t) = de(Xt_l(x)) the
following properties hold:

L Le(x,t) = —v(x,1)- Ve(x,1) forall (x,1) € Urero.r) Xe (10(8)) x {t} .
2. e(x,t) is a level set function for Iy, i.e., e(x,t) = 0 if and only if x € I3.

We refer to [5, Lemma 4] for the proof.
As mentioned in Sect. 2, let 6y be the solution to (18) and let ¢ be a cut-off function as in
(22). Then we define

+1 inQFn U X/(2\Io®) x {1},
t€l0,T]
o) = 1 €(5)00(5) £ (1 —¢(5)) in 0F mte[Lan Xi(Ro@\Io(5)) x {1},
f0(£) in U X,(In(3)) x {t}.
tel0,7T]

Then we have ¢ (., 0) = ¢®(., 0) since e(., 0) = dr;, and
3¢ +v-Ve, =0 in 27
since d;e + v - Ve = 0. Moreover, by the construction
¢4 =0 onds2.
Furthermore, we define the approximate mean curvature functional by
(Hy.0)= E/Q Ve ® Vel Vodx.

for all ¢ € D(£2)? with dive = 0. Then we have:
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Lemma 3 Let ¢ be defined as above. Then there exists some constant C > 0 independent
of € and gg € (0, 1] such that the estimates

A (0] 2gq) = Co72. 23)

[Vei 0l 2y = €72, 4

| £5C0) 2o) < Ce? (25)

|5 ) = Qg (1) = D 2, < Ce? (26)

hold for all t € [0, T] and ¢ € (0, &p).

We refer to [5, Lemma 5] for the proof.
Now we are able to prove the central lemma for the proof of Theorem 1.

Lemma4 Let ) be defined as above and let c® be the unique solution to (1), (2) with initial
condition (21). Then, for 6 > 2, there exists some constant C > 0 independent of ¢ and
g0 > 0 such that

|V <Ce’? and 27

CA)||L2(QT)

ef < a3 (28)

-y ||L°°(O T:L2(2)) =
forall e € (0, o).

Proof First of all, we note that ¢®(x, 1), ¢ (x, 1) € [-1, 1] forallx € £2,1 € (0, T). For ¢
this follows from the construction and for ¢f by the maximum principle.

We denote by u = ¢ — ¢ the difference between exact and approximate solution, which
solves

8¢ +v-Vei =0 in 2r.
We multiply the difference of the differential equations for ¢® and ¢, by u and integrate the
resulting equation over §2. Then we get for all ¢ € (0, T)
0= [ u [8,14 +v-Vu—moe? Au — moe‘gAcf4 + mosg_zf(cs)] dx
ko)

=/ (8,# —v.v%eroa"WuF) dx
9]

+ /;2 (m()egVu Ve + mosefzf(ce)u) dx

1d

- — |u|2dx + moe? / |Vul?dx — / (moérguAcf4 - moag_zuf(c‘?)) dx

T 2dr Q Q

where we have used ¥ = 0 on 92 as well as divv = 0 in £2. By Holder’s and Young’s
inequalities we obtain

mo
2dt/ lul>dx + — 5 9/ |Vul|> dx

282

< Enuuiz(m + =S 1Ak 172 g, + moe” 2 (29)

/ f(udx
2
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for all ¢ € (0, &9), where

’/ f(®udx
Q2

=

+ Cllul}a g,

/ f(cudx
2

< [ £ 120 Il 2y + C lullFs g
1
< Ce |lull 2@y + C llull7a g (30)

since f” is Lipschitz continuous on [—1, 1]. Hence (29) together with (30) and (23) yield

1d
7—/ Iulzdx+m089/ |Vu|? dx
2dt Jo 2
2 20-3 0211112 2 2603
<C (||u||L2(Q) +e¥3 ¢ IIMIILZ(Q)) =C (H””Lz(m +e )

since 8 > 2 for some C1 > 0 independent of € and ¢ € [0, T']. Hence the Gronwall inequality
implies

2 0 2 20-3
sup |ul| + &’ || Vull <Ce
ooy L@ L2((0.T)x2)

for some C = C(T) > 0 independent of ¢. Therefore the lemma is proved. O

Now we can show that H® — H converges to 0 as & goes to zero.

Lemma5 Let H® and H{ be defined as above and let 6 > 2. Then it holds

T
/0 (H® — Hi, 9)dt| —>:—0 0,

forall @ € C*([0, T1; D(2)%).
Proof The proof is almost the same as in [5, Lemma 6]. But we include it for the convenience

of the reader since the argument is central for our main result. Let ¢ € C*°([0, T]; D(2)4)
and set u = ¢® — ¢. Then

&

/Q (Ve* @ Vet — Ve, ® Vey) - Vo dx
T

<e¢ + ¢

/ (Ve* @ Vu) : Vodx / (Vu®Vch) : Vodx
QT QT

< eIVl IVullL2@p) (”VC& ”LZ(QT) + ”VCix HLZ(QT)) :

Because of Lemmas 3 and 4, we have

IVe oy, = 19 2oy + 1 VHll 2y < € (678 +2777).

Using Lemma 4 we conclude

T
/O (H® — HS. ¢)dt

for some constant C = C(¢) > 0 and for all ¢ small enough. Since 6 > 2, the assertion
follows. O

0-=2 02
<Cg2 (1+82>
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Lemma 6 Let H and c’, be defined as above. Then it holds for all ¢ € D(2)? andt € [0, T]
(H,i, (P> —>e—0 20/ |V(d1~0(X,_1))| nr @nr, : Vo dH".
n

We refer to [5, Lemma 8] for the proof.

Proof of Theorem 1 The first assertion of the theorem immediately follows by Lemmas 5 and
6 . The second assertion is a consequence of Lemmas 3 and 4 since 6 > 2. O

4 Formal asymptotics

In this section we will use the method of formally matched asymptotic expansions to identify
the sharp interface limit of the convective Allen—Cahn equation (1), (2) in the cases m, =
moe? for & = 0, 1 and some mo > 0. We follow similar arguments as in [2, Section 4]. In
particular we assume that there are smoothly evolving hypersurfaces I, ¢ € (0, T'), such that

I't = 9827 (t), and we have the following expansions: Outer expansion: “Away from I;” we
assume that ¢, has an expansion of the form:

oo
ce(x, 1) = Zskcki(x, t) foreveryx € .Qi(t).
k=0
Inner expansion: In a neighborhood 77 (5), § > 0, of I'; ¢, has an expansion of the form:
o0
ety = eker(“, Pr,(x). 1) forallx € I3(5).
k=0

Matching condition:
lim c(z,x,0) = cf(x,1) forallx € I}, k=0,1,
7—+o00

lim 0d;co(z,x,t) =0 forallx € I3.
z—>=%o00
Moreover, all functions in the expansions above are assumed to be sufficiently smooth.
In the following we will use the expansions above and the matching conditions, insert

them into the convective Allen—Cahn equation (1) and equate all terms of same order in
order to determine the leading parts in the inner and outer expansions formally.

4.1 Outer expansion

First we use a power series expansion of ¢, due to the outer expansion. Then
flleelx, 0) = f(cg (e, D) (1) + & f7 (¢ (x, D)6t (x, 1) + O(e7)

and we obtain from (1)
1 1,
S /e (6 0) + S (6 D) (x, 1) + O = 0

for all x € £2%(¢). This yields

@ Springer



Partial Differential Equations and Applications (2022) 3:1 Page9of11 1

(i) Atorder 'y we obtain f'(cy (x,1)) = 0. Thus ¢ (x. 1) € {#1,0}. Here we exclude
the case ca—L (x, 1) = 0 since 0 is unstable and define 2% (¢) such that

g (x, 1) = £1 forall x € 2% (r).

(i) If K = 0, we obtain at order % that " (co(x, t))cf(x, t) = 0. Since f”(£1) > 0, we
conclude

¢ (x, 1) = 0forall x € 2%(1).

If K = 1, the corresponding term is of order O(1) and we do not use this information.
Moreover, we will not determine cf—L and ¢ in this case.

4.2 Inner expansion

In I7(8) we use the inner expansion in (1) in order to determine the leading coefficients
co(p, s, t) and, in the case k = 0, c1(p, s, 1), where s := s(x) := Pr,(x). To this end we use

v-Vci(p,s,t) = év -Vdr,(p,s,t) +0O(),
Acj(p,s,1) = giz(agc,») (p,s, 1)+ é(apc,) (0,5, 1) Adr, (x) + O(1),
ocj(p,s,t) = é(apc,-) (p,s,t)d:dr, (x) +O(1)
on I}, where p = w and

le“, =nr, Adrt:—Hrr, 3tdn:—Vn onF,.

Hence inserting the inner expansion in (1) and equating terms of the same order yields for
all x € I;:

2 / 1
mo [_apco(pass t) + f (CO(,O»S, t))] ) 872
+mo[—d3ci(p,s. 1) + " (colp. s.D)e1(p. s, 1)] - "
1
+ [=0pc0(p, s, )V, —np, -V —moHp)] - .= o)

in the case k = 0 and

1
[mo (=07c0(p.5.1) + (oo, 5.1) = Bpeo) (0.5, (Vr, =mr, -W)] - = = O(1)

in the case k = 1. For the following we distinguish the cases k = 0, 1.
Case k = 0: The O(%)-terms yield

—agco(p, s,t) + f(co(p,s,t)) =0 forallp eR,s €T}, tel0,T].
Because of the matching condition, we obtain

lim co(p,s,1) = ci(s,1) ==+1 foralls e I},1 € [0, T].
p—+too
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In order to obtain that I'; approximates the zero-level set of ¢, (x, t) = co(d%, s(x),1)+0(¢e)
sufficiently well, we obtain co(0, s, t) = 0. Hence

co(p,x,t) =6p(p) forallx € I}, p € R.

Furthermore, the (’)(%)-terms yield

mo (=2c1(p,x, 1) + f"@o(p)e1 (0, x, 1)) = 0y(0)(Vr, =0, -V — moHp,) =: g(p)

Since 6}, is in the kernel of the differential operator —3/2) + f”(6p), this ODE has a bounded
solution if and only if

/Rg(p)%(p)dp =0, €19}
which is equivalent to

Vr,

. —np,-v=Hp, onl;.

Now the matching condition yields ¢1(p, X, 1) = -+ c?t = 0. Hence ¢; = 0 since the
solution is unique. Altogether we obtain for the inner expansion

dr, (X)>
&

ce(x, 1) :00< +0(?)

close to I5.
Case k = 1: The O(é)—terms yield
mo (—7co(p, s,1) + f'(co(p, 5, 1))
—dpco(p, s, )(Vr,(s) —mr(s) - v(s, 1)) =0 (32)
for all s € I;. Testing with 0,co(p, x, t) yields

0=/R|3pco(p,s,t)|2d,0 (Vr(s) = mp, - v(s, 1))

since

2
fRap (M + fleolp. s, r))) dp =0

because of the matching condition for d,co. Because of co(p, 5, 1) —> p—+00 £1, dpco does
not vanish and we obtain

Vi, =nr,-v onl;.
Moreover, we obtain from (32)
—356’0(,0, s,1) 4+ f'co(p,s, 1)) =0 foralls e I7, p e R.

Hence we can conclude as in the case k = O that co(p, s, ) = 6p(p) forall p € Rand s € I7,
te[0,T].

Remark 2 The formal calculations show that ¢, should have an expansion of the form (17) in
the case & = 0, 1. This is important to obtain (15) in the limit. Actually, using co(p, s,1) =
Bo(p) one can easily modify the results in [2, Section 4] to show formally convergence of
the Navier—Stokes/Allen—Cahn system (4)—(6) to (7)—(11) in the case # = 0 and (12)—(16)
in the case & = 1. A rigorous justification of this convergence under suitable assumptions
remains open.
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