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Abstract
In this paper we consider sweeping preconditioners for time harmonic wave propagation in

stratified media, especially in the presence of reflections. In the most famous class of

sweeping preconditioners Dirichlet-to-Neumann operators for half-space problems are

approximated through absorbing boundary conditions. In the presence of reflections

absorbing boundary conditions are not accurate resulting in an unsatisfactory performance

of these sweeping preconditioners. We explore the potential of using more accurate

Dirichlet-to-Neumann operators within the sweep. To this end, we make use of the sep-

arability of the equation for the background model. While this improves the accuracy of the

Dirichlet-to-Neumann operator, we find both from numerical tests and analytical argu-

ments that it is very sensitive to perturbations in the presence of reflections. This implies

that even if accurate approximations to Dirichlet-to-Neumann operators can be devised for

a stratified medium, sweeping preconditioners are limited to very small perturbations.
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1 Introduction

Time harmonic wave equations arise in various applications. Their numerical discretization

leads to large linear systems which are difficult to solve with classical iterative methods

[5]. Recently, sweeping preconditioners have emerged as a promising approach to over-

come this problem [6]. Since the introduction of the moving perfectly matched layer

(PML) preconditioner by Engquist and Ying [4], numerous impressive results and further

developments of this technique have been published. We refer to [6] for a comprehensive

review.

Unfortunately, the range of wave propagation problems in which sweeping precondi-

tioners can be used is limited. We are not aware of any publication in which sweeping

preconditioners have been successfully applied to media that contain strong resonant

cavities. In fact, numerical experiments indicate that the established sweeping methods are

not suitable for treating such problems, see e.g. section 7.4 of [13], section 10 of

[6] or [14]. Additionally, sweeping preconditioners require an absorbing boundary con-

dition on at least one boundary of the domain at which the process of sweeping can be

started. Since these assumptions are violated in many practically relevant problems, e.g.

from global seismology, it is important to explore if these limitations of the sweeping

technique can be overcome.

This paper investigates this question for the case of stratified media. Our problem

setting differs significantly from the case of quasiperiodic Helmholtz transmission prob-

lems as recently considered in [9], for instance, because it allows for a complete reflection

of waves at the domain boundaries. As a concrete example we consider a problem from

[7, 8] in which spherical coordinates fr;u; hg are used. Assuming axisymmetry of all fields

in u the propagation of shear waves (SH-waves) u between the core mantle boundary

(CMB) at r ¼ RCMB and the surface of the Earth at r ¼ R� in the frequency domain is

described by the equation

Lu ¼ f ; for ðr; hÞ 2 X :¼ ðRCMB;R�Þ � ð0; pÞ; ð1Þ

where

Lu :¼ �qx2ur2 sin2ðhÞ � sin2ðhÞ
r2

o

or
r4l

ou

or

� �
� 1

sinðhÞ
o

oh
sin3ðhÞl ou

oh

� �
ð2Þ

and f ¼ f sr2 sin2ðhÞ, subject to boundary conditions Bu ¼ 0. The boundary operator is

defined piecewise on oX ¼ CD [ CN with CD ¼ fh ¼ 0g [ fh ¼ pg and CN ¼ fr ¼
RCMBg [ fr ¼ R�g by

u ¼ 0 on CD;
ou

or
¼ 0 on CN : ð3Þ

Here, q is the mass density, l ¼ qv2SH is the shear modulus and x the frequency. The

background coefficients for vSH and q are provided by the spherically symmetric PREM

model [3]. In the Appendix, cf. Sect. 1, we give a derivation of the variational formulation

that we base the finite element discretization on.

Conventional sweeping preconditioners cannot be applied to this problem since

absorbing boundary conditions are missing. In this paper an extension of the sweeping

preconditioner is presented which overcomes this limitation for the spherically symmetric

background model. It will further be investigated to which extent this preconditioner can
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then also be used for other models in which the coefficients q and vSH are small pertur-

bations from the spherically symmetric case. This would be realistic, since 3D tomographic

models of the Earth deviate only a few percent from the background model [2].

The remainder of this paper is structured as follows. In Sect. 2 we recall the general

framework of sweeping preconditioners and the commonly employed moving PML

approximation of the Dirichlet-to-Neumann (DtN) operator. As a prototype of an improved

approximation of the DtN operator we construct a DtN operator based on the separability

of the background problem on the discrete level in Sect. 3. The potential of this method is

explored in Sect. 4 with numerical experiments. Here it is observed that the DtN for the

free surface boundary condition is very sensitive to perturbations. This observation is

discussed in detail in Sect. 5. We draw some conclusions regarding the applicability of

sweeping preconditioners in the presence of reflections in Sect. 6.

2 General framework of sweeping preconditioners

In [6] several sweeping methods have been described in the framework of the double
sweep optimized Schwarz method (DOSM). Here, we adapt DOSM to our specific setting.

This includes the restriction to special cases, e.g. only non-overlapping domain decom-

positions and DtN transmission conditions are considered. The simplified version is more

appropriate for the purpose of this paper since it allows to focus attention on the

approximation of the DtN map.

2.1 Double sweep optimized Schwarz method

Let X ¼
SJ

j¼1 Xj be a non-overlapping decomposition of the domain into horizontal

layers Xj, see Fig. 1. To allow for an efficient solution of the subdomain problems the

width of the layers in sweeping direction should be kept thin. Therefore, in the numerical

examples below, we make the choice that one layer Xj contains only two finite elements in

vertical direction (r) and 2 � J elements in the horizontal direction (h) yielding a fixed

aspect ratio for all finite elements. We denote by Cj;j�1 :¼ oXj \ oXj�1 the interfaces

between the layers and write uj for a function defined in layer Xj. Based on these defi-

nitions we state the specialized sweeping algorithm.

Forward sweep: Given the last iterate u
ðn�1Þ
j in Xj; j ¼ 1; . . .; J solve successively for

j ¼ 1; . . .; J � 1

r

θ

Ω1

Ωj

ΩJ

Fig. 1 Decomposition of the domain into layers

SN Partial Differential Equations and Applications

SN Partial Differ. Equ. Appl. (2020) 1:17 Page 3 of 17 17



Lu n�1
2ð Þ

j ¼ f in Xj;

Bu n�1
2ð Þ

j ¼ 0 on oX \ oXj;

r4l
ou

n�1
2ð Þ

j

or
þ Pju

n�1
2ð Þ

j ¼ r4l
ou

n�1
2ð Þ

j�1

or
þ Pju

n�1
2ð Þ

j�1 on Cj;j�1 n oX;

u
n�1

2ð Þ
j ¼ u

ðn�1Þ
jþ1 on Cj;jþ1:

Backward sweep: Solve successively for j ¼ J; . . .; 1

LuðnÞj ¼ f in Xj;

BuðnÞj ¼ 0 on oX \ oXj;

r4l
ou

ðnÞ
j

or
þPju

ðnÞ
j ¼ r4l

ou
n�1

2ð Þ
j�1

or
þ Pju

n�1
2ð Þ

j�1 on Cj;j�1;

u
ðnÞ
j ¼ u

ðnÞ
jþ1 on Cj;jþ1 n oX:

The transmission operator Pj is an (approximation) of the DtN map

DtNj :g7! � r4l
ov

or
; ð4Þ

where v solves

Lv ¼ 0 in Xext
j ;

Bv ¼ 0 on oX \ Xext
j ;

v ¼ g on Cj;j�1;

ð5Þ

with Xext
j ¼

Sj�1
i¼1 Xi. If DtNj is well defined for j ¼ 2; . . .; J and the original problem and

subdomain problems are uniquely solvable then DOSM converges in one double sweep to

the exact solution for Pj ¼ DtNj [6]. In practice, using the exact DtN map as a transmission

operator is computationally too expensive. Therefore, Pj is chosen as an approximation of

the DtN. The algorithm is then usually used as a preconditioner for GMRES with initial

guess u
ð0Þ
j ¼ 0; j ¼ 1; . . .; J.

2.2 Moving PML approximation of the DtN

The problem for calculating the exact DtNj is posed on the whole exterior domain Xext
j .

Usually, it is assumed that on oX \ oX1 an absorbing boundary condition implemented by

a PML is present. As the name ‘‘moving PML’’ suggests this PML is shifted closer to Xj.

This replaces the original problem posed on
Sj�1

i¼1 Xi by a modified problem on the (usually

smaller) domain XPML
j . In practice, the PML is usually started right at the coupling

interface Cj;j�1 and XPML
j ¼ Xj�1. This leads to the operator

DtNPML
j :g7! � r4 ~l

ov

or
; ð6Þ
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where v solves

~Lv ¼ 0 in XPML
j ;

~Bv ¼ 0 on oXPML
j n oXj;

v ¼ g on Cj;j�1:

ð7Þ

Here, the original differential operators L, B have been replaced by modified versions ~L, ~B
due to the complex scaling applied in the PML region.

3 A tensor product approximation of the DtN

In this section a new approach to approximate the DtN for tensor product discretizations

will be presented. Let us note that the purpose of this approach is primarily to explore the

potential of sweeping preconditioners under the assumption of accurate DtN approxima-

tions in what follows.

Let us fix an interface Cj;j�1 at r ¼ Rj on which the DtNj shall be computed. Let

W
Rj

h � H1 ðRj;R�Þ � ð0; pÞ
� �

be the finite element space in Xext
j . A tensor product dis-

cretization is assumed. Hence, W
Rj

h ¼ V
Rj

h � Vh
h , where V

Rj

h � H1 ðRj;R�Þ
� �

and Vh
h �

H1
0 ð0; pÞð Þ are one-dimensional finite element spaces. In particular, wh 2 W

Rj

h is a linear

combination of terms of the form RhðrÞ#hðhÞ with Rh 2 V
Rj

h and #h 2 Vh
h .

Given Dirichlet data gh 2 Vh
h the DtN in the finite element setting is computed as

follows. First find wh 2 W
Rj

h with whðr ¼ Rj; �Þ ¼ gh such that

aRj
ðwh; vhÞ :¼

ZR�

Rj

Zp

0

�qr2x2whvhþr2l
owh

or

ovh
or

þl
owh

oh
ovh
oh

� �
r2 sin3ðhÞdhdr

¼ 0 for all vh 2 fvh 2 W
Rj

h j vhðr ¼ Rj; �Þ ¼ 0g:

ð8Þ

Then DtNjðghÞ ¼ �ðRjÞ4lðRjÞorwhðRj; �Þ.
This problem will be solved in two steps. In Sect. 3.1 we treat the case in which gh is a

discrete eigenfunction of the weighted Laplacian on Cj;j�1. The action of the DtN on such

data is given by multiplication with a number which can be computed by solving an ODE.

In other words, the DtN is diagonal in the basis of the discrete eigenfunctions. This allows

to treat the case of general Dirichlet data in Sect. 3.2 by a simple change of basis.

3.1 The DtN applied to a discrete eigenfunction

Let w‘ðhÞ 2 Vh
h for ‘ ¼ 1; . . .; L denote the discrete eigenfunctions of the discretized

Laplacian on Cj;j�1 with eigenvalue k‘, i.e.

Zp

0

ow‘

oh
o#h

oh
sin3ðhÞdh ¼ k‘

Zp

0

w‘#h sin
3ðhÞdh ð9Þ

for all #h 2 Vh
h .
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The next proposition shows that the w‘ are also eigenfunctions of the discretized DtN

map.

Proposition 1 Let u‘h 2 V
Rj

h with u‘hðRjÞ ¼ 1 be the solution to

ZR�

Rj

�qr2x2u‘hRh þ r2l
ou‘h
or

oRh

or
þ k‘lu

‘
hRh

� �
r2dr ¼ 0: ð10Þ

for all Rh 2 fvh 2 V
Rj

h j vhðRjÞ ¼ 0g.
Then DtNjðw‘Þ ¼ �ðRjÞ4lðRjÞoru‘hðRjÞw‘.

Proof Define whðr; hÞ ¼ u‘hðrÞw
‘ðhÞ 2 W

Rj

h . Note that whðRj; hÞ ¼ w‘ðhÞ. So, if we can

show that aRj
ðwh; vhÞ ¼ 0 for all vh 2 fvh 2 W

Rj

h j vhðr ¼ Rj; �Þ ¼ 0g then DtNjðw‘Þ ¼
�ðRjÞ4lðRjÞorwhðRj; �Þ ¼ �ðRjÞ4lðRjÞoru‘hðRjÞw‘ follows. Using (9) for vhðr; hÞ ¼
RhðrÞ#hðhÞ yields:

aRj
ðwh; vhÞ ¼

ZR�

Rj

�qr2x2u‘hRh þ r2l
ou‘h
or

oRh

or

� �
r2dr

Zp

0

w‘#h sin
3ðhÞdh

þ
ZR�

Rj

lu‘hRhr
2dr

Zp

0

ow‘

oh
o#h

oh
sin3ðhÞdh

¼
ZR�

Rj

�qr2x2u‘hRh þ r2l
ou‘h
or

oRh

or
þ k‘lu

‘
hRh

� �
r2dr

Zp

0

w‘#h sin
3ðhÞdh

¼ 0;

ð11Þ

since u‘h solves (10).

Remark 1 The proof of Proposition 1 uses as an essential ingredient that the product of the

ODE solution and the discrete eigenfunction u‘hðrÞw
‘ðhÞ is contained in the two dimen-

sional finite element space W
Rj

h employed for the solution of problem (8). This is ensured

by letting the finite element space V
Rj

h for the ODE (10) coincide with the first factor of the

tensor product W
Rj

h ¼ V
Rj

h � Vh
h . In other words, the ODE discretization is chosen as the

restriction of the two dimensional discretization to the radial direction. The consequences

of violating this requirement are discussed in Remark 2.

3.2 General Dirichlet data

To apply the DtN to general Dirichlet data gh 2 Vh
h we express it in the eigenbasis gh ¼PL

‘¼1 g‘w
‘ and apply the DtN as
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DtNjðghÞ ¼
XL
‘¼1

g‘DtNjðw‘Þ ¼ �
XL
‘¼1

g‘ðRjÞ4lðRjÞoru‘hðRjÞw‘: ð12Þ

Then we transform back to the finite element basis. The transformation to the discrete

eigenbasis involves the solution of a dense linear system which is composed of the

eigenvectors in the finite element basis. In case of a uniform 2D mesh with periodic

boundary conditions, the boundary mass and stiffness matrices are discrete block circulant

matrices, and the transformation is given by the tensor (Kronecker) product of a small

matrix and an FFT matrix, cf. [10]. Possibly the inversion of dense matrices can also be

avoided for more general grids in some cases by designing analogues of infinite elements

adapted to this setting, but the results of this paper may discourage from starting this effort.

4 Numerical experiments

In this section numerical experiments for the model problem will be presented. First, the

shortcomings of the moving PML approximation of the DtN are demonstrated. Then we

apply our new approximation to the spherically symmetric model and investigate its

performance in case of small perturbations.

All experiments are carried out using H1-conforming finite elements and have been

implemented in the finite element library Netgen/NGSolve, see [11, 12]. Since the

experiments feature piecewise smooth coefficients we have decided to use a medium finite

element order of four. This allows to benefit from the efficiency of higher order elements in

the subdomains where the coefficients are smooth. The discontinuities, which do not align

with layer interfaces for the shear wave example, should be resolved through mesh

refinement, i.e. by increasing the number of layers. Scripts for reproducing the numerical

results are provided at DOI: 10.5281/zenodo.3886458. This archive includes a README
file which describes the structure of the code and gives detailed instructions on how to

reproduce the presented results.

4.1 Moving PML

The moving PML preconditioner relies on the assumption that the computational domain is

truncated by an absorbing boundary condition in at least one direction and that the medium

is free of large resonant cavities. The following two examples demonstrate that these

assumptions are crucial.

4.1.1 Academic example

Consider the Helmholtz equation on the unit disk with discontinuous coefficients. The

bilinear form in polar coordinates is given by

aðu; vÞ ¼
Z1

0

Z2p

0

� rx2

qc2
uvþ r

q
ou

or

ov

or
þ 1

rq
ou

oh
ov

oh

� �
dhdr:

Periodic boundary conditions in h are used. At r ¼ 1:0 an absorbing boundary condition

implemented by a PML is set, while at r ¼ 0 we simply use natural boundary conditions.

The geometrical setup is as shown in Fig. 1. Similar to the experiments from [6] we let the
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wavespeed vary discontinuously between the layers where the strength of the discontinuity

is given by a factor a. To this end, we set on the first layer c ¼ 1=ð1þ a=2Þ, on the next

c ¼ 1=ð1� a=2Þ then again c ¼ 1=ð1þ a=2Þ continuing in this fashion. The density is

simply q ¼ 1.

We apply the DOSM with moving PML approximation of the DtN to this problem. The

number of subdomains is chosen to grow linearly with the wavenumber in order to counter

the pollution effect [1]. The results are shown in Table 1. We also consider the case in

which additional damping is added to the preconditioner,1 i.e. the operator ~L in Eq. (7)

describes a Helmholtz problem with complex frequency xþ ic, where c ¼ 1. Adding

additional damping to the preconditioner leads to nearly robust iteration numbers for

a ¼ 0. However, for both versions the iteration numbers increase drastically as the contrast

a is increased. In further experiments, various choices for the damping parameter c have

been considered. However, a significant improvement in the case of high contrast could not

be achieved. As a result, the preconditioner becomes completely inefficient in this setting.

4.1.2 SH-waves in frequency domain

In the academic example reflections generated by the strongly discontinuous coefficients

lead to the method’s breakdown. Severe reflections can also be generated by boundary

conditions as is the case for the model problem (1) from seismology. This can be

demonstrated by comparing the GMRES iteration numbers for two different boundary

conditions:

– In the first case, a PML is implemented at the Earth’s surface.

– In the second case, the PML is removed, which realizes the physically desired free

surface condition.

The tolerance is set to 10�7. Two sources are considered: a Dirac and a random source.

The iteration numbers for the case of a PML at the Earth’s surface are shown in Table 2

in the columns ‘PML’ . The wave field for x ¼ 2048 with the Dirac source is shown in

Fig. 2a. The waves generated from the point source bounce off from the CMB. Additional

reflections are caused by the discontinuous coefficients and the Dirichlet boundary con-

ditions at h ¼ 0 and h ¼ p. Despite these difficulties, the preconditioner performs well.

Table 1 GMRES iteration numbers x (bold)/y (italic) for moving PML approximation of the DtN for the
academic example

x J a ¼ 0 a ¼ 1=4 a ¼ 1=2 a ¼ 3=4 a ¼ 1

8 3 8/9 9/10 9/11 8/10 8/10

16 6 13/11 17/17 30/32 39/40 46/45

32 12 15/12 46/37 88/93 154/162 –/–

64 24 19/13 189/185 –/– –/– –/–

For case y (italic) the preconditioner is constructed based on a damped problem with wavenumber x 7!xþ
ic for c ¼ 1. A random source which is set to zero in the PML layer is used as the right hand side. The dash
means that the desired tolerance was not achieved within 200 iterations

1 The original problem to which we apply the preconditioner is still the one without damping.
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The iteration numbers grow only very mildly and the low tolerance of 10�7 is achieved for

x ¼ 2048 in 15 iterations for both sources.

The situation changes drastically when the PML at the Earth’s surface is removed. The

solver now has to capture a very complex wavefield created by additional reflections from

the Earth’s surface as Fig. 2b shows. The results for this case are given in Table 2 in the

columns ‘free’. The iteration numbers now grow drastically with increasing wavenumber.

In Fig. 3 it can be seen that the residual stagnates for many iterations. GMRES first has to

filter out the reflections until a convergence to the solution occurs. This renders the moving

PML preconditioner unsuitable for our purpose. Let us note that in additional computa-

tional studies we also tried adding damping to the preconditioning problem which however

did not improve the situation.

Table 2 Influence of the bound-
ary condition on GMRES itera-
tion numbers for moving PML
approximation of the DtN

x J Dirac source Random source

# Iter (PML) # Iter (free) # Iter (PML) # Iter (free)

256 3 7 13 7 18

512 6 10 37 9 53

1024 12 14 73 13 119

2048 24 15 203 15 307

The case denoted by ’PML’ uses a radiation condition at the Earth’s
surface implemented by a PML while ’free’ sets the free surface
boundary condition. Two different sources are considered: a Dirac
source (left columns) and a random source which is set to zero in the
PML layer (right columns)

Fig. 2 The real part of the solution for x ¼ 2048 with a Dirac source. A PML was applied at the Earth’s
surface for a while b uses a free surface condition

SN Partial Differential Equations and Applications

SN Partial Differ. Equ. Appl. (2020) 1:17 Page 9 of 17 17



4.2 Tensor product DtN

We tackle problem (1) with the free surface boundary condition using a tensor product

discretization of the DtN as described in Sect. 3. The L2-error after one application of the

preconditioner with respect to a solution computed with a direct solver is shown in Table 3.

Apparently, the preconditioner can be used as a direct solver for the considered cases. The

growth of the error as the number of subdomains J increases stems from a loss of precision

in the eigenvalue equation 9, which occurs because we currently compute all eigenpairs

explicitly. A practical implementation of our method would try to avoid such explicit

computations by the techniques mentioned in Sect. 3.2. Analogous results are obtained for

the academic example from Sect. 4.1.1. This confirms the theoretical result derived in

Proposition 1.

4.2.1 Sound speed perturbations

So far only the radially symmetric shear velocity vPREMðrÞ of PREM has been considered.

Let us now introduce a velocity perturbation

vpertðr; hÞ ¼ cosðrhÞ sinðrhÞ: ð13Þ

0 50 100 150 200
10−9

10−6

10−3

100

103

GMRES iteration

Free surface

0 50 100 150 200
10−9

10−6

10−3

100

103

GMRES iteration

PML at surface

ω = 256
ω = 512
ω = 1024
ω = 2048

Fig. 3 GMRES residuals for moving PML approximation of the DtN with a Dirac source. On the left a free
surface boundary condition is used at the Earth’s surface while on the right a PML is implemented

Table 3 Relative L2-error after one application of DOSM with tensor product DtN transmission conditions
for a tensor product discretization

x J Error (Dirac) Error (random)

256 3 9:76� 10�13 7:70� 10�13

512 6 3:76� 10�11 6:94� 10�09

1024 12 4:46� 10�10 9:36� 10�10

2048 24 3:42� 10�08 5:38� 10�07

Two different sources are considered: a Dirac source (left column) and a random source (right column)
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Setting vðr; hÞ ¼ vPREMðrÞ 1þ evpertðr; hÞ
� �

results in a relative perturbation of strength

e. In the following, the tensor product DtN based on vPREM is employed to precondition the

system for vðr; hÞ.
In Table 4 the iteration numbers obtained with the tensor product DtN are compared to

the moving PML2 based approximation. The moving PML yields iteration numbers which

are essentially independent of the strength of the perturbation since it approximates the

DtN based on the perturbed shear velocity. The tensor product DtN instead is obtained

from the separable background velocity. Thus, iteration numbers grow with the strength of

the perturbation.

The performance of both approaches is highly dependent on the boundary conditions

imposed at the Earth’s surface. The tensor product DtN is very robust against perturbations

for the PML boundary condition. As a result, it outperforms the moving PML method for

perturbations up to 2%. When the PML is replaced by a free surface boundary condition

then the DtN apparently becomes very sensitive to perturbations. Hence, the tensor product

DtN only yields acceptable iteration numbers in the high frequency regime for perturba-

tions smaller than 0:1%.

Remark 2 Even in cases where the model is perfectly captured in the solution of the

exterior problem in terms of the data, i.e. assuming no perturbations in the model coef-

ficients, one often needs to deal with numerical perturbations. For instance, we considered

problems without data perturbation where, however, adaptive meshes that violate the

tensor product structure or for the solution of (10) different ODE solvers have been used.

Table 4 Comparison of GMRES iteration numbers x (bold)/y: (italics) the numbers x (bold) are obtained
when the tensor product DtN based on the background model is used to set up a preconditioner for the
system with a perturbed shear velocity

Free surface condition at Earth’s surface

x J 0% 0:0625% 0:125% 0:25% 0:5% 1% 2%

256 3 1/18 4/18 4/18 6/18 7/18 8/18 11/18

512 6 1/53 9/53 12/53 17/53 26/53 39/53 62/53

1024 12 2/119 16/120 23/120 35/122 53/122 84/118 158/123

2048 24 2/292 38/292 102/293 215/274 422/291 735/238 –/274

PML at Earth’s surface

x J 0% 0:0625% 0:125% 0:25% 0:5% 1% 2% 4%

256 3 1/7 3/7 3/7 3/7 3/7 4/7 4/7 5/7

512 6 1/9 3/9 4/9 4/9 4/9 5/9 6/9 7/9

1024 12 1/13 4/14 5/14 6/14 7/14 8/14 10/14 14/13

2048 24 2/15 5/15 6/15 7/15 8/16 11/16 15/16 22/16

For the case y (italics) the moving PML approximation of the DtN is employed. The strength of the
perturbation e is given in %. A random source is used for the right hand side (set to zero where PML is

present). The dash ’ –’ means that the desired tolerance of 10�7 was not reached after 1000 iterations

2 The results for the moving PML with e ¼ 0 are slightly different compared to Table 2 because the random
source is not set to zero in the uppermost layer.
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These numerical perturbations resulted in the same effect, a dramatic amplification thereof,

rendering the approach practically useless in the presence of reflections.

The tensor product DtN approximation considered above realizes an exact solution of the

exterior problem in the case of no perturbation of the background model. The missing

robustness of this approach is not due to the tensor product construction, but rather due to

the high sensitivity of the exact DtN operator itself. The investigation of this effect will be

the subject of the subsequent section.

5 On the sensitivity of DtN operators

The experiments from the previous section suggest that the DtN for the free surface

boundary condition is much more sensitive to perturbations than for an absorbing boundary

condition. Performing a mode-by-mode analysis, see Sect. 5.1, confirms this and reveals

that the issue is already observed in one dimension. This leads to an analytical sensitivity

analysis of scattering problems on the half line via Riccati equations in Sect. 5.2. Addi-

tional illustrations for this case are provided in Sect. 5.3.

5.1 Modal analysis

If in the study above in Sect. 4.2.1 we replace the perturbation model (13) with only linear

velocity perturbations, i.e. vðrÞ ¼ vPREMðrÞ 1þ eð Þ with constant e	 0, then the perturbed

problem is separable as well. Denote by DtN jðw‘; eÞ the DtN numbers as computed in

Proposition 1 for perturbation e. We fix the interface j ¼ J � 1 closest to the CMB. In

Fig. 4 the relative DtN error

jDtN jðw‘; 0Þ � DtN jðw‘; eÞj
jDtN jðw‘; 0Þj

ð14Þ

with e 
 3:9� 10�5 is shown for x 2 f512; 1024; 2048g. The same mesh, in particular the

same discrete modes, have been used for all x.
The relative error on the guided modes jk‘j.x2 for the free surface boundary condition

is highly oscillatory and even in the best case almost two orders of magnitude larger than

for the PML boundary condition. It also grows linearly in x and e. The first statement can

be seen in the figure while the second was observed in other experiments not shown here.

These findings show that the DtN for the free surface boundary condition is indeed highly

sensitive to perturbations which explains the poor performance of the tensor product DtN

based on the background model as observed in Sect. 4.2.1.

5.2 Analysis via Riccati equations

The high sensitivity already occurs in one dimension as demonstrated by the modal

analysis. Hence, to get to the core of the problem, we will analyze the one dimensional

scattering problems with transparent boundary conditions
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�u00T � x2ð1þ eðxÞÞuT ¼ 0 on ð0; aÞ
uTð0Þ ¼ 1

u0TðaÞ ¼ ixuTðaÞ

8><
>: ð15� TÞ

and reflecting boundary conditions

�u00R � x2ð1þ eðxÞÞuR ¼ 0 on ð0; aÞ
uRð0Þ ¼ 1

uRðaÞ ¼ 0

8><
>: ð15� RÞ

for a[ 0 and Ix	 .

Let us consider the functions

vBðxÞ :¼
u0BðxÞ
uBðxÞ

; B 2 fT;Rg;

which may be interpreted as ‘‘local DtN numbers’’. It is well-known and easy to check that

these functions satisfy the Riccati equation

v0ðxÞ ¼ �x2ð1þ eðxÞÞ � vðxÞ2 : ð16Þ

Moreover, we have the initial conditions

vTðaÞ ¼ ix; vRðaÞ ¼ 1: ð17Þ

For simplicity, let us switch to the perturbation EðxÞ :¼ x2eðxÞ. The Fréchet derivatives

kB :¼ ovB
oE

~E

(formally) satisfy the linear initial value problems

k0B ¼ � ~E � 2vBkB; kBðaÞ ¼ 0; ð18Þ

0 50 100 15010−5

10−4

10−3

10−2

10−1

100

mode �

ω = 512

0 50 100 15010−5

10−4

10−3

10−2

10−1

100

mode �

ω = 512

Free
PML

0 50 100 150
mode �

ω = 1024

0 50 100 150

0.0100
0.0050
0.0025

mode �

ω = 2048

0 50 100 150
mode �

ω = 2048

Fig. 4 The relative DtN error on the discrete eigenmodes as computed in (14) for a linear velocity
perturbation of fixed strength e. The blue line is for a free surface boundary condition at the Earth’s surface
while the red line is obtained with an absorbing boundary condition implemented by a PML. The modes ‘
have been ordered by increasing magnitude of k‘ (color figure online)
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which follows by differentiating (16) with respect to E.3 Our aim is to compare the sizes of

kTð0Þ and kRð0Þ.
The solutions to the initial value problems (18) can be expressed in terms of the

solutions

kyBðxÞ :¼ exp

Z y

x

2vBðzÞ dz
� �

to the homogeneous equations kyB
0 ¼ �2vBk

y
B with initial conditions kyBðyÞ ¼ 1 as

kBðxÞ ¼
Z a

x

kyBðxÞ ~EðyÞ dy : ð19Þ

The main difference between transparent and reflecting boundary conditions is that vT is

typically close to purely imaginary (for E ¼ 0 it is identically ix) whereas vR for real-

valued x and E is real-valued and has singularities at zeros of uR. For E ¼ 0 we have

vRðxÞ ¼ �x cotðxða� xÞÞ. Therefore, jkyTj is close to 1 whereas the kernel jkyRj has sin-

gularities, and its modulus is often much larger than 1. In view of (19), this explains, why

jkRð0Þj is typically much greater than jkTð0Þj. This conclusion is consistent with the rel-

ative DtN error for the guided modes as shown in Fig. 4. In contrast, jk‘jJx2 leads to

exponentially decaying modes and removes the singularities from the corresponding ker-

nel. In this case, jkRð0Þj and jkTð0Þj are of comparable size.

5.3 Comparison of DtN numbers for constant perturbation

Let us illustrate the qualitative statements of the previous section by considering only

constant perturbations eðxÞ ¼ e which allows us to compute the solutions to (15-T) and (15-

R). These problems become constant coefficient problems in the perturbed wavenumber

xe ¼ x
ffiffiffiffiffiffiffiffiffiffiffi
1þ e

p
. The solutions for x[ 0 for transparent boundary conditions

ueTðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
1þ e

p
cosðxeðx� aÞÞ þ i sinðxeðx� aÞÞffiffiffiffiffiffiffiffiffiffiffi
1þ e

p
cosðxeaÞ � i sinðxeaÞ

and reflecting boundary conditions

ueRðxÞ ¼ cosðxexÞ � cotðxeaÞ sinðxexÞ

yield the perturbed DtN numbers

DtNTðeÞ :¼� ðueTÞ
0ð0Þ ¼ �ix� xe

sinðxeaÞffiffiffiffiffiffiffiffiffiffiffi
1þ e

p
cosðxeaÞ � i sinðxeaÞ

;

DtN RðeÞ :¼� ðueRÞ
0ð0Þ ¼ xe cotðxeaÞ:

Comparing this with the background profile gives the relative errors

3 As we only aim for a heuristic explanation rather then a theorem in this section, we do not go into the
technicalities of justifying this statement rigorously in the presence of singularities of vB.
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DTðe;xÞ :¼ jDtN Tð0Þ � DtN TðeÞj=jDtN Tð0Þj

¼ e
j sinðxeaÞjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ e cosðxeaÞ2
q � e

and

DRðe;xÞ :¼ jDtN Rð0Þ � DtN RðeÞj=jDtN Rð0Þj

¼ j cotðxaÞ �
ffiffiffiffiffiffiffiffiffiffiffi
1þ e

p
cotð

ffiffiffiffiffiffiffiffiffiffiffi
1þ e

p
xaÞj

j cotðxaÞj ¼ e � 1

2
þ xa
sinð2xaÞ

����
����þ Oðe2Þ:

In Fig. 5 these functions are plotted for constant e ¼ 10�3 and a ¼ 1. In this case, the

relative error for the transparent boundary conditions can be bounded independently of x
while the relative error for reflecting boundary conditions is much larger, highly oscillatory

and grows like x.

6 Conclusion

This paper investigates the potential of sweeping preconditioners for stratified media in

absence of an absorbing boundary condition. For such a problem the DtN cannot be

reasonably approximated by a moving PML. To resolve this issue, a tensor product dis-

cretization of the DtN, which is based on separability of the equation for the background

model, has been introduced yielding a direct solver for the unperturbed background model.

Despite its perfect approximation of the DtN the applicability of the resulting sweeping

preconditioner is limited due to a very high sensitivity of the DtN to perturbations. As a

conclusion we can state that in the presence of reflections any sweeping preconditioner for

wave propagation relying on an accurate, but not perfect, DtN approximation—based on a

tensor product structure or not—is doomed to fail in practice.
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Appendix 1: Derivation of the variational formulation

In [8] the equation for SH-waves in the time domain assuming axial symmetry is given as

q
o2u

ot2
¼ f þ 1

r4
o

or
r4l

ou

or

� �
þ 1

r2 sin3ðhÞ
o

oh
sin3ðhÞl ou

oh

� �
: ð20Þ

Multiplying with r2 sin2ðhÞ and transforming to the frequency domain we obtain

�qx2ur2 sin2ðhÞ � sin2ðhÞ
r2

o

or
r4l

ou

or

� �
� 1

sinðhÞ
o

oh
sin3ðhÞl ou

oh

� �
¼ fr2 sin2ðhÞ: ð21Þ

To obtain a variational formulation in spherical coordinates this equation has to be inte-

grated taking the volume element r2 sinðhÞdrdhdu into account. Due to axisymmetry the

integration over u only yields a constant factor, which can be omitted. We obtain the linear

form:

f ðvÞ ¼
ZR�

RCMB

Zp

0

f ðr; hÞvr4 sin3ðhÞdhdr: ð22Þ

To obtain the bilinear form we integrate by parts in r and h. The boundary terms in r vanish
because of the free surface boundary condition. Since homogeneous Dirichlet boundary

conditions are imposed at h ¼ 0 and h ¼ p the boundary terms in h vanish as well. Let

H1
0ðXÞ be the subspace of H1ðXÞ with homogeneous boundary values at h ¼ 0 and h ¼ p.

The variational problem is: find u 2 H1
0ðXÞ so that aðu; vÞ ¼ f ðvÞ for all v 2 H1

0ðXÞ with

aðu; vÞ ¼
ZR�

RCMB

Zp

0

�qx2uvr4 sin3ðhÞ � o

or
r4l

ou

or

� �
v sin3ðhÞ � r2

o

oh
sin3ðhÞl ou

oh

� �
v

� �
dhdr

¼
ZR�

RCMB

Zp

0

�qr2x2uvþ r2l
ou

or

ov

or
þ l

ou

oh
ov

oh

� �
r2 sin3ðhÞdhdr:

ð23Þ
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13 Zepeda-Núñez, L., Demanet, L.: The method of polarized traces for the 2D Helmholtz equation.
J. Comput. Phys. 308, 347–388 (2016). https://doi.org/10.1016/j.jcp.2015.11.040.

14. Gander, M.J., Zhang, H.: Restrictions on the Use of Sweeping Type and Engineering Preconditioners
for Helmholtz Problems. In: P.E. Bjørstad, S.C. Brenner, L. Halpern, H.H. Kim, R. Kornhuber, T.
Rahman, O.B.Widlund (eds.) Domain Decomposition Methods in Science and Engineering XXIV,
pp. 321–332. Springer International Publishing, Cham (2018)

SN Partial Differential Equations and Applications

SN Partial Differ. Equ. Appl. (2020) 1:17 Page 17 of 17 17


	Sweeping preconditioners for stratified media in the presence of reflections
	Abstract
	Introduction
	General framework of sweeping preconditioners
	Double sweep optimized Schwarz method
	Moving PML approximation of the DtN

	A tensor product approximation of the DtN
	The DtN applied to a discrete eigenfunction
	General Dirichlet data

	Numerical experiments
	Moving PML
	Academic example
	SH-waves in frequency domain

	Tensor product DtN
	Sound speed perturbations


	On the sensitivity of DtN operators
	Modal analysis
	Analysis via Riccati equations
	Comparison of DtN numbers for constant perturbation

	Conclusion
	Acknowledgements
	Author contributions
	Funding
	Appendix 1: Derivation of the variational formulation
	References




