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Abstract
Tewari et al. (Parametric characterization of multimodal distributions with non-Gaussian modes, pp 286–292, 2011) intro-
duced Gaussian mixture copula models (GMCM) for clustering problems which do not assume normality of the mixture 
components as Gaussian mixture models (GMM) do. In this paper, we propose Student t mixture copula models (SMCM) 
as an extension of GMCMs. GMCMs require weak assumptions, yielding a flexible fit and a powerful cluster tool. Our 
SMCM extension offers, in a natural way, even more flexibility than the GMCM approach. We discuss estimation issues and 
compare Expectation-Maximization (EM)-based with numerical simplex optimization methods. We illustrate the SMCM 
as a tool for image segmentation.

Keywords Student t mixture models · Copulas · Image segmentation

Introduction

Data clustering is a major domain of unsupervised learning 
which means that we do not observe an outcome or response 
variable. The aim of clustering is to segment the data into 
groups or “clusters” which are nearby in some sense. One 
approach is to group the data via the famous non-parametric 
k-means algorithm. Roughly said, k-means partitions the 
data into k clusters by minimizing the sum of the squared 
Euclidean distance from each point to its cluster center. 
Often k-means is used as a first-step or to determine the 
appropriate number of clusters. For more information on 
k-means and clustering in general, see, e.g., [1, 11].

The focus in this paper, however, lies on probabilistic 
methods for clustering. The basic idea is to fit a multimodal 
mixture probability distribution to the data. The clustering 
then works by assigning the mixture component with the 
highest probability proportion to each data point. Gaussian 
mixture models (GMMs), where the mixture components 
are multivariate normal distributed, are certainly the most 
frequent widely used as a mixture distribution model for 
clustering in the literature. For example, Carson et al. [6] and 
Permuter et al. [17] applied GMMs for clustering in image 

segmentation, Chen et al. [7] and Torres-Carrasquillo et al. 
[24] for language and accent identification, or Yeung et al. 
[28] for biostatistical clustering. Aggarwal [1] and Friedman 
[11] gave a detailed introduction into probabilistic model-
based clustering. Berkhin [3] surveys several clustering 
algorithms including mixture models. Steinley and Brusco 
[22] investigated empirical properties of mixture models for 
clustering in several simulation studies.

The determination of the number of clusters is delicate 
issue. However, the literature offers several approaches, 
see [1, 3, 11] and their references therein. In this paper, we 
assume the number of clusters to be known and fixed and 
refer to the extensions in the literature for unknown cluster 
numbers.

The underlying normality assumption of the mixture 
components may not be reasonable for many applications, 
which motivated Tewari et al. [23] to introduce Gaussian 
mixture copula models (GMCMs) instead. Here, the normal-
ity assumption of the mixture components is dropped (in fact 
there is no distributional assumption for these) with only 
assumptions on the dependence structure of the data. Bilgrau 
et al. [4] implemented the R package GMCM which allows 
the easy application of the GMC model. The GMCM has 
also been applied in various context. For instance, Tewari 
et al. [23] and Bilgrau et al. [4] used it for image segmenta-
tion, Wang et al. [27] and Yu et al. [29] for wind energy pre-
dictions, or Samudra et al. [20] for surgery scheduling. Rajan 
and Bhattacharya [19] extended the GMCM approach to also 
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handle mixed data (continuous and discrete) and Kasa et al. 
[13] improved it for high-dimensional data.

In this paper, we discuss the extension of GMCMs to 
Student t mixture copula models (SMCMs). We, therefore, 
combine the GMCM approach of [23] as a generalization of 
GMMs and Student t mixture models (SMMs) of [9] (they 
applied the SMM to image compression). The difference 
between GMM and SMM is the distribution for the mixture 
components. Both models can be learned with an appropriate 
version of the Expectation-Maximization (EM) algorithm [8]. 
The extension is to model the dependence structure via copu-
las rather than to model the observed data. Thus, GMCMs 
are capable of modeling multimodality (in contrast to, e.g., 
Gaussian copulas) and a dependence structure (in contrast to 
GMMs). The SMCM additionally allows for heavy tails of the 
mixture components in the dependence structure.

The remainder of this paper is organized as follows. The 
next section gives a brief technical introduction to general 
copula models and mixture distributions and proposes the 
SMCM. The third section discusses the estimation algo-
rithms used to learn SMCMs. The fourth section applies 
the proposed SMCM to test datasets and the task of image 
segmentation and compares it with the GMCM. The last 
section concludes.

Student Mixture Copulas

First, we introduce some general background on copulas, 
see [16] for more details. We call C ∶ [0, 1]d → [0, 1] a 
d-dimensional copula if it is a joint distribution function of 
a d-dimensional random vector on [0, 1]d with marginals that 
are distributed uniformly on [0, 1].

Sklar’s theorem [21] states that the relationship 
between a multivariate cumulative distribution function 
F(z1,… , zd;�) = P[Z1 ≤ z1,… , Zd ≤ zd] of random variables 
Z1,… , Zd can be expressed in terms of its marginal distribution 
functions Fj(zj) = P[Zj ≤ zj] and a copula C. Here, � denotes 
the parameter vector to be estimated. Precisely, the statement is

If the copula function C and the marginal distribution func-
tions Fj are differentiable, we can express the joint density in 
terms of the copula density c and the marginal densities fj:

F(z1,… , zd;�) = C(F1(z1;�),… ,Fd(zd;�);�).

where uj = Fj(zj;�) . Hence, the copula density is given by

where zj = F−1
j
(uj;�) , j = 1,… , d.

We proceed by introducing the class of finite mixture 
distributions. An m-component mixture distribution has a 
density function of the form

where �k ≥ 0 , for 1 ≤ k ≤ m and 
∑m

k=1
�k = 1 . The multivari-

ate density function g only depends on the parameter vector 
�k of the k-th component. If we take g to be the density of a 
d-dimensional normal distribution we obtain the GMM and 
for the Student t distribution we obtain the SMM.

Joining the copula approach with mixture densities we 
obtain the SMCM (and analogously the GMCM). Let c be 
as in (3) with f as in (4). If g is the normal density, c is the 
copula density of the GMCM and if g is the Student t den-
sity, c is the copula density of the SMCM. More precisely, 
the SMCM has density function

with

and fsm,j  is its j-th marginal. Let gs(z1,… , zd;�k) 
denote the d-dimensional Student t density func-
tion with �k = (�k,Σ

vec
k

, �k) and �k  is the location 
parameter vector, Σk is a scaling matrix and �k is 
the degree of freedom. The full parameter vector is 
� = (�1,… ,�m,�1,… ,�m,Σ

vec
1

,… ,Σvec
m

, �1,… , �m).
Assume we observe i.i.d. d-dimensional data {x(i)}n

i=1
 with 

x(i) = (x
(i)

1
,… , x

(i)

d
) . That is, a dependence structure is allowed 

along the d dimensions but not between the n vector-valued 
observations. Each x(i)

j
 has marginal distribution function 

f (z1,… , zd;�) =f1(z1;�)⋯ fd(zd;�)

⋅ c(u1,… , ud;�),

(1)c(u1,… , ud;�) =
f (z1,… , zd;�)
∏d

j=1
fj(zj;�)

,

(2)f (z1,… , zd;�) =

m∑

k=1

�kg(z1,… , zd;�k),

csmc(u
(i)

1
,… , u

(i)

d
) =

fsm(z1,… , zd;�)
∏d

j=1
fsm,j(zj;�)

,

fsm(z1,… , zd;�) =

m∑

k=1

�kgs(z1,… , zd;�k)
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Hj(x) which is, for now, assumed to be known. Thus, 
(u

(i)

1
,… , u

(i)

d
) = (H1(x

(i)

1
),… ,Hd(x

(i)

d
)) where the u(i)

j
 are dis-

tributed uniformly on (0, 1). This means that (u(i)
1
,… , u

(i)

d
) can 

be modeled by a copula C, where C is the copula function of, 
e.g., the GMCM or SMCM. The relation between u(i)

j
 , x(i)

j
 and 

z
(i)

j
 can be described by u(i)

j
= Fj(z

(i)

j
) = Hj(x

(i)

j
) for any 

i = 1,… , n and j = 1,… , d . The data thus have three differ-
ent levels. {x(i)}n

i=1
 is the observed process, {u(i)}n

i=1
 is the 

copula process and {z(i)}n
i=1

 is the latent process. When the 
copula level is modeled with an SMCM (GMCM), the latent 
process follows the SMM (GMM). Figure 1 compares the 

observed data, the copula level and the latent level of an 
SMCM with a GMCM for n = 10,000 . For this figure, we 
simulated {u(i)}n

i=1
 according to a 2-dimensional and 3-modal 

SMCM and a GMCM using the same set of parameters 
(except the degrees of freedom). To simulate the observed 
level, we set H−1

j
≡ Φ−1 for any j, the standard normal quan-

tile function. We see that on the observed level the clusters of 
the SMCM have more outliers than those of the GMCM. This 
transfers to the copula and the latent levels where the SMCM 
clusters have more fuzzy and overlapping boundaries than the 

Fig. 1  c, f Show 2-dimensional and 3-modal simulated data of a 
GMM and an SMM with the same means and scaling matrices for 
n = 10,000 . All degrees of freedom are equal to 4. b, e Show the cor-
responding copula levels of the GMCM and the SMCM. a, d Visual-

ize the corresponding observed level by transforming the copula level 
with the inverse distribution function of the standard normal distribu-
tion
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GMCM clusters. This property may be more realistic in some 
scenarios.

Estimation

In this section, we follow [23] and propose two maximum 
likelihood estimation algorithms for the parameters of an 
SMCM. We aim to learn an SMCM by maximizing the log-
likelihood corresponding to the copula density. First, we 
discuss an Expectation-Maximization-based algorithm and 
second a Simplex approach. Both also work well for the 
GMCM. We also highlight the differences.

Consider n observed i.i.d. d-dimensional random vectors 
{x(i)}n

i=1
 with x(i) = (x

(i)

1
,… , x

(i)

d
) . We assume d < n , exten-

sions are discussed in the last section. We obtain the corre-
sponding marginal distribution values u(i) = (u

(i)

1
,… , u

(i)

d
) for 

i = 1,… , n using Hj(x
(i)

j
) for any i and j. The log likelihood 

function is given by

Pseudo EM Algorithm

We propose a Pseudo Expectation-Maximization (PEM) 
algorithm to estimate the parameters of the SMCM. It is 
important to note that we cannot apply the EM algorithm as 
for mixtures of Student’s distributions. This is likewise the 
case for the GMCM where [23] discussed why the EM algo-
rithm does not necessarily find the true maximum. The key 
point is that the inputs to an EM algorithm have to remain 
fixed which is indeed the case when we only consider an 
SMM or GMM. However, this is not the case for the SMCM 
(or GMCM). The problem is that, while the input {u(i)}n

i=1
 to 

(3)�
(
�|{u(i)}n

i=1

)
=

n∑

i=1

log
(
c(u

(i)

1
,… , u

(i)

d
;�)

)
.

an SMCM remains fixed, the inverse distribution values or 
pseudo observations zj = F−1

j
(uj|�) depend on the parame-

ters. Since the parameter estimate is updated after each itera-
tion in an EM algorithm the pseudo observations also change 
in every step. Thus, the assumption of fixed observations is 
violated.

Therefore, the PEM does not necessarily converge to a 
local optimum. Nevertheless, it can provide plausible start-
ing values for simplex or gradient based methods as dis-
cussed below.

Another issue is that we only observe (x(i)
1
,… , x

(i)

d
) as data. 

The required (u(i)
1
,… , u

(i)

d
) = (H1(x

(i)

1
),… ,Hd(x

(i)

d
)) depend 

on the distribution functions Hj of x(i)
j

 . In practice, Hj is 
unknown and has to be estimated. We follow [4, 23] and 
estimate (u(i)

1
,… , u

(i)

d
) non-parametrically using the empirical 

cumulative distribution function Ĥj(x) =
1

n

∑n

i=1
�[x

(i)

j
≤ x] 

such that

To avoid infinities in the computations û(i)
j

 is rescaled with 
the factor n

n+1
.

û
(i)

j
= Ĥj(x

(i)

j
) =

1

n
rank(x

(i)

j
).

Table 1  Top panel reports the average ARI and AMI for clustering 
using the three methods in column headers

Data are simulated according to an GMCM with R = 1000 runs. Bot-
tom panel analogously for SMCM data

Data/alg. GMCM SMCM k-means

GMCM
 ARI 0.803 0.786 0.55
 AMI 0.787 0.772 0.565

SMCM
 ARI 0.708 0.749 0.513
 AMI 0.667 0.708 0.515
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Algorithm 1 PEM Algorithm

Input: Observations {x(i)}ni=1, accuracy ε > 0, starting value θ(0);
Output: Pseudo maximum likelihood estimate θ̂.
1: û

(i)
j ← 1

n+1 rank(x
(i)
j );

2: t ← 0;
3: z

(i)
j ← F−1

sm,j(û
(i)
j ; θ(0))

4: � θ(0)|{û(i)}ni=1

)

←
∑n

i=1 log
(
csmc(û

(i)
1 , . . . , û

(i)
d ; θ(0))

)
;

5: �max ← � θ(t)
)
;

6: repeat
7: z

(i)
j ← F−1

sm,j(û
(i)
j ; θ(t))

8: E Step

9: γik ← πkfsm(z(i);θ(t)
k )

∑m
r=1 πrfsm(z(i);θ(t)

r )
;

10: ωik ← ν
(t)
k +d

ν
(t)
k +(z(i)−µ

(t)
k )TΣ−1

k (z(i)−µ
(t)
k )

;

11: end E Step
12: M Step
13: π

(t+1)
k ← 1

n

∑n
i=1 γik;

14: µ
(t+1)
k ←

∑n
i=1 γikωikz

(i)
∑n

i=1 γikωik
;

15: Σ
(t+1)
k ←

∑n
i=1 γikωik(z(i)−µ

(t)
k )(z(i)−µ

(t)
k )T∑n

i=1 γik
;

16: ν
(t+1)
k ← root of

−ψ

(
ν
(t+1)
k

2

)
+ log

(
ν
(t+1)
k

2

)
+ 1 +

∑n
i=1 γik(log(ωik)−ωik)∑n

i=1 γik
+ ψ

(
ν
(t)
k +d

2

)
−

log
(

ν
(t)
k +d

2

)
;

17: end M Step
18: � θ(t+1)|{û(i)}ni=1

)

←
∑n

i=1 log
(
csmc(û

(i)
1 , . . . , û

(i)
d ; θ(t+1))

)
;

19: if � θ(t)
)
> �max then

20: θ̂ ← θ(t);
21: �max ← � θ(t)

)
;

22: end if
23: until d(θ(t+1), θ(t)) < ε.

convergence criteria based on the likelihood for the hidden 
GMM. However, we stick with the third criterion because 
in our experimental results the effect of the stopping rule 
was minor. The reason for this is, which is more drastic 
compared to GMCM, that the log-likelihood of the SMCM 
attains a maximal value over the iterations rather early while 
the log-likelihood of the hidden SMM is still increasing. 
This suggests to use a rather high � or to additionally employ 
a deterministic stopping rule after too many iterations.

Of course, this algorithm rarely computes the true maxi-
mum which is why we use it as a first guess in the following 
way. We choose different initial vectors �(0) , for each we run 
the PEM algorithm and obtain an estimate �̂� . Out of these, 

Algorithm 1 outlines the PEM. Remarks on the notation: 
F−1
sm,j

 denotes the j-th marginal distribution function and � 
denotes the digamma function. With the index t we denote 
the t-th step of the PEM. We stop the PEM algorithm after 
some convergence criterion d(�(t+1), �(t)) is met. Possible 
choices for convergence criteria are the following: 

1. max(�(t+1) − �(t))

2. �
(
𝜃(t+1)|{û(i)}n

i=1

)
− �

(
𝜃(t)|{û(i)}n

i=1

)

3. |||�
(
𝜃(t+1)|{û(i)}n

i=1

)
− �

(
𝜃(t)|{û(i)}n

i=1

)|||

Criterion 1 was used in [23] and criteria 2 and 3 were dis-
cussed in [4] for the GMCM. Bilgrau et al. [4] also discussed 
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we choose the parameter vector with the highest log-likeli-
hood (7). This parameter vector is then used in the numerical 
optimization outlined in the next subsection.

We discuss the computational complexity of the pro-
posed PEM in Algorithm 1. The complexity of each E-Step 
is O(mnd3) (the d3 is due to the matrix inversions Σ−1

k
 ). The 

complexity of each M-Step is O(mnd2) . Thus, the complexity 

of each EM-iteration is O(mnd3) . Given a deterministic addi-
tional stopping rule of the PEM after T iterations the over-
all complexity is O(Tmnd3) . This means the complexity is 
higher than the PEM of GMCMs with complexity O(Tmnd2) . 
In practice, if the dimensionality is not too high, the runtime 
is dominated by the k root searches in the M-Step.

Fig. 2  Figure plot data of [23] 
and three clustering results 
where different colors and 
point symbols indicate cluster 
membership

Fig. 3  Figure plot data of [23] 
and three clustering results 
transformed to the copula level 
where different colors and 
point symbols indicate cluster 
membership
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Numerical Maximization

Since the PEM algorithm discussed above finds only a 
pseudo maximum, we cannot expect that the different seeds 
for the PEM will lead to a good estimator of � . This moti-
vates us to additionally apply a numerical optimization 
scheme like in [4, 23] for the GMCM. Tewari et al. [23] 
proposed a gradient descent-based algorithm and Bilgrau 
et al. [4] compared the Nelder and Mead [15], simulated 

annealing [2] and L-BFGS-B [5] optimization proce-
dures. In their experiments, Bilgrau et al. [4] found that the 
Nelder–Mead procedure worked best in terms of runtime 
and numerical robustness and with similar clustering accu-
racy. We found the same for the Nelder–Mead approach. 
There are additional difficulties for the SMCM in the opti-
mization compared with the GMCM because of the m addi-
tional parameters �1,… , �m.

As in [4], we use the Cholesky decomposition for the 
scaling matrices Σk = AkA

T
k
 whose elements are vector-

ized so that the Nelder–Mead algorithm can maximize over 
identifiable parameters. Moreover, as [4] also noted, the 
GMCM (and the SMCM) are invariant to translations and 
scaling, meaning that only relative distances between the 
component modes can be inferred. Hence, we set �1 = 0 
and Σ1 is scaled such that it has only 1’s on the diagonal. The 
remaining parameters are to be estimated via Nelder–Mead 
maximization.

Applications

Monte Carlo Experiments

We discuss some experimental evidence for GMCMs and 
SMCMs clustering. We simulate data according to GMCMs 
and SMCMs each with n = 1000 , d = 2 and m = 3 for 
R = 1000 repetitions. The parameters �k , �k and Σk are 
drawn randomly for each run. The degrees of freedom �k for 
SMCM are fixed at the value 4 for all runs. Like in Fig. 1, 
we simulate the observed level using H−1

j
≡ Φ−1 for any j. 

For each dataset we use the GMCM-PEM, SMCM-PEM 
(maximized over different initial values), and k-means (as a 
baseline) clustering algorithms. To save computational time, 
we omit to use an additional Nelder–Mead after the PEMs. 
We compare the clustering results with the ground truth 
using the Adjusted Rand Index (ARI) by [12] and the 
Adjusted Mutual Information (AMI) metric by [26].

Table 1 reports the mean ARIs and AMIs averaged over 
the R runs. The top panel shows the results for data simu-
lated with an GMCM and the bottom panel for data of an 
SMCM. The three columns stand for the different clustering 
algorithms. We observe that, obviously, the correct specified 
model is suited best for clustering. The corresponding other 
mixture copula model clusters on average similarly well. 
However, the difference between SMCMs and GMCMs for 
SMCM data (ARI: 0.749 vs. 0.708) is larger than the cor-
responding for GMCM data (ARI: 0.786 vs. 0.803). For a 
given data set the results may, however, differ more sub-
stantially. Hence, in practice, it is advisory to check both 
models for a given dataset. The k-means performs worse in 
this experiment.

Table 2  ARI and AMI for three clustering methods for the dataset of 
[23]

GMCM SMCM k-means

ARI 0.985 0.975 0.792
AMI 0.972 0.955 0.765

Table 3  ARI and AMI for three clustering methods for the bench-
mark data of [25] (first 9 panels) and the Iris dataset [10]

Data/alg. GMCM SMCM k-means

Hepta
 ARI 1 1 0.8
 AMI 1 1 0.896

Lsun3D
 ARI 0.7 0.731 0.586
 AMI 0.743 0.756 0.652

Tetra
 ARI 1 1 1
 AMI 1 1 1

Chainlink
 ARI 0.914 0.914 0.093
 AMI 0.848 0.848 0.069

Atom
 ARI 0.225 0.108 0.146
 AMI 0.243 0.189 0.224

EngyTime
 ARI 0.867 0.864 0.815
 AMI 0.784 0.781 0.729

Target
 ARI 0.636 0.636 0.636
 AMI 0.488 0.488 0.488

2Diamonds
 ARI 0.926 0.045 1
 AMI 0.883 0.115 1

Wingnut
 ARI 0.9 0.885 0.859
 AMI 0.828 0.809 0.774

Iris
 ARI 0.922 0.922 0.426
 AMI 0.913 0.913 0.532
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Benchmark Data

We test the SMCM clustering for some benchmark datasets 
given in the literature. First, we consider the artificial dataset 
from [23] which is 2-dimensional and 3-modal. Figure 2 
shows the ground truth data and clustering results using the 
GMCM, the SMCM (both by applying a Nelder–Mead 
search after the PEM) and k-means. Figure 3 shows the 
copula level of the data using Ĥj(x

(i)

j
) . Table 2 presents the 

corresponding ARI and AMI statistics. Both GMCM and 
SMCM work very well.

We additionally test the clustering algorithms on sev-
eral publicly available benchmark datasets. We consider 
the artificial datasets of [25] (except the trivial with only 
one cluster) which can be found on https:// www. uni- marbu 
rg. de/ fb12/ arbei tsgru ppen/ daten bionik/ data. Moreover, we 
consider the Iris flower data of [10] which can be found on 
https:// archi ve. ics. uci. edu/ ml/ datas ets/ iris. Again, we com-
pare GMCM, SMCM with k-means. We omit to plot the data 

Fig. 4  First row shows the original images, second row the GMCM segmentations, third row the SMCM segmentations, and bottom row 
k-means segmentations

https://www.uni-marburg.de/fb12/arbeitsgruppen/datenbionik/data
https://www.uni-marburg.de/fb12/arbeitsgruppen/datenbionik/data
https://archive.ics.uci.edu/ml/datasets/iris
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and clusters here and refer to [25] for a visual inspection of 
the datasets (also cf. for the true number of clusters). Instead, 
Table 3 compares ARI and AMI metrics by comparing the 
clustering results with the ground truth. We observe that 
the clustering quality strongly depends on the given special 
case. The GMCM works best over all given examples mean-
ing that it did not fail to provide a reasonable clustering. Of 
course, the artificial datasets are somewhat unrealistic but 
a good clustering algorithm should handle these well, too. 

As said, we advise to try different models and compare the 
clustering results.

Image Segmentation

In this section, we discuss the application of learning an 
SMCM to segment images. The SMCM might be useful in 
other settings where the data exhibits multimodality, heavy 
tails of the mixing components due to frequent outliers, 

Fig. 5  First row shows the original images, second row the GMCM segmentations, third row the SMCM segmentations, and bottom row 
k-means segmentations
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and a non-trivial dependence structure. A visual inspection 
might be helpful to assess if these features are present in the 
data unless the dimensionality is not too high.

Image segmentation (which is also discussed in [4, 23]) 
is an important field of visual learning as it aims to simplify 
and extract patterns from pictures. For a deeper discussion 
on image segmentation, see [18]. We choose 20 images from 
the publicly available images of the Berkeley Segmentation 
Dataset and Benchmark [14]. The images have 
154, 401 = 481 × 321 pixels and we cluster the images in the 
RGB space meaning that each pixel can be represented as a 
3-dimensional vector with values in [0, 1]3 . As in [4], we 
segment the images into 10 colors. In this application, the 
pixels are the observed data {x(i)

j
} . We use the empirical dis-

tribution function to estimate the copula level {û(i)
j
}.

We fit an SMCM to the copula levels of the images 
by running the PEM with 10 different initial configura-
tions and choosing the pseudo maximum with the high-
est log-likelihood. We take this as initial value for the 
Nelder–Mead search. Given the SMCM, we assign 
the cluster k with the highest posterior probability to 
each pixel. We choose the segmented color to be the 
color at the cluster location estimate �̂�k , i.e., the color 
(Ĥ−1

1
(Fsm,1(�̂�1;�̂�1)), Ĥ

−1
2
(Fsm,2(�̂�2;�̂�2)), Ĥ

−1
3
(Fsm,3(�̂�3;�̂�3)).

For comparison purposes, we proceed analogously for 
the GMCM. Furthermore, we cluster the pixel colors using 
k-means and assign the color of its cluster center to each 
pixel.

Figures 4 and 5 show the original images and the seg-
mented pictures for 6 of the 20 images (others and code are 
upon request). For each figure, the top row shows the origi-
nal image, the second row the GMCM segmentation, the 
second-to-bottom row the SMCM segmentation, and the bot-
tom row the k-means segmentation. We observe that all three 
methods perform differently well for different regions in the 
pictures. Hence, there is no obvious first choice. However, 
the SMCM seems to capture more features in the pictures 
than the GMCM. For example, the wall in the background 
in Fig. 4, left column, or the hats of the soldiers in Fig. 5, 
left column, are less blurry. Another example is that the 
GMCM shows an odd boundary of the large rock in Fig. 5, 
middle column.

The GMCM and SMCM algorithms have a fairly long 
runtime compared with the k-means algorithm. While the 
PEM (even for different initial parameter choices) is decently 
fast for both GMCM and SMCM the Nelder–Mead search 
for a true maximum is time-consuming given the number 
of parameters. The k-means clustering is in contrast fast. 
Therefore, the copula-based methods have the drawback of 
a longer runtime for a comparable outcome. However, the 
estimates of the degree of freedom parameters are in the 
most cases between 1 and 10. This means that small � ’s 

yield a higher likelihood which supports use of the SMCM. 
Otherwise high values of � ’s would be estimated.

Conclusions and Discussion

We proposed a natural extension of GMCMs using mix-
tures of Student t distributions. The SMCM performed well 
in the application of image segmentation and in several 
experimental setups. However, the benefits are not striking 
compared with existing methods. Nevertheless, it has proven 
reasonable to use SMCMs in addition to GMCMs (and other 
clustering methods) because the goodness of clustering may 
vary fundamentally in some scenarios.

We discuss some further limitations of the approach. As 
for GMCMs, the SMCM-PEM cannot handle high-dimen-
sional data. More specifically, the PEM does not run for 
d > n . Note that the complexity for the SMCM-PEM is 
O(Tmnd3) so a high dimension is more influential in terms 
of complexity than for GMCMs. [13] proposed an extension 
of the PEM for high-dimensional data for GMCM cluster-
ing. Their approach may be transferred to SMCMs so that 
high-dimensionality issues can be addressed.

Although Fig. 1 reveals that simulated data of GMCMs 
and SMCMs appear quite different the clustering results 
often are very similar. One interesting research direc-
tion may be the investigation of this phenomenon and the 
comparison of mixture copula models using other flexible 
distributions.
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