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The underlying fields of this special issue of CAMC include mathematical modeling 
through evolutionary partial differential equations (PDEs), advanced high-order non-lin-
ear numerical methods for their approximation and applications in various engineering 
branches, in physics, biology and medicine, to name but a few. Of special interest are math-
ematical models based on systems of hyperbolic balance laws, including stiff source terms. 
From the numerical point of view, such systems of PDEs are very challenging. This is par-
ticularly so on the assumption that numerical algorithms will be of high order of accuracy 
in both space and time for smooth solutions. This is because high-order methods are able 
to compute solutions with small errors much more efficiently (lower CPU cost) than low-
order methods on very fine meshes, by orders of magnitude in fact. However, in the pres-
ence of discontinuities, or even large gradients, high-order methods must be non-linear, in 
the sense of Godunov’s theorem. Such non-linear methods must reconcile two contradic-
tory requirements, namely high order of accuracy for both smooth solutions and absence 
of, or much reduced, spurious oscillations for discontinuous solutions. Moreover, the pres-
ence of source terms in the PDEs poses additional challenges to the design of non-linear 
high-order methods. If such source terms are stiff, then reconciling high order of accuracy 
and stiffness becomes even more challenging.

Two major classes of high-order, non-linear numerical methods exist, namely semi-dis-
crete and fully discrete methods. Semi-discrete methods separate space and time discretiza-
tions. The spatial discretization makes use of non-linear spatial reconstruction, examples 
of which are ENO and WENO methods; see Jiang and Shu [12]. The time discretization 
tackles the solution of systems of ordinary differential equations (ODEs) in time, for which 
non-linear ODE solvers such as TVD Runge-Kutta schemes are often used; see Harten 
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et  al. [11] and Jiang and Shu [12]. The class of fully discrete methods discretizes space 
and time simultaneously. A representative class of very high-order non-linear fully discrete 
methods is the ADER methodology introduced by Toro and collaborators in [18]. ADER 
methods require a non-linear spatial reconstruction procedure and the solution of the gen-
eralized Riemann problem to compute a high-order intercell numerical flux. If source 
terms are present, the corresponding numerical source is computed from a space-time vol-
ume integral evaluated on a time-evolved reconstruction polynomial within the volume. 
Various versions of the ADER approach exist, depending on the method employed to solve 
the GRP. Major advances of the ADER methodology are due to Titarev et al. [17, 19], and 
Dumbser et  al. [6–8]. Both semi-discrete and fully discrete methods have finite-volume 
and discontinuous Galerkin finite-element versions. The above-described approaches are 
the main numerical methodologies at the bases of the European Workshop on High Order 
NOnlinear numerical Methods for evolutionary PDEs: theory and applications (HONOM), 
since its beginning back in 2005.

This focused issue of CAMC contains works that were presented in the European 
Workshop on HONOM 2019 that was held at Escuela Técnica Superior de Ingenieros de 
Minas y Energía, Universidad Politécnica de Madrid, Spain in April 1–5, 2019. The aim of 
this conference was to present new research in the field of high-order numerical methods 
applied to mathematical models based on PDEs to simulate a wide range of physical phe-
nomena. Most of the papers included in this focused issue cover different topics in the field 
of numerical methods for evolutionary PDEs.

•	 In [2], continuous Galerkin methods for hyperbolic problems are studied.
•	 Neural networks applied to shock detection are presented in [1].
•	 A semi-Lagrangian solver for 3D free surface flows is introduced in [4].
•	 Multidimensional hyperbolic conservation laws are treated in [3].
•	 The paper [16] deals with the entropy split method.
•	 Advances in high-order discontinuous Galerkin schemes are presented in [15].
•	 Low Mach number IMEX schemes are described in [21].
•	 In [14], high-order finite-volume schemes with adaptive stencil construction are intro-

duced.
•	 The paper [20] deals with the high-order ADER-AENO reconstruction.
•	 In [5], the modeling of phase-change problems is presented.
•	 In [9], well-balanced schemes for sediment transport are introduced.
•	 Second-order ALE schemes are described in [10].
•	 Two-phase oil-water movement is studied in [13].

References

	 1.	 Abgrall, R., Maria, H.V.: Neural network-based limiter with transfer learning. Commun. Appl. Math. 
Comput. (2020). https://​doi.​org/​10.​1007/​s42967-​020-​00087-1

	 2.	 Abgrall, R., Nordström, J., Öffner, P., Tokareva, S.: Analysis of the SBP-SAT stabilization for finite 
element methods part II: entropy stability. Commun. Appl. Math. Comput. (2021). https://​doi.​org/​10.​
1007/​s42967-​020-​00086-2

https://doi.org/10.1007/s42967-020-00087-1
https://doi.org/10.1007/s42967-020-00086-2
https://doi.org/10.1007/s42967-020-00086-2


531Communications on Applied Mathematics and Computation (2023) 5:529–531	

1 3

	 3.	 Barsukow, W.: Stationarity preservation properties of the active flux scheme on Cartesian grids. Com-
mun. Appl. Math. Comput. (2020). https://​doi.​org/​10.​1007/​s42967-​020-​00094-2

	 4.	 Bergami, M., Boscheri, W., Dimarco, G.: A high-order conservative semi-Lagrangian solver for 3D 
free surface flows with sediment transport on Voronoi meshes. Commun. Appl. Math. Comput. (2020). 
https://​doi.​org/​10.​1007/​s42967-​020-​00093-3

	 5.	 Drouillet, A., Le  Tellier, R., Loubère, R., Peybernes, M., Viot, L.: Multi-dimensional simulation 
of phase change by a 0D-2D model coupling via Stefan condition. Commun. Appl. Math. Comput. 
(2021). https://​doi.​org/​10.​1007/​s42967-​021-​00157-y

	 6.	 Dumbser, M., Balsara, D.S., Toro, E.F., Munz, C.-D.: A unified framework for the construction of 
one-step finite volume and discontinuous Galerkin schemes on unstructured meshes. J. Comput. Phys. 
227(18), 8209–8253 (2008)

	 7.	 Dumbser, M., Enaux, C., Toro, E.F.: Finite volume schemes of very high order of accuracy for stiff 
hyperbolic balance laws. J. Comput. Phys. 227(8), 3971–4001 (2008)

	 8.	 Dumbser, M., Schwartzkopff, T., Munz, C.-D.: Arbitrary high order finite volume schemes for linear 
wave propagation. In: Book Series Notes on Numerical Fluid Mechanics and Multidisciplinary Design, 
vol. 91, pp. 1612–2909. Springer, Berlin (2006)

	 9.	 González-Aguirre, J.  C., González-Vázquez, J.  A., Alavez-Ramírez, J., Silva, R., Vázquez-Cendón, 
M.  E.: Numerical simulation of bed load and suspended load sediment transport using well-
balanced numerical schemes. Commun. Appl. Math. Comput. (2022). https://​doi.​org/​10.​1007/​
s42967-​021-​00162-1

	10.	 Guermond, J.-L., Popov, B., Saavedra, L.: Second-order invariant domain preserving ALE approxi-
mation of Euler equations. Commun. Appl. Math. Comput. (2021). https://​doi.​org/​10.​1007/​
s42967-​021-​00165-y

	11.	 Harten, A., Engquist, B., Osher, S., Chakravarthy, S.R.: Uniformly high order accuracy essentially 
non-oscillatory schemes III. J. Comput. Phys. 71, 231–303 (1987)

	12.	 Jiang, G.S., Shu, C.-W.: Efficient implementation of weighted ENO schemes. J. Comput. Phys. 126, 
202–228 (1996)

	13.	 Luna, P., Hidalgo, A.: Numerical approach of a coupled pressure-saturation model describing 
oil-water flow in porous media. Commun. Appl. Math. Comput. (2022). https://​doi.​org/​10.​1007/​
s42967-​022-​00200-6

	14.	 Machado, G.J., Clain, S., Loubère, R.: A posteriori stabilized sixth-order finite volume scheme with 
adaptive stencil construction: basics for the 1D steady-state hyperbolic equations. Commun. Appl. 
Math. Comput. (2021). https://​doi.​org/​10.​1007/​s42967-​021-​00140-7

	15.	 Markert, J., Gassner, G., Walch, S.: A sub-element adaptive shock capturing approach for dis-
continuous Galerkin methods. Commun. Appl. Math. Comput. (2021). https://​doi.​org/​10.​1007/​
s42967-​021-​00120-x

	16.	 Sjögreen, B., Yee, H.C.: Construction of conservative numerical fluxes for the entropy split method. 
Commun. Appl. Math. Comput. (2021). https://​doi.​org/​10.​1007/​s42967-​020-​00111-4

	17.	 Titarev, V.A., Toro, E.F.: ADER: arbitrary high order Godunov approach. J. Sci. Comput. 17, 609–618 
(2002)

	18.	 Toro, E.F., Millington, R.C., Nejad, L.A.M.: Towards very high-order Godunov schemes. In: Toro, 
E.F. (ed.) Godunov Methods: Theory and Applications, pp. 905–937. Kluwer Academic/Plenum Pub-
lishers, London (2001)

	19.	 Toro, E.F., Titarev, V.A.: Solution of the generalised Riemann problem for advection-reaction equa-
tions. Proc. Roy. Soc. Lond. A 458, 271–281 (2002)

	20.	 Toro, E.F., Santacá, A., Montecinos, G.I., Celant, M., Müller, L.O.: AENO: a novel reconstruction 
method in conjunction with ADER schemes for hyperbolic equations. Commun. Appl. Math. Comput. 
(2021). https://​doi.​org/​10.​1007/​s42967-​021-​00147-0

	21.	 Zeifang, J., Beck, A.: A low Mach number IMEX flux splitting for the level set ghost fluid method. 
Commun. Appl. Math. Comput. (2021). https://​doi.​org/​10.​1007/​s42967-​021-​00137-2

https://doi.org/10.1007/s42967-020-00094-2
https://doi.org/10.1007/s42967-020-00093-3
https://doi.org/10.1007/s42967-021-00157-y
https://doi.org/10.1007/s42967-021-00162-1
https://doi.org/10.1007/s42967-021-00162-1
https://doi.org/10.1007/s42967-021-00165-y
https://doi.org/10.1007/s42967-021-00165-y
https://doi.org/10.1007/s42967-022-00200-6
https://doi.org/10.1007/s42967-022-00200-6
https://doi.org/10.1007/s42967-021-00140-7
https://doi.org/10.1007/s42967-021-00120-x
https://doi.org/10.1007/s42967-021-00120-x
https://doi.org/10.1007/s42967-020-00111-4
https://doi.org/10.1007/s42967-021-00147-0
https://doi.org/10.1007/s42967-021-00137-2

	Preface to the Focused Issue on High-Order Numerical Methods for Evolutionary PDEs
	References




