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Abstract

We propose a p-multilevel preconditioner for hybrid high-order (HHO) discretizations of
the Stokes equation, numerically assess its performance on two variants of the method,
and compare with a classical discontinuous Galerkin scheme. An efficient implementa-
tion is proposed where coarse level operators are inherited using L>-orthogonal projec-
tions defined over mesh faces and the restriction of the fine grid operators is performed
recursively and matrix-free. Both /- and k-dependency are investigated tackling two- and
three-dimensional problems on standard meshes and graded meshes. For the two HHO for-
mulations, featuring discontinuous or hybrid pressure, we study how the combination of
p-coarsening and static condensation influences the V-cycle iteration. In particular, two dif-
ferent static condensation procedures are considered for the discontinuous pressure HHO
variant, resulting in global linear systems with a different number of unknowns and matrix
non-zero entries. Interestingly, we show that the efficiency of the solution strategy might be
impacted by static condensation options in the case of graded meshes.
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1 Introduction

In this work we develop and numerically validate p-multigrid solution strategies for non-
conforming polytopal discretizations of the Stokes equations, governing the creeping flow
of incompressible fluids.
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For the sake of simplicity, we focus on a Newtonian fluid with uniform density and
unit kinematic viscosity. Given a polygonal or polyhedral domain 2 C R?, d € {2, 3}, with
boundary 042, the Stokes problem consists in finding the velocity field u : 2 — R? and the
pressure field p : 2 — R, such that

—Au+Vp=f in, (la)
V.u=0 in 2, (1b)
u=gp on 082, (1c)

—n-Vu+pn =gy on 0y, (1d)

where n denotes the unit vector normal to 0€2 pointing out of £, g, and gy denote, respec-
tively, the prescribed velocity on the Dirichlet boundary 0£2, C 92 and the prescribed
traction on the Neumann boundary 082y : = 092 \ 082, while f : Q2 — R%is a given body
force. For the sake of simplicity, it is assumed in what follows that both 02, and €2 have
non-zero (d — 1)-dimensional Hausdorff measure (otherwise, additional closure conditions
are needed).

Our focus is on new generation discretization methods for problem (1) that support gen-
eral polytopal meshes and high-order: hybridhigh-order (HHO) and discontinuous Galer-
kin (DG) methods.

HHO discretizations of the Stokes equations have been originally considered in [2]
and later extended in [38] to incorporate robust handling of large irrotational body forces.
Other extensions include their application to the Brinkman problem, considered in [18],
Stokes equations [20, 35, 36]; see also [32, Chapters 8 and 9] for further details. In this
work, we consider two HHO schemes that are novel variations of existing schemes with
improved features. The first scheme, based on a hybrid approximation of the velocity along
with a discontinuous approximation of the pressure, is a variation of the one considered in
[32, Chapter 8] including two choices for the polynomial degree of the element velocity
unknowns in the spirit of [30] (see also [32, Section 5.1]). The second scheme, inspired by
the hybridizable discontinuous Galerkin (HDG) method of [52], see also [47], hinges on
hybrid approximations of both the velocity and the pressure and includes, with respect to
the above reference, a different treatment of viscous terms that results in improved orders
of convergence. In both cases, the Dirichlet condition on the velocity is enforced weakly in
the spirit of [20].

Since the pioneering works [23-27] dating back to the late 1980s, DG methods have
gained significant popularity in computational fluid mechanics, boosted by the 1997 land-
mark papers [9, 10] on the treatment of viscous terms. The extension of DG methods to
general polyhedral meshes was systematically considered in [33, 34]. Crucially, this exten-
sion paved the way to adaptive mesh coarsening by agglomeration, a strategy proposed in
[14] and exploited in [13, 15] in practical CFD applications to provide high-order accurate
geometry representation with arbitrarily coarse meshes. More recent developments, includ-
ing hp-versions and the support of meshes with small faces, can be found in [3, 5]; see also
the recent monograph [21]. Our focus is on an equal-order approximation with stabilized
pressure-velocity coupling in the spirit of [28] and a treatment of the viscous term based
on the Bassi-Rebay 2 (BR2) method of [10]. Related works include [11, 31]; see also [34,
Chapter 6] and references therein.
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p-Multilevel solvers, extending the original ideas of [53] on spectral element mul-
tigrid, are well suited for both HHO and DG methods because the process of build-
ing coarse level operators based on polynomial degree reduction is straightforward and
inexpensive. The purpose of applying iterative solvers to coarse problems is twofold:
on the one hand, a coarser operator translates into a global sparse matrix of smaller
size with fewer non-zero entries, resulting in cheaper matrix-vector products; on the
other hand, coarse level iterations are best suited to smooth out the low-frequency
components of the error, that are hardly damped by fine level iterations. In the con-
text of DG discretizations, p-multilevel solvers have been fruitfully utilized in practi-
cal applications, see, e.g., [12, 42, 43, 48, 54]. h-, p- and hp-multigrid solvers for DG
discretizations of elliptic problems have been considered in [4], where uniform conver-
gence with respect to the number of levels for the W-cycle iteration has been proved,
and in [19]. Multigrid solvers for HDG discretizations of scalar elliptic problems were
considered in [29] and, more recently, in [41, 46], where a comparison with DG is car-
ried out. p-Multivel solvers for HDG methods with application to compressible flow
simulations have been recently considered in [44]. Preconditioners for DG and HDG
discretizations of the Stokes problem have been considered in [1, 7, 17, 22, 45, 51],
respectively. Finally, an A-multigrid method for HHO discretizations of scalar diffusion
problems has been recently proposed in [39]. The main novelty consists, in this case,
in the use of the local potential reconstruction in the prolongation operator. Notice that
h-multilevel solvers for HHO face a fundamental difficulty linked to the fact that face
coarsening is required to damp high frequencies; see again [39] for further details on
this subject and [16] for an extension of HHO to more general faces.

In this work we propose and numerically assess p-multilevel solution strategies
for HHO discretizations of the Stokes equations. We specifically investigate how the
combination of p-coarsening and static condensation influences the performance of the
V-cycle iteration. To this end, we compare different static condensation strategies. In
order to preserve computational efficiency, statically condensed coarse level operators
are inherited using local Z?-orthogonal projections defined over mesh faces. Restric-
tion of fine grid operators is performed recursively and matrix-free, relying on L2-
orthogonal basis functions to further reduce the computational burden. Performance
assessment is based on accuracy and efficiency of p-multilevel solvers considering DG
discretizations as a reference for comparison. High-order accurate solutions approxi-
mating smooth analytical velocity and pressure fields are computed over standard and
severely graded h-refined mesh sequences in both two and three space dimensions.
Interestingly, the static condensation strategy plays a crucial role in case of graded
meshes.

The rest of this work is organized as follows. In Sect. 2 we state the HHO and DG
schemes considered in the numerical tests. The p-multilevel strategy is discussed in
Sect. 3 and computational aspects are discussed in Sect. 4. Section 5 contains an exten-
sive panel of numerical results that enable one to assess and compare several solution
strategies. Finally, some conclusions are drawn in Sect. 8.
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2 Three Nonconforming Methods for the Stokes Problem

In this section we describe two HHO and one DG methods for the approximation of
problem (1) that will be used to assess the performance of the p-multilevel precondi-
tioner. In order to lay the ground for future works on the full nonlinear Navier-Stokes
equations, the corresponding discrete problems are formulated in terms of the annihi-
lation of residuals.

2.1 Discrete Setting

We consider meshes of the domain £ corresponding to couples M, := (7, F,), where
7, is a finite collection of polygonal (if d = 2) or polyhedral (if d = 3) elements such
that & = maxyez hy > 0 with sy denoting the diameter of 7, while F, is a finite collec-
tion of line segments (if d = 2) or polygonal faces (if d = 3). For the sake of brevity, in
what follows the term “face” will be used in both two and three space dimensions. It is
assumed henceforth that the mesh M, matches the geometrical requirements detailed in
[32, Definition 1.4]. This covers, essentially, any reasonable partition of €2 into polyhe-
dral sets, not necessarily convex. For each mesh element T € 7,, the faces contained in
the element boundary 0T are collected in the set F, and, for each mesh face F € F,,, 7,
is the set containing the one or two mesh elements sharing F. We define three disjoint
subsets of the set F;: the set of Dirichlet boundary faces .7-'D ={FeF; . FCoQy};
the set of Neumann boundary faces .7-'N ={F e F; : FCoQy}; the set of inter-
nal faces F. 1=y \ (FP U FY). For future use, we also let FD :=F, U FY. For all
T €7, and all F € Fy, nyp denotes the unit vector normal to F' pomtlng out of T.

HHO methods hinge on local polynomial spaces on mesh elements and faces. For
given integers £ > 0 and n > 1, we denote by [P’f the space of n-variate polynomials of
total degree < ¢ (in short, of degree ). For X mesh element or face, we denote by P (X)
the space spanned by the restriction to X of functions in [P’f When X is a mesh face, the
resulting space is isomorphic to IP _, (see [32, Proposmon 1.23]). At the global level,
we will need the broken polyn0m1a1 space

P(T): ={qel*Q): qr € P°(D)forall T € T,}.

Let again X denote a mesh element or face. The local L?-orthogonal projector
7l LX) — P’ (X) is such that, for all g € L*(X),

/ (q—nlqr=0, VreP (X).
X
Notice that, above and in what follows, we omit the measure from integrals as it can always

be inferred from the context. The L>-orthogonal projector on P/ (X)?, obtained applying 7r§
component-wise, is denoted by n'f;.

2.2 Local Reconstructions and Face Residuals
The HHO discretizations of the Stokes problem considered in this work hinge on

velocity reconstructions devised at the element level and obtained assembling diffu-
sive potential reconstructions component-wise. In what follows, we let a mesh element
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T € 7, be fixed, denote by k > 0 the degree of polynomials attached to mesh faces, and
by k' € {k,k + 1} the degree of polynomials attached to mesh elements.

2.2.1 Scalar Potential Reconstruction

The velocity reconstruction is obtained leveraging, for each component, the scalar
potential reconstruction originally introduced in [37] in the context of scalar diffusion
problems (see also [30] and [32, Section 5.1] for its generalization to the case of differ-
ent polynomial degrees on elements and faces). Define the local scalar HHO space.

VA {ET = (vr, e, ) ¢ vr € PXT) and vy € PX(F) for all F € f,}. )

The scalar potentlal reconstruction operator pk“ Zk ko P maps a vector of poly—

nomials of V *onto a polynomial of degree (k + 1) over T as follows: given v, € V
pk+1 v is the unique polynomial in PHUT) satisfying

/Vpk“_ VWT=/VVT-VWT
T

+ O | (ve—vp) Vwpnge,  Ywp € P,
FeF;

e

Computing p’;“ for each T € 7, requires to solve a small linear system. This is an embar-
rassingly parallel task that can fully benefit from parallel architectures.

2.2.2 Velocity Reconstruction
Define, in analogy with (2), the following vector-valued HHO space for the velocity:
VEk: = {gT = (vr. Op)rer,) : vr € P(T) and vy € PX(F) forall F € }'T}.
The velocity reconstruction pl}“: K’; K PUT) is obtained setting
p’;“_ . (p?l-n)z e

where foralli =1, -- d vr, € Vk is obtained gathering the ith components of the poly-
nomials in v,, i.e., v, ;= (VT’,, (vF,,)FefT) if vy = (7 )icy.q a0d Vi = (vp)ieg ... 4 for all
F e Fy.

2.2.3 Face Residuals

Let Te€ 7, and F € F;. The stabilization bilinear form for the HHO discretiza-
tion of tf/le viscous term in the momentum equati/on (1a) hinges on the face residual
RE 2 Vek > POy guch that, for all v, € Vi,
mk’ k (mk k )

T 7F Y1 od’
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where the scalar face residual 7" : VA* — P 0 (F) s such that, for all v,. € V5 ¥,

= o= W) - =)

2.3 HHO Schemes

We consider two HHO schemes based, respectively, on discontinuous and hybrid approxi-
mations of the pressure. In both cases, the Dirichlet boundary condition is enforced weakly,
considering a symmetric variation of the method discussed in [18].

2.3.1 An HHO Scheme with Discontinuous Pressure

Let again k>0 and k' € {k,k+ 1} denote the polynomial degrees of the face and
element unknowns, respectively, and let a mesh element 7 € 7, be fixed. Given
(u,.pr) € Vk ok XP'((T) the local residuals r‘““t((uT,pT) DI Vk * 5 R of the discrete

momentum conservatlon equation and r““(u DI Pk(T) —> R of the discrete mass conser-
vation equation are such that, respectlvely for ally, € V % and all qr € PHD),

o (@ pr)ivy): /Vpk+1_ VP, + Z A /ml;‘F o Ripvy
Fer, "'F

/ nyp - Vp u, )'VF+uF (nTF Vpk+1_ )]
Fery

n
+Zh— uF-vF—/pT(V vT)—Z/PT(VF—VT)'”TF
Fer? FJF F

FeF;
n
+ Z /PT("F'”TF)_ Z /gD’ nrp - VP, + v
F F h
FeF) FeF)
- 2 /gN'vF_/f'vT’
Fef-'; F T
(3a)
rrgr): = /(V “ur)qr — Z /(”F —up) - Rypqr
T FeF JF
(3b)

/("F nrp)qr = Z /gD Rrpdqr-
FefD Fer®

In the expression of rmm((uT, pr)i), n >0 is a user-dependent parameter that has to be

taken large enough to ensure coercivity. The penalty term where the parameter n appears,

along with the consistency terms in the second line and the term involving the boundary

datum gy, in the fifth line, are responsible for the weak enforcement of the Dirichlet bound-

ary condition for the velocity. In the numerical tests provided below, # is taken equal to 3.
Define the global vector HHO space

VEE = (v, = (0Drer 0p)res,) « vr € Y)Y forall T € 7, and vy, € P(F)? for all F € F, }
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For all v, € V Fand all T € 7T,, we denote by v, € Vk the restriction of v, to T. The

global remduals r""“((uh, DR Vk KSR and rCm (w,: ) PHT,) = R are obtalned by

element-by-element assembly, i.e., for ally, € V and allg, € 77’((7;

i (@epw,) s = Y n (@ ppiy) @) = Y s g

TeT, TeT,

Scheme | /(HHO—dp: HHO scheme with  discontinuous pressure) Find
@,.py) € V)" x P(T;) such that
e (@ep,) =0, vy, eV, 5)
i (w,sq,) =0, Vg, € PX(T,).

2.3.2 An HHO Scheme with Hybrid Pressure

An interesting variation of Scheme I is obtained combining the HHO discretization of the
viscous term with k' = k + 1 with a hybrid approximation of the pressure inspired by [52].
LetT € 7,. Given (QT,pT) € V"Jrl k% ka the local residuals rmm((uT,p );) : k“ - R

LT
. kk
of the discrete momentum and rICI“‘T(u ) 1 V" = R of the discrete mass conservatlon

equations for the HHO scheme with hybrid pressure are such that, for all v, € VkJr1 * and
all q, € V

(@ p )2y): =/Vpk+1_ vy, + . /mTF vy Rppvy
Fef F

- Z /F [(nTF ‘ VPI}HZT) Ve tup: (”TF : VP/;HKT)]
FeFr?

+ Z %/FuF-vF—/TPT(V-Vr)'F Z /FPF(VT_VF)'"TF

Fer? FeFy

/PF(VF nyp) — Z /gD <"TF Vi, +hi"1~‘>
FefD FeF> F
- Z /gN'VF_/f'VTs

FE]_{; F T

IC{]tT("T;‘_]T): == /T-(V “ur)qr+ Z /(”T —up) g qp

FeF JF

+ Z /("F'"TF)‘IF_ z /gD'"TF‘IF-
e/ F rer2F

As before, n > 0 is a penalty parameter that has to be taken large enough to ensure coer-
civity. The boxed terms are the ones that distinguish the local residuals on the momentum
and mass conservation equations for the HHO scheme with hybrid pressure from Scheme I
with k' =k+ 1.
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Define the global scalar HHO space
Zi’k: = {gh = ((qT)TEn,(qF)FE}—h) : qr € PX(T) forall T € T, and g € PX(F) forall F € .7-',,}.

The global residuals rﬁ“}f((uh, P, ) D) k+1k - Randry ;") : ZZ”‘ — R are obtained by

element-by-element assembly of the local residuals.

Scheme Il (HHO-hp: HHO scheme with hybrid pressure) Find (,, ph) € K’;L“’k xz’;’k
such that

. — k+1,k
o (@,p )w,) =0, Wy, €V, T .

CI][

N Kk
Hh(”h’ilh) =0, Vﬁh SAA

The HHO method (7) yields a velocity approximation that is pointwise divergence free (as
can be checked adapting the argument of [52, Proposition 1]). As compared with the HDG
method proposed in [52], the h-convergence rates for velocity and pressure are improved
by one order. A key point consists in using an HHO discretization of the viscous term (cf.
the discussion in [30] and also [32, Section 5.1.6]) with element unknowns for the velocity
one degree hlgher than face unknowns. Notice that seeking the velocity in the space V. kL&
as opposed to V does not alter the number of globally coupled unknowns, as all ve1001ty
degrees of freedom attached to the mesh elements can be removed from the global linear sys-
tem by static condensation procedures similar to the ones discussed in Sect. 4.1.2.

2.4 DG Scheme

The third approximation of the Stokes problem is based on discontinuous approximations of
both the velocity and the pressure. Specifically, we use the BR2 formulation for the vector
Laplace operator (see [10] and also [34, Section 5.3.2]) together with a stabilized equal order
pressure-velocity coupling. Fix a polynomial degree £ > 1and let T € 7,. We define the local
discrete gradient (‘51} P HY(T) - PH(T)4 such that, for allv € H T,

/(Sl;(v):‘r:/VvlT:T
T T

where, for any F € FP. the jump of v across F'is defined as

/ ny@vly) i t, Vre Py,

FeFP

Dl = { = if Fe F.nF, withT,T' € T,,T #T',
Tr 2vy —gp) if F € F.

Introducing, for all F € }" , the jump lifting operator 2 : L2(F)? — PX(T)%d such that,
for all ¢ € L2(F)? and all T € PX(T)?,

/SI;T((p):T:l/(nTF(@w) ‘T
T 2 Jr

it holds, for all v € H'(7,,)¢,
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GLm) =V — D B ().

FeFP

Given (u,,,p,) € PX(T,)? x P(7,), the local residuals P (@ )y PXT) > R of the

discrete momentum equation and s T((uh Pu)iv) P"(T) — R of the discrete mass equa-
tion are such that, for all v, € Pk(T) and all g, € Pk(T)

;?ImT((uh’ph) vy): /(ST(uh) Vvp — /nTF {Vu; - ”FSFT([[uh]]TF)}]
F

FeFRP

/PT(V vp) + Z /{Ph (v - ngp)

FeF"

—/f"’r_ Z /gN‘VT’
T FG]:’; F

rr (@ py)iar): :/T”T'V‘IT_ Z /{uh}F'nTFqT+ Z hF/F[[ph]]TFqT’

FerP’F FEF,
where, for all p € H'(7,) and all F € F,,

(o}ot = Hop+op) itFeFnF, withT,T' € T,, T+ T,
OF otherwise,

with the understanding that the average operator acts componentwise when applied to vec-
tor and tensor functions, and

max ( card (Fy), card (Fp)) if F € .0 Fy, with 7,7 € T,, T # T',
72 card (Fy) ifFe .

In the numerical tests provided below, the stabilization parameter is taken equal to 2 (this
value, while below the theoretical threshold, leads to invertible systems on all the con-
sidered meshes and experimentally delivers the smallest errors). The global residuals
i'ff'k(("h’Ph)?') : PX(T,)* - R and rfl‘}fh @,,p,)) : PX(T,) = R are obtained by element-
by-element assembly of local residuals.

Scheme lll (DG: DG scheme) Find (u,,, p,) € P(7,)¢ x P*(7,,) such that

e (@ pwy) = ) it (@ pwyr) =0, Wy, € PA(T,),
7€,

Hrih((uh ph) qh) IIIT((uh ph) qh|T) th € 7)1((7;1)
TeT,

3 p-Multilevel Solution Strategy

We consider L coarse problems, indexed as £ = 1, ---, L. Given a polynomial degree k > 0
(for Schemes I, II) or & > 1 (for Scheme III), we set
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the reference polynomial degree on the fine level, and denote by k, the polynomial degree
at level £. Coarsening is achieved taking k,,, < k,. The notation for the three schemes
discussed in Sect. 2 is summarized in Table 1. Notice that, for the sake of simplicity, we
only consider the equal-order version of Scheme I, where both element and face velocity
unknowns have the same polynomial degree.

3.1 Intergrid Transfer Operators

Denoting by Xe€7,UF, a mesh element or face, the prolongation operator

0¥ Pre(X) > PH(X) from level £ + 1 to level £ is the injection P*+1 (X) < P¥(X). The

prolongation operator IO from level £ to level O can be recursively defined by the composition
of one level prolongatlon operators:

2 =27 7

The restriction operator Z’f 1 phe (X)) Phen (X) from level £ to level £ + 1is simply taken
equal to the L orthogonal pI'O]eCtOI‘ on P*+1(X), that is, for all Wy, € Phe(X), we set

+1 P
Iy 1= m g 9)

The restriction operator Zg from level O to level ¢ is again obtained by the following
composition:

2 7l
=1, - T 1,

-1

It can be checked that If *1is the transpose of If , With respect to the L*(X)-inner prod-
uct. When applied to vector—valued functions, 1ntergr1d transfer operators act component-

wise and are denoted using boldface font by Ii fl, f *1 The global restriction operator

' ‘_/];f o Vk’*l “! for HHO spaces is defined using the following setting: for all

!
k,
‘f‘f’f
Ve €Y,
=¢

+1 . +1 +1
I Yoe = ((I?,r "T.f)TeTh’(I?F va)Fefh)’

while the global restriction operator for DG spaces If o ple(T)d = P (’T )d is
obtained patching the following element restriction operators forallv, , € P (T,

(T e )it = T4 Oy VT €T,

3.2 Inherited Multilevel Operators

ForanyZ = 1, ---, L, set, for the sake of brevity,

Wi, =Vl x P, Wi

whe = Vkﬁ] “ xV k/ -, th. = P(T)! x P(T,).

The coarse residuals for the momentum and mass continuity equations for the schemes of
Sect. 2 corresponding to a velocity-pressure couple at level £ are obtained evaluating the
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Table 1 Notation for the p-multilevel solver. We only consider the equal-order version of Scheme I, where
both element and face velocity unknowns have the same polynomial degree

Scheme index Scheme label Fine discrete space Coarse discrete spaces Coarsest level
I HHO-dp Z:wkﬁ’ o (1) X’;f*"f, pke n) k20
I HHO-hp Kl:[gﬂ.kn’ 7)1(0(72) K’:Lt“"l'kt’, 7)’9(7;‘) k, =20
1 e Po(T), PO(T) PAT), PH(T,) k> 1

corresponding fine residuals defined in Sect. 2.3 at the prolongation of the given function,
ie,for =1, ,L

e Scheme I (HHO-dp)
Given (uhb,,ph DEW, ri (@, P ) s Wi, » R is such that, for all
Wy ne) € WIh’
e ((Eh,f’phf);(zhf’qh-f)): = r;n;[((ﬁh f’ph»f);zh,t’) +rp@, i)
with R (@, o)) = 1 (T Topn LY, ) (10)
and i@, )t = 15w, 5 T0d5,)-
e Scheme Il (HHO-hp)
Given (u, P, )EW
@ ne 4, )GWIIh’

T rﬂf((ghf,ehf);-) : Wﬂ’h — R is such that, for all

. . — ,mnt . cnt .
e ((Zh P, )’(Kh,f"_lhf))' = rII,f((Ehf’EM)’Kh,f) +rIIf(Zh,f"_1hf)

with i‘f';f(wmp D) =i (@w, . Lop, L0y, ,) (1
and Iclmf(uh,f;ghf) = Iclnlt1(10uh f’z(;qh f)

e Scheme III (DG)
Given (u, f,phf) € WHIh, rmf((uhf,phf); ) : WHIh — R is such that, for all
(vhf th,”) € WH[h’

. P t . t .
"L ((uh,f?ph,f)’(vh,f’ qh,f)) L= rﬁ‘lnf ((“h 23 PV f) + rlcﬁ ¢ (("h,fa ph,f)vqh,f>

with ity (@ Pa)ne )t = ;?F;L((Iouhf’zgphf)zovh ’) (12)
and lcﬁtf((uhf Phe)s CIM) = [Clrilh((louhf’zgphf) quh,f)-

Fix «e {LI I}, #=0,--,L, and denote by (-,-) an inner product in Wf . Let
Ay, Wf - Wf be the operator corresponding to the linear part of the residual r, 4, i.e.,
for all wM ew’ wp AueWne Zpe) =1, Wy 2y o) =1, ,(02),0) for all z,, € W . Let-
ting b, , € W denote the Riesz representatlon of the affine part of the residual such that
b2, f) =, K(O’zh oforallz, , € w’ .»» the global problem at level # reads as follows: find
WS w’ ., such that

Ay Wy = bh,f

@ Springer



794 Communications on Applied Mathematics and Computation (2022) 4:783-822

Besides the formal definition given above, coarse level operators can be efficiently inher-
ited from the fine operators relying on the restriction and prolongation operators. This com-
putationally efficient strategy, also known as Galerkin projection, is detailed in Sect. 4.2
focusing on Scheme I.

3.3 Multilevel V-Cycle Iteration

The approximate solution w, , to the global problem at level # < L can be improved by means
of one V-cycle iteration, as described in the following algorithm:

Multilevel V-cycle: MG+, (¢, bp.¢, Wh.¢)
Pre-smoothing:
Wn,e = GMRES(Ap ¢, Wh,e, bn.c)
Compute the coarse grid correction (recursion up to level L):
dpror =I5 (bie — Ap(Wie)
if (¢ +1 = L) then
Chevl = A];1f+1dh,{’+l
if (( +1 < L) then
cnevt = MGy(C+ 1, dp e41,0)
Apply the coarse grid correction:

Whe =Wne+I5, Chen
Post-smoothing:
Wn,e = GMRES(Ap e, Wh.e, bn,c)

where d), ., is the restriction of the defect and ¢, is the coarse grid correction. All
applications of prolongation and restriction operators involved in the multilevel V-cycle
iteration are performed matrix-free, that is, without assembling the global sparse matrices
associated to the operators I?“ AN

In the pre- and post-smoothing steps, a few iterations of the generalized minimal resid-
ual (GMRES) method preconditioned with an incomplete lower-upper (ILU) factorization
are performed in order to reduce the error e;, , = w;, , — W), .. Indeed, the components of the
error associated with the highest-order basis functions at level £ are expected to be damped
very fast, while the components of the error associated with lower-order basis functions are
smoothed at a later stage when the recursion reaches coarser levels.

In the numerical tests of Sect. 5 we consider one V-cycle iteration as a preconditioner for
the FGMRES (flexible GMRES) iteration applied to solve the global problem A, ow; o = b .
We employ the solver and preconditioner framework provided by the PETSc library [8].

4 Computational Aspects

In what follows, we discuss some computational aspects focusing, for the sake of simplic-
ity, on the Scheme I (HHO with discontinuous pressure). Algebraic objects are denoted
using sans serif font, with boldface distinguishing matrices from vectors.
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4.1 Static Condensation
4.1.1 Algebraic Expression for the Local Residuals

We assume that local bases for each polynomial space attached to mesh elements and
faces have been fixed, so that bases for the global approximations spaces for the velocity
and the pressure can be obtained by taking the Cartesian product of the latter. Possible
choices of local bases are discussed in [32, Appendix B.1]. In the numerical tests of
Sect. 5, polynomial spaces over mesh elements are spanned by orthonormalized modal
bases defined in the physical frame for both DG and HHO discretizations. For HHO
discretizations, the polynomial spaces over mesh faces are spanned by orthogonal bases
defined in the reference frame. Accordingly, the algebraic counterpart of restriction and
prolongation operators are unit diagonal rectangular matrices, and their action on vec-
tors is implemented matrix-free as inexpensive vector shrink and expansion operations,
respectively. Similarly, the Galerking projection is implemented as a sub-block extrac-
tion; see Sect. 4.2 for further details.

The unknowns for a mesh element 7' € 7, correspond to the coefficients of the expan-
sions of the velocity and pressure in the selected local bases. Assuming that the veloc-
ity unknowns are ordered so that element velocities come first and boundary velocities
next, these coefficients are collected in the following vectors:

where the block partition of the vector U, is the one naturally induced by the selected
ordering of velocity unknowns.

The local matrices corresponding to the HHO discretization of the viscous term (first
four terms in the right-hand side of (3a)) and of the pressure-velocity coupling (first
three terms of the right-hand side of (3b)) are

A A
Ay = [Aﬂ' AT()T] . By= [BTT Brar] ,
o1t Aatar

where again the block partition is the one induced by the ordering of velocity unknowns.
Details on the construction of the matrix A, can be found in [32, Appendix B.2].

Remark 1 (Block structure) Denoting by N the number of faces of T, the block structure of
the matrix A, can be further detailed as follows:

Arr ATF1 = A
AT= A,;—IT AF;FI AFI:FN . (]3)
AFNT AFNFI AFNFN

Assume that the velocity unknowns attached to T and its faces are ordered by component.
Since the viscous term is modeled in (1a) applying the Laplace operator to each velocity
component, each block in the decomposition (13) is itself block-diagonal and is efficiently
constructed starting from the corresponding matrix for the scalar Laplace operator.
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mnt

Introducing the vector representations R’ = [R,I“ﬂt] and R{} of the residual linear

LoT
forms defined by (3), G,; of the terms involving the boundary data corresponding to the
last two terms in the right-hand side of (3a), F; of the term involving the volumetric

body force in (3a), and G, of the last term in the right-hand side of (3b), it holds

t
Rmnl Arr Arar B, Ur Fr
RIaT =|Asrr Asror BTaT Uor | — EBT . (14)
Rcm B/r Bror O Pr Gyr

4.1.2 Static Condensation Strategies

The discrete problem (5) is obtained enforcing that the global residuals are zero, which
requires the solution of a global linear system. The size of this linear system can be
reduced by statically condensing the element velocity unknowns and, possibly, the pres-
sure unknowns corresponding to high-order modes inside each element. In what fol-
lows, we discuss two possible static condensations procedures leading to global systems
with different features.

@® HHO-dp v—cond: Static condensation of velocity element unknowns

The first static condensation procedure hinges on the observation that, given a mesh
element T € 7, the velocity unknowns collected in U, are not directly coupled with
unknowns attached to mesh elements other than 7. As a result, enforcing that the residu-
als in the left-hand side of (14) are zero, U; can be locally eliminated by expressing it in
terms of U, and P; by computing the Schur complement

s 8% s 1 [Ay,r B A
=8 Sl = [ | -[sm e ot os

of the block A in the matrix in the right-hand side of (14). With this static condensation
strategy, the zero residual condition translates into

U G A
Bt
[ Gor Brr r

@® HHO-dp v&p-cond: Static condensation of velocity element unknowns and high-
order pressure modes

The second static condensation strategy was originally suggested in [2] in the frame-
work of HHO methods and later detailed in [38, Section 6] (this strategy is similar to the
one discussed in [49] in the context of hybridizable DG methods). Assume that the basis
for the pressure inside each mesh element T € 7, is selected so that the first degree of
freedom corresponds to the mean value of the pressure inside 7 and the remaining basis
functions are L?-orthogonal to the first (this condition typically requires the use of modal
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bases). Let now a mesh element T’ € 7}, be fixed. The above choice for the pressure basis
induces the following partitions of the pressure unknowns and of the pressure-velocity cou-
pling matrix:

PT — [ET] BT — [BTT BT@T]

Pr Brr Bror

where isT € R is the mean value of the pressure inside 7, I37 is the vector corresponding
to high-order pressure modes, and the matrix B, has been partitioned row-wise according
to this decomposition. Enforcing that the residuals are zero in (14) and rearranging the
unknowns and equations, we infer that the discrete solution satisfies

~ =1
Arr BTTT Aror B [ Ur Fr
By O Brogr O Py 0

=T = . (16)
AdTT TdT AdT@T Bror liar 9‘”
By O [Bygp O |LPr Gor

u
The only unknowns that are globally coupled are those collected in the subvector [ PGT],
T

while the remaining unknowns collected in ﬁT can be eliminated by expressing them in
T
terms of the former. After performing this local elimination, the condition (16) that the

residuals associated with T are zero becomes

~r 1-1
Sv&p l‘iaT — ng AdTT BT FT , (17)
r Py Gyr B,y O Bn 0 0
where S;&p denotes the Schur complement of the top left block of the matrix in (16), that
is,

& & —T ~ —
S;&P = SZVT%" sggzz A_aTdT BT@T — [AdTT BT&T] [éTT BTTT] [Arar B ]
STdT S Brogr O By O By O Brogr O

Remark 2 (Differences between the static condensation strategies) The two static conden-
sation strategies outlined above coincide for & = 0. For k > 1, the first, obvious difference
is that the second results in a smaller global system, since high-order pressure unknowns
are eliminated in addition to element-based velocity unknowns. There is, however, a sec-
ond, more subtle difference. As a matter of fact, while the block S" V&R G (17) is full, the

aToT
block SY.. . in (15) preserves the pattern of A, (Which is composed of block-diagonal

blocks, ZQZ:TRemark 1). As aresult, the first static condensation strategy results in a sparser,
albeit larger, matrix. The numerical tests in the next section show that the sparsity prevails
over size resulting in cheaper matrix-vector products, so that the first static condensation
strategy is in fact more efficient.

Notice that this difference would disappear if we replaced the Laplace operator in the
momentum equation (la) by div (vV-), with V, denoting the symmetric part of the gra-
dient operator applied to vector-valued fields, as would be required for a viscosity coef-
ficient v : 2 — R* variable in space. As demonstrated in the next section by means of
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numerical experiments the performance of the multilevel iteration is strongly influenced by
the static condensation strategy when working with graded meshes: static condensation of
high-order pressure modes provides worse convergence rates and degrades the efficiency of
the solution strategy.

4.2 Inheritance by Means of Galerkin Projections

We show in this section how the operators can be inherited from level £ to £ + 1. For X
mesh element or face, we let {q/f(’f, wf’f, ,w;(’f} be a basis of P (X) (with P denoting
the dimension of this vector space) and {y/f(’f“, u/f‘“l, e, 1//2’”1 } a basis of P*+1(X) (with
O denoting the dimension of this vector space). The algebraic counterpart I;}l of the local

restriction operator I?}l defined by (9) reads

X, /41 X6
I = ( w Tyt ) ,
rx = v I im0, =1,0p

of the local prolongation operator Iifl is

I?fl = (I;,J;(l )T'

and the algebraic counterpart I?’fl

Interestingly, when using hierarchical orthonormal bases and the basis for P+ (X) is
obtained by restriction of the basis for 77" (X), both the prolongation and restriction opera-
tors are represented by unit diagonal rectangular matrices. In particular, for the local
restriction operator it holds

(I7),; =8y foralli=1,. Qandallj=1,-,P.

As a result, intergrid transfer operators do not need to be computed nor stored in memory.
With a little abuse of notation, we also denote by I;}l and I?fl the local restriction and
prolongation operators applied to vector-valued variables, which are obtained assembling
component-wise the corresponding operators acting on scalar-valued variables. The matrix
A?“ discretizing the viscous term at level £ + 1 can be inherited from the corresponding

matrix A? at level £ applying the restriction operators block-wise (compare with (13)):

£+ pt 16T c+1 pr 705 £+1 g 10Fy
If,T ATT If+1 If,T ATFI If+1 If,T ATFN If+1
C+1 a¢ 16T 1041 £ £ F, £+l AL £ Fy
A?“ = If,F, AF,T If+1 IfF F,F, If+1 IfF F,Fy sz’+1
C+1 a2 10T 16+1 AL Z.F, £+l Al ¢.Fy
If,FN AFNT If+1 If,FN FyF, If+1 If,FN FyFy If+l

Applying this procedure recursively shows that, for any level # > 1, the matrix A? can be
obtained from the fine matrix Ag. Note that pre- and post-multiplications of the matrix
blocks by the restriction and the prolongation operators, respectively, result in a block
shrink. When using orthonormal basis functions, these matrix multiplications can be
avoided altogether and replaced with inexpensive sub-block extractions.

In order to further reduce the computational costs, Galerkin projections can be per-
formed on the statically condensed fine grid operator, so that static condensation of coarse
grid operators is avoided altogether. For example, having computed the fine-level block
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0 . . .
of the Schur complement S oToT (given by either formula (15) or (17)), the corresponding

block S*! at level # + 1is computed applying recursively the following relation:

aTaT
gt 10f L it gl ¢.Fy
, ¢, F, OF\F, “¢+1 ¢.F, OF Fy ~t+1
S +1 : :
oT oT : : :
AR A 1+ g7 C.Fy
£ Fy SFyFy “0+1 "t T Fy SFEyFy CE+]

To conclude, the resulting sub-blocks are assembled into the global matrix.

5 Numerical Investigation of h-Dependency
5.1 Mesh Sequences

In order to assess and compare the performance of p-multilevel preconditioners, we consider
four A-refined mesh sequences of the two-dimensional domain (-1, 1)?, see Fig. 1, and three
h-refined mesh sequences of the three-dimensional domain (0, 1), see Fig. 2. In two space
dimensions, we consider both standard and graded meshes composed of triangular and trap-
ezoidal elements. In three space dimensions, we consider standard meshes composed of pris-
matic and pyramidal elements and graded meshes composed of tetrahedral elements. While
standard meshes have homogeneous meshsize, graded meshes feature mesh elements that
become narrower and narrower while approaching the domain boundaries, mimicking com-
putational grids commonly employed in CFD to capture boundary layers. In order to build
h-refined graded mesh sequences, the mesh nodes are first positioned according to Gauss-
Lobatto quadrature rules of increasing order, then randomly displaced by a small fraction
of their distance. Accordingly, the reduction of the meshsize is non-linear in case of graded
h-refined mesh sequences.

5.2 Setting
5.2.1 Manufactured Analytical Solution

We consider the following smooth analytical behaviours of the velocity and pressure fields: if
d=2weletQ: =(—1,1)%and set
u(x,y) = —e* [y cos(y) + sin(y)] i+e" (ysin(y))j, Y(x,y) € Q,
p(x,y) = 2¢" sin(y), V(x,y) € 2,
where {i,j} is the canonical basis of R? while, for d = 3, we set 2: = (0, 1)3 and
u(x,y,z) =2 sin(zx)i — =y cos(zx)j — = z cos(zx)k, Y(x,y,2) € Q,
p(x,y,z) = sin(zx) cos(ry) sin(rz), V(x,y,2) € £,

where {i,j,k} is the canonical basis of R3. Dirichlet boundary conditions are enforced on
all but one of the surfaces (edges in 2D) composing 0Q2, where Neumann boundary condi-
tions are enforced instead. The boundary data and forcing term are inferred from the exact
solution.
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Fig. 1 Two-dimensional meshes (one mesh for each i-refined mesh sequence here considered). From left to
right: Delaunay triangular mesh, trapezoidal mesh, graded trapezoidal mesh, graded triangular mesh

e

Fig.2 Three-dimensional meshes (one mesh for each A-refined mesh sequence here considered). From left
to right: pyramidal mesh, prismatic mesh, graded tetrahedral mesh

5.2.2 Multilevel Solver Options

We consider high-order and higher-order versions of the HHO and DG schemes correspond-
ing to the polynomial degrees k = 3 and k = 6, respectively. The theoretical h-convergence
rates for DG are k + 1 for the velocity error in the L>-norm and k for the velocity gradi-
ent and the pressure error in the L?-norm. The theoretical h-convergence rates for HHO are
k + 2 for the velocity reconstruction error in the Z?-norm and & + 1 for the gradient of the
velocity reconstruction and the pressure error in the L>norm. For the HHO-hp scheme,
both the element velocity and the reconstructed velocity display the same convergence
rates, but the former is additionally divergence free on standard meshes. For this reason,
the element velocity field is used in the error computations. For all the numerical test
cases, we report in the tables the L?-errors on the velocity (“u;,” column), velocity gradi-
ents (“Gu,,” column), pressure (“p,,” column), and divergence (“Du,,” column).

The solution of the linear systems is based on an FGMRES iterative solver precondi-
tioned with a p-multilevel V-cycle iteration of three levels (L = 2): for k, = k = 3 (fine
level), we set k; =2 on the intermediate level and k, = k; = 1 on the coarse level; for
ko =k = 6 (fine level), we set k; =3 on the intermediate level and k, = k; =1 on the
coarse level. Numerical tests not reported here for the sake of conciseness show that taking
k; = 0 as the coarsest level for HHO discretizations results not only in a reduced memory
footprint, but also in a significant increase in the number of iterations. This trade-off results
in computational times comparable to k; = 1.

On the fine and intermediate levels, the pre- and post-smoothing strategies con-
sist in two iterations of ILU preconditioned GMRES (notice that, at the global level,
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velocity-related unknowns come first and pressure-related unknowns next in order to facili-
tate the computation of the ILU preconditioner). The number of smoothing iterations has
been experimentally selected so as to guarantee the best computational efficiency on the
meshes considered in the numerical tests. Other choices for the smoothers could be consid-
ered such as, e.g., the ones proposed in the recent work [6]; we postpone the investigation
of this topic to a future work. On the coarse level, we employ an LU solver when working
in two space dimensions and ILU preconditioned GMRES solver when working in three
space dimensions. Since enforcing looser tolerances on the coarse level does not alter the
number of outer FGMRES iterations, we require three orders of magnitude decrease of the
true (unpreconditioned) relative residual in three space dimensions. The relative residual
decrease for the outer FGMRES solver is set to 10713 when k = 3 and to 10~'% when & = 6.
These tight tolerances are considered in order to monitor the numerical convergence rates
up to the machine precision. We carefully monitored convergence history to make sure
that stagnation of residuals does not occur; hence relative comparison between the solution
times and the number of iterations of the different schemes remains valid when real-life
stopping criteria are employed. All test cases were performed with FGMRES restarting
equal to 5. Larger values negatively affect the performance for DG approximations, while
HHO approximations are rather insensitive to this parameter.

5.2.3 Performance Evaluation

For all the numerical test cases we compare the performance and efficiency of solver strate-
gies based on the following.

Number of FGMRES outer iterations (“ITs” column).

Number of coarse solver iterations (“ITs;” column). Note that one iteration means that
a direct solver is employed.

Wall clock time required for linear system solution (“CPU time Sol.” column).

Wall clock time required for matrix assembly (“CPU time Ass.” column). We remark
that the computational cost of building the Schur complement is included since static
condensation is performed element-by-element during matrix assembly.

e Wall clock time required for matrix assembly plus linear system solution (“CPU time
Tot.” column).

e Efficiency with respect to linear scaling of the computational expense with the mesh
cardinality (“Eff.” column). 100% efficiency means that for a fourfold increase of the
number of elements we get a fourfold increase of the total (matrix assembly plus linear
system solution) wall clock time. We remark that efficiency is computed considering
two subsequent grids of the mesh sequence (whose data are reported in two successive
table rows).

5.3 Comparison Based on Matrix Dimension and Matrix Non-zero Entries

The cost of a Krylov iteration scales linearly with the number of matrix non-zero entries
(MNZs) plus the number of Krylov spaces times the matrix dimension (equal to the number
of degrees of freedom, DOFs), see, e.g., [50]. Multilevel Krylov solvers utilize only a few
smoother iterations on the fine and intermediate levels and iteratively solve on the coarse
level, where the number of MNZs and DOFs is favourable, see Sect. 3.3. Accordingly, with
respect to solver efficiency, the most relevant discretization-dependent parameters are the
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MNZs of the fine and coarse matrices and the number of DOFs of the coarse level: fine-
level MNZs influence the cost of the most expensive matrix-vectors products, performed
once per smoother iteration; coarse level MNZs influence the cost of the least expensive
matrix-vector products, performed once per iteration of the coarse solver (that is, many
times per multilevel iteration); the number of DOFs of the coarse level influences the cost
of the Gram-Schmidt orthogonalization carried out within the GMREs algorithm on the
coarse level.

Static condensation of the element-based unknowns is an effective means of improv-
ing solver efficiency in the context of hybridized methods. For HHO-dp, we compare
the uncondensed (HHO-dp uncond) implementation to the static condensation strate-
gies described in Sect. 4.1. We recall that both static condensation procedures involve
the local elimination of velocity unknowns attached to mesh elements, and the dif-
ference lies in the treatment of pressure DOFs. According to (17), all pressure modes
except the constant value are statically condensed in the HHO-dp v&p-cond strat-
egy while, according to (15), pressure modes are not statically condensed in the HHO-
dp v-cond strategy. For HHO-hp, we consider static condensation of the element
unknowns for both the velocity and the pressure (HHO-hp v&p-cond), so that only
skeletal unknowns appear in the global systems.

DOFs and MNZs of HHO discretizations are associated with element variables and
face variables. DG discretizations rely only on element variables. The formulas for com-
puting DOFs and MNZs reported in Table 2 show the following.

e The number of DOFs associated with element variables is proportional to the dimen-
sion of the polynomial space IP”; and to the number of mesh elements.

e The number of DOFs associated with face variables is proportional to the dimension
of P’;_l and to the number of mesh faces.

e The number of MNZs associated with element variables is proportional to the square
of the dimension of IP’; and to the number of mesh elements.

e The number of MNZs associated with face variables is proportional to the square of
the dimension of [P”;_] and to the number of mesh faces.

MNZs are also influenced by the stencil of the discretization and the fill-in of the Schur
complement, as explained in Remark 2. Since the ratio between the dimensions of [P’Z
and [P’Z_1 is %, we have the following rules of thumb:

face variables have fewer DOFs than element variables if M<M,
card (7,) d
card (F)) 2card (Tp)—1 [k +d\>
card (7,) card (77)+1 ( d ) ’

face variables have fewer MNZs than element variables if

(18)

ard (Tp)—1 . . . . .
2ead(T)-1 4s the ratio between the stencil of face variables and element variables,

card (Tz)+1
respectivel)(/. F"i“his simple observation allows to interpret the results of Tables 3, 4, 5 and 6,
where the DOFs and MNZs counts for the methods and implementations considered in this
work are reported. Placeholders correspond to combinations of meshes, polynomial
degrees, schemes, and static condensation options that are either not possible or have not
been considered in numerical tests. The data are reported only for the finest grids of each
mesh sequence for k € {1, 3,6} (the case k = 1 is also included as it is relevant for estimat-
ing the efficiency of the coarse solver).

where
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Some comments regarding the DOFs counts reported in Tables 3, 4 and 5 are as fol-
lows. As expected, the HHO-dp uncond DOFs count is the largest. In 2D and 3D,
HHO-dp v&p-cond and DG, respectively, have the fewest DOFs count on the coarse
level (k = 1). This can easily be interpreted based on (18), as the condition is harder to
meet in 3D than in 2D. In 2D, the number of coarse level DOFs for HHO-dp v-cond,
HHO-hp, and DG are very similar. In 2D and 3D, higher-order statically condensed HHO
shows some advantage over DG in terms of DOFs.

Some comments regarding the MNZs counts reported in Tables 3, 4 and 5 are as
follows. In 2D, HHO-dp v&p-cond and v-cond have fewer MNZs than DG, at all
polynomial degrees. In 3D, HHO-dp v&p-cond and v-cond have fewer MNZs than
DG for both k = 3 and k = 6, with HHO-dp v-cond being the most efficient. HHO-dp
v-cond is very close to DG for k = 1. The fact that HHO-dp v-cond outperforms
HHO-dp v&p-cond is due to increased fill-in of the Schur complement matrix arising
from (17), see Remark 2. HHO-hp v&p-cond improves DG only for kK = 6, while DG
is significantly better for both k = 1 and k = 3. Similar to strategy (17) for HHO-dp, the
aforementioned static condensation procedure increases the fill-in of the blocks pertain-
ing to skeletal velocity unknowns with respect to the uncondensed operator.

5.4 Comparison of Static Condensation Strategies

In this section we evaluate the performance of the multilevel solution strategy for Scheme I
(HHO-dp) comparing the two approaches for static condensation described in Sect. 4.1;
see in particular (17) (HHO-dp v&p-cond) and (15) (HHO-dp v-cond). We also con-
sider the uncondensed formulation (HHO-dp uncond) as a reference to evaluate the per-
formance gains.

In case of regular 2D mesh sequences, the results reported in Table 7 confirm that static
condensation leads to significant gains (on average, the computation time halves) when
compared with the uncondensed implementation. The results reported in Table 8, where
graded 2D mesh sequences are considered, show that the HHO-dp v&p-cond strategy
(static condensation of both velocity element unknowns and high-order pressure modes)
leads to a suboptimal performance of the multigrid preconditioner in case of stretched ele-
ments: notice the increase in the number of FGMRES iterations when the mesh is refined.
A similar behaviour, even if less pronounced, is observed for the uncondensed implementa-
tion. The results reported in Table 9, where 3D mesh sequences are considered, confirm
the strategy HHO-dp v-cond (static condensation of element velocity unknowns only)
leads to the best performance in terms of execution times, both in the case of standard and
graded meshes. We remark that the gains are to be ascribed to fewer FGMRES iterations
and a smaller number of matrix non-zero entries, see Table 6.

It is interesting to remark that accuracy and convergence rates are not influenced by the
static condensation procedure as soon as the relative residual drop satisfies the prescribed
criterion. Solver fails to converge for HHO v&p-cond over fine-graded triangular meshes,
see Table 8. Note that the prescribed maximum number of iteration (1 K) of the FMGRES
solver is reached and the convergence rates are spoiled.
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Table 2 Formulas for computing the matrix dimension (equal to the number of DOFs) and number of
matrix non-zero entries (MNZs) of nonconforming discretization. Several static condensation options are
considered for HHO-dp, see text for details

Scheme Matrix dim. (DOFs) Matrix non-zero entries (MNZs)

HHO-dp  card (7,)(d+1) dim(P*)+ card (T)(d+1) dim(@%)2+ Treq, card (Fp)d? dim@%) dim(Ph_) )+
uncond  card (F,)d dim(PZ,.) Srer, card (75)d? dim(PZ)dim(Pg_])JrzFefh (2card(TF)—l)ddim([P’§_])2

HHO-dp card (7,)+ ) card (7,) + ¥yeq card (Fp)d dim(P%_ )+
v&pc—1 card (F,)d dim(P;_,) Yrer, (2card (Tp)—1)d> dim(P4_ ) + Xz card (Zp)d dim(Ph_))
con
HHO-dp card (7,) dim(P*)+ card (7;) dim(PA)?+ e, card (Fp)d dim(®h) dim®_ 1+
v-cond card (F,)d dim(IP";f]) Srer, card (Tp)d dim(Ph) dim(PE_ )+ Frep, (2card (Tp)—1)d dim(Ps_ 2
HHO-hp  card (F,)(d+D) dim(P}_)¥ e (2card (Fp)—1)[(d+1)] dim(P%_))?

v&p-—
cond

DG card (7,)(d+1) dim(P%) 3,7 (card (Fp)+1)(Bd+1) dim(P)?

5.5 Comparison Based on Accuracy and Efficiency of the Solver Strategy

In this section we compare the three discretizations of the Stokes problem presented in
Sect. 2 based on accuracy and performance of the multilevel solver strategy. For the HHO
scheme HHO-dp, in accordance with the results of Sect. 5.4, the static condensation strat-
egy v—-cond is used for all meshes in both two and three space dimensions. For the HHO
scheme HHO-hp, we consider static condensation of the element unknowns for both the
velocity and the pressure (HHO-hp v&p-cond), so that only skeletal unknowns appear
in the global systems. The results for 2D regular and graded sequences are reported in
Tables 10, 11, 12 and 13, respectively. The results for 3D mesh sequences are reported in
Tables 14 and 15.

As a first point, we remark that the theoretical convergence rates are confirmed for
all the test cases performed on regular 2D and 3D mesh sequences. When higher-order
(k = 6) discretizations are considered and machine precision is reached, the converge
rates deteriorate, as expected. Interestingly, all the schemes suffer from a convergence
degradation for card(7,) between 192 and 1 546 over the graded tetrahedral mesh
sequence. This is probably due to mesh elements of extremely bad quality generated as
a result of grading plus random node displacement, see Sect. 5.1. Overall, both HHO-
dp and HHO-hp outperform DG in terms of accuracy with order of magnitudes gains
observed moving towards finer meshes. This is due to better asymptotic convergence
rates (one order higher) as well as better accuracy on coarse meshes. One could, alter-
natively, compare the (k + 1)-version of DG with the k-version of HHO: this would result
in the same convergence rates for both methods, but would of course further increase the
gap in terms of efficiency.

p-Multilevel solvers guarantee uniform convergence with respect to the mesh den-
sity when standard 2D and 3D mesh sequences are considered: note that the number of
FGMRES iterations is almost uniform all along the mesh sequence. Interestingly, HHO-
dp discretizations show uniform convergence with respect to the mesh density on graded
quadrilateral meshes, while DG is most affected by mesh grading, especially for k = 6. For
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Table 3 Matrix dimension (equal to the number of DOFs) on 2D meshes. Note that graded quadrilateral
meshes are not included because they coincide with trapezoidal meshes in terms of DOFs

Number of DOFs, 2D meshes

Mesh seq. card(7,) k HHO-dp HHO-hp DG
uncond v&p-cond v-cond v&p-cond
Trapz-quad 16 384 3 7.56E+05  2.81E+05 4.28E4+05  3.96E+05 4.92E4+05
1 2.80E4+05  1.48E+05 2.23E+05  1.98E+05 1.47E+05
1024 6 - 3.06E+04 5.82E+04  4.44E+04 8.60E+04
1 - 9.47E+03 1.15E+04  1.27E+04 9.22E+03
Del. tri 50 744 3 2.13E4+06  6.62E+05 1.12E+06  9.16E+05 1.52E+06
1 7.62E+05  3.56E+05 4.58E4+05  4.58E+05 4.57E4+05
3120 6 - 6.95E+04 1.54E+05  9.96E+04 2.62E+05
1 - 2.21E+04 2.83E+04  2.85E+04 2.81E+04
Dist. tri 32768 3 1.38E4+06  4.28E+05 7.23E4+05  5.93E+05 9.83E+05
1 4.93E+05  2.30E+05 2.96E+05  2.96E+05 2.95E+05
2048 6 - 4.60E+04 1.01E+05  6.59E+04 1.72E+05
1 - 1.46E+04 1.87E+04  1.88E+04 1.84E+04

Table 4 Number of matrix non-zero entries (MNz) on 2D meshes. Note that graded quadrilateral meshes
are not included because they coincide with trapezoidal meshes in terms of MNZs

Number of MNZs, 2D meshes

Mesh seq. card(7,) k& HHO-dp HHO-hp DG
uncond v&p-cond v-cond v&p-cond
Trapz-quad 16 384 3 3.98E+07  1.58E+07 2.68E+07  3.31E+07 5.70E+07
1 6.01E+06  4.21E+06 3.56E+06  8.27E+06 5.13E+06
1024 6 - 2.94E+06 543E+06  6.35E+06 2.74E+07
1 - 2.64E+05 2.23E+05  5.18E+05 3.14E+05
Del. tri 50 744 3 9.64E4+07  2.69E+07 5.38E+07  5.48E+07 1.42E+08
1 1.36E+07  7.36E+06 7.16E+06  1.37E+07 1.28E+07
3120 6 - 4.86E+06 1.21E407  1.03E+07 6.78E+07
1 - 4.53E4+05 440E4+05  8.45E+05 7.78E+05
Dist. tri 32768 3 6.23E+07  1.74E+07 348E+07  3.54E+07 9.14E+07
1 8.75E+06  4.76E+06 4.62E4+06  8.86E+06 8.23E+06
2048 6 - 3.20E+06 7.93E+06  6.80E+06 4.43E+07
1

- 2.98E+05 2.89E4+05  5.55E+05 5.08E+05
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Table 5 Matrix dimension (equal to the number of DOFs) on 3D meshes

Number of DOFs, 3D meshes

Meshseq.  card(7,) &k HHO-dp HHO-hp DG
uncond v&p-cond v-cond v&p-cond
Dist. tet 12 288 1.74E+06  7.73E405 1.01E+06 1.01E+06 9.83E+05

4.25E4+05  2.40E+05 2.77E405  3.04E+05 1.97E+05
- - 4.03E4+05  3.66E+05 5.16E+05
- - 3.55E4+04  3.92E+04 2.46E+04
1.30E4+06  6.53E+05 8.09E4+05  8.60E+05 6.55E+05
3.25E4+05  2.02E+05 2.26E4+05  2.58E+05 1.31E4+05

3
1
1536 6
1
3
1
1024 6 - - 3.23E4+05  3.15E+05 3.44E+05
1
3
1
6
1

Prism 8192

- - 2.94E4+04  3.38E+04 1.64E+04
3.83E4+06  1.89E+06 2.36E4+06  2.49E+06 1.97E+06
9.53E4+05  5.84E+405 6.58E4+05  7.46E+05 3.93E+05
- - 9.19E4+05  8.82E+05 1.03E+06
- - 8.31E+04  9.45E+04 4.92E+04

Pyram 24 576

3072

Table 6 Number of matrix non-zero (MNZs) entries on 3D meshes

Number of MNZs, 3D meshes

Meshseq. card(7,) & HHO-dp HHO-hp DG
uncond v&p-cond v-cond v&p-cond
Dist. tet 12 288 2.19E+08 1.58E+08 1.16E+08  2.76E+08 2.40E+08

1.37E+07  1.49E+07 8.40E4+06  2.49E+07 9.58E+06
- - 1.49E+08  2.72E+08 5.15E+08
- - 1.05E4+06  3.12E406 1.17E4+06
1.87E4+08  1.69E+08 1.08E+08  2.97E+08 1.88E+08
1.22E4+07  1.58E+07 8.08E+06  2.67E+07 7.54E+06

3
1
1536 6
1
3
1
1024 6 - - 1.34E+08  2.92E+08 3.97E+08
1
3
1
6
1

Prism 8192

- - 1.01E+06  3.35E+06 9.01E+05
5.59E+08  5.06E+08 3.23E4+08  8.86E+08 5.84E+08
3.66E+07  4.71E+07 242E+07  7.97E+07 2.33E+07
- - 4.01E+08  8.69E+08 1.27E4+09
- - 3.03E+06  9.98E+06 2.89E+06

Pyram 24 576

3072

HHO-hp, the number of iterations increases with mesh density on graded quadrilateral
meshes. Nevertheless, the number of iterations over coarse meshes is remarkably small and
grows up to match the iterations count of HHO-dp over fine meshes. The solver conver-
gence deteriorates with the mesh density in case of graded triangular and tetrahedral mesh
sequences: the increase in the number of iterations is clearly visible but not pathological
for HHO discretizations.
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Interestingly, p-multilevel solvers show improved robustness with respect to the poly-
nomial degree when applied to HHO discretizations: moving from high-order (k = 3) to
higher-order (k = 6) entails a mild iterations increase for HHO, while the iteration count
doubles for DG. In 2D, this behaviour has a strong impact on computation times: HHO is
up to three and eight times faster than DG at high-order and higher-order, respectively.
HHO-dp outperforms DG because of the reduced number of matrix non-zero entries
and the reduced matrix dimension, see Tables 3 and 4: the former influences the cost of
smoothing iterations while the latter strongly influences the cost of the LU factorization
on the coarse level.

Let us consider the performance of the multilevel solver in 3D. HHO-dp is two times
and four-to-five times faster than DG in terms of solution times for k =3 and k=6,
respectively. HHO-hp is slower than HHO-dp in terms of solution times and faster than
DG by a small amount, with the exception of the pyramidal elements mesh sequence for
k = 3. The difference in computational cost between HHO-dp and HHO-hp is essen-
tially due to the number of MNZs, see Table 6, while the number of FGMRES iterations
is comparable. Since, in 3D, the coarse level solver is generally more efficient for DG,
the HHO advantage results from the efficiency of the smoothers and the reduced num-
ber of FGMRES iterations. In particular, we remark that DG has fewer DOFs than HHO
for k = 1, see Table 5. Moreover, DG and HHO-dp v-cond have a comparable MNZ
count for k = 1, significantly smaller than the MNZ count of HHO-hp v&p-cond, see
Table 6.

Overall, the gain in terms of total execution times is less significant than in 2D. When
working with HHO in three space dimensions, assembly times are a considerable fraction of
the total computation time: matrix assembly is twice as expensive as linear system solution
for HHO-dp for k = 6. As opposite, for DG, solution times dominate. Increased assembly
costs are essentially due to the solution of the local problems involved in static condensa-
tion. An important observation is that, since the assembly procedure is perfectly scalable
while ILU preconditioned smoothers are not, HHO discretizations might show better scal-
ability results as compared to DG in massively parallel computations.

We conclude this section commenting about solver efficiency (last column in Tables 10,
11, 12, 13, 14 and 15). It is clear that higher-order discretizations (k = 6) achieve better
efficiency than high-order discretizations (k = 3), in both 2D and 3D. This outlines the
intrinsic limitation of p-multilevel solution strategies: when considering fine meshes, the
performance of the coarse solver might limit the efficiency because the number of DOFs
and MNZs on the coarse level can not be chosen arbitrarily low. Accordingly, p-multilevel
solver are best suited for those situations where arbitrarily coarse meshes with higher-order
polynomials can be employed.

5.6 Comparison Based on CPU Time

To close this section, we provide a synthetic comparison based on CPU time for various
choices of mesh families and polynomial degrees. Specifically, Figs. 3, 4, 5 and 6 display
the L2-norms of the errors on both the velocity and pressure for selected mesh families and
maximum polynomial degrees k = 3 and k = 6. In all the cases, the HHO schemes outper-
form the DG schemes, with the HHO-dp variant being the most efficient. Only for the pris-
matic mesh sequence considered in Fig. 5 the performance of the DG scheme comes close
to that of the HHO on coarser meshes (on finer meshes, the reduced order of convergence
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Table 7 Evaluation of p-multilevel solution strategies for solving high-order k = 3 HHO-dp over 2D regu-
lar mesh sequences. Solvers are applied to uncondensed and statically condensed matrices (identified by
different colors) considering two alternative Schur complement implementations, see text for details. See
Sect. 5.2.2 for solver options

L vabmemel HHO-dp vép-cond HHO-dp v-cond
\ \ \

card(7y,) Error in L” norm Conv. rate ITs CPU time
up Guy, Ph Duy, ‘ u, Guy ITs;, ‘ Sol. Ass. Tot. ‘
Trapezoidal elements mesh sequence (trapz-quad)

Ph ‘ ITs

0.00201 0.0243 0.0117 0.0123 - 4 1 0.000997  0.000756  0.00175
16 7.42E-05  0.00181  0.000951 0.000825 4.76 374 3.62 5 1 0.00225  0.00293  0.00518 | 135
64 2.83E-06  0.00013  6.45E-05 6.3E-05 471 38 388 6 1 0.008 0.0115 0.0195 | 106
256 9.43E-08 8.43E-06 4.07E-06 4.25E-06 491 395 398 6 1 0.0348 0.0459 0.0808 | 96.5
1024 295E-09 5.28E-07 2.65E-07 2.77E-07 5 4 394 6 1 0.18 0.185 0365 | 885
4096 94E-11  3.37E-08 1.71E-08 1.77E-08 497 397 396 6 1 0.868 0.74 1.61 90.8
16384 | 3.01E-12 2.14E-09 1.09E-09 1.13E-09 496 398 396 6 1 4.28 3 727 88.4
4 0.00201 0.0243 0.0117 0.0123 - - - 5 1 0.00107  0.000694  0.00177 -
16 7.42E-05  0.00181  0.000951 0.000825 4.76 3.74 3.62 5 1 0.00245  0.00263  0.00507 | 139
64 2.83E-06  0.00013  6.45E-05 6.3E-05 471 38 38 6 1 0.00937 0.0103 0.0196 | 103
256 9.43E-08 8.43E-06 4.07E-06 4.25E-06 491 395 398 6 1 0.0404 0.041 0.0814 | 96.5
1024 2.95E-09 528E-07 2.65E-07 2.77E-07 5 4 394 6 1 0.229 0.165 0.394 82.7
4096 94E-11  337E-08 1.71E-08 1.77E-08 497 397 396 6 1 1.13 0.66 1.79 88.2
16384 | 2.99E-12 2.14E-09 1.09E-09 1.13E-09 497 398 397 6 1 5.74 2.68 8.42 84.9
Delaunay triangular elements mesh sequence (Del. tri)

0.000697  0.0103 0.00823  0.00887 - - 1 0.00146 -
50 9.52E-06  0.000334  0.000281 0.0003 469 374 3.69 10 1 0.00568  0.00688  0.0126 | 124
192 291E-07 2.14E-05 1.77E-05 2E-05 519 4.08 411 10 1 0.0213 0.0261 0.0474 | 79.4
810 1.03E-08 1.41E-06 1.12E-06 129E-06 4.64 378 383 12 1 0.124 0.111 0.235 80.8
3120 343E-10 9.1E-08 7.19E-08 83E-08 504 4.06 4.08 12 1 0.558 0.427 0984 | 71.6
12780 | 1.01E-11 541E-09 4.32E-09 4.97E-09 5 4 399 11 1 2.44 1.75 4.19 93.9
50744 | 441E-13 346E-10 2.77E-10 3.18E-10 454 399 398 12 1 12 7.01 19 66.1
8 0.000697  0.0103 0.00823 0.00887 - - - 7 1 0.0018 0.00127  0.00307 -
50 9.52E-06  0.000334  0.000281 0.0003 469 374 369 9 1 0.00716 ~ 0.00709  0.0143 129
192 291E-07 2.14E-05 1.77E-05 2E-05 519 408 411 9 1 0.0271 0.0243 0.0514 | 83.1
810 1.03E-08 1.41E-06 1.12E-06 1.29E-06 4.64 378 383 9 1 0.146 0.102 0.248 83
3120 343E-10 9.1E-08 7.19E-08 8.3E-08 504 4.06 4.08 9 1 0.643 0.396 1.04 71.6
12780 1.01E-11  5.41E-09 4.32E-09 4.97E-09 5 4 399 9 1 3.03 1.64 4.67 89
50744 | 3.51E-13  345E-10 2.76E-10 3.18E-10 488 399 399 9 1 14.5 6.48 21 66.7

results in worse performance for DG). We remark that the formula given in (18) predicts a
different performance gap between HHO and DG for tetrahedral and prismatic meshes since
prisms have twice the number of faces.

6 Numerical Investigation of k-Dependency

In this section we investigate the performance of the multilevel solver while increasing
the polynomial degree. We consider discretizations of degree k = 3, 6, 10 over the coarsest
grids of the 2D and 3D mesh sequences described in Sect. 5.1. We omit the graded quad-
rilateral mesh since the results are comparable with those obtained over the trapezoidal
mesh. Dirichlet boundary conditions are enforced on all but one of the surfaces (edges
in 2D) composing 0€Q, where Neumann boundary conditions are enforced instead. The
boundary data and forcing term are inferred from the exact solution, see Sect. 5.2.1.
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Table 8 Evaluation of p-multilevel solution strategies for solving high-order k = 3 HHO-dp over 2D graded
mesh sequences. Solvers are applied to uncondensed and statically condensed matrices (identified by dif-
ferent colors) considering two alternative Schur complement implementations, see text for details. See
Sect. 5.2.2 for solver options

— HHO-dp v&p-cond HHO-dp v-cond
card(7y,) \

Ermr in L° norm Conv. rate ‘ ITs ‘ CPU time ‘ Eff
Duy, uj Guy, Ts ITs;, ‘ Sol. Ass.
letOl’led and graded quadnlateral elements mesh sequence (dist. quad)

0.00201 0.0243 0.0117 0.0123 0000941 0.000753  0.00169
0.000296  0.00552  0.00292  0.00202 | 2. 76 2.14 0.00612  0.0101
64 1.23E-05  0.000398  0.000225  0.000208 | 4.58 3.8 3.7 0.00801 0.0133 0.0213 190
256 3.52E-07 2.31E-05 1.16E-05 1.18E-05 | 513 4.11 428 0.0376 0.0459 0.0835 | 102
1024 1.12E-08 1.46E-06 7.49E-07 7.59E-07 | 497 398 395 0.213 0.184 0397 | 84.1
4096 3.57E-10  9.3E-08  4.86E-08 4.93E-08 | 497 397 395 123 0.736 197 80.7
16384 | 1.18E-11 5.97E-09 448E-09 3.14E-09 | 492 396 344 9.53 2.99 12.5 62.9
4 0.00201 0.0243 0.0117 0.0123 - - - 0.00102  0.000814  0.00184 -
16 0.000296  0.00552 0.00292 0.00202 | 276 2.14 2 0.00244  0.00265  0.00508 | 145
64 1.23E-05 0.000398  0.000225  0.000208 | 4.58 3.8 3.7 0.00923 0.0103 0.0196 | 104
256 3.52E-07 2.31E-05 1.16E-05 1.18E-05 | 513 411 428 0.0406 0.0411 0.0817 | 958
1024 1.12E-08  1.46E-06 7.49E-07 7.59E-07 | 497 398 395 0.232 0.165 0.396 82.5
4096 3.57E-10  9.3E-08  4.85E-08 4.93E-08 | 497 397 395 1.13 0.658 1.79 88.5
16384 | 1.16E-11  5.95E-09  3.2E-09 32E-09 | 494 397 392 6.07 2.69 8.75 81.9
Distorted and graded triangular elements mesh sequence (dist. tri)

w~NocooouuRDxaou s

1
1
1
1
1
1
1
1
1
1
1
1
1
1

0.000743  0.00999  0.00762 0.0083 1 0.00122  0.00125  0.00247

0.000182  0.00321 0.00238  0.00286 | 2. 03 1l 68 1 0.00357  0.00436  0.00793 124
128 7.9E-06  0.000253  0.000202  0.000228 | 4.53 3.67 3.56 11 1 0.0133 0.0173 0.0306 | 104
512 2.36E-07 1.54E-05 1.13E-05 1.32E-05 | 506 4.04 4.17 16 1 0.0772 0.0689 0.146 | 83.7
2048 6.77E-09  9.11E-07 6.91E-07 7.85E-07 | 5.13 4.08 4.03 649 1 12,5 0.275 12.7 4.59
8192 0.0313 9.51 19.1 1.22 -22.1  -233  -247 1000* 1 82.8 1.1 839 60.7
32768 0.566 261 1.31E+03 25 -4.18 -478 -6.1  1000* 1 345 4.44 349 96.2

8 0.000743  0.00999 0.00762 0.0083 - - - 8 1 0.00154  0.00125  0.00279 -
32 0.000182  0.00321 0.00238 0.00286 | 2.03 1.64 1.68 8 1 0.00422  0.00415  0.00837 | 134
128 7.9E-06  0.000253  0.000202  0.000228 | 4.53  3.67 3.56 8 1 0.0153 0.0163 0.0316 | 106

512 2.36E-07 1.54E-05 1.13E-05 1.32E-05 | 506 4.04 4.17 8 1 0.0682 0.065 0.133 95
2048 6.76E-09  9.11E-07  6.89E-07  7.85E-07 | 5.13 4.08 4.03 9 1 0.38 0.255 0.636 | 83.8
8192 221E-10 5.85E-08  4.39E-08 SE-08 494 396 397 11 1 2.02 1.03 3.05 832
32768 | 7.45E-12  381E-09 2.92E-09 3.27E-09 | 489 394 391 18 1 12.8 4.15 17 721

The solution of the linear systems is based on an FGMRES iterative solver precondi-
tioned with a p-multilevel V-cycle iteration: for k, = k = 3 (fine level), we consider a two-
level (L = 1) preconditioner with k; = k; = 1 on the coarse level ({3,1} preconditioner in
tables); for k, = k = 6 (fine level), we consider a three-level (L = 2) preconditioner with
k; = 3 on the intermediate level and k, = k;, = 1 on the coarse level ({6,3,1} preconditioner
in tables); for k, = k = 10 (fine level) we consider a four-level (L = 3) preconditioner with
k; =6, k, = 3 on the intermediate levels and k; = k;, = 1 on the coarse level ({10,6,3,1}
preconditioner in tables). We remark that, in order to preserve the efficiency of the multi-
grid iteration while increasing k, we increase the stride between the degree of subsequent
polynomial spaces in the multilevel stack. Notice that the ratio between the dimension of
polynomial spaces of degree k + 1 and k obeys the following rule:

dim(P+)

1+ -4
dim(P%) k+1°
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Table 9 Evaluation of p-multilevel solution strategies for solving high-order k = 3 HHO-dp over 3D mesh
sequences. Solvers are applied to uncondensed and statically condensed matrices (identified by different
colors) considering two alternative Schur complement implementations, see text for details. See Sect. 5.2.2
for solver options

HHO-dp v&p-cond HHO-dp v-cond
card(7y,) Error in L norm ‘ Conv. rate ‘ ITs ‘ CPU time ‘ Eff
uy, Guy, Ph Du, | u,  Guy  p, [ ITs ITsp | Sol Ass. Tot. |

Prismatic elements mesh sequence (prism)

0.000721 0.0162 0.0128 0.00713 - - -

2.41E-05 0.00105  0.000732  0.00047 491 395 4.13 783

1024 7.77E-07 6.57E-05 4.21E-05 293E-05 495 399 4.12 714

8192 247E-08 4.11E-06 2.5E-06 1.82E-06 4.97 4 4.08 70.9
16 0.000721 0.0162 0.0128 0.00713 - - - -

128 241E-05 0.00105  0.000732  0.00047 491 395 4.13 82.7

1024 7.77E-07 6.57E-05 4.21E-05 293E-05 495 399 4.12 86.8

8192 247E-08 4.11E-06 2.5E-06 1.82E-06 4.97 4 4.08 69.1

Pyramidal elements mesh sequence (pyram)

0.000278  0.00811  0.00306 0.0029 - =

8.93E-06 0.000519 0.000191 0.000193 4.96 3.97 4 79.4
3072 2.82E-07 3.26E-05 1.2E-05 1.23E-05 499 3.99 4 69.9
24576 | 8.82E-09 2.04E-06 7.48E-07 7.79E-07 5 4 4 54
48 0.000278  0.00811 0.00306 0.0029 - - - -
384 8.93E-06  0.000519  0.000191  0.000193 4.96 3.97 4 86.6
3072 2.82E-07 3.26E-05 1.2E-05 123E-05 499 3.99 4 82.6
24576 | 8.82E-09 2.04E-06 7.48E-07 7.79E-07 S 4 4 66.4

Distorted and graded tetrahedral elements mesh sequence (dist. tet)

0.00156 0.0342 0.0153 0.0166 - - - 0.0597  0.0495

0.109

192 4.82E-05 0.00213  0.000893  0.00105 5.01 401 4.1 0.863 0.418 1.28 68.1
1536 7.23E-06  0.000458  0.00016 ~ 0.000228 2.74 222 248 36.3 341 39.7 25.8
12288 | 2.79E-07 3.31E-05 1.17E-05 1.64E-05 4.69 379 3.77 5.98E+03  27.7  6.01E+03 | 529
24 0.00156 0.0342 0.0153 0.0166 - - - 0.0335 0.0436 0.077 -
192 4.82E-05  0.00213  0.000893  0.00105 5.01 4.01 4.1 0.371 0.362 0.734 84
1536 7.23E-06  0.000458  0.00016 ~ 0.000228 2.74 222 248 4.45 2.9 7.34 79.9
12288 | 2.79E-07 3.31E-05 1.17E-05 1.64E-05 4.69 3.79 3.77 86.6 23.5 110 53.4

On the fine and intermediate levels, the pre- and post-smoothing strategies consist in two
iterations of ILU preconditioned GMRES. On the coarse level, we employ an LU solver
when working in two space dimensions and ILU preconditioned GMRES solver when
working in three space dimensions. The relative (unpreconditioned) residual decrease for
the outer FGMRES solver is set to 10~!* when d = 2 and to 10~'* when d = 3. The relative
(unpreconditioned) residual decrease for the GMRES solver on the coarse level is set to
1073 in three space dimensions.

‘We compare the performance of the three schemes presented in Sect. 2. For all the numeri-
cal test cases, accuracy is evaluated computing the L?-errors on the velocity (“u,” column),
velocity gradients (“Gu,,” column), pressure (“p,” column) and divergence (“Du,” column).
Similarly, performance is evaluated based on number of iterations and wall clock times, see
Sect. 5.2.3. The results are reported in Tables 16 and 17 considering 2D and 3D meshes,
respectively. p-Multilevel solvers deliver almost uniform convergence with respect to the poly-
nomial degree when applied to HHO discretizations: notable exceptions are HHO-dp over the
trapezoidal elements grid and HHO-hp over the pyramidal elements grid. The increase in the
iteration number for higher-order DG discretizations is more evident: in 3D, e.g., the iteration
count doubles moving from k = 3to k = 10.
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Table 10 Evaluation of p-multilevel solution strategies performance while decreasing i (d = 2 standard
meshes, k = 3). See Sect. 5.2.2 for solver options. DOF and MNZ specs are reported in Tables 3 and 4,
respectively

DG HHO-dp v-cond HHO-hp v&p-cond
card(7y,) Error in L2 norm ‘ Conv. rate ‘ ITs ‘ CPU time ‘ Eff
uy Guy, I Du, | u,  Guy p, |ITs TITsp | Sol Ass. Tot. |
Trapezoidal elements mesh sequence (trapz-quad)

4 0.0128 0.154 0.0456 0.0411 - - - 6 1 0.0016  0.000337  0.00194 -
16 0.000943  0.0221 0.00442  0.00635 3.76 28 337 8 1 0.00769  0.00128  0.00896 | 86.6
64 6.73E-05  0.00305  0.000628 0.000883 3.81 2.86 2.82 8 1 0.0329 0.00513 0.038 94.3
256 4.28E-06 0.000388 7.49E-05 0.000112 397 298 3.07 10 1 0.193 0.0208 0.214 71.2
1024 2.69E-07 4.87E-05 9.31E-06 143E-05 399 299 3.01 11 1 0.98 0.0835 1.06 80.4
4096 1.72E-08  6.17E-06  1.19E-06 1.81E-06 397 298 297 12 1 5.02 0.337 5.35 79.5
16384 1.09E-09 7.79E-07 1.52E-07 231E-07 398 298 297 12 1 26 1.35 274 78.2

4 0.00201 0.0243 0.0117 0.0123 - - - 5 1 0.00107  0.000694  0.00177 -
16 7.42E-05  0.00181  0.000951 0.000825 4.76 3.74 3.62 5 1 0.00245 0.00263  0.00507 | 139
64 2.83E-06 0.00013 6.45E-05 6.3E-05 471 38 388 6 1 0.00937 0.0103 0.0196 103
256 9.43E-08 843E-06 4.07E-06 425E-06 491 395 398 6 1 0.0404 0.041 0.0814 | 96.5
1024 295E-09 5.28E-07 2.65E-07 2.77E-07 5 4 394 6 1 0.229 0.165 0.394 82.7
4096 9.4E-11  337E-08 1.71E-08 1.77E-08 4.97 397 396 6 1 1.13 0.66 1.79 88.2
16384 | 2.99E-12 2.14E-09 1.09E-09 1.13E-09 4.97 398 397 6 1 5.74 2.68 8.42 84.9

4 0.00233 0.0317 0.0101 6.12E-15 - - - 3 1 0.000946  0.000703  0.00165 -
16 9.34E-05  0.00238  0.000665 1.46E-14 4.64 373 393 4 1 0.00529  0.00746  0.0128 | 51.7
64 3.42E-06 0.000171 4.37E-05 247E-14 477 38 393 4 1 0.0091 0.012 0.0211 | 242
256 1.IE-07  1.08E-05 2.64E-06 4.80E-14 496 398 4.05 5 1 0.0498 0.0373 0.0871 97
1024 3.43E-09 6.88E-07 1.68E-07 8.48E-14 5 398 397 5 1 0.307 0.148 0.456 76.4
4096 1.11E-10  4.38E-08 1.08E-08 1.63E-13 495 397 397 5 1 1.72 0.592 2.31 78.8
16384 | 3.55E-12 2.77E-09 6.92E-10 3.17E-13 496 398 396 5 1 10.2 231 12.6 73.8

Delaunay triangular elements mesh sequence (Del. tri)

8 0.000873  0.0139 0.00803  1.87E-14 - - -
50 1.57E-05  0.00053  0.000244 5.11E-14 438 3.56 3.81
192 5.28E-07 3.56E-05 1.56E-05 8.55E-14 5.05 4.02 4.09
810 1.72E-08 231E-06 9.61E-07 1.62E-13 476 38 3.87

0.00131 0.00113  0.00244 -
0.00596  0.00594  0.0119 | 123
0.0225 0.0218 0.0443 | 80.6
0.141 0.0919 0.233 76.2

8 0.00498 0.0837 0.0559 0.0356 - - - 9 1 0.00382  0.000568  0.00439 -
50 0.000158  0.00613  0.00297  0.00287 3.77 285 32 12 1 0.0303 0.00337 0.0337 | 81.4
192 9.58E-06  0.000761  0.000287 0.000364 4.17 3.1 347 13 1 0.14 0.0127 0.152 84.9
810 6.73E-07  9.8E-05  3.65E-05 4.64E-05 3.69 2.85 287 13 1 0.68 0.0538 0.734 875
3120 446E-08 1.25E-05 4.83E-06 5.89E-06 4.03 3.05 3 13 1 2.89 0.211 3.1 91.2
12780 | 2.64E-09 1.5E-06  5.71E-07 6.98E-07 4.01 3.01 3.03 13 1 137 0.873 14.6 86.9
50744 1.68E-10  1.9E-07  7.16E-08  8.84E-08 4 299 3.01 13 1 68.1 3.66 71.8 80.8
8 0.000697  0.0103 0.00823 0.00887 - - - 7 1 0.0018 0.00127  0.00307 -
50 9.52E-06  0.000334  0.000281 0.0003 469 374  3.69 1 0.00716 ~ 0.00709  0.0143 129
192 291E-07 2.14E-05 1.77E-05 2E-05 519 408 411 1 0.0271 0.0243 0.0514 | 83.1
810 1.03E-08 1.41E-06 1.12E-06 1.29E-06 4.64 3.78 3.83 1 0.146 0.102 0.248 83
3120 343E-10 9.1E-08  7.19E-08 8.3E-08 504 4.06 4.08 1 0.643 0.396 1.04 71.6
12780 1.01E-11  5.41E-09 4.32E-09 4.97E-09 5 4 3.99 1 3.03 1.64 4.67 89
50744 | 3.51E-13 3.45E-10 2.76E-10 3.18E-10 4.88 3.99 3.99 1 14.5 6.48 21 66.7
1
1
1
1
1
1
1

00 00 0 00 ~J ® £ © © O O ©C©

3120 5.66E-10 1.53E-07 6.18E-08 3.13E-13 5.06 4.03 4.07 0.65 0.353 1 69.6
12780 1.65E-11 9E-09 3.67E-09 6.16E-13 5.01 4.02 401 3.41 1.44 4.85 82.6
50744 | 949E-13 5.77E-10 2.34E-10 1.22E-12 415 398 3.99 19.6 5.74 253 575

As a final comment regarding accuracy at very high-order polynomial degrees, we remark
that HHO discretizations seem to be more sensitive than DG to round-off errors related to finite
precision. In particular, HHO shows better precision than DG at k = 6 but, in some cases, the
accuracy of DG is slightly better at k = 10, when the errors approach machine precision.

7 Scalability

In this section we include basic scalability results for p-multilevel solvers applied to
HHO-dp discretizations. Even if a complete analysis and comparison of the parallel per-
formance of nonconforming discretizations is outside the scope of the paper, we ought
to show that additive Schwarz method (ASM) preconditioners are an effective means of
achieving satisfactory parallel efficiency. We consider the finest grid of the pyramidal
mesh sequence (counting of 24 K elements) and an HHO-dp scheme with k = 5. Static
condensation acts on the sole velocity unknowns (HHO-dp v-cond), as described in
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Table 11 Evaluation of p-multilevel solution strategies performance while decreasing h (d =2 graded
meshes, k = 3). See Sect. 5.2.2 for solver options. DOF and MNZ specs are reported in Tables 3 and 4,
respectively

DG HHO-dp v-cond HHO-hp v&p-cond
card(7y,) Error in L2 norm ‘ Conv. rate ‘ ITs ‘ CPU time ‘ Eff
uy Guy, I Du, | u,  Guy p, |ITs TITsp | Sol Ass. Tot. |
Distorted and graded quadrilateral elements mesh sequence (dist. quad)

4 0.0128 0.154 0.0456 0.0411 - - - 6 1 0.00162  0.000333  0.00195 -
16 0.00291 0.0487 0.0153 0.0145 213 166 157 8 1 0.00759  0.00126  0.00885 | 88.3
64 0.000207  0.00656  0.00186  0.00204 3.81 289 3.04 9 1 0.0359 0.0051 0.041 86.4
256 1.17E-05  0.000784 0.000178 0.000242 4.14 3.07 339 10 1 0.193 0.021 0.214 76.7
1024 747E-07 9.94E-05 2.22E-05 3.02E-05 397 298 3 11 1 0.968 0.0849 1.05 81.2
4096 4.75E-08 1.26E-05 2.83E-06 3.89E-06 397 298 297 12 1 5 0.343 5.34 78.8
16384 | 3.01E-09 1.59E-06 3.62E-07 4.94E-07 398 299 297 13 1 272 1.38 28.6 74.9

4 0.00201 0.0243 0.0117 0.0123 - - - 5 1 0.00102  0.000814  0.00184 -
16 0.000296  0.00552  0.00292  0.00202 276 2.14 2 5 1 0.00244  0.00265  0.00508 | 145
64 1.23E-05  0.000398 0.000225 0.000208 4.58 3.8 3.7 6 1 0.00923 0.0103 0.0196 104
256 3.52E-07 231E-05 1.16E-05 1.18E-05 5.13 4.11 428 6 1 0.0406 0.0411 0.0817 | 95.8
1024 1.12E-08  1.46E-06 7.49E-07 7.59E-07 497 398 395 6 1 0.232 0.165 0.396 825
4096 3.57E-10 9.3E-08 4.85E-08 4.93E-08 497 397 395 6 1 1.13 0.658 1.79 88.5
16384 1.16E-11  5.95E-09  3.2E-09 3.2E-09 494 397 392 7 1 6.07 2.69 8.75 81.9

4 0.00233 0.0317 0.0101 6.12E-15 - - - 3 1 0.000864  0.000716  0.00158 -
16 0.000387  0.0073 0.00187  3.65E-14 259 212 244 4 1 0.00237  0.00254  0.00492 | 129
64 1.49E-05 0.000514 0.000122 6.05E-14 4.7 383 393 4 1 0.00871 0.00962  0.0183 107
256 4.2E-07 298E-05 7.2E-06 3.73E-13 515 411 409 5 1 0.0496 0.0374 0.087 84.2
1024 1.33E-08 1.88E-06 4.44E-07 1.69E-12 499 398 402 5 1 0.305 0.148 0.454 76.7
4096 429E-10 1.21E-07 29E-08 7.86E-12 495 396 394 5 1 1.72 0.59 2.31 78.4

16384 1.37E-11  7.69E-09 1.84E-09 2.83E-11 497 398 398 6 1 10.7 258 13 71

Distorted and graded triangular elements mesh sequence (dist. tri)

8 0.00512 0.0804 0.0575 0.034 - - - 8
32 0.00163 0.032 0.0213 0.0127 1.65 133 143 10
128 0.000131  0.00454  0.00247 0.00206 3.64 282 3.1 11
512 7.96E-06 0.000557 0.000262 0.000257 4.04 3.03 324 11

2048 491E-07 6.9E-05 3.29E-05 3.19E-05 4.02 302 299 17

0.0034  0.000539  0.00394 -

0.0152 0.00205 0.0173 | 91.1
0.0711 0.00833 0.0794 | 87.2
0.343 0.0339 0.377 842

2.26 0.135 24 63
8192 3.15E-08 8.78E-06 4.11E-06 4.07E-06 3.96 2.97 3 31 17 0.548 17.6 54.5
32768 | 2.04E-09 1.12E-06 5.36E-07 S5.18E-07 3.94 297 294 50 114 222 116 60.8

8 0.000743  0.00999  0.00762 0.0083 - - - 8
32 0.000182  0.00321 0.00238  0.00286 2.03 164 1.68 8
128 7.9E-06  0.000253 0.000202 0.000228 4.53 3.67 356 8
8
9

0.00154  0.00125  0.00279 -
0.00422 0.00415  0.00837 | 134
0.0153 0.0163 0.0316 106

512 2.36E-07 1.54E-05 1.13E-05 1.32E-05 5.06 4.04 4.17 0.0682 0.065 0.133 95

2048 6.76E-09  9.11E-07 6.89E-07 7.85E-07 5.13 4.08 4.03 0.38 0.255 0.636 83.8
8192 2.21E-10 5.85E-08 4.39E-08 SE-08 494 396 397 11 2.02 1.03 3.05 832
32768 | 745E-12  3.81E-09 292E-09 3.27E-09 489 394 391 18 12.8 4.15 17 72.1

8 0.000917  0.0167 0.00722  2.69E-14 - - - 5
32 0.000248  0.00587  0.00215 6.07E-14 1.89 151 175 6
128 1.07E-05  0.000402 0.000157 3.57E-13 4.54 387 377 8
512 3.01E-07 245E-05 9.62E-06 14IE-12 5.15 4.03 403 9
2048 1.01E-08 1.62E-06 5.72E-07 5.02E-12 49 392 4.07 10
8192 3.24E-10 1.03E-07 3.68E-08 242E-11 496 397 396 14
32768 | 1.08E-11  6.6E-09 2.52E-09 94E-11 491 397 387 21

0.00108  0.00103  0.00211 -
0.00531  0.00822  0.0135 | 623
0.014 0.0154 0.0294 | 184
0.0769 0.0577 0.135 87.3
0.448 0.228 0.676 | 79.7
2.81 0.909 3.72 72.7
18.5 3.64 22.1 67.2

T . — — — — = e e e

(15). The multilevel solver strategy is the same employed in serial computations for
k = 6, but smoother preconditioners are suitably designed, as outlined in what follows.

The parallel implementation is based on the distributed memory paradigm and requires
to partition the computational mesh in several subdomains. In case of HHO methods, not
only the mesh but also the mesh skeleton needs to be partitioned: as a result, each mesh
entity (element or face) belongs to one and only subdomain. Each subdomain is assigned to
a different computing unit that performs matrix assembly for the local mesh elements per-
taining to the subdomain. Mesh partitioning directly reflects into matrix partitioning in the
sense that all entries of the matrix rows (PETSc matrix implementation is row-major) per-
taining to local mesh entities are allocated and stored in local memory. Once matrix assem-
bly is completed, the linear system is approximately solved in each subdomain. Depending
on the preconditioner strategy, the solver performance might degrade increasing the num-
ber of subdomains, see e.g., [55].

A commonly used ASM preconditioner strategy for DG discretizations consists in
employing an ILU decomposition in each subdomain matrix suitably extended to include
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Table 12 Evaluation of p-multilevel solution strategies performance while decreasing i (d = 2 standard
meshes, k = 6). See Sect. 5.2.2 for solver options and Figs. 3 and 4 for a graphical representation. DOFs
and MNZs specs are reported in Tables 3 and 4, respectively

DG HHO-dp v-cond HHO-hp v&p-cond
card(7y,) Error in L norm ‘ Conv. rate ‘ ITs ‘ CPU time ‘ Eff
up Guy, Ph Duy, ‘ uj Guy, Ph ‘ ITs ITsy ‘ Sol. Ass. Tot. ‘
Trapezoidal elements mesh sequence (trapz-quad)

4 1.16E-05 0.000255 0.000132  0.000108 - - - 9
16 1.35E-07 5.43E-06 1.79E-06 2.41E-06 6.43 5.55 6.2 13
64 1.23E-09 9.88E-08 3.33E-08 4.32E-08 6.77 5.78 5.75 18
256 1.02E-11  1.61E-09 5.25E-10 7.03E-10 6.92 5.94 5.99 21

0.0105 0.0016 0.0121 -

0.0714  0.00682  0.0782 62
0.467 0.0287 0.496 63
232 0.119 244 81.3

1
1
1
1
1024 3.19E-13  296E-11 4.06E-11 1.57E-11 S 5.77 3.69 21 1 9.69 0.472 10.2 96.1
4 1.12E-06  2.34E-05 1.77E-05  1.83E-05 - - - 7 1 0.00246  0.00321  0.00566 -
16 7.95E-09 293E-07 2.17E-07  2.4E-07 7.14 6.32 6.36 7 1 0.00828  0.0131 0.0214 106
64 3.53E-11  2.64E-09 1.93E-09 2.11E-09 | 7.82 6.8 6.81 8 1 0.0375 0.0535 0.091 93.8
256 1.51E-13  2.18E-11  1.59E-11  1.75E-11 7.86 6.92 6.93 8 1 0.179 0.217 0.396 91.9
1024 22E-13  2.02E-12  2.11E-12 147E-12 | -0.539 343 2.91 8 1 0.818 0.882 7/ 93.2
4 1.58E-06 3.45E-05 1.49E-05 8.61E-14 - - - 3 1 0.00149  0.00323  0.00472 -
16 1.03E-08  4.28E-07 1.71E-07 1.37E-13 7.26 6.33 6.45 4 1 0.00497  0.0118  0.0168 112
64 491E-11 3.87E-09 1.5E-09 2.74E-13 771 6.79 6.83 5) 1 0.0223  0.0463  0.0686  97.9
256 2.29E-13  324E-11 1.17E-11  4.54E-13 7.74 6.9 7 6 1 0.129 0.184 0.313 87.6
1024 1.08E-13  1.44E-12  1.65E-12  7.64E-13 1.09 4.49 2.83 8 1 0.749 0.732 1.48 84.5
Delaunay triangular elements mesh sequence (Del. tri)
8 1.87E-06 4.97E-05 3.39E-05 2.16E-05 - 20 0.0378  0.00288  0.0407

0.416 0.0184 0.435 58.5
1.89 0.0736 1.96 85.2
8.26 0.313 8.57 96.4
335 1.21 34.7 95.1

50 4.01E-09 2.73E-07 1.71E-07 1.36E-07 6.7 5.68 5.78 27
192 295E-11 4.11B-09 2.02E-09 2.08E-09 73 6.24 6.6 30
810 531E-13  7.62E-11  5.04E-11  3.75E-11 5.58 5.54 5.13 30
3120 7.33E-13 244B-11 541E-11  1.58E-11 | -0.478 1.69 -0.106 31

8 1.3E-07  3.21E-06 2.84E-06 2.98E-06 - - - 11 0.0047  0.00569  0.0104 -
50 1.5E-10  8.28E-09 7.71E-09 8.33E-09 7.38 6.5 6.45 11 0.026 0.0355 0.0616 101
192 5.39E-13  6.25E-11  5.6E-11 6.2E-11 8.36 7.26 7.32 12 0.123 0.137 0.26 71
810 1.24E-13  19E-12  225E-12 1.61E-12 2.04 4.86 4.47 12 0.58 1.18 88

3120 247E-13  3.52E-12 4.51E-12  2.7E-12 -1.02  -0917 -1.03 12 2.44 224 4.68 759

8 2.3E-07 6.82E-06 3.44E-06 1.55E-13 = = 4 0.00202  0.00551  0.00753 =

50 2.61E-10 1.93E-08 82E-09 3.35E-13 74 6.4 6.59 12
192 9.85E-13  1.44E-10 6.19E-11  4.35E-13 8.3 7.28 7.26 12
810 1.13E-13  5.69E-12 9.56E-12  9.59E-13 | 3.01 4.49 2.59 13
3120 1.86E-13  8.3E-12  1.03E-11 1.87E-12 | -0.741 -0.559 -0.113 14

0.0179  0.0314  0.0493 916
0.08 0.119 0.199 744
0.435 0.502 0.937 84.9
1.89 1.92 3.82 73.6

N — -~ R,k — =
o
=N
=
rs)

the matrix rows of ghost elements, that is, neighbors of local mesh elements that belong to
a different subdomain. This implies that the local matrix is extended to encompass the sten-
cil of the DG discretizations, see [43] for additional details. We consider a similar strategy
for HHO discretizations: each subdomain matrix is extended to include the matrix rows of
ghost faces, that is, faces of the local mesh elements that belong to a different subdomain.
Interestingly, even if the resulting local matrix does not encompass the stencil of the HHO
discretization, mass conservation defect takes into account all element’s faces.

As a result of the ASM described above, the amount of overlap between subdomain
matrices, i.e., the number of matrix entries that are repeated in more than one subdomain,
is smaller for HHO than for DG. Consider, for example, two subdomains sharing a face:
if the face is local for subdomain A, it is a ghost face for subdomain B and vice-versa.
Accordingly, only one of the two subdomain matrices is extended for HHO discretizations.
As opposite, since each of the two mesh elements sharing the face has a ghost neighbour,
both subdomain matrices are extended for DG discretizations.

Scalability is measured increasing the number of execution units from 16 to 256:
in particular we consider a total of five steps doubling the number of execution units
at each step. We ran our tests on a four two-socket nodes cluster with eight 32-cores
AMD EPYC 7501 CPUs. Each CPU has a non-uniform memory access (NUMA) topol-
ogy of four 8-core dies and two memory channels per die. Execution-units are pinned
so that each NUMA is either empty (no process running) or full (8 processes running),
thereby ensuring that the memory bandwidth is independent from the number of MPI
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Table 13 Evaluation of p-multilevel solution strategies’ performance while decreasing h (d =2 graded
meshes, k = 6). See Sect. 5.2.2 for solver options and Figs. 3 and 4 for a graphical representation. DOF and
MNZ specs are reported in Tables 3 and 4, respectively

DG HHO-dp v-cond HHO-hp v&p-cond
card(7y,) Error in L2 norm ‘ Conv. rate ‘ ITs ‘ CPU time ‘ Eff
up Guy, Ph Duy, ‘ up Guy, Ph ‘ ITs  ITsy ‘ Sol. Ass. Tot. ‘
Distorted and graded quadrilateral elements mesh sequence (dist. quad)

4 1.16E-05  0.000255 0.000132  0.000108 - - - 9 1 0.0105  0.0016  0.0121 -
16 1.18E-06 3.32E-05 1.17E-05 1.39E-05 | 3.31 294 35 13 1 0.0714  0.00682  0.0782 | 61.9
64 1.27E-08 6.61E-07 2.04E-07 2.82E-07 6.53 565 5.83 | 17 1 0.448 0.0287 0.477 65.6
256 841E-11 9.01E-09 242E-09 3.86E-09 | 7.24 6.2 64 | 19 1 2.13 0.117 224 849
1024 2.64E-12 1.84E-10 3.27E-10 1.04E-10 | 4.99 561 2.89 | 22 1 10 0.472 10.5 853

4 1.12E-06  2.34E-05 1.77E-05  1.83E-05 - - - 7 1 0.00247  0.00319  0.00565 -
16 8.24E-08 2.39E-06 1.65E-06 1.81E-06 | 3.77 329 342 | 7 1 0.0083  0.0132  0.0215 105
64 5.34E-10 2.68E-08 1.84E-08 2.12E-08 | 7.27 648 649 | 7 1 0.0347  0.0536  0.0883 | 97.2
256 1.8E-12  1.78E-10  1.33E-10 1.47E-10 | 821 723 711 | 7 1 0.164 0.218 0382 | 92.5
1024 5.17E-13  3.06E-11  3.39E-11 2.74E-11 1.8 254 197 7 1 0.754 0.882 1.64 93.4

4 1.58E-06  3.45E-05 1.49E-05 8.61E-14 - - - 3 1 0.0014  0.00319  0.00459 -
16 1.2E-07  3.6E-06 1.23E-06 4.77E-13 | 3.71 326 359 | 4 1 0.00498  0.0118  0.0168 | 109
64 6.28E-10 3.67E-08 1.39E-08 121E-12 | 7.58 6.61 647 | 5 1 0.0223  0.0463  0.0686 | 97.9
256 295E-12  3.01E-10 9.42E-11 8.34E-12 | 7.73 693 721 | 6 1 0.129 0.184 0.313 87.8
1024 3.26E-13  3.29E-11 2.68E-11  2.5E-11 3.18 319 182 ] 8 1 0.747 0.732 1.48 84.6

Distorted and graded triangular elements mesh sequence (dist. tri)

8 2.73E-06 5.64E-05 4.58E-05 2.39E-05 - - - 14 1 0.0281  0.00283  0.0309 -
32 3.83E-07 1.01E-05 7.37E-06 4.17E-06 | 2.83 248 264 | 18 1 0.165 0.0116 0.176 | 70.1
128 3.69E-09 2.24E-07 1.33E-07 1.02E-07 6.7 55 579 | 23 1 0.943 0.048 0.991 71.2
512 3.7E-11 3.8E-09 242E-09 1.7E-09 6.64 588 578 | 23 1 4.01 0.195 4.21 94.2
2048 6.96E-13  89E-11  1.71E-10 5.37E-11 5.73 542 3.83 | 36 1 245 0.784 2572 66.7

8 1.73E-07 3.84E-06  3.4E-06 3.57E-06 - - - 10 1 0.00395  0.00548  0.00943 -
32 2.06E-08 5.65E-07 4.75E-07 5.12E-07 | 3.07 277 284 | 11 1 0.0151 0.0222  0.0373 101
128 1.26E-10  6.84E-09  6.13E-09  6.74E-09 735 637 628 | 11 1 0.0688 0.0898 0.159 94.2
512 6.57E-13  6.17E-11  5.23E-11  5.71E-11 7.59 679 6.87 | 12 1 0.353 0.362 0.715 88.7
2048 8.53E-13  2.42E-11  2.6E-11 2.1E-11 | -0.376 135 1.01 | 13 1 1.63 1.46 3.09 92.5

8 3.39E-07 1.03E-05 4.11E-06 1.55E-13 - - - 6 1 0.00203  0.00528  0.00731 -
32 2.63E-08 1.17E-06 5.14E-07 6.82E-13 | 3.69 3.13 3 8 1 0.00793  0.0201 0.028 104
128 291E-10 2.01E-08 7.06E-09 2.25E-12 6.5 587 619 | 9 1 0.0359 0.08 0.116 | 96.5
512 9.82E-13  2.04E-10 5.71E-11 9.61E-12 | 821 6.62 695 | 12 1 0.235 0.315 0.55 84.3
2048 3.68E-12 1.16E-08 122E-10 3.42E-11 | -191 -583 -1.1 | I5 1 1.28 1.28 2.56 85.8

processes. Notice that, when running on 256 subdomains, each subdomain counts of
approximately 96 local elements.

The results reported in Table 18 confirm that the ASM preconditioner strategy pro-
vides satisfactory parallel performance: the number of outer FGMRES iterations is
uniform while increasing the number of execution units, and only a mild increase in
the iteration count is observed for the ASM preconditioned GMRES solvers on the
coarse level. The efficiency parameter (last column in Table 18) measures strong scal-
ability: 100% efficiency with N execution units would imply coarsened operators and
an N/16 fold reduction of total computation time with respect to the baseline computa-
tion performed with 16 execution units.

8 Conclusions and Perspectives

The multilevel V-cycle iteration based on p-coarsened operators and ILU preconditioned
Krylov smoothers is an effective solution strategy for high-order HHO discretizations of
the Stokes equations. The corresponding global linear systems can be solved up to machine
precision in a reasonable amount of V-cycle preconditioned FGMRES iterations (less than
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Table 14 Evaluation of p-multilevel solution strategies’ performance while decreasing h (d = 3, k = 3). See
Sect. 5.2.2 for solver options and Figs. 5 and 6 for a graphical representation. DOF and MNZ specs are
reported in Tables 5 and 6, respectively

DG HHO-dp v-cond HHO-hp v&p-cond
card(7,) Error in L% norm ‘ Conv. rate ‘ ITs ‘ CPU time ‘ Eff
up Guy, Ph Duy, ‘ uy Guy, Pn ‘ ITs ITsy ‘ Sol. Ass. Tot. ‘
Prismatic elements mesh sequence (prism)

16 0.00575 0.129 0.0988 0.0365 - - - 9 10 0.046  0.0111 0.0571 -
128 0.000347  0.0162 0.00846  0.00538 | 4.05 299 355 | 12 22 0.66  0.0873 0.747 | 61.2
1024 2.15E-05  0.00202  0.000887  0.000707 | 4.01 3 325 | 13 61 7.31 0.698 8.01 74.6
8192 1.34E-06  0.000252  0.000102 9E-05 4 3 312 | 15 160 105 5.65 111 57.9

16 0.000721 0.0162 0.0128 0.00713 - - - 8 8 0.0253  0.0342  0.0595 -
128 2.41E-05 0.00105 0.000732  0.00047 | 491 395 413 | 9 18 0.291 0284 0575 | 82.7
1024 7.77E-07  6.57E-05 4.21E-05 293E-05 | 495 399 412 | 9 42 2.95 2.35 &3 86.8
8192 2.47E-08 4.11E-06  2.5E-06  1.82E-06 | 4.97 4 408 | 10 105 42.2 19.1 61.3 69.1
16 0.000989  0.0307 0.0121 1.65E-14 - - - b 5 0.0781 0.0398  0.118 -
128 3.11E-05  0.00199  0.000696 3.37E-14 | 499 395 412 | 7 12 0.832 0303 114 83
1024 9.65E-07  0.000127 4.03E-05 5.98E-14 | 501 3.98 411 | 8 32 8.09 2123 10.3 88.1
8192 3E-08 797E-06  24E-06  1.19E-13 | 5.01 399 407 | 8 93 84.9 17.7 103 80.4
Pyramidal elements mesh sequence (pyram)
48 0.00257 0.0765 0.0396 0.0221 - - - 11 11 0.261  0.0329  0.294 -
384 0.000164  0.00979 0.0044 0.00291 | 3.98 297 317 | 13 28 2.65 0.266 291 80.8
3072 1.02E-05  0.00123  0.000522  0.000371 4 3 3.08 | 13 62 25 2.12 27.1 859
24576 | 6.38E-07 0.000153  6.45E-05 4.68E-05 4 3 3.02 | 14 155 317 16.8 333 65.1
10 13 0.1 0.111 0.211

48 0.000278  0.00811 0.00306 0.0029 - - - -

384 8.93E-06  0.000519  0.000191 0.000193 | 496 3.97 4 10 31 1.05 0.898 1.95 86.6
3072 2.82E-07 3.26E-05  1.2E-05  1.23E-05 | 499 3.99 4 10 64 11.6 7.28 18.9 82.6
24576 | 8.82E-09 2.04E-06 7.48E-07 7.79E-07 5 4 4 10 146 169 58.5 228 66.4

48 0.000302  0.0149 0.00335  3.64E-14 - - - 11 16 0428  0.104 0532 -
384 1.04E-05  0.000991 0.000203 6.33E-14 | 4.85 392 405 | 12 32 4.16 0.82 4.98 855
3072 34E-07 6.34E-05 125E-05 12E-13 | 494 397 402 | 12 76 449 6.55 515 | 774
24576 | 1.08E-08 4.01E-06 7.74E-07 235E-13 | 497 398 4.01 | 12 201 742 525 794 51.9
Distorted and graded tetrahedral elements mesh sequence (dist. tet)
24 0.00992 0.215 0.13 0.0553 - - - 14 17 0.1 0.0141  0.114 -
192 0.000671 0.0273 0.0125 0.00731 | 3.89 298 338 | 16 33 1.16 0.112 127 | 72.3
1536 0.000164  0.00915  0.00423  0.00239 | 2.03 1.57 1.56 | 19 63 132 0.879 14.1 71.9
12288 1.24E-05  0.00129  0.000646  0.000326 | 3.73 2.82 271 | 23 98 181 7.03 188 59.9
24 0.00156 0.0342 0.0153 0.0166 - - - 11 12 | 0.0335 0.0436  0.077 -
192 4.82E-05  0.00213  0.000893  0.00105 | 5.01 4.01 4.1 11 20 0.371 0362  0.734 84
1536 7.23E-06  0.000458  0.00016  0.000228 | 2.74 222 248 | 13 45 4.45 2.9 7.34 79.9
12288 | 2.79E-07 3.31E-05 1.17E-05 1.64E-05 | 469 3.79 377 | 18 108 86.6 235 110 534
24 0.00165 0.0624 0.0137 2.4E-14 - - - 6 5 0.0718 0.0473  0.119 -
192 5.65E-05  0.00412  0.000728 5.51E-14 | 4.87 3.92 424 | 8 10 0.751  0.353 1.1 86.3
1536 8.31E-06  0.000905 0.000142 1.43E-13 | 277 219 236 | 11 27 9.16 2.75 119 | 742
12288 | 3.25E-07 6.77E-05 1.04E-05 4.6E-13 | 4.68 3.74 377 | 14 54 110 23 133 71.7

20). This is remarkable, considering that severely graded mesh sequences have been tack-
led in both 2D and 3D.

Comparing p-multilevel solvers for HHO and DG discretizations based on FGMRES
iteration count, it appears that, at least in the test cases considered in this work, the for-
mer are more robust than the latter with respect to both the meshsize and the polynomial
degree. When standard A-refined mesh sequences are considered, HHO formulations show
uniform convergence with respect to the meshsize, irrespective of the considered polyno-
mial degree. On graded h-refined mesh sequences, the iteration count increases over finer
meshes, more severely so for DG discretizations. Similarly, when doubling the polynomial
degree (passing from k = 3 to k = 6) for a fixed meshsize, we observe that the iteration
count is more stable for HHO schemes.

Since code ruse and code optimization are still possible (the HHO implementation
in our code is more recent and probably less optimized), we avoid drawing conclusions
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Table 15 Evaluation of p-multilevel solution strategies performance while decreasing & (d = 3,k = 6). See
Sect. 5.2.2 for solver options and Figs. 5 and 6 for a graphical representation. DOF and MNZ specs are
reported in Tables 5 and 6, respectively

DG HHO-dp v-cond HHO-hp v&p-cond
card(7;,) Error in L2 norm ‘ Conv. rate ‘ 1Ts ‘ CPU time ‘ Eff
up Guy, Ph Duy, ‘ up, Guy Ph ‘ ITs  ITsp, ‘ Sol. Ass.  Tot. ‘
Prismatic elements mesh sequence (prism)
16 2.38E-06  0.000105 6.49E-05 3.21E-05 13 10 1.01 0347 1.36

128 1.87E-08 1.62E-06  8.46E-07 4.58E-07 | 6.99 6.02 6.26 | 17 25 12.7 2.8 15.5 | 69.8
1024 1.43E-10 ~ 2.48E-08 1.16E-08 6.25E-09 | 7.02 6.03 6.19 | 21 76 133 22.5 156 | 79.6

16 1.47E-06 ~ 4.06E-05 4.74E-05 2.61E-05 - - - 11 10 | 0417 0915 133 -
128 6.19E-09  3.43E-07 3.97E-07 2.11E-07 | 789 689 69 12 20 376 785 11.6 | 91.8
1024 2.48E-11  272E-09 3.15E-09 1.69E-09 | 797 698 698 | 12 48 30.3 652 955 | 973
16 2.73E-06  0.000122 4.27E-05 1.23E-13 - - - 7 4 0.857 095 1.81 -
128 1.2E-08 1.06E-06  3.65E-07 2.75E-13 | 783 6.84 6.87 | 9 14 8.35 747 158 | 914

1024 4.89E-11  8.59E-09 2.93E-09 4.46E-13 | 794 695 696 | 10 38 73.6 594 133 | 952
Pyramidal elements mesh sequence (pyram)
48 9.56E-07  5.26E-05 2.26E-05 1.45E-05 - - - 15 12 5.5 1.06  6.56 -
384 7.53E-09  831E-07 3.69E-07 225E-07 | 6.99 598 594 | 21 29 56 847 645 | 814
3072 5.86E-11 1.3E-08  5.67E-09 3.47E-09 | 7.01 6 602 | 22 70 479 679 547 | 943
48 1.18E-07 4.89E-06 4.58E-06 2.11E-06 ° = o 14 13 1.44 3.07 452 =
384 5.01E-10  4.06E-08 3.66E-08 1.86E-08 | 7.88 691 6.96 | 13 33 113 249 362 | 99.8
3072 2.02E-12  3.23E-10 2.87E-10 1.54E-10 | 7.96 6.98 7 14 55 98.9 203 302 | 96
48 2.14E-07  1.39E-05 4.28E-06 2.25E-13 - - - 17 13 467 278 745 -
384 2.9.19E-10 1.18E-07 3.44E-08 4.79E-13 | 7.86 6.89 6.96 | 20 37 421 221 643 | 927
3072 2.3.75E-12 9.53E-10 2.72E-10 8.54E-13 | 794 695 698 | 20 76 368 176 544 | 945
Distorted and graded tetrahedral elements mesh sequence (dist. tet)
24 1.38E-05  0.000562  0.000273  0.00021 - - - 20 19 204 0458 25 -
192 1.16E-07  8.34E-06 3.94E-06 2.86E-06 | 6.89 6.07 6.11 | 30 36 253  3.66 29 | 69.1
1536 I.I1E-08  1.03E-06 497E-07 3.46E-07 | 3.39 3.02 299 | 33 61 236 292 265 | 87.6
24 1.87E-06 6.14E-05 4.26E-05 3.44E-05 ° = o 14 11 0.517 1.25 1.77 =
192 9.04E-09  5.61E-07 441E-07 3.52E-07 | 7.7 678 659 | 15 22 4.39 10.5 149 | 952
1536 5.31E-10  4.58E-08 3.13E-08 3.18E-08 | 409 3.61 3.81 | 20 56 443 855 130 | 91.7
24 3.63E-06  0.000222 3.96E-05 2.79E-13 - - - 9 5 0793 125 2.04 -
192 1.96E-08 2.2E-06 4.21E-07 5.13E-13 | 7.53 6.66 6.56 | 11 12 746 995 174 | 93.8
1536 9.6E-10 1.6E-07 291E-08 1.37E-12 | 435 378 385 | 14 26 71 79 150 | 92.8

regarding computation times. The synthetic results reported in Sect. 5.6, however, seem
to point out an advantage for HHO in terms of precision versus CPU time. It has to be
noticed, however, matrix-free implementations of DG methods (not considered here) can
lead to significant gains on element shapes like hexahedra [46]. As a general remark, the
following observations suggest that p-multilevel solution strategies are a compelling choice
in case of HHO formulations.

e HHO displays an advantage over DG both in terms of matrix dimension and number of
non-zero entries when the polynomial degree is sufficiently high;

e p-multilevel solvers for HHO show better solver robustness with respect to the polyno-
mial degree.

The results in the present work are extremely encouraging and open up new perspectives
concerning the efficient solution of linear systems resulting from the HHO and DG dis-
cretization of incompressible flow problems. The next obvious step will be to include the
convective term and study the robustness for high Reynolds numbers. Another interesting
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Fig.3 Accuracy versus computation time while decreasing #, trapezoidal elements mesh sequence. Graphi-
cal representation of the data reported in Tables 10 (left panel) and 12 (right panel)
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Fig.4 Accuracy versus computation time while decreasing /, distorted and graded triangular elements
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Fig.5 Accuracy versus computation time while decreasing %, prismatic elements mesh sequence. Graphical
representation of the data reported in Tables 14 (left panel) and 15 (right panel)
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Table 16 Performance of p-multilevel solution strategies (k-dependency in space dimension d = 2). See

Sect. 6 for further details

DG HHO-dp v-cond
Multilevel stack Error in L% norm ITs CPU time
up Guy, Pn Duy, ITs ITsp Sol. Ass. Tot.
Delaunay triangular elements grid (Del. tri), card(7;,) = 8
{3-1} 0.00498 0.0837 0.0559 0.0356 12 1 0.00366  0.000479  0.00414
{6-3-1} 1.87E-06 4.97E-05 3.39E-05 2.16E-05 | 20 1 0.0397 0.00351 0.0432
{10-6-3-1} 5.42E-12  227E-10 1.51E-10 9.02E-11 | 23 1 0.276 0.0231 0.299
{3-1} 0.000697  0.0103 0.00823  0.00887 | 10 1 0.00172 0.0011 0.00282
{6-3-1} 1.3E-07 3.21E-06 2.84E-06 2.98E-06 | 10 1 0.00439  0.00569  0.0101
{10-6-3-1} 3.54E-13  1.15E-11 1.09E-11  1.1E-11 12 1 0.0188 0.0415 0.0603
Trapezoidal elements grid (trapz-quad), card(7;,) = 4
{3-1} 0.0128 0.154 0.0456 0.0411 7 0.00137  0.000286  0.00165
{6-3-1} 1.16E-05  0.000255 0.000132  0.000108 | 9 0.0106 0.00162  0.0123
{10-6-3-1} 1.35E-10 4.89E-09 3.22E-09 221E-09 | 9 0.0725 0.0119 0.0844
{3-1} 0.00201 0.0243 0.0117 0.0123 5 0.00102  0.00066  0.00168
{6-3-1} 1.12E-06  2.34E-05 1.77E-05 1.83E-05 | 6 0.00226  0.00315  0.00541
{10-6-3-1} 8.81E-12 2.84E-10 251E-10 2.58E-10 | 8 0.00942 0.0213 0.0308

0.00512 0.0804 0.0575
{6-3-1} 2.73E-06  5.64E-05 4.58E-05
{10-6-3-1} 1.38E-11 4.23E-10  3.6E-10
{3-1} 0.000743  0.00999  0.00762
{6-3-1} 1.73E-07  3.84E-06  3.4E-06

73E-13  2.64E-11 2.11E-11
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0.0279 0.00283 0.0307
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Table 17 Performance of p-multilevel solution strategies (k-dependency in space dimension d = 3). See
Sect. 6 for further details

DG HHO-dp v-cond HHO-hp v&p-cond
Multilevel stack Error in 2 norm ITs CPU time
up Guy, Pn Duy, ITs ITsp Sol. Ass. Tot.
Prismatic elements grid (prism), card(7,) = 16
{3-1} 0.00476 0.125 0.0534 0.0304 9 7 0.0313  0.0101 0.0414
{6-3-1} 2.38E-06 0.000105 6.49E-05 3.21E-05 | 13 10 1.02 0.37 1.39
{10-6-3-1} 6.84E-11 4.42E-09 8.77E-09 4.23E-09 | 18 17 29.3 14.9 44.2
{3-1} 0.000721 0.0162 0.0128 0.00713 11 10 | 0.0262 0.0324 0.0585
{6-3-1} 1.47E-06  4.06E-05 4.74E-05 2.61E-05 | 11 10 0.423 0.948 1.37
{10-6-3-1} 1.89E-10  8.26E-09 9.24E-09 4.87E-09 | 13 10 5.27 26.8 32.1
{3-1} 0.000989 0.0307 0.0121 1.7E-14 7 5 0.0808 0.0362  0.117
{6-3-1} 2.73E-06  0.000122 4.27E-05 1.23E-13 | 7 4 0.978 0.96 1.94
{10-6-3-1} 4.78E-10  3.9E-08 8.09E-09 4.91E-13 | 8 5 10.7 23.8 34.6
Pyramidal elements grid (pyram), card(7;,) = 48
{3-1} 0.00238 0.0762 0.0285 0.0213 13 9 0202 0.0307 0.233
{6-3-1} 9.56E-07 5.26E-05 2.26E-05 1.45E-05 | 15 12 5.56 1.16 6.72
{10-6-3-1} 4.05E-12  3.45E-10 2.25E-10 1.41E-10 | 22 16 168 45.8 214
{3-1} 0.000278  0.00811 0.00306 0.0029 14 14 0.105 0.105 0.209
{6-3-1} 1.18E-07 4.89E-06 4.58E-06 2.11E-06 | 14 13 1.49 3.14 4.64
{10-6-3-1} 233E-12  1.44E-10 1.69E-10 8.98E-11 | 14 13 17.3 89.8 107
{3-1} 0.000302 0.0149 0.00335 3.58E-14 | 14 15 0.458 0.102 0.56
{6-3-1} 2.14E-07 1.39E-05 4.28E-06 2.25E-13 | 17 13 5.1 2.82 7.92
{10-6-3-1} 6E-12 6.18E-10 1.57E-10 1.17E-12 | 20 18 49.7 70.1 120
Distorted and graded tetrahedral elements grid (dist. tet), card(7;,) = 24
{3-1} 0.00877 0.206 0.0888 0.0548 14 12 | 0.0676 0.0132 0.0808
{6-3-1} 1.38E-05  0.000562 0.000273  0.00021 20 19 2.08 0.501 2.58
{10-6-3-1} 4.68E-10 3.05E-08 1.89E-08 1.2E-08 | 30 25 54.6 19.1 73.7
{3-1} 0.00156 0.0342 0.0153 0.0166 14 12 | 0.0343 0.0422 0.0765
{6-3-1} 1.87E-06  6.14E-05 4.26E-05 3.44E-05 | 14 11 0.538 1.32 1.86
{10-6-3-1} 1.83E-10  8.25E-09 8.22E-09 4.97E-09 | 15 12 6.29 37.7 44
{3-1} 0.00165 0.0624 0.0137 2.48E-14 | 8 5 0.0791  0.0508 0.13
{6-3-1} 3.63E-06 0.000222 3.96E-05 2.79E-13 | 9 5 0.874 1.31 2.19
{10-6-3-1} 6.22E-10  6.1E-08  7.82E-09 8.27E-13 | 10 6 8.39 34 42.3

Table 18 Parallel performance of p-multilevel solution strategies

applied to HHO-dp discretizations with

k=5
Ex.Units ‘ Error in L? norm ‘ ITs ‘ CPU time ‘ Eff
| un Guy, Ph Duj |ITs ITsy | Sol. Ass. Tot. |
16 2.1E-12 2.56E-10 1.82E-10 2.64E-09| 12 132 | 157 78 235 -
32 3.33E-12 2.58E-10 1.88E—-10 2.86E-09| 12 124 | 824 394 122 | 96
64 9.78E-13 2.54E-10 1.8E-10 2.56E-09| 13 183 | 404 19.6 60 | 98
128 1.12E-12 2.55E-10 1.8E-10 2.62E-09| 13 192 | 19.8 10.1 29.9 | 98
256 1.1IE-12 2.55E-10 1.8E-10 2.58E-09| 13 186 | 10.7 5.11 158 | 93

research path consists in exploring alternative approaches for HHO that consider
Schur complement solvers, where one only needs to invert the velocity block with
multigrid, whereas a pressure mass matrix can be used as a spectrally equivalent
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approximation of the Schur complement (see, e.g., [40]). The comparison with DG discre-
tization will be all the more interesting, as numerical evidence in [17] seems to suggest that
Schur complement solvers are more affected than monolithic solvers by mesh regularity.
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