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Abstract 

Solid particles heavily affect the hydrodynamics in slurry bubble columns. The effects arise 
through varying breakup and coalescence behavior of the bubbles with the presence of solid 
particles where particles in the micrometer range lead to a promotion of coalescence in 

particular. To simulate the gas–liquid–solid flow in a slurry bubble column, the Eulerian multifluid 
approach can be employed to couple computational fluid dynamics (CFD) with the population 
balance equation (PBE) and thus to account for breakup and coalescence of bubbles. 

In this work, three approaches are presented to modify the breakup and coalescence models 
to account for enhanced coalescence in the coupled CFD–PBE framework. The approaches are 
applied to a reference simulation case with available experimental data. In addition, the impacts 

of the modifications on the simulated bubble size distribution (BSD) and the applicability of the 
approaches are evaluated. The capabilities as well as the differences and limits of the approaches 
are demonstrated and explained.  
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1 Introduction 

A variety of chemical, petrochemical, biochemical, and 
metallurgical processes are carried out in slurry bubble 
columns on the industrial scale (Shah et al., 1982; Deckwer 
and Schumpe, 1985; Fan, 1989). Well-known examples can 
be found in the hydrogenation of carbon monoxide for the 
production processes of hydrocarbons (e.g., Fischer–Tropsch 
or methanol synthesis). The description of the complex 
hydrodynamics in gas–liquid-solid multiphase systems became 
of special research interest in recent years (Ojima et al., 
2014; Sarhan et al., 2018). In particular, the determination 
of the BSD and the estimation of the volume-specific 
interfacial area are of major importance to model chemical 
processes with mass transfer. 

The solid-particle phase affects the hydrodynamics in 
the column drastically, and especially the effect on the total 
gas holdup in the apparatus has been stated repeatedly 
(Krishna et al., 1997; Luo et al., 1999; Li and Prakash, 2000; 
Vandu and Krishna, 2004). Empirical correlations for the 
gas holdup can be found collated in the work of Behkish et 
al. (2006). Depending on the particle size, adverse effects of 

the solid-particle phase occur. Particles with diameters in 
the sub-millimeter range (i.e., microparticles) lead to a 
decrease, whereas larger particles may increase the gas 
holdup (Sarhan et al., 2018). Microparticles change the 
effective density and viscosity of the slurry and promote 
bubble coalescence (Krishna et al., 1997; Li and Prakash, 
2000). Intensified coalescence was observed in the presence 
of hydrophobic (van der Zon et al., 2002), as well as of 
hydrophilic particles (Ojima et al., 2014). In contrast, large 
particles with diameters in the millimeter range may lead to 
breakup when colliding with bubbles and result in an 
increase of the gas holdup (Fan et al., 2007). Amongst latest 
experimental investigations, detailed studies can be found 
on the characterization of the gas-phase dynamics (Tyagi 
and Buwa, 2017; Mokhtari and Chaouki, 2019; Sines et al., 
2019) and solid-particle concentration distributions 
(MacIntyre et al., 2017; Abdullah, 2019) inside slurry bubble 
columns. 

The simulation of the gas-phase dynamics with bubble 
breakage and coalescence can be achieved by solving the 
population balance equation (PBE), wherein the physical 
phenomena are modeled in the source terms. The PBE is  
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Nomenclature 

Latin 
a  Natural number (—) 
c  Volumetric concentration (vol%) 
C  Coefficient (—) 
d  Disperse phase diameter (m) 

32d  Sauter mean diameter (m) 
colD  Column hydraulic diameter (m) 

Eo  Eötvös number (—) 
f  Function (—) 

if  Volume fraction of bubble size class i  (—) 
F  Force vector (N/m³) 
g  Acceleration due to gravity (m/s²) 

bg  Breakup rate (1/s) 
G  Production of turbulent kinetic energy (kg/(m∙s³)) 
h  Vertical coordinate in column (m) 

0h  Initial film thickness (m) 
fh  Critical film thickness (m) 
ch  Collision frequency (m³/s) 

0H  Initial filling height (m) 
I  Unity tensor (—) 
k  Turbulent kinetic energy (m²/s²) 
l  Constant exponent (—) 
Mo  Morton number (—) 
n  Number density of bubble volumes (1/m³) 
N  Number of bubble size classes (—) 
p  Pressure (Pa) 

3q  Bubble volume density distribution function (1/m) 
Re  Particle Reynolds number (—) 
r  Radius (m) 
St  Particle Stokes number (—) 
t  Time (s) 

ijt  Film drainage time (s) 
Ta  Tadaki number (—) 
u  Velocity vector (m/s) 

bu  Bubble velocity (m/s) 
gU  Superficial gas velocity (m/s) 

V  Bubble volume (m³) 
V ¢  Primal bubble volume (breakup), second bubble  

   volume (coalescence) (m³) 
x  Horizontal coordinate in column center (m) 
ŷ  Wall normal vector (—) 

wy  Distance from wall (m) 
 
Greek 
α  Volume fraction (—) 
β  Solid-effect multiplier (—) 

bβ  Daughter size distribution (—) 
cΓ  Coalescence frequency (m³/s) 

ε  Dissipation rate of the turbulent kinetic energy  
   (m²/s³) 
cλ  Coalescence efficiency (—) 

μ  Dynamic viscosity (Pa·s) 
ν  Kinematic viscosity (m²/s)

bν Number of daughter bubbles (—)
ρ  Mass density (kg/m³) 
σ  Surface tension (N/m) 

TDσ  Turbulent Schmidt number (—) 
τ  Stress tensor (N/m²) 

ijτ  Bubble contact time (s) 
lτ  Kolmogorov time scale (s) 
pτ  Particle relaxation time (s) 

 
Super- and subscripts 
0 Without modification 
adapt Adaption 
b Bubble 
D Drag 
Eo Eötvös number dependent 
g Gas 
i Phase (CFD), bubble size class 1 (PBE) 
inter Interacting 
j Interacting phase (CFD), bubble size class 2  

  (PBE) 
k Turbulent kinetic energy 
l Liquid 
L Lift 
L1…4 Laakkonen et al. model 
p Solid particle 
P1 Prince & Blanch model 
s Solid 
S Swarm correction 
TD Turbulent dispersion 
turb Turbulent 
VM Virtual mass 
W Wall lubrication 
ε  Turbulent kinetic energy dissipation rate 
μ  Turbulent viscosity 
^  Major axis of ellipse 
  Minor axis of ellipse 
 
Abbreviations 
2D 2-dimensional 
3D 3-dimensional 
BSD Bubble size distribution 
CFD Computational fluid dynamics 
CM Classes method 
COPAA Coalescence parameter adaption 
DNS Direct numerical simulation 
DSD Daughter size distribution 
FVM Finite volume method 
NOMOD No modification 
PBE Population balance equation 
SCEPS Scaling of the turbulent kinetic energy  
 dissipation rate ε  
SEM Solid-effect multiplier 
TD Turbulent dispersion 
VM Virtual mass
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coupled with the transport equations of CFD and forms an 
appropriate framework for multiphase flow simulation in 
an apparatus. An overview of slurry bubble column 
simulations can be found in literature and are listed in the 
work of Mühlbauer et al. (2019), in which also correlating 
experimental literature data for validation is given. In very 
recent literature, the influences of the slurry apparent 
density and viscosity were investigated by An et al. (2020). 
They found that these parameters cannot explain the effects 
of solid particles on bubble breakup and coalescence. 
Furthermore, they studied two of the approaches presented 
also in this paper but applied to another reference case for 
intermediate solid-particle concentrations up to 10 vol%. 
They approve the applicability and recommend an approach 
combined with an attenuation factor of the turbulent 
dissipation rate. However, the authors also state that further 
verification is needed for other systems and operating 
points. Syed et al. (2018) applied different combinations of 
breakup and coalescence models in slurry bubble column 
simulations with solid-particle concentrations up to sc  = 
14 vol% and found the limitations of the models especially 
at a high superficial gas velocity gU  = 0.08 m/s. Zhou et al. 
(2017) introduced a factor to reduce the drag between the 
bubbles and the liquid-phase when solid particles are 
present similar to a swarm correction. They found that the 
approach is able to achieve improved gas holdup simulation 
results also at high superficial gas velocities up to gU = 0.3 m/s 
and solid-particle concentrations up to sc = 40 vol% where 
heterogeneous flow structures occur. Further research 
activities investigate the coupling of the PBE with mass 
transfer equations (Vik et al., 2018) or develop modeling 
approaches for the formation of a froth layer (Sarhan et al., 
2018) in slurry bubble columns. The latter mentioned are of 
special interest and are relevant for industrial applications. 

The present work focuses on modeling the multiphase 
fluid dynamics with the coupled CFD–PBE approach in slurry 
bubble columns to account for enhanced bubble coalescence 
due to the presence of solid microparticles. Therefore, the 
breakup and coalescence models in the PBE are modified 
when solid particles are present. Three approaches found in 
literature are transferred to the same gas–liquid–solid system 
with available experimental data for verification (Ojima et 
al., 2014). All approaches were tested and compared for two 
superficial gas velocities gU = 0.020 and 0.034 m/s and a 
wide range of solid-particle concentrations up to sc = 40 
vol%. 

2  Governing equations 

The CFD simulations are based on the balance equations of 
mass and momentum for all three phases (gas, liquid, solid) 
and the PBE is solved for the gas-phase. The equations and 

closures are presented in the following section. 

2.1  Multifluid model 

The derivation of the multifluid model used in this work 
can be found in literature (Jakobsen, 2014) and is frequently 
applied to simulate bubbly flows (Tabib et al., 2008; Rzehak 
and Kriebitzsch, 2015). According to the Eulerian multifluid 
approach the conservation equations of mass and momentum 
are written as 

 
( )

( )u 0i i
i i i

α ρ
α ρ

t
¶

+⋅ =
¶

 (1) 

and 

 
( )

( )

( ) inter
,

i i i
i i i i

i i i i i i j

α ρ
α ρ

t
α p α α ρ

¶
+⋅ Ä

¶
= -  +⋅ + +

u
u u

τ g F
 

(2)
 

for all i phases (gas, liquid, and solid). The phase volume 
fractions iα  fulfill the constraint: 
 g l s 1α α α+ + =  (3) 

The stress tensor τ i  for Newtonian fluids is 

 ( ) ( )τ u u I uT 2
3i i i i iμ

æ ö÷ç=  +  - ⋅ ÷ç ÷çè ø
 (4) 

Two cases are distinguished for the interphase exchange 
term F inter

,i j  between phases i  and j . The expression 
for the gas–liquid interactions is 
 F F F F F F Finter inter D L W TD VM

g,l l ,g b b b b b=- = + + + +  (5) 

Rzehak et al. (2015) recommend with the baseline model 
for bubbly flows to account for all the types of forces 
written in Eq. (5). The applied models are described for the 
gas–liquid closures in the following. 

The general expression for the drag force is 

 ( )F u u u uD
D g l g l g l

b

3
4

C α ρ
d

=- - -  (6) 

where DC is often modified and applied in Eq. (6) with an 
additional swarm correction function dependent on the gas 
volume fraction gα : 
 ( )S

D D gC C f α= ⋅  (7) 

The model of Tomiyama et al. (1998) for a contaminated 
system is applied for the drag coefficient: 

 ( )0.687
D

24 8max 1 0.15 ,
3 4

EoC Re
Re Eo
é ù

= +ê ú
+ê úë û

 (8) 

The particle or bubble Reynolds number is 

 
u ul g l b

l

ρ d
Re

μ
-

=  (9) 

and the correlation for the swarm correction is according to 
Tomiyama et al. (1995): 
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 ( ) ( )3 2
g g1 lf α α -

= -  (10) 

with 1l = (Jiang et al., 2016). 
The lift force is 

 ( ) ( )F u u uL
L g l l g lrotC α ρ= - ´  (11) 

where the model according to Tomiyama et al. (2002) for 
the lift coefficient is 

 
( ) ( )[ ]

( )L

min 0.288tanh 0.121 , , 4
, 4 10

0.27, 10

Re f Eo Eo
f Eo EoC

Eo

^ ^

^ ^

^

ì <ïïïï <= íïï- <î

<

ïï

(12) 

with the function: 

 
( )

3 20.00105 0.0159 0.0204 0.474
f Eo

Eo Eo Eo
^

^ ^ ^= - - +
 
(13)

 

Eo^ is the Eötvös number calculated for the major axis 
bd ^ of an ellipsoidal bubble and the general definition of 

Eo is 

 
( ) 2

l g bg ρ ρ d
Eo

σ
-

=  (14) 

The model of Vakhrushev and Efremov (1970) was used to 
calculate the aspect ratio b b b/E d d ^=  for the bubbles: 

 ( )( )3
b 10

1, 1

0.81 0.206tanh 1.6 2log , 1 39.8
0.24, 39.8

Ta
E Ta Ta

Ta

ì £ïïïï= + - < £íïïï <ïî
 

  (15) 
with the Tadaki number: 

 0.23Ta ReMo=  (16) 

as a function of the Morton number: 

 
( )4

l l g
2 3
l

μ g ρ ρ
Mo

ρ σ
-

=  (17) 

The wall lubrication force can be expressed as 

 2W
W g l l g

b

2 ˆC α ρ
d

= -F u u y  (18) 

The model for the wall lubrication force coefficient is 
according to Tomiyama (1998): 

 
( )

b
2 2W W,Eo
w col w

1 1
2

dC C y D y
é ù

-ê ú= ê ú-ë û
 (19) 

with 

 
( )

W,Eo

0.47, 1
exp 0.933 0.179 , 1 5
0.00599 0.0187, 5 33
0.179, 33

Eo
Eo Eo

C
Eo Eo

Eo

ì <ïïïï - + £ £ïï= íï - < £ïïï <ïïî

 (20) 

The turbulent dispersion force is according to Burns et al. 
(2004): 

 F u u
turb
lTD

D g l g g
b TD l g

3 1 1
4

μC α α
d σ α α

æ ö÷ç ÷=- - + ç ÷ç ÷çè ø
 (21) 

with the turbulent Schmidt number TDσ and typically a 
value of TD 0.9σ = is used (Rzehak and Kriebitzsch, 2015). 

The virtual mass force is 

 
uuF glVM

VM g l

DD
D D

C α ρ
t t

æ ö÷ç ÷= -ç ÷ç ÷çè ø
 (22) 

with the material derivative D / Dt and the coefficient 
VM 0.5C = (Zhang et al., 2006). 

For the solid–liquid phase interactions, the exchange 
terms are written in analogy to Eq. (5) as 

 F F F Finter inter D VM
s,l l ,s p p=- = +  (23) 

For the drag coefficient, the variables are u ug s= , g sα α= , 
and b pd d= in Eq. (6) and the transition of DC is depending 
on lα : 

 ( )0.687 2.65
l l

D
1.65

l

,24 1 0.15 1000 
0.4 1000,4

α

R

Re α ReC Re
α e

-

-

ìï é ùï + <ï ê úë û=íïï ³ïî

 (24) 

for l 0.8α ³ and 

 1s l
s lD

l p

4 150 1.75
3

α ν
C α d

-æ ö÷ç - += ÷ç ÷÷çè ø
u u  (25) 

for l 0.8α < following Gidaspow (1994). 
For the solid-particle phase, the coefficient for the 

virtual mass force is VM 0.5C = (Ojima et al., 2014). 
In conclusion, the phase interactions can be depicted 

schematically in Fig. 1. The schematic shows additionally 
where the PBE is placed in the CFD–PBE approach. 

To account for turbulence and to calculate the dissipation 
rate of the turbulent kinetic energy ε in the continuous liquid- 

 

 

Fig. 1  Coupling of the phases within the CFD–PBE approach. 
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phase, the k – ε model is applied where the expressions of 
the k and ε conservation equations are 

 
( )

( )u
turb

l l l
l l l l l l l

k

α ρ k μα ρ k α μ k α G ρ ε
t σ

é æ ö ù¶ ÷çê ú+⋅ - +  = -÷ç ÷÷çê ú¶ è øë û
 

  (26) 

and 

 

( ) turb
l l l

l l l l l

2

l 1 2 l

ε

ε ε

α ρ ε μα ρ ε α μ ε
t σ

ε εα C G C ρ
k k

é æ ö ù¶ ÷çê ú+⋅ - + ÷ç ÷÷çê ú¶ è øë û
æ ö÷ç= - ÷ç ÷÷çè ø

u
 

(27)
 

with the constants 1.0,kσ = 1.3,εσ = 1 1.44,εC = 2 1.92εC =  
and the production of turbulent kinetic energy ul l:G τ=  . 
The shear-induced turbulent viscosity is modeled as 

 
2

turb
l lμ

kμ C ρ
ε

=  (28) 

with 0.09μC =  (Zhang et al., 2006). 

2.2  Population balance equation 

In the closure models above, the bubble diameter bd  is an 
important parameter to solve the set of equations for the 
conservations of momentum and to calculate the velocity 
fields for each phase. The PBE is solved for the gas bubbles 
to account for changes in the BSD due to breakup and 
coalescence: 

 

( )
( )( )

( ) ( ) ( ) ( ) ( ) ( )

g

b b b b, d
V

n V
n V

t

ν V β V V g V n V V g V n V
¥

¢ ¢ ¢ ¢

¶
+⋅

¶

= -¢ò

u
 

( ) ( ) ( )

( ) ( ) ( )

c
0

c
0

1 Γ , d
2

Γ , d

V

V V V n V V n V V

n V V V n V V
¥
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¢ ¢

+ - -

- ¢

ò

ò
 

(29)

 

Eq. (29) is the volume-based formulation of the PBE for the 
number density function n  of bubble volume V . The 
coalescence frequency can be further split up into two 
terms for coalescence of two bubbles with volumes V  
and  V ¢ : 

 ( ) ( ) ( )c c cΓ , , ,V V λ V V h V V¢=¢ ¢  (30) 

The source terms in the PBE on the right-hand side account 
for birth and death due to breakage and coalescence of bubbles, 
respectively. Breakup and coalescence mainly depend on 
the fluid properties and flow conditions. 

The applied models for the breakage frequency bg and 
the daughter size distribution bβ for the formation of a 
bubble with volumeV from breakage of a bubble with volume 

V ¢ (Laakkonen et al., 2006, 2007) are 

 
( )

1
2

1
l3

b L1 L2 L35 42 11
3 33 32

l b l g b

erfc μσg C ε C C
ρ ε d ρ ρ ε d

æ ö÷çæ ö ÷ç ÷ç ÷ç ÷ç ÷ç ÷ ÷ç ÷ç= + ÷ç ÷ç ÷ç ÷ ÷çç ÷ ÷ç ÷ç ÷è øç ÷çè ø

 (31) 

and 

 
( )( )( )( )

4

b L4 L4 L4 L4

22 3 3
b b b
3 3 3
b b b

1 1 2 3 4
2

1
LC

i i i

j j j

β C C C C

d d d
d d d

= + + + +

æ öæ ö æ ö÷ ÷ ÷ç ç ç÷ ÷ ÷⋅ -ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç çè øè ø è ø

 
(32)

 

with the constants L1 2.52C = , L2 0.04C = , L3 0.01C = , 
and L4 2C = . The number of daughter bubbles is b 2ν = . 

The coalescence model of Prince and Blanch (1990) was 
applied for the collision frequency ch  to account for 
turbulent and buoyancy-driven collision of bubbles: 

 ( )

( )

1
2 21 22 3 33

c P1 b b b b

2
b b b b

π

0.25π

i j i j

i j i j

h C ε d d d d

d d u u

æ ö÷ç= + + ÷ç ÷ç ÷è ø

+ + -

 

(33)

 

with P1 0.089C = and the expression for the rise velocity of 
a bubble: 

 
1
2

b b
l b

2.14 0.505σu gd
ρ d

æ ö÷ç= + ÷ç ÷çè ø
 (34) 

The general approach for the coalescence efficiency is 

 c exp ij

ij

t
λ

τ
æ ö÷ç ÷= -ç ÷ç ÷çè ø

 (35) 

with the film drainage time ijt  and the bubble contact 
time ijτ  and is calculated following Prince and Blanch 
(1990): 

 

5 1 1
6 2 3

b l 0
c 1

f2

exp ln
4

ijr ρ ε hλ
h

σ

æ ö÷ç ÷æ öç ÷÷ç ç ÷= - ÷ç ç ÷÷çç ÷è øç ÷÷çè ø

 (36) 

with the equivalent radius 

 
1

b
b b

1 1
ij

i j
r

d d

-æ ö÷ç ÷= +ç ÷ç ÷çè ø
 (37) 

of two coalescing bubbles, the initial film thickness 
4

0 m,10  h -=  and the critical film thickness 8
f 10 m.h -=  

3  Modeling of solid-particle effects 

The development of the modeling of bubble breakage and 
coalescence within the coupled CFD–PBE approach has 
been advancing since about two decades. Substantial 
progress was made but today there are still limitations 
when one wants to consider different material systems than 
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the commonly studied academic systems (Wang, 2011). An 
example is given by the presence of solid particles in 
dispersed gas‒liquid‒solid systems. The effects of solid 
particles on bubble breakage and coalescence mentioned in 
Section 1 are missing in the models presented in Section 2.2 
as they are solely derived for two-phase flow. The 
coalescence enhancing effect of microparticles is of special 
interest within this work. Up to now, the following 
approaches to modify the models can be found in literature 
to account for the effect: 

A) Breakup/coalescence parameter adaption (COPAA); 
B) Introduction of a solid-effect multiplier (SEM); 
C) Modification/scaling of the turbulent kinetic energy 

dissipation rate ε (SCEPS). 
The approaches aim at different sub-models in breakage 

and coalescence modeling. An overview is given in Fig. 2. 
The three approaches are explained in detail in the subsequent 
sections. 

3.1  Coalescence parameter adaption (COPAA) 

With this approach, the parameters (i.e., constants) of the 
breakup and/or coalescence models are adjusted to satisfy a 
certain condition and fit simulation with experimental 
target quantities. In many cases, the comparative quantity is 
the total gas holdup (Xu et al., 2014). Its value is easy 
measurable also in more complex material systems. 
However, to validate a model for a system where the 
phenomena are strongly coupled, more quantities should be 
considered also at different spatial positions. For example, 
Schäfer et al. (2019) adjusted parameters to fit simulated 
with measured bubble diameters for 18 spatial positions in 
a bubble column. In general, an adequate experimental data 
base must be available to adapt the model parameters. 

For the simulations, the coalescence parameter 
P1 P1,adaptC C= in Eq. (33) of the Prince and Blanch coalescence 

 

 
Fig. 2  Overview over the applied approaches in the breakup and 
coalescence models. 

model was adjusted, i.e., the collision frequency is modified 
(c.f., Fig. 2). The parameter adaption can be regarded as a 
coarse parameter variation with P1,adapt P1C a C= ´ and 

1, 2, 3,a = ¼  due to expensive numerics. The simulation 
results are compared with experimental data to check on 
agreement and thus to determine P1,adaptC for every operating 
point. 

3.2  Solid-effect multiplier (SEM) 

A solid-effect multiplier β is introduced to the expression of 
the coalescence efficiency (Ojima et al., 2014; Sarhan et al., 
2018): 

 c exp ij

ij

βt
λ

τ
æ ö÷ç ÷= -ç ÷ç ÷çè ø

 (38) 

where β may have values between 0 and 1 and can be 
derived from film rupture measurement of two coalescing 
bubbles. The following correlation was derived for the 
considered SiO2 particles with a diameter of pd = 100 μm 
(Ojima et al., 2015): 

 
( )3 2

s s s s

s

1 20π 110.6 5.72 1 cos , 0.45
2 9 2

0, 0.45

α α α α
β

α

ì é æ ö ùï ÷çï - + +ê ú÷çï ÷çè
+

øê ú= í ë ûïï ³î

<

ï

 

  (39) 
Varying coefficients for the polynomial function in Eq. (39) 
can be found for different particle diameters. The correlations 
were deduced from coalescence time measurements, which 
were analyzed with high-speed camera recordings in a 
quasi-2D bubble column, and yet the applicability of the 
correlations in numerical simulations was shown (Ojima et 
al., 2015). 

3.3  Scaling of  (SCEPS) 

The third approach is derived from results based on direct 
numerical simulations (DNS). It was found that the 
dissipation rate of turbulent kinetic energy ε  is attenuated 
in simulations of dilute suspensions (Squires and Eaton, 
1994). Troshko and Zdravistch (2009) scaled the dissipation 
rate with an attenuation factor as an exponential function 
of the solid-particle volume fraction. They based their 
scaling approach on DNS data from Squires and Eaton 
(1994), which is available for varied particle loadings and 
particle Stokes numbers St  and found: 

 ( )s
0

exp ε
ε C α
ε

= -  (40) 

with 1.2846εC =  for 0.25St = . However, they mention 
that εC  has to be increased by a value of 10 to obtain 
agreement between experimental and simulation data. 

St  can be estimated with the Kolmogorov time scale 
l l /τ ν ε=  (Sundaram and Collins, 1999): 
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2

p p p

l l l18
τ ρ d εSt
τ μ ν

= =  (41) 

The dissipation rate ε in bubble columns can be approximated 
as 
 gε U g=  (42) 

with the assumption that all energy is dissipated in the 
liquid-phase and the absence of stagnant regions (Baird and 
Rice, 1975). The particle Stokes number in the investigated 
case is approximately 0.6 and is within the same order of 
magnitude 1.0< as found in the work of Troshko and 
Zdravistch (2009). Therefore, the increased value of 11.3εC =  
was used also in this work. 

SCEPS is applied for the calculation of the PBE only, i.e., 
it affects the models for the breakup rate and the 
coalescence frequency as indicated in Fig. 2 but not the 
multifluid equations given in Section 2.1. 

4  Simulation 

A literature test case is considered comparing and validating 
the simulation results obtained in this work with experimental 
data (Ojima et al., 2014). In the following sections, the 
simulation case as well as the numerical methods is described. 

4.1  Simulation case description 

The examined slurry bubble column has a height of 1.2 m 
and a square cross section with an edge length of 0.2 m. 
The column was filled with purified water and equally 
distributed spherical silica particles (SiO2) up to an initial 
filling height of 0.8 m. The column was gassed with air via 
49 equally distributed needles over the bottom of the column. 
The experiments were carried out at normal temperature 
and pressure (20 °C, 1.0 bar). The superficial gas velocities 
were 0.020 and 0.034 m/s. The initial bubble diameters 
were calculated to be 10 and 13 mm, respectively, according 
to the Davidson–Schüler correlation (Davidson and Schüler, 
1960). Monodisperse solid particles were assumed and the 
height of the 3D simulation domain was chosen to be 1.0 m 
in accordance with the simulations of Ojima et al. (2014). 
The gas inlet and outlet were represented by the bottom and 
the top of the column, respectively. The slip condition was 
applied for the disperse gas and solid-particle phase at the 
column walls and the no-slip condition for the liquid-phase. 
All properties of the domain, the gas, liquid, and solid-particle 
phases as well as the boundary conditions are summarized 
in Table 1. 

For comparison with experimental data, local gas volume 
fractions are available for 13 measurement points equally 
spaced on a line across the column width through the 
center of the column at a height of 0.6 m above the bottom 

Table 1  Phase properties and boundary conditions in the simulations 

Domain 

Width × depth × height (m) 0.2 × 0.2 × 1.0 

Hydraulic diameter Dcol (m) 0.2 

Filling height H0 (m) 0.8 

Gas-phase 

Superficial gas velocity Ug (m/s) 0.020 0.034 

Initial bubble diameter db (mm) 11 13 

Density g (kg/m³) 1.2 

Viscosity g (mPa·s) 0.0182 

Liquid-phase 

Density 1 (kg/m³) 998 

Viscosity 1 (mPa·s) 1.00 

Surface tension  (N/m) 0.0728 

Solid-particle 
phase 

Particle diameter dp (μm) 100 

Density s (kg/m³) 2250 

Volumetric concentration cs (vol%) 0, 20, 40 
 

of the column (Ojima et al., 2014). The experimental data 
was obtained with an electric conductivity needle probe. 
The measurement time was 900 s for each single measurement 
point to analyze and average the local gas holdup. The data 
is available for all considered superficial gas velocities and 
solid-particle concentrations. 

4.2  Numerical methods 

The simulations were carried out with the open source CFD 
code OpenFOAM v6 (Weller et al., 2018). In particular, the 
reactingEulerFoam solver was used, which is part of 
OpenFOAM since v3.0.0 in 2015. The solver has the 
capabilities to simulate two-phase and in general multiphase 
flows coupled with reactive heat and mass transfer. It is still 
evolving rapidly due to contributions of multiphase flow 
research institutes such as the Technical Research Centre of 
Finland VTT and Helmholtz-Zentrum Dresden-Rossendorf 
(HZDR). 

The conservation equations of mass and momentum 
Eqs. (1) and (2) as well as the turbulence quantities Eqs. (26) 
and (27) were discretized spatially with the finite volume 
method (FVM). The domain was discretized with different 
resolutions of cubic cells to ensure grid independency. 
Specifications of the investigated grids can be found in 
Table 2. The results of the simulated gas holdups along the 
center line ( x  direction) in the column, where all results 
in this work will be analyzed, are depicted in Fig. 3 for gU = 
0.034 m/s and sc = 20 vol%. 

 

Table 2  Investigated spatial discretizations of the domain with 
cubic cells 

Grid No. of cells Cell edge length (m)

1 16,875 13.3310‒3 

2 40,000 1010‒3 

3 78,125 810‒3 
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Fig. 3  Simulated gas holdup profiles with different spatial 
discretizations. 

 

The simulated gas holdup profiles match well across the 
whole column width and especially at the column walls for 
grids 2 and 3. The mean relative error between these grids 
is 2.2%. Therefore, grid 2 was chosen to discretize the 
domain. The time step was 1 ms and the duration of one 
simulation was 230 s where the last 200 s were averaged 
over time with an interim result every 0.5 s. The gas holdup 
and velocity profiles as well as BSD and the representative 
Sauter mean diameters were evaluated. 

Eq. (29) was discretized and solved numerically with 
the homogeneous classes method (CM) (Hounslow et al., 
1988; Chen et al., 2004). The bubble diameter class centers 
were ranging from 3.3 to 57 mm and were split into 22 
classes. The diameter of the larger class 1i +  was always 
the diameter with a sphere equivalent volume 1 1.5i iV V+ = ´  
larger than the equivalent volume of the smaller class i . 

The Sauter mean diameter was calculated as the 
harmonic mean (Chen et al., 2008): 

 
1
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i

b ii
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d

-
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with the volume fraction if  of all bubbles in one class i  
with respect to the total volume of all bubbles in all classes. 

The locally calculated Sauter mean diameter representing 
the BSD was applied in the models for the gas–liquid 
interphase exchange terms in Eq. (5). 

5  Results and discussion 

The presented approaches (COPAA, SEM, SCEPS) are 
applied and the outcomes are compared with simulation 
data without special consideration of microparticle effects, 
i.e., no modification of the breakup and coalescence models 
(NOMOD) as well as with experimental data. The results 
are shown on the center line along the column width in x  
direction at a height h = 0.6 m above the gas distributor.  

5.1  Gas holdup and bubble velocity 

In Fig. 4, the measured and calculated gas holdup profiles 

are depicted across the column width for both superficial 
gas velocities gU = 0.020 and 0.034 m/s (left and right) and 
the solid-particle concentrations sc = 0, 20, and 40 vol% 
(from top to bottom). 

The simulated time averaged gas holdup profiles for the 
absence of solid particles agree well with the measured 
profiles of Ojima et al. (2014), especially in the outer 
regions near the column wall. In the core of the column, the 
simulated gas holdups underestimate the measured values. 
This might be affected by the assumption of monodisperse 
bubbles at the column inlet following Ojima et al. (2014), 
which leads to a more uniform gas volume fraction 
distribution than with a broader BSD (see also Section 5.2). 
It can be confirmed when looking at the gas holdup profiles, 
which turn steeper for the modified breakup and 
coalescence models with the presence of solid particles. 

The boundary conditions and the applied models, 
especially for breakup and coalescence seem to be appropriate 
for simulating the considered case. They depict the trends 
correctly and the simulation results are close to the measured 
values for all solid-particle concentrations sc  and superficial 
gas velocities gU . 

All breakup and coalescence modification approaches 
with the presence of solid particles show the same trend 
and improve the simulation results in a similar manner. The 
local gas holdup results are lowered for all three approaches 
(COPAA, SEM, SCEPS) and the simulated profiles agree 
better with the measured profiles. It can be seen that 
with sc = 20 vol%, all three modification approaches result in 
nearly the same gas holdup profiles, whereas with sc = 40 
vol%, the profiles begin to differ. For sc = 40 vol% and gU = 
0.020 m/s, SCEPS overestimates and for sc = 40 vol% and gU = 
0.034 m/s, SEM underestimates the gas holdup. The reasons 
are analyzed in Section 5.2. 

For the investigated case, no experimental data for the 
velocities was reported. The simulated absolute bubble 
velocities bu , which correspond to the absolute gas-phase 
velocities ug  in the Eulerian multifluid approach, are 
shown in Fig. 5. 

When comparing Fig. 5 with Fig. 4, the strong coupling 
between the velocity and the gas holdup profiles in bubble 
columns becomes obvious. Though, the relative deviations 
are slightly higher for the velocity profiles between the 
applied modification approaches with respect to the 
differing gas holdup profiles. For sc = 40 vol% and gU = 
0.034 m/s, the time averaged absolute bubble velocity 
profiles become slightly asymmetric. This can be corrected 
with time averaging over longer time intervals. However, it 
also shows that the bubble plume oscillations and therefore 
the whole dynamics in the system are affected, when the 
models for breakup and coalescence are modified. 

The simulated bubble and liquid velocities bu and lu are  
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Fig. 4  Gas holdup profiles for gU = 0.020 m/s (left) and gU = 0.034 m/s (right). 

 
Fig. 5  Simulated absolute bubble velocity profiles for gU = 0.020 m/s (left) and gU = 0.034 m/s (right). 
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plotted in Fig. 6 for comparison with available simulation 
results of Ojima et al. (2014). 

In general, a similar trend can be seen in both the 
simulation results of Ojima et al. (2014) and this work, 
where the enhanced coalescence of bubbles leads to an 
increase of bu . The results of lu  are in good agreement 
and the velocities at higher solid-particle concentrations 
increased likewise. At the column walls the liquid velocities 
deviate because of the applied slip condition of Ojima et al. 
(2014). The bubble velocities calculated in this work are 
higher than the values obtained by Ojima et al. (2014). The 
differences might arise due to Ojima et al. (2014) accounting 
for an apparent viscosity of the slurry when calculating the 
gas–liquid drag. However, there also can be found other 
published simulations of the investigated case without 
consideration of viscous effects of the solid particles on the 
drag force (Sarhan et al., 2018). Further experimental data 

is required to validate the velocity profiles. 
The link between the bubble velocity and the local gas 

holdup is the bubble diameter. The Sauter mean diameter 
32d  was used to represent the mean bubble diameter of the 

whole BSD according to Eq. (43) in the closure models 
written in Eq. (5). Special consideration of these quantities 
can be found in the following section. 

5.2  Bubble size distribution 

The calculated bubble volume density distribution functions 
3q  are plotted in Fig. 7. The time averaged sample along 

the center line through the column at a height of h  = 0.6 
m above the gas distributor (c.f., Fig. 4 and Fig. 5) was used 
for analysis. 

In all distributions, the monodisperse inlet conditions 
of bd = 11 mm and bd = 13 mm can be still recognized for 

gU = 0.020 m/s and gU = 0.034 m/s, respectively. When no 
 

 
Fig. 6  Comparison of simulated bubble (left) and liquid velocities (right) for gU = 0.034 m/s. 

 

 
Fig. 7  Simulated volumetric bubble size distributions with respective reference results for sc = 0 vol% (dashed line) for gU = 0.020 m/s 
(left) and gU = 0.034 m/s (right). 
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modification approaches are applied, the size distributions 
become narrower with the presence of solid particles 
(comparison of blue graphs with blue dashed graphs in Fig. 
7), whereas the modification approaches COPAA and SEM 
lead to a broader BSD. This is due to solely increasing the 
collision frequency and the coalescence efficiency, 
respectively. The calculated 3q  distribution functions for 
the COPAA and SEM approach are very similar for sc  = 
20 vol%. For sc = 40 vol% the size distributions for these 
two approaches begin to differ and the distribution gets 
broader for SEM. When evaluating the results of the SCEPS 
approach, the major influences are the reduction of 
breakup with increasing sc  from 20 to 40 vol% and the 
promotion of coalescence when increasing gU from 0.020 to 
0.034 m/s. 

To get a clearer idea about the trends with increasing 
sc , the calculated Sauter mean diameters 32d  are depicted 

in Fig. 8 for both superficial gas velocities gU . The Sauter 
mean diameters were calculated from the data shown in Fig. 7. 

For sc  = 0 vol%, the Sauter mean diameter for all 
approaches is identical and no modification approach 

applies. Without any modification approach (NOMOD), 
the Sauter mean diameters trend to decrease with 
increasing sc , which is the mere hydrodynamic effect of 
the solid particles on breakup and coalescence in the 
coupled CFD–PBE approach. With COPAA and SEM, 32d  
is monotonically increasing with sc  but with different 
characteristics. COPAA is similar to a form of a saturation 
function for the mean diameter, whereas SEM leads to a 
disproportionate increase. The trends of the SCEPS 
approach are similar to the NOMOD results with an 
elevation of 32d . However, the simulated gas holdup with 
SCEPS deviates from the measurements for sc = 40 vol% 
and gU  = 0.020 m/s (c.f., Fig. 4). Presumably, the most 
likely 32d  trend is depicted by the COPAA approach 
because the approach tries to replicate the experiments. 
Therefore, it is in general not possible to predict or 
extrapolate results and the approach has to be calibrated for 
different systems. 

The calculated Sauter mean diameter fields in the x–h 
plane in the center of the column where all other results 
have been shown at h = 0.6 m are displayed in Fig. 9. 

 

 
Fig. 8  Calculated Sauter mean diameters for the time averaged samples along x in the column center at h = 0.6 m. 

 

 

Fig. 9  Time averaged Sauter mean diameter fields for sc = 20 vol% and gU = 0.020 m/s (x–h plane). 
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The promotion of coalescence is clearly visible with the 
modification approaches (COPAA, SEM, SCEPS). The 
Sauter mean diameter fields are displayed for sc = 20 vol% 
and gU = 0.020 m/s where the gas holdup profiles hardly 
differ. Nevertheless, different characteristics of the coalescent 
core flow (green to purple) and the non-coalescent boundary 
regions (blue) can be detected. It gives rise to the conclusion 
that more than one axial measurement position would be 
desirable for validating breakup and coalescence models. 

To get a better understanding of the effects on the 
breakup and coalescence models, they are visualized in Fig. 
10. The following parameters were used for the calculations: 
The COPAA simulations resulted in the adapted 
coalescence parameters P1,adaptC ( sc = 20 vol%) = P12 C´  
and P1,adaptC s(c = 40 vol%) = P13 C´ . In the SCEPS approach, 
the value of the parameter was 11.3εC = . All other material 
properties were used as indicated in Table 1 and the 
dissipation rate of the turbulent kinetic energy was 
estimated for gU = 0.020 m/s according to Eq. (42) as to ε  
= 0.2 W/kg. For the visualization, it was further assumed 
that only two bubbles of the same size coalesce. 

The coalescence efficiency cλ and the collision 
frequency ch are displayed at the top row of Fig. 10. The 
product of cλ and ch  according to Eq. (30) leads to the 
coalescence frequency cΓ . On the opposite side at the 
bottom row of Fig. 10, the breakup rate bg  is depicted. 

In the default models (NOMOD), cΓ  reaches a 
maximum at a certain bubble diameter bd  and is 
approaching zero again for large bubble diameters. This  

maximum is raised and/or shifted to larger bubble 
diameters with the modification approaches (COPAA, SEM, 
SCEPS). COPAA increases only ch  and SEM enhances 
only cλ , whereas SCEPS modifies both terms and in 
addition also bg . It is noticeable that an increasing cλ  
results in a strong effect on cΓ , especially for large bubbles 
and in the case of the SEM approach with high solid- 
particle concentrations sc  also for smaller bubbles. Due to 
the fine interplay of bg  and cΓ  in the PBE, mean diameters 
in the range as depicted in Fig. 9 occur. Further insights can 
be gained when the bubble diameter range bd = 0.01, …, 
0.02 m is considered in Fig. 10. For the SEM approach and 

sc = 40 vol%, cΓ  is strongly increasing and is probably 
overestimated. Therefore, the gas holdup in Fig. 4 is 
underestimated. For the SCEPS approach, the values of cΓ  
are lower for bd  < 0.017 m for sc = 40 vol% in comparison 
with sc = 20 vol%. Therefore, the values of cΓ  are too low 
for sc = 40 vol%. Finally, the effect in the simulation is 
visible in Fig. 8 for gU  = 0.020 m/s: The Sauter mean 
diameter for sc = 40 vol% is smaller than for sc = 40 vol% 
and the gas holdup is slightly overestimated (c.f., Fig. 4). 

6  Conclusions 

Three different modification approaches for bubble breakup 
and coalescence models to account for enhanced coalescence 
due to solid-particle effects were presented and transferred 
to a reference simulation case. This allowed testing and for 
the first time a comparison of all approaches at the same 

 

  
Fig. 10  Bubble diameter dependent breakup and coalescence terms for different solid-particle concentrations and simulation 
conditions for gU = 0.020 m/s. 
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conditions for two superficial gas velocities gU and a wide 
range of solid-particle concentrations sc . 

The COPAA approach accounts for enhanced coalescence 
by adapting an empirical parameter in the model for the 
collision frequency ch . It can be applied for different material 
systems such as different solid-particle concentrations sc . 
The SEM approach modifies solely the coalescence efficiency 

cλ  by artificially lowering the ratio of the film drainage 
time ijt  and the bubble contact time ijτ  with a multiplier 
β . The value of β  can be derived from film rupture 
measurements and is dependent on solid-particle diameter 
and concentration. Within the SCEPS approach, the 
dissipation rate of the turbulent kinetic energy ε  is reduced 
with an attenuation factor due to the presence of small solid 
particles based on findings of DNS. The modified dissipation 
rate acts on the models for coalescence and breakup where 
the breakup rate bg is lowered and the coalescence frequency 

cΓ increased. 
The capabilities of all approaches were confirmed for 

sc  = 20 vol% for both superficial gas velocities gU  = 
0.020 and 0.034 m/s and improved the simulation results 
when compared to experimental data. Limitations occur 
with a high solid-particle concentration sc = 40 vol%: The 
SCEPS approach slightly overestimates the measured gas 
holdup for gU = 0.020 m/s and the SEM approach underesti-
mates the gas holdup for gU  = 0.034 m/s. The COPAA 
approach is able to improve the simulated results for all 
investigated cs and Ug but has to be calibrated for different cs. 

Additionally, the effects of the applied approaches on 
the bubble velocities, BSD, and the respective Sauter mean 
diameters were studied. These quantities could not be 
validated due to missing experimental data but served for 
discussion and allowed deeper insights into the effects of 
the various approaches. Therefore, future studies tackle 
setting up an experimental data base to validate also 
simulation results of bubble size distributions and velocities 
in slurry bubble columns. Finally, only the validation of 
these quantities will lead to a better understanding of the 
physics and a more standardized formulation of the 
modification approaches to account for solid-particle 
effects on bubble breakup and coalescence. 
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