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Abstract

In this paper, we study the theory of complements, introduced by Shokurov, for Calabi—
Yau type varieties with the coefficient set [0, 1]. We show that there exists a finite set of
positive integers A, such that if a threefold pair (X/Z > z, B) has an R-complement
which is klt over a neighborhood of z, then it has an n-complement for some n € N.
We also show the boundedness of complements for R-complementary surface pairs.
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Mathematics Subject Classification 14E30 - 14J45 - 14J17

1 Introduction

We work over the field of complex numbers C.

The theory of complements (for Fano varieties) was introduced by Shokurov when
he proved the existence of flips for threefolds [45]. It originates from his earlier work
on anti-canonical systems on Fano threefolds [44]. The boundedness of complements
[4, 26, 47] played an important role in various contexts in the study of Fano vari-
eties, including the solution of the Borisov—Alexeev—Borisov conjecture (boundedness
of Fano varieties) [4, 5] and the Yau-Tian—-Donaldson conjecture (the existence of
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2 G.Chenetal.

Kihler—Einstein metrics on log Fano pairs) [8, 40, 49]. We refer the reader to [9-11,
13, 14, 16, 25, 26, 38] and references therein for more recent progress and applications.
According to the minimal model program, varieties of general type, Fano varieties
and Calabi—Yau varieties form three fundamental classes in birational geometry and are
building blocks of algebraic varieties. In this paper, we study the theory of complements
for Calabi—Yau type varieties with the coefficient set [0, 1] in dimensions 2 and 3. Note
that Calabi—Yau type varieties form a large class of varieties which includes both Fano
varieties and Calabi—Yau varieties. For Calabi—Yau varieties, since the boundedness of
complements implies the boundedness of the non-vanishing index of Ky, we expect
that the theory of complements will play an important role in the study of Calabi—Yau
varieties, including the boundedness of Calabi—Yau varieties. We also remark that
replacing a coefficient set which satisfies the descending chain condition (DCC) with
the set [0, 1] is considered as a very hard problem in the theory of complements.
Our first main result is the boundedness of complements for threefold pairs.

Theorem 1.1 Letl be a positive integer. Then, there exists a finite set of positive integers
N depending only on [ satisfying the following.

Assume that (X/Z > z, B) is a threefold pair which has an R-complement that
is kit over a neighborhood of z. Then, (X/Z > z, B) has an n-complement for some
n € N such thatl | n.

Theorem 1.1 fails if we remove the assumption “klt over a neighborhood of z”’; see
[47, Example 11]. However, if we require the coefficients of the boundaries to lie in a
set ' C [0, 1] such that "' N Q is DCC, then we can remove the kit assumption.

Theorem 1.2 Let | be a positive integer, and T' C [0, 1] a set such that T N Q is
DCC. Then, there exists a finite set of positive integers N depending only on | and T’
satisfying the following.

Assume that (X /Z > z, B) is an R-complementary threefold pair such that X is of
Calabi-Yau type over a neighborhood of z and B € T'. Then, (X/Z > z, B) has an
n-complement for some n € N such thatl | n.

Here, we say that X is of Calabi—Yau type over a neighborhood of z, if there exists
a boundary C on X such that (X, C) iskltand Kx + C ~g,z 0 over a neighborhood
of z; see Definition 7.1.

Our last main result is the boundedness of complements for surface pairs where
we do not require the pair has a kit R-complement nor I' N Q is DCC. Theorem 1.3
completely answers a question of Shokurov [46, 1.3 Conjecture on complements] for
surfaces.

Theorem 1.3 Letl be a positive integer. Then, there exists a finite set of positive integers
N depending only on [ satisfying the following.

Assume that (X/Z > z, B) is an R-complementary surface pair. Then, (X/Z >
z, B) has an n-complement for some n € N such thatl | n.

Sketch of proofs. We now sketch the proofs of Theorems 1.1 and 1.3. For convenience,
in what follows, we will assume that / = 1 and (X, B) is a Q-factorial kit log Calabi—
Yau pair, that is, Z = z = {pt}, (X, B) is Q-factorial kIt and Kx + B ~g 0.
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Boundedness of Complements for Log Calabi-Yau Threefolds 3

We first sketch the proof of Theorem 1.3. If X is of Fano type, then (X, B) is
N1-complementary for some finite set of positive integers A/; by Theorem 2.19; here,
(X, B) being Nj-complementary means that (X, B) is n-complementary for some
n € N (see Definition 2.12). Thus, we may assume that X is not of Fano type and
k(X, B — Bg,) < 1, where ®; := I'(NV, {0, 1}) is a hyperstandard set and By, is a
Q-divisor with coefficients in ®; suchthat0 < Bg, < B (see Definition 2.1). Suppose
thatk (X, B— Bo,) = k(X, B— Bg,) = 1, where N is a finite set of positive integers
given by Theorem 2.20 and ®; := I'(N] U N3, {0, 1}). In this case, we claim that
(X, B) is Na-complementary. Indeed, although X is not of Fano type, by Lemma 2.15
we can still run an MMP on — (K x + Bg,) and get a good minimal model X’ such that
—(Kx + Bépz) is semi-ample and hence defines a contraction 7’ : X’ — Z’, where
D’ denotes the strict transform of D on X’ for any R-divisor D on X. Then, we run
an MMP on —(Kx + Bépl) over Z' and reach a model X" on which — (K x» + Bg)l)
is semi-ample over Z’, where D” denotes the strict transform of D on X” for any
R-divisor D on X. As k(X, B — Be,) = k(X, B — Be,) = 1, the natural morphism
n” : X" — Z'is the contraction defined by —(Kx» + By, ) over Z'. By the similar
arguments as in [4, Proposition 6.3] and using Effective Adjunction [43, Conjecture
7.13.3 and Theorem 8.1], there exists a positive integer p which only depends on @
such thatp(KXn+Bg,l) ~ p(rr”)*(KZr+B(Zl/)+MjT~,Z/) and pM,,» is base point free,
where B(Zl,) and M, are given by the canonical bundle formula for (X", B&;l ) over Z'
in Proposition 3.3. It follows that p(Kx' + B}, ) ~ p(')*(Kz + By + My 7) and

pM,,s is base point free, where B (Zz,) and M,+ are given by the canonical bundle formula
for (X', B&,z) over Z'. We may assume that p | n for any n € N,. As pM, is base
point free, one can find an effective Q-divisor My such that pMz ~ pMy: 7/, Mz

has no common components with BS), and (Z’, Bg/) + M) has an n-complement
for some n € N;. Then, we can lift this complement to X and get an n-complement
of (X, B); see Proposition 3.5. If k (X, B — B¢,) = 0, then we can easily show that
no(Kx + B) ~ 0 for some positive integer ng which only depends on ®;; see Lemma
2.18. Hence, N1 U N, U {no} has the required property.

Now, we sketch the proof of Theorem 1.1. The main strategy is similar. One of the
key steps is to construct a positive integer ng and finite sets of positive integers N;

(i =1, 2,3) such that

(1) if «(X, B — Bg,) = 3, then (X, B) is Nj-complementary,

(2) if (X, B — Be,) = (X, B — Bg,) = 2, then (X, B) is N>-complementary,
(3) ifk (X, B— Bg,) = k(X, B — Bg,) = 1, then (X, B) is N3-complementary, and
4) if (X, B — Bg,) = 0, then (X, B) is np-complementary,

where ®; = F(U;=] /\/'j, {0,1}) for any 1 < i < 3; see Sect. 6 for the details.
However, there are some issues when we construct these finite sets. One issue is that
when we apply the canonical bundle formula, Effective Adjunction is still open when
the relative dimension is > 2. But in our setting we can give a positive answer to
Effective Adjunction; see Proposition 3.4 for the details. On the other hand, there is
also an issue when we try to lift complements from lower dimensional varieties. More
precisely, it may happen that some components of Supp B have images of codimension
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4 G.Chenetal.

> 2 in Z. Therefore, we must lift complements more carefully; see Proposition 3.5
and Sect. 6 for the details.

Structure of the paper. We outline the organization of the paper. In Sect. 2, we introduce
some notation and tools which will be used in this paper, and prove certain basic results.
In Sect. 3, we recall the canonical bundle formula, some well-known results, as well
as some new results. In Sect. 4, we prove the boundedness of complements for sdlt
curves. In Sect. 5, we prove Theorem 1.3. In Sect. 6, we prove Theorem 1.1. In Sect.
7, we prove Theorem 1.2.

2 Preliminaries

2.1 Arithmetic of Sets

Definition 2.1 (1) We say thatasetI" C [0, 1] satisfies the descending chain condition
(DCC) if any decreasing sequencea; > ap > - - - inT stabilizes. We say that I' satisfies
the ascending chain condition (ACC) if any increasing sequence a; < ay < --- in [

stabilizes.
(2) Suppose that R C [0, 1] N Q is a finite set. We define

(R :={1—;

reiﬁ,leZ>0}ﬂ[O,l]

to be the set of hyperstandard multiplicities associated to R (cf. [4, 2.2]). We may say
that ® (R) is the hyperstandard set associated to SR. When we say @ C [0, 1] N Q is
a hyperstandard set, we mean that ® = ® (R) for some finite set 58 C [0, 1] N Q. We
usually assume 0, 1 € R without mentioning, so ({0, 1}) € ®(R).

(3) (cf. [47, Page 30]) Let N' € Z.o, R C [0,1] N Q be two finite sets, and
® := O(R). We define

ro1 my
TV, &) = {1—7+7 >
neN

refRlel-og,m,e Zzo} N[o, 1].

By Remark 2.2 (1), T'(V, ®(2R)) is independent of the choice of PR. Hence, we may
write I' (N, ®) instead of I'(V, ® ({R)) for convenience. By Remark 2.2 (2), ['(N, ®)
is a hyperstandard set. In particular, it is a DCC set whose only accumulation point is
1. Then, for any b € [0, 1], we define

by ¢ := max {b’|b’ <b, b eT W, CD)}.

If N' = {n} (respectively, N' = @), we may write b, ¢ (respectively, bg) rather than
b N -
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Boundedness of Complements for Log Calabi-Yau Threefolds 5

Remark2.2 (1) If ¥ < [0,1] N Q is a finite set such that ®(R) = P(R), then
CWNV,®(R)) = W, ®(R)). Indeed, for any ' € R/, there exist r € R and
[ € Z+¢ such that ¥’ = r/l. Thus, T(N, ®(R)) 2 (N, ®(R')), and the converse
inclusion follows similarly.

(2) T (N, @) is the hyperstandard set associated to the following finite set:

m
m// = _ n
{r Zn+l

neN

refR,m, e Zzo} N[o, 1].

Indeed,

"

DR = {1—%

r 1 mpy
(-7
l lnEN,n—i—l

=TW, d).

r"eR’le Z>0} n[o, 1]

refR,l ey, my €Z>0}ﬂ[0, 1]

(3) If M1 and N, are two finite sets of positive integers, then
CN1UMN,, @) =T (N, TV, ®)).

Indeed, let

m
Ry = {r— > n+"1 re%,mnGZzo}ﬂ[Ovl]-

neN
Then, (N7, ®) = ®(R)) by (2). Therefore,

T (N2, TV, @) = T(N2, @(Ry)

1
== 2 P e Ryl € Zagomn € Zag | N0, 1]
1 l eNn+1
neNy
1 m, 1 my ,
=11-7(r- /62/\:/ P +7n§[n+1 reRlelog.m, my€Zzgf N0 1]
n 1 2
r 1 m;l/ mp ’
={1-7+7 /Z/\:[ A g\;nH reRl€Leg.mp.ml, € Lzgy N[0, 1]
n'e/Nj n 2
=T(N]UN,, ®).

The following lemma was observed by the second named author. It will play an
important role in the proof of the main theorems.
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6 G.Chen etal.

Lemma 2.3 Assume that R C [0, 11N Q is afinite set, ® := ®(R), and n is a positive
integer such that nR C Z. Then, for any b € [0, 1], we have
n+ D{b
CED TR

Proof Withoutloss of generality, we may assumethatl > b = b, ¢ = 1—%4—% €
I'({n}, @) for some r € R, [ € Z-o and m € Zxp. It suffices to show that

\}_(n—l—l)r_{_ﬂJz nr mn

! ! T Nt n

Suppose on the contrary that there exists an integer k such that

1
_nADroom g M

1 >
[ [ l In+1)

The first inequality above gives us that! —lk+m < (n+1)r,and thus! —lk+m < nr
as nr € Z. Therefore, we have

>k —-—DI+nr>=Gk-DI+1—-1k+m=m,

n+1
a contradiction. O

Lemma2.4 Let N be a finite set of positive integers, ® a hyperstandard set, and
n € N. Suppose that b, b™ € [0, 1] such that nb* € Z and

nbt > [(n+ Dby o}] +nlby ol

Then, nb* > [(n + 1){b}] + n|b].

Proof 1f b = 1, then b* = br ¢ = 1 and there is nothing to prove.
If b < 1, then by ¢ < b < 1. It suffices to show that |[(n 4+ 1)b] =

L(n 4+ by o). Let

[
n+1

b’ := max {

<bleZ T, ®).
T =bhle zo}e W, @)

By the construction, [(n + 1)b’] = [(n + 1)b], which implies that [(n + 1)b] =
L(n 4+ Dby ol asb’ <bpr ¢ <b. O

2.2 Divisors
Let IF be either the rational number field Q or the real number field R. Let X be a

normal variety and WDiv(X) the free abelian group of Weil divisors on X. Then, an
F-divisor is defined to be an element of WDiv(X)r := WDiv(X) ® F.
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Boundedness of Complements for Log Calabi-Yau Threefolds 7

A b-divisor on X is an element of the projective limit
WDiv(X) = Ylimx WDiv(Y),

where the limit is taken over all the pushforward homomorphisms f, : WDiv(Y) —
WDiv(X) induced by proper birational morphisms f : ¥ — X. In other words, a
b-divisor D on X is a collection of Weil divisors Dy on higher models Y of X that are
compatible with respect to pushforward. The divisor Dy is called the trace of D on
the birational model Y. A b-FF-divisor is defined to be an element of WDiv(X) ® F,
and the trace of a b-F-divisor is defined similarly.

The Cartier closure of an F-Cartier F-divisor D on X is the b-F-divisor D with
trace Dy = f*D for any proper birational morphism f : ¥ — X. A b-F-divisor D on
X is b-F-Cartier if D = Dy where Dy is an F-Cartier F-divisor on a birational model
Y of X in this situation, we say D descends to Y. Moreover, if Dy is a Cartier divisor,
then we say D is b-Cartier. Let X — Z be a projective morphism. Then, a b-F-divisor
is nef (respectively, base point free) over Z if it descends to a nef (respectively, base
point free) over Z F-divisor on some birational model of X.

Assume that I' € [0, 1] is a set, and B := ) b;B;, B’ := ) b}B; are two R-
divisors on X, where B; are prime divisors. By B € I' we mean b; € T for any
i. We define |B] := > |bi]Bi, {B} := Y _{bi}Bi, |Bll := max{|b;|}, and B A

=Y min{b;, bl’.}Bi. Assume that N is a finite set of positive integers and ® is a
hyperstandard set. We define

By o =Y ()N _oBi.

If N = {n} (respectively, N' = §), we may write B, ¢ (respectively, By) instead of
B N -

Definition 2.5 (1) We say & : X — Z is a contraction if X and Z are normal quasi-
projective varieties, 7 is a projective morphism, and 7, Ox = O7.

(2) We say that a birational map ¢ : X --» Y is a birational contraction if ¢ is
projective and ¢! does not contract any divisors.

Lemma 2.6 Suppose thatt : Z" — Z' and Z' — Z are contractions. Suppose that
H" (respectively, H') is an R-Cartier R-divisor on Z" (respectively, Z' ) which is ample
over Z' (respectively, Z). Then, e H" + t*H' is ample over Z for any 0 < € < 1.

Proof Pick any closed point reZ LetZ =27 xz({z}, 2] :=7" xz {2}, H] :=

H’ lz;, and H! == H" lzy. By assumptlon H] is ample over Z, and H/ is ample
According to [36 Proposmon 1.45), €. H! + (r|z//)*H’ is ample for any 0 <€ K 1.
In particular, e, H” + t*H’ is ample over z. It follows that €. H” + t*H' is ample
over some neighborhood of z by [37, Theorem 1.2.17]. Since Z is quasi-compact, the
lemma follows. O
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8 G.Chen etal.

2.3 Generalized Pairs and Singularities

In this paper, we usually discuss the (sub-)pair in the relative setting (X/Z > z, B);
we refer the reader to [11, §2] (cf. [6, 36]). Moreover, if the (sub-)pair (X/Z > z, B)
is (sub-)lc over z for any z € Z, then we say (X/Z, B) is (sub-)lc.

Here, we briefly discuss the analogous concepts for generalized pairs, and refer the
reader to [7, 22, 24] for further details.

Definition 2.7 A generalized pair (g-pair for short) (X/Z, B + M) consists of a
contraction X — Z, an effective R-divisor B on X, and a nef/Z b-R-divisor M on
X, such that Ky + B + My is R-Cartier.

Let (X/Z, B+M)beag-pairand f : W — X alog resolution of (X, Supp B) to
which M descends. We may write

Kw + Bw + My = f*(Kx + B +My)

for some R-divisor By on W. Let E be a prime divisor on W. The log discrepancy
of E with respect to (X, B + M) is defined as

a(E,X,B+M):=1—multg By.

We say (X/Z, B+ M) is generalized Ic or glc (respectively, generalized kit or gklt)
ifa(E, X, B+ M) > 0 (respectively, > 0) for any prime divisor E over X.

We say that two g-pairs (X/Z, B +M) and (X'/Z, B’ + M) are crepant if X is
birational to X', M = M', and f*(Kx +B+Mx) = (f")*(Kx'+ B'+M},) for some
common resolution f : W — X and f': W — X’. We also call (X'/Z, B’ +M) a
crepant model of (X/Z, B +M).

Lemma 2.8 Let d be a positive integer and T' C [0, 1] a DCC set. Then, there is a
positive real number € depending only on d and T satisfying the following. Assume
that (X, B) is a projective kit pair of dimension d such that Kx + B ~r Oand B € T.
Then, (X, B) is e-lc.

Proof The lemma follows from [4, Lemma 2.48]. |

Definition 2.9 Let X — Z be a contraction and D an R-Cartier R-divisor on X. We
denote by x (X, D) and k (X /Z, D) the litaka dimension and relative litaka dimension
of D respectively; see [41, I, §3.b and §3.c].

Definition 2.10 Let X — Z be a contraction, D an R-Cartier R-divisor on X, and
¢ : X --» Y abirational contraction of normal quasi-projective varieties over Z. We
say that Y is a good minimal model of D over Z, if ¢ is D-negative, Dy is semi-ample
over Z, and Y is (Q-factorial, where Dy is the strict transform of D on Y.

Lemma2.11 Let X — Z be a contraction, and Dy > D two effective R-Cartier
R-divisors on X. Suppose that X --+ X' is a sequence of steps of the D{-MMP over
Z. Let D), be the strict transform of Dy on X'. Then, k(X /Z, Dy) = «(X'/Z, D)).
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Boundedness of Complements for Log Calabi-Yau Threefolds 9

Proof Pick a positive real number € such that X --» X’ is also a sequence of steps of
the (D1 4 € D2)-MMP over Z. As Supp(D1 + € D>) = Supp D>, one can see that

k(X'/Z, D)) =k(X'/Z, D] +€D)) = k(X/Z, D1+ €Dy) = k(X/Z, Dy),

where D] is the strict transform of D on X'. O

2.4 Complements

Definition 2.12 We say that a pair (X/Z > z, BT) is an R-complement of (X/Z >
z,B)if (X,BT)islc, BT > B, and Kx + B* ~g 0 over a neighborhood of z. In
addition if (X, B™) is kIt over a neighborhood of z, then we call (X/Z > z, BT) a kit
R-complement of (X/Z > z, B).

Let n be a positive integer. An n-complement of (X/Z > z, B) is a pair (X/Z >
z, BT), such that over some neighborhood of z, we have

(1) (X,Bh)islc,
2) n(Kx + B*) ~ 0, and
(3) nB* > n|B] + [(n+ 1){B}].

We say that (X/Z > z, B) is a monotonic n-complement of (X/Z > z, B) if we
additionally have B+ > B.

Let V be a non-empty set of positive integers. We say that (X/Z > z, B) is N-
complementary (respectively, n-complementary, R-complementary) if (X/Z > z, B)
has an m-complement (respectively, n-complement, R-complement) for some m € N.
If (X/Z > z, B) has an R-complement (respectively, n-complement) for any z € Z,
then we say that (X/Z, B) is R-complementary (respectively, n-complementary).

Note that if 7/ € 7 is a closed point and (X/Z > 7/, BT) is an R-complement
(respectively, an n-complement) of (X/Z > 7/, B), then (X/Z > z, B) is an R-
complement (respectively, an n-complement) of (X/Z > z, B). Hence, when proving
the existence of complements we may assume that z € Z is a closed point.

The following lemma is well-known to experts. We will use the lemma frequently
without citing it in this paper.

Lemma 2.13 (cf. [4,6.1)],[11, Lemma 2.11]) Let n be a positive integer. Assume that
(X/Z > z, B) is a pair, ¥ : X --» X' is a birational contraction over Z, and B’ is
the strict transform of B on X'.

(1) If (X/Z > z, B) is R-complementary (respectively, n-complementary), then so is
(X'/Z >z, B).

(2) Suppose ¥ is —(Kx + B)-non-positive. If (X'/Z > z, B') has an R-complement
(respectively, a monotonic n-complement), then so does (X/Z > z, B).

The following lemma is an easy consequence of Lemmas 2.3 and 2.4.

Lemma2.14 Let N C Z-o, R C [0, 1] N Q be two finite sets, ® := ®(R), andn a
positive integer such that n'R C Z>q. Assume that (X/Z > z, B) is a pair.
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10 G.Chenetal.

(1) If (X/Z > z, B\ o) is N'-complementary, then so is (X/Z > z, B).
(2) Any n-complement of (X/Z > z, B) is a monotonic n-complement of (X/Z >
Za anq))'

We will use the following lemma frequently in this paper.

Lemma 2.15 Let © C [0, 1] N Q be a hyperstandard set. Assume that (X/Z > z, B)
is a pair which is an R-complement of itself. If either

o dim X = 2 and X is Q-factorial, or
e dim X = 3 and (X, B) is dit over a neighborhood of z,

then —(Kx + Bg) has a good minimal model over a neighborhood of z.

Proof Accordingto[11,Lemma4.2], possibly shrinking Z near z, there exist a positive
real number u and a surface (respectively, threefold) pair (X, A), such that the coeffi-
cients of A are at most 1 (respectively, (X, A)isdlt)and —u(Kx+Bo) ~r,z Kx+A.
In both cases, we can run an MMP on K x + A over Z and reach a good minimal model
X' over Z by [18, 32, 48]. It is clear that X’ is a good minimal model of —(Kx + Bg)
as —u(Kx + Bo) ~r,z Kx + A. This finishes the proof. m]

2.5 Boundedness of Complements

We propose a conjecture on the boundedness of complements and collect some useful
results.

For a positive integer / and a non-empty set ' C Z-.(, we say A is divisible by [,
denoted by [ | NV, if[ | nforanyn € .

Conjecture 2.16 Letd, [ be two positive integers and ® C [0, 11N Q a hyperstandard
set. Then, there exists a finite set of positive integers N divisible by | depending only
ond,l and ® satisfying the following.

Assume that (X/Z > z, B) is a pair of dimension d such that (X/Z > z, B\, @)
has an R-complement which is klt over a neighborhood of z. Then, (X/Z > z, B) is
N -complementary.

Remark 2.17 (1) In Conjecture 2.16, we do not assume (X/Z > z, B) is lc.

(2) One can not remove the kit assumption in Conjecture 2.16 when d > 3; see
[47, Example 11]. However, we will show Conjecture 2.16 for R-complementary
surface pairs without the klt assumption; see Theorem 1.3.

Lemma 2.18 Let ® C [0, 11N Q be a hyperstandard set. Then, there exists a positive
integer n depending only on ® satisfying the following.

Assume that (X, B) is a projective Q-factorial dlt pair of dimension < 3 such that
Kx+ B ~r0and «(X, B— Be) =0. Then, n(Kx + B) ~ 0.

Proof By Lemma 2.15, we may run an MMP on —(Ky + Bg) ~r B — B¢ which
terminates with a good minimal model X’. Let B’ be the strict transform of B on X’.
Since k (X, B — By) = 0 and B’ — B}, is semi-ample, we see that B’ = By, and,
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therefore, Ky + BQD ~r 0. By [11, Proposition 6.4, Theorem 1.1] and [12, Theorem
2.14], there is a positive integer n depending only on & such that

n(Kx + B") = n(Kx + Bg) ~ 0.

It follows that n(Kx + B) ~ 0 as (X, B) and (X', B’) are crepant. O
We will use the following results on the boundedness of complements.

Theorem 2.19 (cf. [47, Theorem 16]) Let d, [ be two positive integers and © C
[0, 11 N Q a hyperstandard set. Then, there exists a finite set of positive integers N
divisible by | depending only on d, | and ® satisfying the following.

Assume that (X/Z > z, B) is a pair of dimension d such that X is of Fano type
over Z and (X/Z > z, By o) has a kit R-complement. Then, (X/Z > z,B) is
N -complementary.

Theorem 2.20 ([11, Theorem 1.3]) Let | be a positive integer. Then, there exists a
finite set of positive integers N divisible by | depending on | satisfying the follow-
ing. If (X/Z > z, B) is an R-complementary curve pair, then (X/Z > z,B) is
N -complementary.

3 Canonical Bundle Formulas
3.1 Canonical Bundle Formulas

For the definition and basic properties of the canonical bundle formula, we refer the
reader to [4, 15, 27, 30]. Briefly speaking, suppose that (X/Z, B) is a sub-pair and
¢ : X — T is a contraction over Z, such that (X, B) is Ic over the generic point of
T and Kx + B ~g 1 0. Then, there exist a uniquely determined R-divisor Br and a
nef over Z b-R-divisor My which is determined only up to R-linear equivalence, such
that (T'/Z, By + M) is a g-sub-pair and

Kx + B ~r ¢*(K7 + Bt + My 7).

Here, B (respectively, M) is called the discriminant part (respectively, a moduli part)
of the canonical bundle formula for (X/Z, B) over T. Moreover, if (X/Z, B) is anlc
(respectively, klt) pair, then (T'/Z, Br + My ) is a glc (respectively, gklt) g-pair.

It is worthwhile to point out that My only depends on (X, B) over the generic point
of T (cf. [4, 3.4 (2)]), and there are many choices of M, some of which could behave
badly. But we can always choose one with the required properties, e.g., Propositions
3.3 and 3.4.

Lemma 3.1 Notation as above.

(1) Assume that (X, B) is a kit pair. Then, there exists a crepant model (T, B; +
My) — (T, Bt + My) such that for any prime divisor P C Supp B which is
vertical over T, the image of P on Tisa prime divisor.
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(2) Suppose that there is an R-divisor Gt on T such that (T, By + Gt +My) is a
sub-glc g-sub-pair. If we let G := ¢*Gr, then (X, B 4+ G) is sub-lc.

Proof (1) According to [29, Theorem B.6] (cf. [1, Theorem 0.3], [31, Theorem 2], and
[22, Theorem 2.8]), there exist birational morphisms X’ — X and 7' — T such that
X' — T’ is an equidimensional contraction. In particular, for any prime divisor P C
Supp B which is vertical over T, the image Q of P on T’ is a prime divisor. Moreover,
by the canonical bundle formula, a(Q, T, By +My) < 1 asa(P, X, B) < 1. Since
(X, B) is aklt pair, (T, By + M) is a gklt g-pair. Therefore, (1) holds by [7, Lemma
4.6].

(2) Suppose on the contrary that (X, B + G) is not sub-Ic. Let P” be a non-sub-Ic
place of (X, B + G), i.e.,, a(P", X, B + G) < 0. It is clear that Centery (P") C
Supp G which is vertical over T. We can find birational morphisms f : X" — X
and g : T” — T such that X” — T" is a contraction, P” is a prime divisor on X",
and the image Q" of P” on T” is a prime divisor (cf. [34, VI, Theorem 1.3]). We
may write Kx» + A" := f*(Kx + B + G) and K» + Apr + Mg 77 == g* (K7 +
Br + Gt + My ) for some R-divisors A” and A7». Then, Az~ is the discriminant
part of the canonical bundle formula for (X”/Z, A”) over T”; see [43, Lemma 7.4
(ii)]. Since (T, Br + G1 + My) is sub-glc, multyr A7» < 1. By the definition of
the canonical bundle formula, (X”, A”) is sub-lc over the generic point of Q”. In
particular, multpr A” =1 —a(P”, X, B + G) < 1, a contradiction. O

Lemma3.2 Let p be a positive integer, (X, B) and (X, B') two Ic pairs, and ¢ :
X — T a contraction, such that B > B, Kx + B ~g,7 0, and Kx + B’ ~p 1 0.
Let Bt (respectively, B}.) and My be the discriminant part and a moduli part of the
canonical bundle formula for (X, B) (respectively, (X, B")) over T. If p(Kx + B) ~
p¢* (Kt + Br +My 1), then p(Kx + B') ~ p¢* (K1 + B} +My 7).

Proof Since B — B > 0and B’ — B ~g 7 0, B — B = ¢*Hr for some R-Cartier
R-divisor Hr on T by [12, Lemma 2.5]. Then, B’T = Br + Hr by [43, Lemma 7.4
(i1)]. Therefore,

p(Kx + B") = p(Kx + B) + p(B' — B) ~ p¢*(Kr + Br +Mgy 1) + p¢p*Hr
= p¢* (K7 + Br + Hr + My 1) = p¢* (K1 + By + My 7).

]

Proposition 3.3 Let R C [0, 11N Q be a finite set, and ® := ©(R). Then, there exist
a positive integer p and a hyperstandard set ® C [0, 1] N Q depending only on ®
satisfying the following.

Assume that (X/Z, B) is an Ic pair of dimension < 3 and ¢ : X — T isa
contraction over Z such thatdimT > 0, B € ®, and Kx + B ~q,r 0. Then, we can
choose a moduli part My of the canonical bundle formula for (X, B) over T, such
that Br € @', pMy, is b-Cartier, and

p(Kx + B) ~ p¢*(Kr + Br + My 1),
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where Br is the discriminant part of the canonical bundle formula for (X, B) over T.
Moreover, if dim T = dim X — 1, then pMy is base point free over Z.

Proof The result follows from [12, Proposition 3.1] and [16, Theorem 5.5]. O

Proposition 3.4 Let ® C [0, 1]1NQ be a hyperstandard set. Then, there exists a positive
integer p depending only on ® satisfying the following.

Assume that (X /Z, B) is a kit threefold pair and ¢ : X — T is a contraction over
Z, such thatdimT =1, B € ®, and Kx + B ~q,z 0. Then, we can choose a moduli
part My of the canonical bundle formula for (X, B) over T, such that

p(Kx + B) ~ p¢p* (K1 + Br + My 1),

and pMy is base point free over Z, where Br is the discriminant part of the canonical
bundle formula for (X, B) over T.

Proof If dimZ = 1, then T = Z. It follows that piMy 7 is Cartier and thus
piMy r ~z 0, where p; is given by Proposition 3.3 depending only on ®, and
M, is a moduli part chosen as in Proposition 3.3. Therefore, in what follows, we may
assume that dim Z = 0, i.e., Z is a point.

If Kr # 0, then T = P'. Let My be a moduli part chosen as in Proposition 3.3.
Then, p1My 7 is base point free.

Now, assume that K7 = 0 and in particular, By = 0. Let F' be a general fiber
of X — T and Kr + Br := (Kx + B)|r ~q 0. According to [11, Proposition
6.4 and Theorem 1.1], r(Kr + Br) ~ 0 for some positive integer r depending only
on ®. Then, there exist a rational function « € K(X) and an R-Cartier R-divisor
L on T such that Kx + B + 1(0) = ¢*L. Let My, = L — K7 — Br. Then,
r(Kx+B) ~ r¢*(Kr + Br +My, ). Let br be the second Betti number of a smooth
model of the index one cover of F. By Lemma 2.8, there exists a positive real number
€ which only depends on ® such that (F, Bfr) is €-lc. If Br # 0, then F belongs to
a bounded family by [2, Theorem 6.9], and hence br has an upper bound. If Br = 0,
then Ky ~q 0, and hence by < 22 by the classification of surfaces. Therefore, by
[17, Theorem 1.2], there exists a positive integer p, depending only on b such that
oMy 7 ~ 0.

We conclude that p := pj par has the required property. O

3.2 Lifting Complements

Now, we turn to the following technical statement on lifting complements via the
canonical bundle formula.

Proposition 3.5 Let p and n be two positive integers such that p | n. Let (X/Z, B) be
anlcpairand¢ : X — T acontractionover Z suchthatdimT > Oand Kx+B ~gr 1
0. Let Bt and My, be the discriminant part and a moduli part of the canonical bundle
Sformula for (X, B) over T, such that p(Kx + B) ~ p¢* (Kt + Br + Mgy 1) and
PpMy is b-Cartier. Let (T', By +My) — (T, Br +My) be a crepant model and M
an effective Q-divisor on T', such that
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14 G.Chenetal.

(1) for any prime divisor P C Supp B which is vertical over T, the image of P on T’
is a prime divisor,

(2) pM7 ~7z pMy 7 and M7: A By: =0, and

(3) (T')Z > z, Byr + My) is n-complementary for some z € Z.

Then, (X/Z > z, B) is also n-complementary.

Proof Let X’ be the normalization of the main component of X x7 T’. Denote by
f:X — Xand¢' : X' — T’ the induced morphisms. We may write Kx: + B’ =
f*(Kx + B) for some R-divisor B’. Note that by our assumption, we have

p(Kx' + B') ~ p¢"™ (K1 + Br' + My, 1) ~z p¢* (K1 + By + Mr).

Let (T'/Z > z, B;f, + M7/) be an n-complement of (T'/Z > z, By + My/). We
remark that as p | n, B;‘, > 0. Possibly shrinking Z near z, we may assume that

n(Kr: + BY, + Mr) ~72 0.

Let B'" := B’ + ¢/*(B;, — Br) and B* := f, B'*. We claim that (X/Z > z, BT)
is an n-complement of (X/Z > z, B). Indeed, we have

n(Ky + B =n(Kx + B) +n(BT —B)
~z n¢"*(Kr' + B + Mpr) + n¢™ (B}, — By)
=n¢™* (K7 + B;—, + Myr) ~7 0.

Hence,n(Kx+B™) ~z 0. According to Lemma 3.1 (2), the sub-pair (X'/Z 5 z, B'")
is sub-Ic, and thus (X/Z > z, BT) is also sub-Ic. It suffices to prove that

nB* > [(n+ 1){B}| +n|B].
Let P C Supp B be a prime divisor. If P is horizontal over T, then multp BT =
multp B and there is nothing to prove. Therefore, we may assume that Q, the image of
P on T',is a prime divisor. Let bp := multp B, bt := multp BT, bg :=multg By,

bJQr = multy B;,, and m g := multp ¢* Q over the generic point of Q. It is clear that
bJQr > (0 as B;’, > 0. By construction,

by =bp + (b}, —bo)mg.
Hence,
. + + !
rpgi=bp+ (1 —bg)mg = bP + (- bQ)mQ € ;Zzo.

Moreover, as 1 — bg is the lc threshold of ¢™ Q with respect to (X', B) over the
generic point of Q, we know rpg < 1.1fbg = 1, then b, = 1 and thus bp = by If
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bp = 1,thenrpg = bg = 1 and thus b}, = 1. Hence, we may assume that by < 1
and bp < 1. Since bp = b;ﬁ — (bJQr —bg)mg and nbh > |(n+ 1)bg ], we can see
that

L(n + Dbp] = L2 + Db + (n + 1) (bg — by)mg]
=nbf + b} + (1 + Dbg —nbj)mg — bimg]
<nbp + b} +{(n + Dbglmg —bmo]

= nb;,
where the last equality holds as
by +{(n+ Dbolmg —bymg < by +mg —bimg =rpg < 1.

We finish the proof. O

4 Boundedness of Complements for sdit Curves

Definition 4.1 We say X is a semismooth curve if X is areduced scheme of dimension
1, every irreducible component of X is normal, and all of its singularities are simple
normal crossing points.

Let X be a semismooth curve, and let B > 0 be an R-divisor on X. We say (X, B)
is sdlt if B is supported in the smooth locus of X and |B] < 1.

Definition 4.2 Let X be a semismooth curve, and B > 0 an R-divisor on X, such that
(X, B) is sdlt. We say that (X, B™) is an n-semi-complement of (X, B), if

(1) (X, B)is sdlt,
(2) nBt > n|B] + [(n + 1){B}], and
(3) n(Kx + BT) ~0.

Moreover, we say (X, B1) is monotonic if we additionally have BT > B.

The following theorem is a generalization of [45, 5.2.2] and [33, 19.4 Theorem]
where the case [ = 1 is proved.

Theorem 4.3 Letl be a positive integer. Then, there exists afinite set of positive integers
Niare divisible by | depending only on [ satisfying the following.

Assume that X is a semismooth curve, connected but not necessarily complete, and
B > 0 is an R-divisor on X, such that

(1) (X, B) is sdlt,

(2) X has at least one complete component,

(3) each incomplete component of X does not meet any other incomplete component
of X,

(4) the union of the complete components of X is connected, and

(5) —(Kx + B) is nef on each complete component of X.
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Then, there exists an n-semi-complement (X, BY) of (X, B) in a neighborhood of the
union of the complete components of X for some n € Nyy.

Proof Let X be a complete component of X, and let {Py, ..., Pt} := Xo N Sing X.
Then, deg(Kx|x,) = 2g —2 +k, where g is the genus of Xy. Since deg(Kx|x,) < 0,
there are four possibilities:

(i) g=1,k=0,deg(Kxl|x,) =0,
(i) g =0,k =2,deg(Kx|x,) =0,
(iii) g =0,k =1,deg(Kx|x,) = —1,
(iv) g =0,k =0, deg(Kx|x,) = —2.

We remark that B could not meet the components of type (i) or (ii) as deg(K x| x,) = 0.

If Xpis of type (i), then X = Xoand B = 0. Inthis case, (X, B) is/-complementary.

If X is of type (iv), then X = X( and X = P!. By Theorem 2.20, there exists a
finite set of positive integers N divisible by [ depending only on [, such that (X, B)
is N’-complementary.

Now, suppose that any complete component of X is either of type (ii) or of type
(iii). Note that each component of type (ii) (respectively, type (iii)) can only meet other
components at two points (respectively, one point). By assumptions (3) and (4), the
entire curve X must form a chain oracycle. If X isacycle, then B = 0and Ky ~ O by
Lemma 4.4. Otherwise, by Lemma 4.5, it suffices to construct B™ such that (X, B™)
is an n-complement of (X, B) on each component of X. Note that possibly shrinking
X near the union of the complete components, for any positive integer n, (X, B) is an
n-complement of itself on each incomplete component and each complete component
of type (ii). Since X has at most two complete components of type (iii), by Lemma
4.6 there exists a finite set of positive integers N/ divisible by / depending only on
1, such that (X, B) has an n-complement on each complete component of type (iii)
for some n € N”'. Therefore, by Lemma 4.5, (X, B) has an n-semi-complement for
somen € N”.

Let Ngaie := N’ UN” and we are done. O

Lemma4.4 Let X = |J/L| X; be a semismooth curve which is a cycle of irreducible
curves X;. Suppose that X; = P! forany 1 <i < m. Then, Kx ~ 0.

Proof For each integer m > j > 2, we construct a semismooth curve Y; in a smooth
projective surface S; such that Y; is a cycle of j complete rational curves and Kg; +
Y; ~ 0, in particular, Ky/ = (KS, + Yply; ~ 0. Let Y, C P2 =: S, be the
union of a line and a conic which is sem1sm00th Then, K5, + Y» ~ 0 and thus
Ky, = (Ks, + Y2)|y, ~ 0. Suppose that we have constructed a semismooth curve
Yj_l contained in a smooth projective surface S;_1, such that Y;_ is a cycle of
J — 1 complete rational curves and K, , + ¥j—1 ~ 0. Let7; : §; — Sj_; be
the blow-up of S; j 1 at one snc point of ¥;_1, and E; the exceptional divisor of ;.

LetY; = (JT])* j—1 U E;. Then, we get a semlsmooth curve ¥; C S], which is a
cycle of J complete rat10nal curves, such that K, +Y; ~ 0. Slnce X is analytically
isomorphic to Y,,, by [28, Appendix B, Theorem 2.1], K v, ~ O implies Kx ~ 0. O
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Lemma4.5 Let X = | J;', X; be a semismooth curve which is a chain of irreducible
curves X;. Suppose that D is an R-divisor on X, supported in the smooth locus of X,
such that D|x, ~ 0 forany 1 <i <m. Then, D ~ 0.

Proof Let X := U;:l X forl <i <m,and P; := X; N X;j41 = XD n Xit1
for 1 <i < m — 1. We will prove by induction that D|yw ~ O forany 1 <i < m.
Suppose that D|yi-1) ~ O for some integer i > 2. Then, there exist a rational function

a;i—1 on XD and a rational function Bi on X;, such that D|yi-1y = (;—1) and
Dl|x; = (B;). Since P;_ is not contained in the support of D, «;_1 and B; are
non-zero regular functions near P;_;. Replacing 8; by %%;)1) Bi, we may assume
that o;—1(P;—1) = Bi(P;i—1). Then, there exists a rational function o; on X @ such
that o;|yi-n = «;—1 and «;|x;, = B;. Hence, D|yw = («;), and thus D|ys ~ 0.
Therefore, by induction we see that D ~ 0. O

Lemma 4.6 Let! be a positive integer. Then, there exists a finite set of positive integers
N divisible by | depending only on [ satisfying the following.

Assume that {a; };‘: | and {b; };‘: | are two sequences of non-negative real numbers,
such that Zf-;l a; < 1and Zf: \ bi < 1. Then, there exist positive integers n € N’
and k' > k, and two sequences of non-negative real numbers {ai+ }i.‘/zl and {b;"}fflzl,
such that

() Y af =YX b =1,and
(2) nal >nla;|+(n + Dfa;}| andnb} > n |bi ]+ |(n + D{b;}] forany 1 <i <
k.

Proof Without loss of generality, we may assume that a;, b; < 1 for any i. Then, it
suffices to prove

k k
n—ZL(n+1)aiJ20 and n—Zl_(n—l—l)biJZO. 4.1)

i=1 i=1
For any positive integer n and non-negative real numbers c, d, we have
[m+Dc+d)]=n+Dc]+[(n+1Dd].

Thus, possibly replacing (a;, a;) by (a; +aj, 0) (respectively, (b;, b;) by (b; +b;, 0)),
we may assume thata; +a; > 1 (respectively, b; +b; > 1)foranyi # j.Inparticular,
we may assume thatk =2 anda; +ax = by +by = 1.

By Dirichlet prime number theorem, there exist three distinct prime numbers g ;
suchthat/ | gj—1forany j € {1,2,3}.Letn; :=g; —1,and N := {ny, ny, n3}. We
claim that there exists n € N satisfying (4.1). It suffices to show that both (n j+Da;
and (n; + 1)b; are not integers for some j € {1, 2, 3}. Otherwise, by the pigeonhole
principle, we may assume that a; € #Z Nn[o,1) = quZ N [0, 1) for two indices
j € {1, 2, 3}, which is absurd. O

@ Springer



18 G.Chenetal.

Proposition 4.7 Let | be a positive integer. Then, there exists a finite set of positive
integers N divisible by | depending only on | satisfying the following.

Assume that (X/Z > z, B) is a surface pair such that 7 is a closed point, (X, B)
isdlt, S := |B] # 0, B— S isbigover Zand Kx + B ~r,z 0. Then, over a
neighborhood of z, and (S, Bs) has an n-semi-complement for some n € N, where
Ks+ Bs .= (Kx + B)ls.

Proof Let Ny and N be finite sets of positive integers divisible by I given by
Theorem 4.3 and Theorem 2.20, respectively, which only depend on /. We will show
that AV := Ny U N7 has the required property.

It is clear that S is a semismooth curve, and (S, Bg) is sdlt. We first show that
S is connected over a neighborhood of z. Otherwise, there exists a contraction ¢ :
X — T toacurve T such that the general fiber F of ¢ is P! and each connected
component of S is horizontal over T'; see Shokurov’s connectedness lemma [33, 17.4
Theorem] and [42, Propositions 3.3.1 and 3.3.2] (see also [45, 5.7 Connectedness
lemma], [21, Corollary 1.3]). Note that if dim Z = 1, then we take T = Z. As
B — S isbig over Z, B — S is horizontal over T and (B — S)|r # @. It follows that
(Kx+B)|lFr = (Kx+ S+ B—3S)|r »r 0, acontradiction. Thus, S is connected over
a neighborhood of z. Possibly shrinking Z near z, we may assume that Kx + B ~r 0
and thus K5 + By is trivial on each complete component of S. If S has two irreducible
incomplete components S; and S; that S| N S2 # @ over any neighborhood of z,
then by assumption, we have B = § = S1 + S» over a neighborhood of z. In this
case, Bg = 0 and Kg ~ 0 over a neighborhood of z. Now, we assume that each
irreducible incomplete component of S does not meet any other irreducible incomplete
component of S. By the classification of dlt surface pairs (cf. [36, Corollary 5.55]),
over a neighborhood of z, either the support of Bg lies in the union of the complete
components of S or § is irreducible and its image on Z is also a curve. In the former
case, (S, Bys) has an n-semi-complement in a neighborhood of the union of complete
component of S for some n € Ny by Theorem 4.3. Therefore, over a neighborhood
of z, (S, By) has an n-semi-complement. In the latter case, the morphism from S to its
image on Z is a contraction, then (S, Bg) has an n-complement over a neighborhood
of z for some n € N. This finishes the proof. O

5 Boundedness of Complements for Surfaces
5.1 Conjecture 2.16 for Surfaces
In this subsection, we confirm Conjecture 2.16 for surfaces. For convenience, by

(Theorem *x); we mean Theorem * in dimension d.

Notation (x). Let ®; C [0, 1]NQ be a hyperstandard set. Let p = p(®) be a positive
integer given by (Proposition 3.3), which only depends on ®1. Let A, = N (p) be a
finite set of positive integers divisible by p given by Theorem 2.20 which only depends
on p, and let &, := I'(NV3, ®1).
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Proposition 5.1 Under Notation (), assume that (X /Z, B) is a Q-factorial Ic surface
pair suchthat Kx +B ~r 7 0and k(X /Z, B— Be,)+dimZ =« (X/Z, B— B¢,)+
dim Z = 1. Then, (X/Z > z, B) is Np-complementary for any closed point 7 € Z.

Proof By Lemma 2.15 we can run an MMP on —(Kx + Bg,) ~r.z B — Bo, over
Z and reach a good minimal model ¢ : X — X’ over Z, such that —(Kx/ + Bébz) is

semi-ample over Z, where D’ denotes the strict transform of D on X’ for any R-divisor
Don X.Letnn’ : X" — Z' be the contraction defined by —(Kx’ + By, ,) over Z. By

assumption, dim Z’ = 1. Let B(Z,) and M,/ be the discriminant and moduh parts of
the canonical bundle formula for (X', B ®,) over Z " in Proposition 3.3.

Claim 5.2 pM,,/ is base point free over Z and
P(Kx: + Bg,) ~ p(a)(Kz + By + My 71).
Assume Claim 5.2. Then,
p(Kx + B®) = py*(Kx + By,) ~ p(t' o y)*(Kz + BS) + My 2).

Note that since ¥ is —(Kx + Bg,)-negative, B® > Bo,. Since Ky' + B’ ~r.z 0
and B > Bg,, there exists a boundary By on Z’ such that the g-pair (Z’, Bz + M,;/)
is glc, By > BZ, ,and Kz + Bz +My 72 ~r 7z 0. As pM is base point free over
Z, we can pick an effective Q-divisor Mz on Z’ such that

pMz ~7 pMy: 77, Mz» A Bz =0, and (Z/, Bz + My) is lc.

In particular, (Z'/Z > z, Bz7 + Mz) is an R-complement of (Z'/Z > z, B(ZZ,) +
Mz/) for any z € Z. Now, by our choice of N2, (Z'/Z > z, B(Zz,) + My) is N>-
complementary. According to Proposition 3.5, (X /Z > z, B®) is N>-complementary,
and hence (X/Z > z, Bg,) is also N>-complementary as B® > Bo,. Thus, (X/Z >
z, B) is N>-complementary by Lemma 2.14. Therefore, it suffices to prove Claim 5.2.

Proof of Claim 5.2 According to Lemma 2.15 again, we may run an MMP on — (K x+ +
BQDI) ~R. 7/ B’ Bébl over Z' and reach a good minimal model X’ — X" over Z’,
such that By, — Bg)l is semi-ample over Z’, where D” denotes the strict transform
of D' on X’ ; for any R-divisor D’ on X'. One can pick a positive real number €, such
that g : X — X” is also an MMP on B — By, + €(Bg, — Bo,) over Z. Furthermore,
we may assume that B” — By, +€(Bg, — B, ) is semi-ample over Z by Lemma 2.6.

X > X/ > X"
I
Z ¢ A

By assumption,

k(X/Z,B — Bo,) =«(X/Z, B — By, + €(Bo, — Bo,)),
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and B” — Bg)z + e(BéI’,2 - Bg)l) ~R.7' e(BéI/>2 - B;l). Hence, the natural morphism
. . ” .

7"+ X" — Z'is the contraction defined by By, — By, over Z'. In particular, we

have

Kxr + B‘/I/’l ~R,Z' 0 and Ky + Bg)g ~R,Z' 0.
By Lemma 3.2 and Proposition 3.3, we see that pM,/ is base point free, and
2
p(Kxr + Bj) ~ p(x")(Kz + BY) + My 7).

Since X’ — X" is (Kx + B{Dz)-trivial, X', B{pz) and (X", B&’,z) are crepant. There-
fore,

p(Kx + By,) ~ p() (K7 + B + My 7).
We complete the proof. O

Theorem 5.3 Let ! be a positive integer and ® < [0, 11NQ a hyperstandard set. Then,
there exists a finite set of positive integers N divisible by | depending only on I and ®
satisfying the following.

Assume that (X /Z > z, B) is a surface pair such that (X/Z > z, Bxr_¢) has a kit
R-complement. Then, (X/Z > z, B) is N'-complementary.

Proof Let N1 = Nj(l, @) be a finite set of positive integers divisible by [/ given
by (Theorem 2.19), which only depends on [ and ®, and let ®; := I'(V], ®). Let
p = p(, ®1) be a positive integer divisible by / given by (Proposition 3.3), which
only depends on/ and ®1. Let \; = N> (p) be a finite set of positive integers divisible
by p given by Theorem 2.20 which only depends on p, and let @, := ['(NV] UN3, ©).
Letncy = ncy(l, 2) be a positive integer divisible by / given by Lemma 2.18 which
only depends on [ and ®,. We will show that the finite set N := N7 U N> U {ncy}
has the required property.

Possibly replacing z by a closed point of z, we may assume that z is a closed
point. Suppose that (X/Z > z, BY) is a kit R-complement of (X/Z > z, By o).
Possibly replacing (X, B) by a small Q-factorialization of (X, B™) and shrinking Z
near z, we may assume that (X, B) is Q-factorial klt and Kx + B ~pr z 0. Since
B > Bg, > Bo,,

0<«(X/Z,B— Bg,) +dimZ < k(X/Z, B — Bg,) +dim Z < 2.

Therefore, we only need to consider the following three cases:

(1) «(X/Z,B — Bp,) +dim Z =2,
(2) k(X/Z,B — Be,) +dimZ =«k(X/Z,B — By,) +dimZ =1, and
(3) k(X/Z,B — Be,) +dimZ = 0.
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If «(X/Z, B — Bg,) +dim Z = 2, then X is of Fano type over Z. In this case
(X/Z > z, B) is Nij-complementary by the choice of A (see Theorem 2.19). If
k(X/Z,B — Be,) +dimZ =« (X/Z, B — By,) +dim Z = 1, then (X/Z > z, B)
is N2-complementary by Proposition 5.1. If k (X/Z, B — Bg,) + dim Z = 0, that is,
dimZ = 0 and k (X, B — Bg,) = 0, then one has

ncy(Kx +B)~0

by the choice of ncy (see Lemma 2.18). We finish the proof. O

5.2 Proof of Theorem 1.3

Proposition 5.4 (cf. [33, 16.7 Corollary]) Let SR C [0, 1] N Q be a finite set and
® := ®(R). Then, there exists a hyperstandard set ® depending only on ® satisfying
the following.

Assume that (X, B) is a dlt pair and S := |B]. Let Ks + Bs := (Kx + B)|s.
If B € ®, then Bg € ®, and if B € I'({n}, ®) for some positive integer n, then
Bs € I'({n}, ®).

Proof Let
5‘%::[1—2(1—;’,-)20 rieﬂ‘i}, Ry = {r—n+1 >0 re%,meZZo},
and

5‘{1 = Hl — Z(
={1—Z(1—r,)—?_0
Let ® := <I>(2R) and <I>1 = @(9{1) It is clear that <I>(i)‘il) = I'({n}, ®) and d>1 =

r'{{n}, CI>) By [33, 16.7 Corollary] if B € @, then Bg € CI> and if B € I'({n}, @),
then Bg € I"'({n}, CD) Therefore,  has the required property. O

r,.’ei)"q}

ri € %,m € ZZO}'

Proposition 5.5 Let (X/Z > z, B) be a surface pair such that (X, B) is Q-factorial
dit and —(Kx + B) is nef and big over a neighborhood of z. Let S := |B] and
Ks + Bs := (Kx + B)|s. Suppose that S intersects X, the fiber of X — Z over z,
and (S, Bs) has a monotonic n-semi-complement (S, B;‘) over a neighborhood of z.
Then, (X/Z > z, B) is n-complementary.

Proof Possibly replacing z by a closed point of Z and shrinking Z near z, we may
assume that z is a closed point, (X, B) is Q-factorial dlt, —(Kx + B) is nef and big
over Z,and n(Kg + B;r) ~ 0.

Let g : W — X be a log resolution of (X, B) such that g is an isomorphism over
the snc locus of (X, B) (cf. [35, Theorem 10.45]), and let Sy be the strict transform
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of S on W. Then, the induced morphism gg,, := gls,, : Sw — S is an isomorphism.
We define

Kw + Bw := ¢"(Kx + B), n(Ks, + Bg,) = g5, (n(Ks + B{)) ~ 0,
and
Ly = (— (n+ 1)(Kw + BW)—|.
Let Aw := Bw — Sw. Then,
Ksy + Bsy := (Kw + Bw)lsy = Ksy + Awlsy, = &5,, (Ks + Bs),
and Bg, < lasAy < 1.

Since —(n + 1)(Kw + Bw) is nef and big over Z, RN (Ow(Kw+Lw)) =0 by
the relative Kawamata—Viehweg vanishing theorem for R-divisors (cf. [19, Theorem
3.2.9]), where £ is the induced morphism W — Z. From the exact sequence,

0— Ow(Kw + Lw) = Ow(Kw + Sw + Lw) = Os,, (Ksy, + Lwlsy) — 0,
we deduce that the induced map
HO(W, Kw + Sw + Lw) — H’(Sw, Ks, + Lwlsy)
is surjective. Since nB;’W € Z, Bs,, < 1,and B;W — Bg, > 0, we see that
Gsy :==nBj, —|[(n+1)Bs, |

is an effective integral divisor. We have

KSW + LW|SW = KSW + IV_ (I’l + 1)(KSW + BSw)—|
= —nKg, — |_(n + l)BSWJ ~ Ggsy = 0.

Thus, there exists Gw > 0 on W such that Gw|s,, = Gs,, and
Gw ~Kw+Sw+Lw=—-nKwy—nSyw— [(n+ DAw].
Let G := g.Gw, and
BT =S+ %(I_(n + 1){B}] + G).
Then, we have
n(Kx +BY) =n(Kx +S)+ |(n+ 1){B}] + G ~ 0.
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It remains to show that (X, B™) is Ic over a neighborhood of z. Let V be the non-lc
locus of (X, BT). There exists a real number a € (0, 1), such that the non-klIt locus
of (X,aBT™ + (1 —a)B)isequalto SU V.

Since g*(Kx + B)|sy, = gs,*(Ks + BY), we have (Kx + B¥)|s = K + BY
and (Kx +aB* +(1—a)B)|s = Ks+aB{ + (1 —a)Bs. By inversion of adjunction
(cf. [20, Theorem 1.4]), (X, aB™ + (1 — a)B) is Ic near S. In particular, S is disjoint
from V. Since

—(Kx +aBt+ (1 —a)B) = —a(Kx +B") — (1 —a)(Kx + B)

is nef and big over Z, by Shokurov—Kolldr connectedness principle (cf. [33, 17.4
Theorem]), (SU V)N X is connected. Recall that by assumption, SN X, # @. Hence,
V N X, =@ and (X, BT) is Ic over a neighborhood of z. O

Theorem 5.6 Let [ be a positive integer and ® C [0, 11NQ a hyperstandard set. Then,
there exists a finite set of positive integers N divisible by | depending only on [ and ®
satisfying the following.

Assume that (X/Z > z, B) is a surface pair such that (X/Z > z, By ¢) is R-
complementary. Then, (X/Z > z, B) is N'-complementary.

Proof Let ® := ®(R) be the hyperstandard set associated to the finite set R C
[0, 1] N Q given by Proposition 5.4 which only depends on ®. Possibly replacing /
by a multiple, we may assume that IR C Z>¢. Let Ny = Np(l, ®) be a finite set of
positive integers divisible by / given by Theorem 5.3 which only depends on / and .
Let A7 = Ni(!) be a finite set of positive integers divisible by / given by Proposition
4.7 which only depends on [, and let @1 := I'(N7, ®). Let p = p(l, ®;) be a positive
integer divisible by / given by (Proposition 3.3), which only depends on/ and ®;. Let
Nz = Ma(p) be a finite set of positive integers divisible by p given by Theorem 2.20
which only depends on p, and let ®; := ['(V] U N3, ®). Let ney = ncy(l, @2) be
a positive integer divisible by / given by Lemma 2.18 which only depends on / and
®,. We will show that the finite set N := ANy U N7 UN; U {ncy} has the required
property.

Possibly replacing z by a closed point of z, we may assume that z is a closed
point. If (X/Z 5 z, By _o) has aklt R-complement, then so does (X /Z 3 z, Baj, o),
and hence (X/Z 3 z, B) is Ny-complementary by the choice of Ny. Therefore, we
may assume that (X/Z > z, B\ ¢) has an R-complement (X/Z > z, By ¢ + G)
which is not klt. Possibly replacing (X/Z > z, B) by a Q-factorial dIt modification
of (X/Z > z, B;y ¢ + G) and shrinking Z near z, we may assume that (X, B) is
Q-factorial dlt, Kx + B ~g,z 0, and SN X, # @, where S := | B] # 0 and X is the
fiber of X — Z over z. Since B > B¢, > Bo, > Bo, we have

0<«(X/Z,B—Bg,)+dimZ <«(X/Z,B — By,) +dimZ
<k(X/Z,B— Bg)+dimZ < 2.

Therefore, we only need to consider the following three possibilities:

(1) «(X/Z,B — Bg,) +dimZ =0,

@ Springer



24 G.Chenetal.

(2) k(X/Z,B — Be,) +dimZ =«(X/Z,B — By,) +dimZ =1, and
(3) «(X/Z,B—Bg,) +dimZ =«x(X/Z, B — Bg) +dimZ = 2.

If«(X/Z, B— Be,)+dimZ =0, thenncy(Kx + B) ~ 0 by our choice of ncy.
Ifk(X/Z,B—Bg,)+dimZ =« (X/Z, B—Bg,)+dimZ = 1,then (X/Z > z, B)
is N>-complementary by Proposition 5.1. Hence, in what follows we assume that
k(X/Z,B — Bg,) +dimZ = «(X/Z, B — Beo) + dim Z = 2. We will show that
(X/Z > z, B) is Nj-complementary.

In this case, both B — Be and B — Bg, are big over Z. Let K5 + Bg 1= (Kx +
B)|s ~Rr.z 0. By Lemma 2.14 and the choice of N, (S, (Bs), ) has a monotonic
n-semi-complement over a neighborhood of z for some n € N]. Note that B, ¢ €
C({n},®) C TN, ®), By o < Bg,, and B — B, ¢ is big over Z. According to
Lemma 2.15, we may run an MMP on —(Kx + B,, o) ~r.z B — B,_o over Z and
reach a minimal model ¥ : X — X' over Z, such that B’ — B, , is nef and big over
Z, where D’ denotes the strict transform of D on X’ for any R-divisor D on X. No
component of S is contracted by ¥ and s := ¥|s : § — S’ is an isomorphism as
S < B, ¢ < Band ¢ is (Kx + B)-trivial.

Since —(Kx + B) — y*(—(Kx' + B, &)) is nef over X', and —B' + B, ,, < 0,
by the negativity lemma, —(Kx + B) < y*(—(Kx' + B, )). Let

Ky + B, o5 = (Kx + B, ¢)ls'

Note that B,; og € L{n}, ) by Proposition 5.4, and the support of —(Kx + B) —
Y*(—(Kx + Bz/ub)) does not contain any component of S. Then,

— (Ks + Bs) — Kﬁ;( —(Kg + B,;_q;’s/))
= (= (Kx + B) = ¢*(— (Kx' + B, _4)))Is < 0.

Let B be the strict transform of Bg on S’. Since (BS)n & B os € I'(n}, D),
and B’ > B, o5 Ve deduce that (BY), 6= Bn o.5" Hence (S B o.g) hasa
monotomc n-semi-complement over a neighborhood of z. By Pr0p0s1t10n 5.5 and
Lemma2.14, (X'/Z > z, Bn o) has a monotonic n-complement. Since ¥ is —(Kx +
B,,_o)-negative, (X/Z > z, B,_¢) has a monotonic n-complement (X/Z > z, BY).
By Lemma 2.14, (X/Z > z, B™) is an n-complement of (X/Z > z, B). m]

Proof of Theorem 1.3 The theorem follows by Theorem 5.6. O

6 Boundedness of Complements for Threefolds

We will prove the following theorem which is stronger than Theorem 1.1.

Theorem 6.1 Let! be a positive integer and ® < [0, 11NQ a hyperstandard set. Then,
there exists a finite set of positive integers N divisible by | depending only on I and ®
satisfying the following.

Assume that (X/Z > z, B) is a threefold pair such that (X/Z > z, BAr_¢) has a
kit R-complement. Then, (X/Z > z, B) is N'-complementary.
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Proof Let N7 = Nj(l, @) be a finite set of positive integers divisible by I given
by (Theorem 2.19); which only depends on [ and ®, and set ®; := '(N;, ®). Let
p1 = p1(, 1) be a positive integer divisible by [ given by (Proposition 3.3)3 and
Proposition 3.4 which only depends on [ and ®1. Let AV, = N3(p1) be a finite set of
positive integers divisible by p; given by Theorems 2.20 and 1.3 which only depends
on py, and set @ := "N} U N3, ®). Let po = pa(p1, P2) be a positive integer
divisible by p; given by (Proposition 3.3)3 and Proposition 3.4 which only depends on
p1and ®@,. Let N3 = N3(p2) be afinite set of positive integers divisible by p; given by
Theorems 2.20 and 1.3 which only depends on p;, and set ®3 := ['(N]UN,UN3, ®).
Letncy = ncy (I, ®3) be a positive integer divisible by / given by Lemma 2.18 which
only depends on / and ®3. We will show that A/ := N U N> UAN3 U {ncy} has the
required property.

Replacing z by a closed point of Z, we may assume that z is a closed point. Possibly
replacing (X/Z > z, B) by a small Q-factorialization of a kit R-complement of
(X/Z > z, By o) and shrinking Z near z, we may assume that (X, B) is Q-factorial
kltand Ky + B ~g 7z O.

If «(X/Z, B — Bg,) +dim Z = 3, then X is of Fano type over Z. In this case
(X/Z > z, B) is Nij-complementary by the choice of A (see Theorem 2.19). If
k(X/Z,B — Bg,) +dim Z = 0, then ncy(Kx + B) ~ 0 by the choice of ncy (see
Lemma 2.18). Therefore, in the following, we may assume that

1 <«(X/Z,B — Boy) +dim Z < k(X/Z, B — Bg,) + dim Z
<k(X/Z,B — Be,) +dimZ <2.

In particular, there exist integers i, k € {1, 2} such that
k(X/Z,B — Bg;) +dimZ =«(X/Z, B — Bg,,,) +dim Z = k.

We will show that (X /Z > z, Bo,,,) is Nj41-complementary and thus finish the proof
by Lemma 2.14.

By Lemma 2.15, we can run an MMP on —(Kx + Be, ;) ~r,z B — Bo,,, over
Z and reach a good minimal model X --» X’ over Z, such that B’ — Bél>,-+1 is semi-
ample over Z, where D’ denotes the strict transform of D on X’ for any R-divisor D
on X.Let 7’ : X" — Z' be the contraction defined by —(Kx' + B&,M) over Z. By
assumption, dim Z' = k. Let Bg,ﬂ) and M+ be the discriminant and moduli parts of
the canonical bundle formula for (X', Bg, ) over Z' in Proposition 3.3 (respectively,
Proposition 3.4) if k = 2 (respectively, k = 1).

Claim 6.2 p; M,/ is base point free over Z, and
i+1
pi(Kx' + Bg, ) ~ pi(m)*(Kz + B§/+ )+ M, 7).

Assume Claim 6.2. As X --» X’isan MMPon — (K x + Bo, ) over Z, for any prime
divisor P on X which is exceptional over X', we have

a(P. X', By, ) <a(P.X,Bo,,)<1.
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Thus, we can find a crepant model (X, B¢*D) of (X, Bébm) such that X and X are
isomorphic in codimension one.

X - » X — X
Lo ~
VA

T
¢ AR Z

It is clear that if (f(/Z 5 z, BUtD) is N t1-complementary then so is (X/Z >
Z, Bo,,,). By Lemma 3.1, we may find a crepant model (Z, B;H) + My) —

(z, B(Zi,H) + M,;/) such that for any prime divisor P < Supp B+ which is vertical
over Z’, the image of P on Z is a prime divisor. As (X, B) iskltand Kx + B ~g 7 0,
we may find a boundary B; > Bgﬂ) on Z such that (Z, B; + My/) is gklt and
K;+B; +M71’,Z ~,z 0. Since p; M, is base point free over Z, we can pick an effec-
tive Q-divisor M suchthat p; M ; ~7z p;M M A B(ZH'I) =0,and (Z, B;+M3)

VAL
is kIt. By our choice of N 41, (Z/Z > z, B(ZHD + M) is n-complementary for some
n € Njy1.ByProposition 3.5, (f(/Z >z, B<i+1)) is also n-complementary. Therefore,
it suffices to prove Claim 6.2.

Proof of Claim 6.2 By Lemma 2.15, we may run an MMP on —(Kyx’ + Bébl_) ~R.7'
BQDM — B&)i over Z' and reach a good minimal model X’ --+ X” over Z’, such that
Bél;m - B&’,i is semi-ample over Z’, where D" denotes the strict transform of D’ on
X" for any R-divisor D" on X’. Let #”7 : X" — Z” be the contraction defined by

B&’)M — B&;i over Z',and 7 : Z"" — Z' the induced morphism.
 Q— D (— > X"
L
Z ¢ A

We claim that 7 is a birational morphism. In fact, one can pick a positive real number
€, such that B” — Bél;m + e(BéI;l_Jrl — Bg)i) is semi-ample over Z (see Lemma 2.6)
and that X --» X” is also an MMP on B — Bg,,, + €(Bo,,, — Ba,;) over Z. By
assumption,

«(X/Z,B — Bo,,,) =«(X/Z,B — Bo,,, +€(Bo,,, — Ba,)).

Hence, we can see that T : Z” — Z’ is birational.
By Lemma 3.2, Proposition 3.3 and the choice of p;, there exists a gklt g-pair

(Z", B (Zi,',H) +M,;/) induced by the canonical bundle formula, such that p; M, is base

point free over Z and

pi(Kxr + By, )~ pim") (Kzr + By + My 70).
Moreover, it is clear that

Kzr +BUSY + My 20 = v*(Kz + BSTY + My 20).

VA4
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Therefore,
i+1
pi(Kx' + By, ) ~ pi () (Kz + B%* )+ M 7/)
as (X', Bébm) is crepant to (X”, B&’,M). We finish the proof. O

7 Proof of Theorem 1.2
7.1 Strictly Lc Calabi-Yau Pairs

Definition 7.1 We say that X is of Calabi—Yau type over Z,if X — Z is a contraction,
and there is a boundary C such that (X, C) iskltand Kx + C ~g z 0.

Lemma 7.2 Suppose that X is of Calabi—Yau type over Z. Assume that (X, B™) is lc,
Kx + BT ~g.z 0 for some boundary B, and f : Y — X is a projective birational
morphism from a normal quasi-projective variety Y, such that a(E;, X, BY) < 1 for
any prime exceptional divisor E; of f. Then, Y is of Calabi—Yau type over Z.

Proof Since X is of Calabi—Yau type over Z, there exists a klt pair (X, C) such that
Kx+C ~r 7z 0.Let D, := tBY+(1—¢)C.Then, (X, D,)iskltand Kx + D, ~rz 0
for any ¢ € [0, 1). We have

Ky +Bf +> (1—a")Ei = f*(Kx + BY)

1

and

Ky +Cy+ ) (1—a)E; = f*(Kx +O),

1

where B;r and Cy are the strict transforms of B™ and C on Y, respectively, a;r =
a(E;,X,B") < 1,and a; := a(E;, X, C) for any i. Then,
Ky + Dy = f*(KX + Dy)
=Ky +tBf + (1 =)Cy + Y _(t(1 —a) + (1 = )1 — a)) E;.

1

Pick 0 < o < 1suchthat#o(1 —a;")+ (1 —12)(1—a;) > Oforany i.Then, (Y, Dy, y)
iskltand Ky + Dy, y ~R,z 0. Therefore, Y is of Calabi—Yau type over Z. O

Definition 7.3 (cf. [47, §11]) A pair (X/Z > z, B) is called strictly Ic Calabi-Yau if

(1) (X/Z > z, B) is an R-complement of itself, and
(2) for any R-complement (X/Z > z, BT) of (X/Z > z, B), BY = B over some
neighborhood of z.
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Remark 7.4 Whendim Z = 0, (X, B) is strictly Ic Calabi—Yau if and only if (1) holds.

Lemma 7.5 Assume that (X/Z > z, B) is an R-complement of itself. Then, (X/Z >
z, B) is strictly Ic Calabi—Yau if and only if either dim z = dim Z or 7 is the image of
an lc center of (X, B) on Z.

Proof First assume that (X /Z > z, B) is strictly lc Calabi—Yau. Suppose that dim z <
dim Z and 7 is not the image of any lc center of (X, B). Possibly shrinking Z near
z, we may find an ample divisor H > 0 such that z € Supp H and H does not
contain the image of any Ic center of (X, B). Pick a positive real number €, such that
(X/Z > z, B+ ex*H) is Ic and thus an R-complement of (X/Z > z, B). However,
B + en*H # B over any neighborhood of z, a contradiction.

Now, we prove the converse direction. Assume that (X/Z > z, B 4+ G) is an R-
complementof (X/Z > z, B) forsome G > 0.Since G ~r 0 over some neighborhood
of z, G = n*Ly for some R-Cartier R-divisor Lz on Z by [12, Lemma 2.5]. If
dim z = dim Z, then G = 0 over a neighborhood of z. If 7 is the image of some Ic
center of (X, B), then z ¢ Supp Lz as (X, B + G) is Ic over a neighborhood of z.
Therefore, in both cases, (X/Z > z, B) is strictly lc Calabi—Yau. O

Example7.6 Let 7w : X := P! x P! — Z := P!, z € Z a closed point, and L1, L
two sections. Then, over a neighborhood of z, we have (X, Ly + L;) islc and Kx +
Li+ Ly, ~rz0.Since Ky + L1 + Lo+ 7%z ~r 2z 0,(X/Z > z, L1 + L) is not
strictly 1c Calabi—Yau.

Lemma 7.7 Suppose that (X/Z > z, B) is strictly lc Calabi-Yau and X --+ X' is
a birational contraction over Z. Let B’ be the strict transform of B on X'. Then,
(X'/Z > z, B') is strictly lc Calabi—Yau.

Proof 1t follows from the definition of strictly Ic Calabi—Yau and the fact that
(X, B) --» (X’, B') is crepant over some neighborhood of z. O

Proposition 7.8 LetI" C [0, 11N Q be a DCC set. Then, there exists a positive integer
I depending only on T satisfying the following. If (X /Z > z, B) is a strictly Ic Calabi—
Yau threefold pair such that B € T, then I (Kx + B) ~ 0 over some neighborhood of
zZ.

Proof Possibly replacing (X/Z > z, B) by a Q-factorial dIt modification, we may
assume that X is Q-factorial. Since (X/Z > z, B) is a strictly Ic Calabi—Yau pair, by
[26, Theorem 5.20], B € I’ over a neighborhood of z for some finite subset I’ C T
which only depends on I'. According to [12, Theorem 2.14], we may find a positive
integer I which only depends on I'’ such that (X/Z > z, B) has a monotonic /-
complement (X/Z > z, B + G) for some G > 0. By assumption, G = 0 over some
neighborhood of z. Thus,

I(Kx +B)=I1(Kx+B+G)~0

over some neighborhood of z. O
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7.2 Proof of Theorem 1.2

We first show a special case of Theorem 1.2.

For convenience, we say a pair (X, B) is kit over a closed subset Zg C Z, if
a(E, X, B) > 0 for any prime divisor E over X such that 7 (Centery (E)) C Zo,
where 7 : X — Z is a contraction. For two R-divisors D and D; on X, by D| > D,
(respectively, D1 > D) over Zg, we mean that multg Dy > multg D> (respectively,
multg Dy > multg D») for any prime divisor E on X with w(E) € Zo. By D1 > Dy
over an open subset U € Z, we mean Di|,-1y) > Dalz-1p)-

Proposition 7.9 Let I be a positive integer. Assume that N is a finite set of positive
integers divisible by I given by Theorem 1.1 which only depends on I.

Assume that (X /Z > z, B) is an R-complementary threefold pair such that X is of
Calabi—Yau type over Z. Assume that there is a contraction ' : X — Z' over Z, and
an open subset U C Z', such that

(1) IB € Z>q over U,

(2) (X, B) is kit over Z' \ U, and

(3) —(Kx + B) ~gr (r")*H' for some R-divisor H' which is ample over Z.
Then, (X/Z > z, B) is N'-complementary.

Proof Possibly shrinking Z near z, we may assume that (X, B) is Ic. Set N :=
max, e 1. We claim that there exists a boundary B’ on X such that

e (X, B') isklt,

e Ky + B’ ~gr.z 0, and

e B' > NL_HB over U and B’ > Bover Z' \ U.

Assume the claim holds. Then,
l(n+ 1)B'| = n|B| + [(n+ 1){B}] (7.1)

for any n € N. By Theorem 1.1 and the construction of N, (X/Z > z, B') is n-
complementary for some n € N. Thus, (X/Z > z, B) is n-complementary by (7.1).

Therefore, it suffices to prove the claim. By assumption, we may find an effective
R-Cartier R-divisor H{ ~r z H' suchthat Z’\ U € Supp Hj and (X, B + Hj) isc,
where H| := (')*H/. In particular, we have

Kx+ B+ Hi ~r 70,
B+ H > B overZ'\U.

Since X is of Calabi—Yau type over Z, there exists a boundary C such that (X, C) is
kltand Kx + C ~g,z 0. Let § € (0, 1) be a positive real number such that

N
B :=(1-8(B+ H)+6C> N+lB over U,

(1—-8)(B+Hy)>B overZ' \U.

It is clear that (X, B) is klt and Kx + B’ ~p z 0. This completes the proof. O
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Proof of Theorem 1.2 Let I = I (I, ' N Q) be a positive integer divisible by / given by
Proposition 7.8 which only depends on / and I' N Q, and let ® := CD(%Z N[0, 1]).
Let N/ = N'(I) be a finite set of positive integers divisible by / given by Theorem 1.1
which only depends on I. We will show that A/ has the required property.

Possibly shrinking Z near z, we may assume that (X, B) is Ic. By Lemma 7.2, we
can replace (X, B) by a dlIt modification and thus assume that (X, B) is Q-factorial
dlt. Suppose that (X/Z > z, BT) is an R-complement of (X/Z > z, B). Possibly
replacing z by a closed point of z and shrinking Z near z, we may assume that z is a
closed point, (X, B*) isIc, and Kx + BT ~pg 7 0. Write

—(Kx +Bxn o) ~rz BT =By o=F+M,

where F := Ny (BY—Bx ¢/Z) > 0and M := BT — By ¢ — F > 0(cf. [41,111, §4],
[39, §3]). Note that F is well defined as BT — Bar o > 0. Since X is of Calabi—Yau
type over Z, there exists a boundary C such that (X, C) iskltand Kx + C ~g z 0.
Choose a positive real number €y such that (X, C + €9gM) is klt. We may run an
MMP on Kx + C + ¢gM over Z and reach a good minimal model X’, such that
Ky + C' + ¢gM’ is semi-ample over Z, where D’ denotes the strict transform of D
on X’ for any R-divisor D on X. Since

Kx +C+eM ~pz oM ~rz —€0(Kx + By o + F),

X and X’ are isomorphic in codimension one by [23, Lemma 2.4]. We also see that
—(Kx'+ B); 4+ F’) is semi-ample over Z and thus induces a contraction 7" : X" —
7' over Z. In particular, there is an effective R-divisor H' on Z’ which is ample over
Z such that —(Ky' + B); o + F') ~r (7')*H'. Note that (X', B1') is Ic and thus
(X', ij'_cb + F’)is also lc.

Let 1’ be the generic point of Z’, and

Zyy :={nYU{ € Z'|(X'/Z' 57, Bj ¢ + F') is strictly Ic Calabi—Yau}.
By Lemma 7.5 and [3, Theorem 1.1], Zyy is a non-empty finite set.

Claim7.10 We have I(Kx' + B); 4 + F') ~ 0 over a neighborhood of 7' for any
7 € Zyy. -

Assume Claim 7.10. By [12, Lemma 2.6], Lemma 7.5 and [3, Theorem 1.1], there
exists an open subset U C Z’ such that

I(Kx'+ Bj  + F') ~0Oover {U} and (X', B),  + F')iskltover Z'\ U.

In particular, I(B}\/ o T F') € Z>g over U. Recall that —(Kx’ + B}\/ o T F)~r
(')*H' where H' is ample over Z. By Proposition 7.9, (X'/Z 3 z, B, 4 + F') is
N-complementary, and thus (X'/Z > z, B') is also N-complementary by Lemma
2.14. Moreover, as X and X’ are isomorphic in codimension one, (X/Z > z, B) is

N -complementary. |
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Proof of Claim 7.10 'We may pick a positive real number € such that (X', C’ + € F’) is
klt and that X --» X' is a sequence of steps of the —(Kx + Bnr ¢ + (1 — €) F)-MMP
over Z. Since

—(Kx'+ By o + (1 —)F) ~pz €F ~p 7 Kx + C' +€F/,

one can run an MMP on — (K x/ + Bj/\f ot (- €)F’) over Z'. This MMP terminates
with a model X” on which —(Kx» + Bxf o T (I = €)F") is semi-ample over Z’,
where D" denotes the strict transform of D" on X” for any R-divisor D’ on X'.

X oo XYy
l |
zZ+—7

For any positive real number €’ < ¢, we infer that v/ : X --+» X" is also an MMP on
—(Kx + By ¢+ (1 —€')F) over Z, and

— (Kx» + By o + (1 =€) F")
/

/
= _<1 - %)(KXU + By o+ F") — %(KX// + By o+ (1 —€)F")

is semi-ample over Z (see Lemma 2.6). In particular, X” is a good minimal model of
—(Kx+Bn o+ (1—€)F)over Z.Since No (—(Kx+Bn o +(1—€)F)/Z) = €'F
(cf. [41, 111, 4.2 Lemmal]), by [23, Lemma 2.4], F is contracted by vr. Hence,

Kxo 4 By o = VL (Kx + By o + ).

If dmX = dimZ' and 2 = 5/ € Zy, then X’ is smooth and B = 0 over a
neighborhood of 7’. Otherwise, by Lemma 7.7, we know that (X"/Z' 3 2/, B, o) is
strictly lc Calabi—Yau for any z’ € Z.y, which implies that Bj’([ o = BT = B" €

' N Q over a neighborhood of 7. We, therefore, see that (K x» + Bj’(/ <1>) ~ (0 over

some neighborhood of z" by our choice of 1. Since (X', B); , + F') is crepant to
0,48 B}(/ )» our claim holds. O
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