Journal of Statistical Theory and Practice (2021) 15:61
https://doi.org/10.1007/542519-021-00196-x

ORIGINAL ARTICLE

™

Check for
updates

The Influence of Clustering Population on Estimation
Accuracy of Population Totals Vector

Janusz L. Wywiat'® . Grzegorz Sitek’

Accepted: 16 April 2021/ Published online: 21 May 2021
© The Author(s) 2021

Abstract

The estimation accuracy of a population totals vector based on a simple cluster
sample is considered. The variance-covariance matrix of estimators depends on the
intra-cluster spread of variables under study. The spread depends on the partition
of the population into clusters. The variance-covariance matrix is evaluated under
several variants of clustering algorithm. This lets us find the clustering algorithm
providing the most accurate estimation of population vector totals.

Keywords Vector estimation - Cluster sample - Clustering algorithms -
Homogeneity coefficient - Generalized variance - Spectral radius

1 Introduction

Research into practical survey sampling is usually based on vector parameters. The
purpose of this paper is to simultaneously estimate the population totals of at least
two variables. The well-known vector estimator from a simple cluster sample drawn
without replacement is considered. Its accuracy is compared with the ordinary vec-
tor estimator from a simple random sample drawn without replacement using the
variance-covariance matrix. We analyse accuracy of vector estimators using the
methodology proposed by Borovkov [2], Jensen [4], Rao [7] and the generalized
relative efficiency coefficient proposed by Rao [8]. This coefficient is defined as the
maximal eigenvalue of the product of two matrices. In our case, one of the matri-
ces is the variance-covariance matrix of the vector estimator from the cluster sam-
ple and the other is the inverse of the variance-covariance matrix of the vector esti-
mator from the simple random sample. Let us add that Wywial [14] analysed the
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accuracies of estimation procedures of the total based on samples selected according
to several sampling designs from a population clustered using several algorithms.
This paper is in some sense a generalization of their considerations into simultane-
ous estimation of totals of at least two variables under study.

The accuracy of the vector estimation of totals based on the cluster sample
depends on partitioning a population into clusters. The influence of the partitioning
a population on accuracy of the estimation is considered. This problem was analysed
by means of the several methods of measuring vector estimation.

The obtained results should be useful in survey sampling conducted, e.g. by sta-
tistical offices. In this case, census data are usually available. Variables under study
(observed during a census) can be used as auxiliary variables in a survey sampling
on a subsequent occasion. In this situation, appropriate clustering of the population
considered in this paper should contribute to improving future sampling strategies.

One of the aspects of big-data analysis is the problem of reduction in the data
(observations of variables) number. The results of this paper partially contribute to
solve this problem because considered methods provide partitions of a population
into such clusters that each of them is similar to the population as close as it is possi-
ble. More precisely, the spreads of data observations in the clusters are not less then
the spread of the data in the population.

The main results of this paper are as follows:

e the variance-covariance matrix of the vector estimation of totals from the simple
cluster sample is shown as a function of the matrix of homogeneity coefficients,
Sect. 2.2 and “Appendix”,

e properties of the homogeneity matrix let us show when the vector estimator from
the cluster sample is more accurate than the vector estimator from the simple
sample , Sect. 2.3 and “Appendix”,

e several algorithms for partitioning a population into mutually disjoint and non-
empty clusters are proposed, Sect. 2.4,

e using these algorithms to partition of the population of Swedish municipalities
into clusters, Sect. 3,

o for theses partitions values of the generalized coefficient of the relative efficiency
of the vector estimator from the cluster sample are evaluated what let us analyse
influence the partition of the population on the accuracy estimation, Sect. 3.

2 Estimation Based on Cluster Sample
2.1 Basic Notations

Let U be a population of size N. The number of variables observed in U is denoted
by m. Observations of a vector variable will be denoted by y, = [y ...Vl
where k € U. Let us assume that the population is partitioned into disjoint sub-
population U, of sizes N,, h=1,...,G, called clusters. Hence, N = ZleNh
and N=G' Y7 N, Let N =M, if all the clusters are of the same size. Let

@ Springer



Journal of Statistical Theory and Practice (2021) 15:61 Page3of16 61

U=1{U,,..,U,..,Ug} be a partition of the population elements into clusters.
Hence, U is the set of G-mutually disjoint and non-empty clusters. Let

y=0D1-al= Z)’k/N’ Yy=Ny= ZJ’k = Dui-Yuml

keU keU

Yui= Zyk,h C=lcyl. cy= Z(yk,i =)0k — }_’j)/(N -1,

keU keU

R=D"'2CD'?=[r], D=, r,=— v,=c;

12 1 12 > i
J J v,

where y is the vector of population means, y;; is the vector of totals, C is the matrix
of variances and covariances, R is the matrix of correlation coefficients and D is the
diagonal matrix of variances. Moreover, let

Yy, = Z Yi/Npo Yy, =Dua-Fumls Yu,i= Z Yei/ Nps

keU, keU,
Yy, =Ny, = Z Vi =Dua-Yu,mls Yu,i= Z V>
keU, keU,
Cy =ley il cyij= 2 Oki = Yu, DOkj = Yu, )/ Ny = 1),
keU,
G G
yu= ZyUh/G =y,/G= b_jl,{,l"')_}u,m]’ Yui = ZyU,l,i/G = yU,i/G’
=1 h=1
G
Yu =Gy, = ZJ’U,I =yu,  Cy=ley ls
h=1

G
Cuij = Z()’U,,,i = YudOu,j = YuD/(G—=1)
h=l

where ke U,i=1,...,m,j=1,...m h=1,..,G. )_’Uh,i is the mean of the i-th vari-
able in the h-cluster, y, ; is the total of the i-th variable in the A-th cluster, C), is the
variance-covariance matrix in the A-th cluster, and y,, is the vector of the means of
the cluster totals, C;, is the variance-covariance matrix of the cluster totals.

2.2 Simple Cluster Sampling

Let sample s be drawn from population U or partition {/. The random sample will
be denoted by the capital letter S while its observation by s.

Cluster sample s is defined as a g-element set of clusters U, drawn from parti-
tion U. The well-known simple cluster sampling design is defined as

P(s)= Z where s € §;, and §;, is the sampling space generated for set /.

The vector of the unbiased estimator of the population total y,; is as follows:
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5=9Y Y5, =8y, (1)

8 hes keU, 8 hes

Its variance-covariance matrix is:

G(G -

Vs =
where § is evaluated on the basis of the simple cluster sample drawn without
replacement. Generalizing the results of [9, pp. 129-133] into multidimensional
case, we derived in “Appendix” the following expression (see also [11, 12]):

. GG—-g) -+ N-G G(G-g)
Vo = 228 je(r A) A
0= == —NC(L, + G 4) + ®
where:
A=1,-C'C,,
G
1 o . (4)
A=layl ay=c—g XN =N, 5y, i#i=1m
h=1
orA=A+A,+A,,
A, =[a ;(11D)], A, = [Fa,(10D],  As = [§a;,(110)],
G
1 b < Neys - \d
a; (bed) = —— (N, —N) (yUl,i - )’u,i)e()’u =y,
J G_ 1 ; h nd J (5)

G
1 _ -
C.=leyl, cvj=w—x Z Z O — Yu, )0k = Yu, )
N-G h=1 keU,

or

G
1 - -
Cuij = Z WhCy U,ije  CxUpij = N -1 Z Oki = Yu, ) Okj = Yu, )
h=1 h keu,

and w, = % Parameter A is the matrix of the coefficients of intra-cluster data
spread homogeneity or simply the homogeneity matrix. The intra-cluster variance-
covariance matrix is denoted by C,. Let us underline that when N, = M for all
h=1,...,H, then A = 0. Sarndal et al. [9] proved that all diagonal elements of A
take values from [—%;1]. Let 6 be an eigenvalue of A. In the last part of the

“Appendix” is proved the following inequality:

G—l

Kish [5] provided sound advices on grouping problems that might be encountered in
practical surveys.
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2.3 Relative Efficiency

Let ¢, and ¢, be the unbiased estimators of vector parameter @ € ©@. Borovkov [2] pro-
posed comparing the accuracy of vector estimators using the following definition (see
also [7] or [12], pp. 28-29):

Definition 1 Estimator t, is not worse than t,if and only if:
VasoVoco V(@) < vitya’)
where @ = [a;...a,,],
vty,al)=aVit)a', i=1,2.

Estimator t; is better than t,, if and only if t,; is not worse than t,,and the above
inequality becomes sharp for at least one fixed parameter 0.
This definition directly leads to the following, see [7] and Borovkov [2]:

Theorem 1 Let the variance-covariance matrices V(t;,), i = 1,2 be positive defi-
nite. If estimator t, is not worst than t,,, then V(t,,) — V(t,,) is non-negative definite
and:

tr(V(tls)) < tr(V(tzs)),
det(V(t,,)) < det(V(ty,)),
MV(E) < M(Vity)),
Vj:] m V([],is)) < V(tz,is)

.....

where tr(V(tl-s)), det(V(tl-s)) and K(V(tl-s)) are called the mean square radius, the
generalized variance and the the spectral radius (maximal eigenvalue of V(t,)) of
the vector estimator t;,, while v(1; ;) is variance of j-th component of t;.. The above
inequalities become sharp, when V(t,,) — V(t,,) is positive definite.

The accuracy of estimator y is compared with the accuracy of the following well-
known estimator of the vector of totals from an ordinary simple random sample drawn
without replacement from a whole population:

N NN —n)
Ys=— ZJ’k’ Viyg) = ——C @)
o= n
where S is drawn without replacement according to sampling design:

-1
Py(s) = <1r\17> , s €S and § is the sampling space generated for U. Under the

assumption that n = gN, we have:

N-G

L GG—g)
G_1A>(C+NC)——

V) - Vo9 = (I, + (Cy=KC). (8
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According to Theorem 1, the estimator J, is not worse than y,, when C,, — NC is
non-positive definite.

Particularly, when N, = M for all A =1, ..., G, expressions (4), (7) and (8) let us
write:

NN
V@s)—V@s)=¥]é—_?C4—
)
_ NWN-mN-G
D BT

If N,=Mforall h =1, ..., G, the estimator y, is not worse than y,, when CA4 is non-
positive definite.
The following theorem is proved in the “Appendix”

Theorem 2 Let the variance-covariance matrices V(t;,), i = 1,2 be positive defi-
nite. If estimator t, is not worse than t,, then V(t,,) — V(t,,) is non-negative definite
and:

MV V') = MV @ )V(ty) 2
MV t)VE)) =MV )V T (1) <
aV(t,)a’ V(tZs )
aVt,al — Vit,al) ~

M (V)V'@y) < <MV ) V().
for all & # 0 where \(...) is the minimal eigenvalue of a matrix. The above inequali-
ties become sharp, when V(t,,) — V(t,,) is positive definite.

When the clusters are of the same size, Theorem 1 and expressions (9) let us con-
clude that when matrix 4 is non-positive (non-negative) definite, then estimator j, is
not worse (not better) than y,.

Rao and Scott [8, pp. 223], define the generalized relative efficiency coefficient as
follows:

deffts) = MV(yg) ™' V(ty)). (10)
where V(yg) is non-singular. When n = gN, expressions (2), (3) and (10) lead to the

following:
G(G — g)nN
N(N — n)g

deff 55) = AMCCy) =1 +x<fé‘ Gas ]%C‘IA) 1)

Hence, deff () = minim when the population is partitioned into set I/ of clusters in
such a way that 7\(C_1Cu) = minim.

In particular, expressmns (3) and (4) show that when N, =M forallh=1,....H,
then A = 0. Inequality — v o S MA) < 1leads to the following:

M4) < G—:i (12)

< deff5g) = 1
0 < deff G5s) +G_1
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When M(4) <0, then y, is more efficient than y;. Hence, we should partition the
population into clusters of the same size in such a way that coefficient A(4) takes the
minimal negative value.

2.4 Clustering Algorithms

We can expect that variables observed in a finite and fixed population in a past occa-
sion are highly correlated with the appropriate variables observed in a current occa-
sion or in future occasions. Therefore, census data could be used to construct rea-
sonable sampling design for future occasion.

The above considerations lead to the conclusion that the population has to be
clustered in such a way that the maximal eigenvalue of C_ICM takes the minimal
value. Additionally, when we assume that the population has to be partitioned into
clusters of the same size, then minimization of A(4) is the criterion for population
clustering. The following clustering algorithms will be considered:

Systematic algorithm 1:

Let us assume that y, > 0 for all k=1,..,N. Next, we evaluate squared dis-
tances d; =y,y; of y, from the zero vector 0 for all k € U. Let us assume that
d, <d;, fork=1,..,N — 1. The h-th cluster is identified by the unit labels k € U,
that k=G —1)G+h, for i=1,...M and h=1,...,G. This leads to inequalities:
dy, <dy, forh=1,.,G-1 where dy, = ZkeU dk The result of this clustering
algorlthm will be denoted by U,. In some sense, this result is the well-known Sys-
tematic simple sample space.

Systematic algorithm 2: Let d, = (y, — y)(v, —¥)! be the squared distance of y,
from vector y for all k € U. Let us assume that d;, <d,,, for k=1,..,N — 1. Let
M =2 and N = MG. In this case, U, = {li;N —h+ 1} for h=1,...,G. In general,
when M is even and N = MG, then U, = {(h — l)%’ +iN—(h— 1)% —i+ 1} for
h=1,..,Gandi=1,..M/2. The result of this clustering algorithm will be denoted
by U,.

Permutation algorithm 3: Let U = (v, .., Ug))} be any start partition of a
population partitioned into clusters of the same sizes, M > m. In the ¢-th (t=0,1,...)
iteration partition ) = {UY) L UPYis generated through permutating population
elements. For an assumedt =T, L{(ﬁ is treated as optimal when

AU = ming_y o MAUOY)). (13)

Iteration algorithm 4: Let U = (v, .., Ug))} be any start partition of the pop-
ulation partitioned into clusters which are not necessary of the same size. Let
U = (t) (t)} be the partmon of the population obtained as result of the 7-th
1terat10n and let 7\ =MC™ Cum) be the maximal eigenvalue of the variance-covar-
iance matrix of cluster totals. Moreover, let f : U — U, f,(k) = h, if and only if
ke U

In iteration ¢ + 1, we randomly choose number &, of data observation from the
sequences 1, ..., N. Next, element k, is moved from the cluster &, = f,(k,) to cluster
h, where h, is randomly drawn from set {h : h =1, ..., G;h # h,}. This leads to the
new partition 4+, Finally, we count A,,; = MC™'Cppsn). If Ay < A,, then U™V is
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the current partition and we start iteration ¢ + 2 of the algorithm. If A, ; > A,, then
we start stage 7+ 2 of the algorithm from partition {”. The algorithm of the par-
tition is stopped when the number of iterations reaches the assumed level 7. This
algorithm leads to the minimization of deff(¥5). The population clustered according
to this algorithm will be denoted by U,.

Iteration algorithm 5: The clustering procedure described below is similar to the
above one and also leads to minimization of V(§).

Let " = (U o 2 Ug « } be the partition of the population obtained as result of the
t-th iteration where ¢t = (l —DN+k,k=1,.,N,[=1,2,...and let A, = MC~ Cw))
be the maximal e1genvalue evaluated on the basis of Z/t(’) {U, (tﬁ (t)} Let

2 U= U, f(I) = h, if and only if € U( ),

In stage t + 1, the populatlon element k e U, “) where h = fi(k), is moved to clus-

ters U, z # h,z = 1,..., G and calculated using the following

(k,z) = arg(min{zzlwc,z#(k)} (K(C_ICW (k, Z)))) (14)

where MC™ Cum(k 7)) is evaluated for partition Z/” in which clusters U(’) U(Z) are
replaced by {U” U {k}} and {U @ _ {k}}, respectively, and h= f,(k) If
MC™ Cu“) (z)) < kl, then A, = MC~ Cwm) and U is equal to " where clusters

U® and U are replaced by U'*" = (U U {k}} and UUH) = {U(') {k}}, respec-
tlvely. IfMC' Co(2) > A, then UTY =1 and ), = A,

The iteration clustering process is stopped when A, , = A, or the number of itera-
tions reaches the assumed level 7. This algorithm will be denoted by Us.

Iteration algorithm 6: We keep the notation introduced earlier. In iteration ¢ + 1,
the population element k € U(I), where h = f,(k), is moved to clusters Ug’), z#h,
z=1,...,G. Next, we calculate the following '

(k-2) = arg(min ey ming 4y 1.6y (MC™ Cpo (k.2))) (15)

.....

where M(C~ Cum (k, z)) is evaluated for partition 24” in which clusters U: @ and U, @ are
replaced by {UY U {k}} and (U - {k}} respectively, and h = f,(k) If
MC ™' Cypo (k. 2)) < X, then M(C~ CW)) = MC™'Cyo(k, 2)) and UV is equal to U
where clusters U and U(’) are replaced by U(’“) = {U(’) uU{k}} and
U, -+l {U(’) {k}} respectively. The iteration Clusterlng process is stopped when
X(C Cu“) (k z)) > A,. The population clustered according to this algorithm will be
denoted by L.

3 Accuracy Analysis

Data about Swedish municipalities published in the monograph by [9] will be con-
sidered. Variables y, and y, are the real estate values (according to the 1984 assess-
ment, in millions of kronor) and number of the municipal employees (in millions
of kronor), respectively. Their population correlation coefficient is p, ,, = 0.9924.
The population size (without outliers) is N = 280. Moreover, y, ; = 51945.99,
Yoy = 378859, v, =35954.39, v, = 2008981. The partitions obtained as results of
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the above clustering algorithms will be denoted by L{j, j=1,...,6. We will consider
the sample sizes g = 2,4, 8, 12, 14,24 and cluster sizes M = 2,4, 8, 14. The relative
efficiency coefficient is evaluated according to expression (10) for estimation strat-
egy (Vs).

Analysis of Table 1 leads to the following conclusions. Only under clustering
algorithms U/, and U,, the accuracy of estimator y is approximately not less than the
accuracy of estimator J for all considered combinations (M, g).

Partition U/, leads to the most efficient estimation based on y;. When we also
assume that the population is split into sub-populations of the same sizes, estimator
¥ based on the sample drawn from the population clustered according to algorithm
U5 is the most efficient.

For algorithms U/ and U,, the estimation efficiency based on j¢ decreases (or
equivalently deff(§5) increases) when the number of clusters g decreases under
the fixed sample size n. For algorithms {4; - U, the situation is reversed. Under the
fixed sample size n, the estimation efficiency based on jg increases when number
of clusters g decreases. For instance, under partition {{, when (M, g) = (2, 14) and
(M, g) = (14,2), the accuracy of jg is almost two times and fifty times better than
the accuracy of yg, respectively.

4 Conclusions

In this paper, we have shown that it is possible to significantly increase the accu-
racy of estimating population totals using vector estimator from a simple cluster
sample drawn without replacement by considering specific partition of a popula-
tion into clusters. In the analysed empirical example, algorithm 5 and 6 lead to
the optimal partition of the population. These algorithms should work quickly
when a population size is large. The results could be useful for panel or census
survey sampling repeated on more than one occasion. The results of paper could
be applied to partitioning a population into clusters based on census data. This

Table 1 Relative efficiency
for the population partitioned
into clu§ters. Source: Own 1 ) 3 5 6 7 8 9
calculations.

n (Mg U U, A u, Us U,

16 (2,8) 0992 1.108 0.824 0.561 0.639 0.771
16 (44) 1.095 2147 0.749 0.182 0.444  0.578
16 (8,2) 1.171 4245 0.621 0.049 0.182 0.442
28  (2,14) 0992 1.108 0.824 0.561 0.639 0.771
28 (47 1.095 2147 0.749 0.182 0.444 0.578
28 (14,2) 1309 7.353 0504 0.019 0.041 0.196
48  (2,24) 0992 1.108 0.824 0.561 0.639 0.771
48 (4,12) 1.095 2147 0.749 0.182 0.444 0578
48  (8,6) 1.171 4245 0.621 0.049 0.182 0.442
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could improve accuracy of estimation of population total vector. Moreover, the
results could be useful in some aspects of big-data analysis.

This paper could be treated as a contribution to comparison of vector estimators.
Several properties of the generalized relative efficiency coefficient are considered
in Theorem 2. The generalized coefficient of intra-cluster data spread homogeneity
was defined, its properties were considered and its values were interpreted. The gen-
eralized deff coefficient was also written as the function of matrix of coefficients of
intra-cluster homogeneity. The proposed procedures could be developed in several
ways. Other clustering algorithms could be considered. In particular, the clustering
procedures based on multivariate variables that are proposed in this paper could be
reduced to one-dimensional cases. For instance, these variables could be replaced
with their principal component. In this case, the several clustering procedures based
on one-dimensional variables that have been proposed by [14] could be adopted in
our considerations.

In addition, many of the clustering algorithms available in the statistical litera-
ture (see, e.g. [1, 6]) divide the population into homogeneous clusters. Typically,
these procedures can be modified to algorithms that ensure the maximum spread of
multivariate observations within the cluster. This seems to the well-known nearest
(farthest) neighbour criteria. Properties of some sampling designs used in spatial
statistics could inspirate for the construction of clustering algorithms. For example,
the criteria considered by Thompson and Seber [10] or [13] can be adapted to divide
the spatial population into clusters composed of non-neighbours.

Appendix
Decomposition of Matrix C;,
[9] decomposed the diagonal element of V(§) defined by expression (2) as the func-

tion of matrix C;,. Their result can be generalized as follows. Using their result, we
transform elements of C;; = [¢;,; ;] in the following way (see [12], pp. 139-150):
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G
(G = Dey,j = Z()’Uh,i = YudOu,; = Juj)
=l

G
= Z(Nh)_’Uh,i = N3Ny, ; = N3)

1]
Mo T

(N, = N3y, : + NGy, ;= NN, = N3y, ; + NGy, ~5)

h=1
G G
= Z(Nh - N)z)_’Uh,i)_’U,“,‘ +N? Z()_’Uh,i - )_’i)()_’UN‘ - )_’j)
h=1 h=1
G G
+ N Y (N, = NGy, ;= 550, + N DN, = NGy, = 5050,
h=1 h=1
G G
= D Ny = N5y, 3y, + N Y Gu,i = 300y, = I+
h=1 h=1
G G
+ 2N Y (N, = N)Gy, s = 530G, = ) + N5, DN, = N)Fy, ;- 5)+
h=1 h=1
G G
+ Ny, Z(Nh —-N)Gy,; — V) = Z(Nh - N)zyuh,i)_’u,,,j"‘
h=1 h=1
G G
- N Z()_’Uh,i —V)0y,; =) +2N Z@U,,,i =)0y, — N,
h=1 h=1
G G
+ Ny; Z(Nh —N)Gy,; —¥) + Ny Z(Nh = N0y, =) =
h=1 h=1
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G G
= YN, = N5y, 5y, + N Y Ny = NGy, ; = 530G, — 5)
h=1 h=1
G G
+N Y G, = 30Gu,; = 5Ny + N5, DN, = NGy, ;= 7))
h=1 h=1

G

_ o _ Vs s
+ Nyj Z(Nh _N)(yUh,i -y = Z(Nh -N) YU,iYU,
= h=1

+N Z(Nh - N)()_’Uh,i = ¥)0u,; =¥ +¥)

h=1
G G
+ N Y Gu,i = 30Gu,; = 5N, + N5, Y (N, = NGy, ; = 3)
h=1 h=1
G G
= Z( - Ny? Yu,.iVu,j +N Z(yUh —¥)0uy,; — )N,y +
h=1 h=1
G
+ N Y N, = N)yy, Ju, -
h=1
Finally, we have:
G G

(G = Deyyy = XNy = NNy, Fu, +N X Gu,i = 3)Gu,; — 3N (16)
h=1 h=1

The decomposition of the ordinary covariance is:

G

W - Z Z(Yk, y,)()’k,, )’,) =

h=1 keU,

G
= Z Z(ykl yUhl)(-y](,] yU,“/)+ Z(yUhl yz)(yUN y])Nh =
h=1 k€U,

G
=N =G)e,y + Y Gu,i = 30Gu,; = 5N,
h=1

This and expression (16) lead to the following:

(G = Ve = Y Ny = NIN,Fy, 5y, + NN = Dey; = NN = Gye,y. (17)
h=1

Moreover:
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G
1 = -
G— Z(Nh N)NhyUh 1yU/1J G-1 ;(Nh - N)yUhsiyUhxi

1 - _ _ _ _ _
=G-1 ];(Nh = N, = Yuid) + Yu)(Oy,; =) + ) =

G (18)
1 - N -
= m ;(Nh - N)()’U,l,i - yl/{,i)())Uh,j - )’j)
y ~ yL{z
+ 50 = N0u, = Sud+ G Z(Nh NGy, ; = 5)-
This leads to the decomposition of matrix A shown in Sect. 2.2.
Derivation of Expression (3)
Expression (17) leads to the following:
N(N - 1) N(N - G)
C,=A C- c
u=A*T 5 G-1 *
- N-G N-G_,
=A+NC(1,+1, =2 - ==2c'c,) 19
"o G-1 G-1 (19

_ - N-G el )
=A+NC(1,+ 5= (1,-C7'C)).

This result, expressions (2) and (4) let us evaluate expression (3).

Proof of Theorem 2

Let F and L be m X m symmetric matrices. F' is non-negative definite, while L is
positive definite. There is a non-singular matrix G such that L = G’ G (see, e.g.
[3], p- 218-219. Moreover, [3], p. 563) shows that:

|F = AL| = |G*|IM = M| = |L||FL™" = M| = |L||IL”'"FL™" = M| (20)
where
M= (G 'FG. (21)

Therefore, matrices M, FL™" and L™'F have the same eigenvalues as roots of equa-
tion |F —AL| = 0. If F is non-negative (positive) definite, then M is non-negative
(positive) definite.

Let V(¢,,) = L and V(¢,,) = F. This and the above properties let us immediately
prove the first two equalities of Theorem 2.

Expression (20) let us rewrite |[FL™' — M| = 0 as follows:

|F —AL| =0, F-L-(OM\-1DL|=0, (G " (F-L)G™' —kI| =0
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where k = A — 1. If F — L is non-negative definite, then matrix (G W(F -L)G 'is
non-negative definite (see, e.g. [3], pp. 213) and k = A — 1 > 0. This leads to A > 1.
Hence, the first inequality of Theorem 2 is proved.

If matrix F — L is non-positive definite, then L — F is non-negative definite and
|F — AL| = Ois equivalentto|F — L — (A—1)L| =0,|[L—F — (1 = A\)L| =0and

(G "L -FG ' —«xI| =0, «k=1-Ah

Therefore, matrices L — F and (GT)‘l(L - F )G_1 are non-negative definite and
Kk =1—A>0,)\ < 1. Hence, the second inequality of Theorem 2 is proved.
Let us consider the following ratio of the quadratic forms:

aFa” _ BMB"
aLa” BB’

where @ = B(G")"'and L = G"G. This and (16) and (17) let us write the following:

pMB" _ PFL”'B"
BB BB"
where A, and A, are minimal and maximal -eigenvalue of matrix

FL™' = V(t,)V~'(¢t,,), respectively. This directly leads to last expression of
Theorem 2.

<A

- m?>

M

IA

Proof of Expression (6) About Eigenvalues of the Homogeneity Matrix

The eigenvalues of the homogeneity matrix, given by (4), are roots of the following
equation:

|A—6I|=0, |C-C,—6C|=0, |C,—(1-6)C|=0. (22

According to the properties of matrix (see, e.g. [3], pp. 219) C = G’ G, where G is
symmetric because matrix C is symmetric and positive definite. Therefore:

M—-(1-06)I=0 (23)

where M = (G_I)TC*G_I. Matrix M is non-negative definite (see, e.g. [3], pp. 213).
This let us write1 —6 > land 6 < 1.
The well-known decomposition of C is:

(N-1)C=GCy+ (N -G)C,

Matrix (N — 1)C — (N — G)C, is non-negative definite because C is positive defi-
nite and C,, C, are non-negative definite. Moreover, @C -C,.=C+ %C -C,
is non-negative definite. This and expression (22) let us write that equation
|A — 61| = 0is equivalent to the following
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G-1
N-G

c
e+ V=

c-c.—(5+ G_1>C‘=O

Similarly to expression (23), there is symmetric matrix K making the above equa-
tion equivalent to the following

‘E—<5+ G_1>I‘=0

N-G
where
_ G-1 _
E=&"H(C+ C-C)K!
K€+ T=7C=C)

is non-negative definite. This leads to inequality 6 > —%. Hence, inequality

—% < 6 < 1 where 6 is the eigenvalue of 4 is proved. -
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