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Abstract 
The purpose of this study is to investigate vibrations in 2D functionally graded nanobeams (FGN) with memory- 
dependent derivatives. A sinusoidal variation of temperature is assumed. The dimensionless expressions for axial dis-
placement, thermal moment, lateral deflection, strain and temperature distribution are found in the transformed domain 
using Laplace Transforms, and the expressions in the physical domain are derived by numerical inversion techniques. 
The nanobeam is simply supported at the both ends and have constant temperatures. The FGN is a non-homogenous 
composite structure with constant structural variations along with the layer thickness, changing from ceramic at the 
bottom to metal at the top. Adding non-local MDD to thermoelastic models opens up new possibilities for the study 
of thermal deformations in solid mechanics. The effect of different kernel functions and periodic frequency of thermal 
vibration is illustrated graphically for lateral deflection, axial displacement, strain, temperature, and thermal moment.
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Article highlights 

•	 A novel model of vibrations in a functionally graded 
nanobeams is presented.

•	 The medium is subjected to sinusoidal variation of tem-
perature.

•	 Dynamic response of memory dependent derivative 
theory of thermoelasticity and non-local parameter is 
investigated.

•	 The effects of kernel functions and periodic frequency 
of thermal vibration on all physical fields are investi-
gated and shown graphically.
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�ij	� Kronecker delta
M	� Flexural moment
K 	� Thermal conductivity
T 	� Temperature change
CE	� Specific heat
tij	� Local Stress tensors

eij	� Strain tensors
MT	� Thermal moment of inertia
w(x, t)	� Transverse displacement or Lateral deflection 

of a beam
a , l 	� Internal and external characteristic lengths
T0	� Reference temperature
�	� Thermal elastic coupling tensor
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Ec	� Young’s modulus of the ceramic material
�, �	� Elastic parameters
ui	� Displacement Components
e0	� Material constant
�	� Medium density
K(t − ξ)	� Kernel function
�	� Time delay parameter
�c	� Thermal expansion coefficient
t	� Time
�	� Periodic frequency
ϱ	� Nonlocal parameter

1  Introduction

Functionally graded materials (FGM) consist of discrete 
volumes of constitutive materials that are changed over 
different positions in a continuous manner. In this way, the 
material properties are continuously dispersed and may 
eliminate common interface problems of laminate com-
posite materials. FG materials, with their improved physical 
and mechanical properties, are of interest to a wide range 
of disciplines, including tribology, fracture mechanics, geol-
ogy, nanotechnology, optoelectronics, and biomechanics. A 
decade ago, FG materials were introduced to develop micro/
nano-devices with better physical properties, including 
micro/nano electromechanical frameworks, shape memory 
alloy thin films, and nuclear power microscopes. Numerous 
scientific and numerical analyses have been published in the 
literature regarding the dynamic behavior of FG structures 
under mechanical and thermal loads. In addition, several 
studies have examined the thermoelastic properties of FGM 
beams. As a result of their unique mechanical and physical 
characteristics, FGMs are evolving rapidly and increasingly 
technologically, with uses in many industries such as engi-
neering, petroleum, medicine, and transportation. Micro and 
nanomaterials structures have been in high demand for the 
last decade because of their unique electronic, electrical, 
and mechanical properties. The properties of nanomateri-
als make them suitable for use in MEMS/NEMS/piezoelec-
tric devices as elementary structural components. In recent 
years, laser pulse technology has gained interest as a non-
destructive testing method and as a material processing 
method. By radiating laser light, wave motion can be gen-
erated within the material. Hence, laser pulses are important 
in micro and nano mechanical resonators.

For the study of small-scale structures, Eringen [1–3] 
incorporated the theory of nonlocal continuum mechan-
ics. The stress of a point in a nonlocal continuum depends 
on the strain state of every other point in the continuum. 
However, in continuum mechanics, stress at a particular 
point can be exclusively determined by its strain. Thermoe-
lastic relations in a FG isotropic unbounded media with 

intermittently variable heat sources were addressed by Mal-
lik and Kanoria [4]. Based on Eringen’s nonlocal mechan-
ics model, Lazar and Agiasofitou [5] derive new results 
about stress constituents of screw displacements for the 
anisotropic medium. Yang et al. [6] analyzed the thermal 
stress in 2D structures composed of FGM with analytical 
expressions in the RIBEM (radial integration boundary ele-
ment method) bypassing the time-consuming problem of 
computing radial integrals with RIBEM. Utilizing a fractional-
order model Abouelregal and Mohamed [7] studied the 
thermoelastic vibrations in FGN due to periodic heat fluxes. 
Mao et al. [8] researched on the FGM thermoelastic instabil-
ity (TEI) in presence of frictional heat and resistance of ther-
mal contact. Based on E-B (Euler–Bernoulli) and refined TBT 
(Timoshenko beam theory), Xu and Meng [9] presented the 
systematic results for the bending, buckling and free vibra-
tion of FG beams. Zhang et al. [10] illustrated the outline 
of the prevailing literature on free vibration buckling and 
stability analysis of FGM. Abo-Dahab et al. [11] discussed the 
FG thin slim strip with one thermal relaxation time in gener-
alized thermoelasticity theory. The effects of vibrations on 
concrete structures can be reduced by special construction 
and material conditions [12, 13]. Based on literature avail-
able over the past 30 years, Saleh et al. [14] provided the 
fundamental difficulties and strengths of currently available 
manufacturing methods for FGMs. Hasona and Adel [15] 
considered the influence of initial stress on a magneto-ther-
moelastic FGM with Green Naghdi (GN-II) theory. Sheokand 
et al. [16] examined the FGM under a dual-phase-lag model 
with rotation and gravity. Craciun and Soos [17] discussed 
elliptical hole crack problem in an infinite anisotropic elastic 
body of a fiber reinforced composite.

Wang and Li [18] introduced memory dependent deriva-
tives based on caputo type definition of fractional deriva-
tives. Ezzat et al. [19, 20], discussed memory dependent 
derivatives in thermoelectric viscoelastic problem and gave 
generalized thermal equation for a thermoelastic problem 
and derived different thermoelastic theories from it. El-Bary 
[21] studied a 1-D thermal shock problem for a functionally 
graded magneto thermoelastic half-space with memory 
dependent derivatives. Abouelregal and Marin [22, 23], 
small-scale effect in a generalized thermoelastic beam due 
to rectified sine wave heating and under a harmonic external 
force. Al-Jamel et al. [24], introduced memory-dependent 
derivative w.r.t. displacement to define damping in sev-
eral oscillatory systems of complex dissipation appliances 
in which memory effects could not be overlooked. Marin 
et al. [25], studied a Lagrange’s identity to address non-sim-
ple elastic materials. Jafari et al. [26] studied a functionally 
graded plate with a triangular hole subject to uniaxial tensile 
load. Zhang et al. [27] investigated the applications of nan-
oparticle-reinforced building materials in civil engineering. 
Zhang et al. [28] studied the induced magnetic field induced 
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by nanoparticles of tantalum and nickel flows towards an 
elastic surface. With an internal heat source moving under 
the influence of rotation, Said [29] studied the propagation 
of waves in a nonlocal generalized thermoelastic half-space. 
Lata and Singh [30] studied the non-local magneto-ther-
moelastic solid with two temperatures subjected to rotation 
and inclined loads. Using a nonlocal generalized thermoe-
lasticity model, Peng and Chen [31] studied a micro-scale 
FGM beam with ramping-type heating on the left end for its 
dynamic thermoelastic response. Abbas et al. [32] used Lord 
and Shulman’s generalized thermoelastic model to study 
wave propagation in unbounded thermoelastic materials 
based on nonlocal thermoelasticity.

To investigate the vibrational phenomenon in 2D func-
tionally graded simply supported nanobeams, we have 
undertaken this research effort with memory-dependent 
derivatives. The Sect. 2 focuses on the basic equation for an 
isotropic nonlocal medium and the heat conduction equa-
tion with MDD equations. Section 3 describe the mathemati-
cal formulation of the study of vibrations in 2D functionally 
graded nanobeams (FGNs) with memory-dependent deriva-
tives. A sinusoidal variation of temperature is assumed. The 
dimensionless expressions for axial displacement, thermal 
moment, lateral deflection, strain, and temperature distri-
bution are found in the transformed domain using Laplace 
Transforms. Boundary conditions for simply supported 

nanobeams has been discussed in the Sect. 4. The next two 
Sects. 5, 6 provide the solution to problem and method for 
the inversion of Laplace Transform. The Sect. 7 presents the 
numerical results and shows the effect of different kernel 
functions, periodic frequency of thermal vibration on all the 
physical fields graphically with MATLAB software. The Sect. 8 
deals with the conclusions of the paper.

2 � Basic equations

The constitutive relations for an isotropic nonlocal medium 
[1] are

where, � = (� l)2, � =
e0a

l
, 2eij =

�ui

�xj
+

�uj

�xi
.

In the absence of heat sources, the equation of heat 
conduction with MDD following Kaur et al. [33–35] is,

Wang and Li [18] presented the first-order MDD with 
the differentiable function f(t) w. r.t. � > 0 for time t  as:

Depending on the material properties, we choose 
K (t − �) and �  . Following Kaur et al. [33–35], the K(t − ξ) 
is considered as

where � and � are constants.

(1)�ij =
(
1 − �∇2

)
tij = 2�eij + �eij − �T�ij ,

(2)K∇2T =
(
1 + �D�

)(
�CE

�T

�t
+ �T0

�divu

�t

)
.

(3)D� f (t) =
1

� ∫
t

t−�

K (t − �)f �(�)d�.

(4)K (t − �) = 1 −
2�

�
(t − �) +

�2

�2
(t − �)2 =

⎧
⎪⎪⎨⎪⎪⎩

1,

1 + (� − t)∕� ,

� − t + 1,�
1 + (� − t)∕�

�2
,

� = 0, � = 0

� = 0, � = 1∕2

� = 0, � = �∕2

� = 1, � = 1

Fig. 1   Structural design of the 
nano-beam
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3 � Formulation of the problem

Consider an FG thermoelastic nanobeam (Fig. 1) with Car-
tesian coordinates of length (0 ≤ x ≤ L) ,  width (
−

b

2
≤ y ≤ b

2

)
 and thickness 

(
−

h

2
≤ z ≤ h

2

)
 . Assume that 

the x-axis is taken along the nano-beam’s axis and one of 
the ends of the nanobeam is the y −z  plane i.e. (x = 0) with 
the origin located in the centre of this end and with y-axis 
and z-axis along the width and the thickness direction of 
the nanobeam. Assume that the nano-beam’s ends are 
maintained at a uniform temperature T0 and also the cross-
section of the nanobeam is uniform along the entire 
length.

The assumed beam has metal-rich (all metal) mate-
rial properties at the lower surface z = h/2 and ceramic-
rich (full-ceramic) at the upper surface z =  − h/2. FGMs 
are considered to have continuous material properties 
throughout the thickness direction, such as elasticity 
modulus, thermal conductivity, mass density, and cou-
pling parameter. Using this model, the gradation of the 
material’s actual property P(z) in the thickness direction 
following Abouelregal and Mohamed [7] is described as

Following Rao [36], using the theory of E-B beam for a 
thin beam the displacement components of nanobeams 
can be taken as

Initially, the nanobeam is unstrained and unstressed.

Based on Eringen’s non-local theory of thermoelastic-
ity, the Eq. (1) using Eqs. (5) and (6) becomes

where nE� = ln
�√

Em�m∕Ec�c

�
.

Since the nanobeam’s upper and lower surfaces are 
thermally insulated, there is no heat flux across them, 
therefore �T

�z
 should disappear at z = ±h∕2 . Assuming a 

sinusoidal variation of increment temperature along the 
thickness direction for a nanobeam i.e.

(5)P(z) = Pme
np(2z−h)∕h, np = ln

√
Pm∕Pc .

(6)

u1(x, y, z, t) = −z
�w

�x
, u2(x, y, z, t) = 0, u3(x, y, z, t) = w(x, t),

(7)

w(x, t)t=0
||||=

�w(x, t)

�t

||||t=0 = 0, T (x, z, t)
||||t=0

�T (x, z, t)

�t

||||t=0 = 0.

(8)

(
t
xx
− �

�2t
xx

�x2

)
= −E

m

[
e
nE (2z−h)∕hz

�2w

�x2
+ �

m
e
nE�

(2z−h)∕h
T

]
,

(9)T (x, z, t) = Θ(x, t) sin
(
�z

h

)
.

The bending moment is defined as

In Eq. (8) using (10a) we obtain the cross-sectional 
flexural moment is determined by

where

For a FGM nano-beam, the transverse equation of 
motion is

Using Eq. (9) in Eq. (8), we get

The Eq. (2) using Eqs. (5) and (6) can be written as

here the parameters nK  , n� and n�CE , are given based on 
Eq. (3), according to the properties of ceramics and metals, 
respectively and

By replacing Eq.  (11) into Eq.  (13) and integrating 
the resultant equation w. r.t. z over the beam thickness 
from − h/2 to h/2, yields

(10a)M(x, t) = −∫
h

2

−
h

2

∫
b

2

−b

2

txx(x, z, t)zdzdy,

(10b)M(x, t) − �
�2M

�x2
= −bh2Em

[
h�E

�2w

�x2
+ �m�E�

Θ

]
,

�E =

(
n2
E
+ 2

)(
1 − e−2nE

)
− 2nE

(
1 − e−2nE

)

8n3
E

,

�E�
=

2nE�

(
�2 + 4n2

E�

)(
1 − e−2nE�

)
+
(
�2 − 4n2

E�

)(
1 + e−2nE�

)
(
�2 + 4n2

E�

)2
.

(11)
�2M

�x2
=

(
1 − e−2n�

)
�m

2n�

�2w

�t2
,

(12)

�4w

�x4
+

�m
(
1 − e−2n�

)
2Emh

2n��E

�2

�t2

(
1 − �

�2

�x2

)
w +

�m�E�

�E

�2Θ

�x2
= 0

(13)

K
m
e
nK (2z−h)∕h

[
�2T

�x2
+

�2T

�z2
+ 2

n
K

h

�T

�z

]

=
(
1 + �D�

)[
�
m
C
Em
e
n�CE

(2z−h)∕h �T

�t
− z�

m
e
n� (2z−h)∕hT0

�3w

�x2�t

]

�m =
Em�m

1 − 2�m
, �mCEm =

Km

�m

.

(14)

[
�2Θ

�x2

]
=
(
1 + �D�

)[
��CE

�
�Θ

�t
−

���mhT0

Km

�3w

�x2�t

]
.
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where

The dimensionless quantities are given by

If the dimensionless quantities from Eq. (15) are applied 
to Eqs. (12) and (14), and the primes are suppressed, the 
equations in the non-dimensional form are as follows:

where

The Laplace transform is defined by

Using Eq. (19) in Eqs. (16) to (18) we get

where

��CE
=

��CE

�K

, � =
�mCEm

Km
, �� =

��

�K

,

��CE
=

2n�CE

(
1 + e−2n�CE

)

�2 + 4
(
n�CE

)2 , �K =
2nK

(
1 + e−2nK

)

�2 + 4
(
nK

)2 ,

�� =
n�
(
1 + e−2n�

)
+ e−2n� − 1

4
(
n�
)2 .

(15)

(
x
�, z�, u�,w�, L�, h�

)
= C0�0(x, z, u,w, L, h),

(
t
�, ��

)

= C
2

0
�0(t, �),Θ

� =
Θ

T0

,

(16)
�4w

�x4
+ A1

�2

�t2

(
1 − �

�2

�x2

)
w = −A2

�2Θ

�x2
,

(17)

[
�2Θ

�x2

]
=
(
1 + �D�

)[
A3

�Θ

�t
− A4

�3w

�x2�t

]
,

(18)M(x, t) = A1

(
�
�2

�t2
−

�2

�x2

)
w − A2Θ,

A1 =

(
1 − e−2n�

)
2h2n��E

A2 =
T0�m�E�

h
,A3 = ��CE

,A4 =
���mh

�0Km
.

(19)L
[
f (x, z, t)

]
= ∫

∞

0

e−st f (x, z, t)dt = f (x, z, s).

(20)

(
d4

dx4
− �A1s

2 d2

dx2
+ A1s

2

)
w = −A2

d2Θ

dx2
,

(21)

[
d2

dx2
− qA3

]
Θ = −qA4

d2w

dx2
,

(22)M(x, t) = A1

(
� s2 −

d2

dx2

)
w − A2Θ,

Eliminating w or Θ in Eqs. (20), (21) we obtain

w h e r e  A = �A1s
2
+ qA3 + qA2A4, B = A1s

2
+ q�A1A3s

2,

C = qA1A3s
2,D =

d

dx
.

The differential Eq. (23) takes the form

where ±�1,±�2and ± �3 are the characteristic roots of the 
equation �6 − A�4 + B�2 − C = 0 and hence,

where “ A, B,C are the sum of all the roots, sum of the 
roots taken two at a time, and the product of all the roots, 
respectively”.

Assume Lateral Deflection w(x) and temperature as

w h e re  Bi , i = 1, 2, 3, 4, 5, 6  a re  co n s t a nt s  w h e re 

B�
i
= −

�4
i
+A1s

2

A2�
2

i

= �i , i = 1, 2, 3 are constants.

The Axial Displacement is

Thermal Moment is given by

The strain is given by

4 � Boundary conditions

The boundary conditions for nanobeams with simply sup-
ported (SS) ends and maintained at constant temperatures 
T0 are as follows:

q = (1 + G)s, G =

[(
1 − e−sχ

)(
1 −

2β

χs
+

2α2

χ2s2

)

−

(
α2 − 2β +

2α2

χs

)
e−sχ

]
.

(23)
[
D6 − AD4 + BD2 − C

](
w,Θ

)
(x) = 0,

(24)
(
D2 − �2

1

)(
D2 − �2

2

)(
D2 − �2

3

)(
w,Θ

)
(x) = 0,

�2
1
+ �2

2
+ �2

3
= A,

�2
1
�2
2
+ �2

2
�2
3
+ �2

1
�2
3
= B,

�2
1
�2
2
�2
3
= C,

(25)
(
w,Θ

)
(x) =

∑3

i=1

{
1, B�

i

}[
Bie

�i x + Bi+3e
−�i x

]
,

(26)u(x) = −z
∑3

i=1
�i
[
Bie

�i x − Bi+3e
−�i x

]
.

(27)MT =

3∑
i=1

(
�s2 − �2

i
− A2�i

)[
Bie

�i x + Bi+3e
−�i x

]
.

(28)e(x) = −z

3∑
i=1

�2
i

[
Bie

�i x + Bi+3e
−�i x

]
,
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In this problem, we consider the first end of a nanobeam 
x = 0 to be subjected to a dimensionless time-dependent 
heat flux of constant intensity q0 as

We assume � = 0 when a constant heat flux is applied. 
Furthermore, if the second end of the nanobeam x = L is 
thermally insulated, we can express it as

By applying dimensionless quantities from Eq. (15) and 
Laplace Transform defined by (19) on Eq.  (29)–(32) the 
dimensionless boundary conditions becomes

5 � Solution

Replacing the values of w  and Θ from Eqs.  (25) in 
Eqs. (33)–(35), we derive the value of Bi using cramer,s rule 
for solving linear equations with i = 6 variables as

and

Δi(i = 1, 2, 3,… , 6) are obtained by replacing the col-
umns by 

[
0, 0, 0, 0, H(s), 0

]
 in Δi . Substituting the 

(29)w(x, t)|x=0 = w(x, t)|x=L = 0,

(30)
�2w(x, t)

�x2

|||||x=0
=

�2w(x, t)

�x2

|||||x=L
= 0.

(31)
𝜕Θ

𝜕x
= q0 cos(𝜁 t), 𝜁 > 0 on x = 0.

(32)
�Θ

�x
= 0 on x = L.

(33)w(x, s)||x=0 = w(x, s)||x=1 = 0,

(34)
d2w(x, s)

dx2

|||||x=0
=

d2w(x, s)

dx2

|||||x=1
= 0.

(35)
�Θ

�x

|||||x=0
=

q0s

�2 + s2
= H(s),

�Θ

�x

|||||x=1
= 0.

(36)Bi =
Δi

Δ
, i = 1, 2, 3, 4, 5, 6.

(37)

Δ =

||||||||||||||

1 1 1

λ2
1

λ2
2

λ2
3

eλ1 eλ2 eλ3

1 1 1

λ2
1

λ2
2

λ2
3

e−λ1 e−λ2 e−λ3

λ2
1
eλ1 λ2

2
eλ2 λ2

3
eλ3 λ2

1
e−λ1 λ2

2
e−λ2 λ2

3
e−λ3

�1�1 �2�2 �3�3 −�1�1 −�2�2 −�3�3
�1�1e

λ1 �2�2e
λ2 �3�3e

λ3 −�1�1e
−λ1 −�2�2e

−λ2 −�3�3e
−λ3

||||||||||||||

values from (37) in Eqs. (25)–(28), we get the lateral deflec-
tion, thermal moment, axial displacement, temperature 
distribution, and strain of the FG nanobeam.

6 � Inversion of laplace transform

To find the physical domain solution, the transforms in 
Eqs. (24) to (27), must be inverted using inverse Laplace 
transform integral defined by

Press et  al. [37] described Romberg’s integration 
method for evaluating integrals with an adaptive step size.

(38)f (x, t) =
1

2�i ∫
e+i∞

e−i∞
f (x, s)e−stds.

Table 1   Thermoelastic and Mechanical properties parameter of the 
graded nanobeam (T0 = 293 K)

Material properties Metal aluminium Ceramic alumina

Thermal conductivity 
K 
(
Wm−1K−1

) 237 1.78

Thermal diffusivity ω
(
m2s−1

)
84.18 × 10−6 1.06 × 10−6

Density ρ
(
Kgm−3

)
2700 3000

Poisson’s ratio ν 0.35 0.33
Young’ modulus E (GPa) 70 116

Thermal expansion α0
(
K
−1
)

23.1 × 10−5 8.7 × 10−6

Fig. 2   The lateral deflection w w. r.t. beam length with change in 
kernel function
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7 � Numerical results and discussion

A contemporary alternative to the fractional order deriva-
tive (FOD) is the memory-dependent derivative (MDD). 
The MDD is better suited for temporal remodeling than 
the FOD. It exhibits the memory effect more clearly. A 
better MDD model of thermoelasticity was introduced 
to show the memory effect (the rate of sudden change 
depends on the past state). “MDD is defined in an integral 
form of a common derivative with a kernel function on a 
slip-in interval”. The effect of different kernel functions of 
MDD and periodic frequency of thermal vibration is illus-
trated graphically for lateral deflection, axial displacement, 

strain, temperature, and thermal moment of a 2D function-
ally graded nanobeams (FGNs). In the case studies, it is 
assumed that aluminum serves as the lower metal surface 
and alumina serves as the upper ceramic surface of the 
metal and ceramic phases of the nanobeam, respectively 
(see Table 1). Moreover, for the numerical simulations, 
L/h = 10 and L = 1 and z = h/3 are considered.

Figure 2 displays the deviation in the lateral deflec-
tion w w. r.t. beam length with various values of MDD 
kernel function K (t − �) . It is observed that the w sharply 
increases as the nano-beam length increases. Lateral 
deflection w has a maximum value when the K (t − �) 
value is 1. Figure 3 depicts the axial displacement w. r.t. 

Fig. 3   The axial displacement u w. r.t. beam length with change in 
kernel function

Fig. 4   The deviation of temperature w. r.t. beam length with 
change in kernel function

Fig. 5   The variation of Thermal Moment MT w. r.t. beam length with 
change in kernel function

Fig. 6   deviation in strain w. r.t. beam length with change in kernel 
function
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beam length with various values of MDD kernel function 
K (t − �) . It is found that the axial for sharply decreases 
in the initial range of the length of nano-beam and then 
shows the small increases for the rest of the range of the 
nano-beam length.

Figure 4 depicts the deviation of temperature for different 
kernel functions K (t − �) . It is found that the temperature 
suddenly decreases in the initial range of the nano-beam 
length and then again depicts the sharp increase for the rest 
of the range of the nano-beam length with a slight deviation 
in values for different kernel functions. Figure 5 describes 
the deviation in the thermal moment MT w.r.t. beam length 
with various values of MDD kernel function K (t − �) . It is 
found that the MT  decrease with nano-beam length. MT 

Fig. 7   The lateral deflection w w. r.t. beam length with change in 
periodic frequency of thermal vibration

Fig. 8   The axial displacement w. r.t. beam length with change in 
periodic frequency of thermal vibration

Fig. 9   The thermal moment w. r.t. beam length with change in peri-
odic frequency of thermal vibration

Fig. 10   deviation in strain w. r.t. beam length with change in peri-
odic frequency of thermal vibration

Fig. 11   The axial displacement w. r.t. beam length with change in z
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is highest when the K (t − �) value is 
[
1 + (� − t)∕�

]2
 . Fig-

ure 6 exhibits the deviation in strain w.r.t. various values of 
MDD kernel functions K (t − �) . It is detected that the strain 
decreases along the nano-beam length. The strain is high-
est when the K (t − �) is 1. Figure 7 shows the variation in 
lateral deflection w.r.t. different values of periodic frequency 
of thermal vibration. It is found higher the value of differ-
ent values of periodic frequency of thermal vibration lower 
will be the lateral deviation in the beam. Figure 8 illustrates 
the axial displacement with the nanobeam length with dif-
ferent periodic frequency of thermal vibration. It is found 
higher the value of periodic frequency of thermal vibration 
lower will be the axial displacement in the beam. Figure 9 
demonstrates the thermal moment for change in periodic 
frequency of thermal vibration. It is detected that the higher 
the value of periodic frequency of thermal vibration lower 
will be the thermal moment deviation in the beam. Figure 10 
illustrates strain with the length of the beam with variable 
periodic frequency of thermal vibration. It is observed that 
the greater the value of periodic frequency lower will be 
the thermal moment deviation in the beam. Figure 11 and 
Fig. 12 illustrate the axial displacement and strain with the 
length of the beam for diverse values of z.

8 � Conclusions

A new mathematical model is developed using Euler–Ber-
noulli theory to investigate the vibration phenomenon 
in FG thermoelastic SS nanobeam with heat conduction 
equation in the context of MDD. The dimensionless expres-
sions for axial displacement, thermal moment, lateral 
deflection, strain, and temperature distribution are found 
in the transformed domain using Laplace Transforms, and 

the expressions in the physical domain are derived by 
numerical inversion techniques. It is observed that the Ker-
nel function of MDD has a substantial influence on lateral 
deflection, axial displacement, temperature distribution, 
thermal moment and strain of the FG thermoelastic beam 
and yields improved results. A significant effect is shown 
by the nonlocal parameter in all the fields studied. Periodic 
frequency of the applied heat flux has a strong effect on 
thermoelastic displacement, deflection, and temperature. 
Higher the periodic frequency of the applied heat flux, 
lower will be the thermoelastic displacement, deflection, 
strain, and temperature. Adding non-local MDD to ther-
moelastic models opens up new possibilities for the study 
of thermal deformations in solid mechanics. This investiga-
tion help in the scheme and fabrication of MEMS/NEMS, 
resonators and sensors. This structure can also be used in 
semiconductors devices, piezoelectric devices and inte-
grated circuits (IC), and continuum mechanics.

Acknowledgements  Not applicable.

Funding  No fund/grant/scholarship has been taken for the research 
work.

Data availability  For the numerical results, data of aluminum and 
ceramic alumina has been taken for FG thermoelastic material.

Declarations 

Conflict of interest  The authors declare that they have no competing 
interests.

Open Access  This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adap-
tation, distribution and reproduction in any medium or format, as 
long as you give appropriate credit to the original author(s) and the 
source, provide a link to the Creative Commons licence, and indicate 
if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons licence, unless 
indicated otherwise in a credit line to the material. If material is not 
included in the article’s Creative Commons licence and your intended 
use is not permitted by statutory regulation or exceeds the permitted 
use, you will need to obtain permission directly from the copyright 
holder. To view a copy of this licence, visit http://​creat​iveco​mmons.​
org/​licen​ses/​by/4.​0/.

References

	 1.	 Eringen AC (1974) Theory of nonlocal thermoelasticity. Int J 
Eng Sci 12:1063–1077. https://​doi.​org/​10.​1016/​0020-​7225(74)​
90033-0

	 2.	 Eringen AC (1983) On differential equations of nonlocal elastic-
ity and solutions of screw dislocation and surface waves. J Appl 
Phys 54:4703–4710. https://​doi.​org/​10.​1063/1.​332803

	 3.	 Eringen AC (2004) Nonlocal continuum field theories. Springer, 
New York, NY. https://​doi.​org/​10.​1007/​b97697

	 4.	 Mallik SH, Kanoria M (2007) Generalized thermoelastic function-
ally graded solid with a periodically varying heat source. Int J 

Fig. 12   Variation of strain w. r.t. beam length with change in z

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/0020-7225(74)90033-0
https://doi.org/10.1016/0020-7225(74)90033-0
https://doi.org/10.1063/1.332803
https://doi.org/10.1007/b97697


Vol:.(1234567890)

Research Article	 SN Applied Sciences           (2022) 4:329  | https://doi.org/10.1007/s42452-022-05212-8

Solids Struct 44:7633–7645. https://​doi.​org/​10.​1016/j.​ijsol​str.​
2007.​05.​001

	 5.	 Lazar M, Agiasofitou E (2011) Screw dislocation in nonlocal ani-
sotropic elasticity. Int J Eng Sci 49:1404–1414. https://​doi.​org/​
10.​1016/j.​ijeng​sci.​2011.​02.​011

	 6.	 Yang K, Yuan ZC, Lv J (2013) Thermal stress analysis of function-
ally graded material structures using analytical expressions in 
radial integration BEM. Bound Elem Other Mesh Reduct Meth-
ods XXXVI 56:379–390. https://​doi.​org/​10.​2495/​BEM36​0311

	 7.	 Abouelregal AE, Mohamed BO (2018) Fractional order ther-
moelasticity for a functionally graded thermoelastic nanobeam 
induced by a sinusoidal pulse heating. J Comput Theor Nanosci 
15:1233–1242. https://​doi.​org/​10.​1166/​jctn.​2018.​7209

	 8.	 Mao J-J, Ke L-L, Yang J, Kitipornchai S, Wang Y-S (2018) Thermoe-
lastic instability of functionally graded materials with interac-
tion of frictional heat and contact resistance. Mech Based Des 
Struct Mach 46:139–156. https://​doi.​org/​10.​1080/​15397​734.​
2017.​13192​83

	 9.	 Xu X-J, Meng J-M (2018) A model for functionally graded mate-
rials. Compos Part B Eng 145:70–80. https://​doi.​org/​10.​1016/j.​
compo​sitesb.​2018.​03.​014

	10.	 Zhang N, Khan T, Guo H, Shi S, Zhong W, Zhang W (2019) Func-
tionally graded materials: an overview of stability, buckling, and 
free vibration analysis. Adv Mater Sci Eng 2019:1–18. https://​doi.​
org/​10.​1155/​2019/​13541​50

	11.	 Abo-Dahab SM, Abouelregal AE, Marin M (2020) Generalized 
thermoelastic functionally graded on a thin slim strip non-
gaussian laser beam. Symmetry (Basel) 12:1094. https://​doi.​
org/​10.​3390/​sym12​071094

	12.	 Golewski GL (2021) On the special construction and materials 
conditions reducing the negative impact of vibrations on con-
crete structures. Mater Today Proc. https://​doi.​org/​10.​1016/j.​
matpr.​2021.​01.​031

	13.	 Golewski GL (2022) Strength and microstructure of composites 
with cement matrixes modified by fly ash and active seeds of 
C-S-H phase. Struct Eng Mech. https://​doi.​org/​10.​12989/​sem.​
2022.​82.4.​543

	14.	 Saleh B, Jiang J, Fathi R, Al-hababi T, Xu Q, Wang L, Song D, Ma 
A (2020) 30 Years of functionally graded materials: an overview 
of manufacturing methods, applications and future challenges. 
Compos Part B Eng 201:108376. https://​doi.​org/​10.​1016/j.​
compo​sitesb.​2020.​108376

	15.	 Hasona WM, Adel MM (2020) Effect of initial stress on a ther-
moelastic functionally graded material with energy dissipation. 
J Appl Math Phys 08:2345–2355. https://​doi.​org/​10.​4236/​jamp.​
2020.​811173

	16.	 Sheokand SK, Kalkal KK, Deswal S (2021) Thermoelastic interac-
tions in a functionally graded material with gravity and rotation 
under dual-phase-lag heat conduction. Mech Based Des Struct 
Mach. https://​doi.​org/​10.​1080/​15397​734.​2021.​19146​53

	17.	 Craciun E-M, Soos E (2006) Anti-plane states in an anisotropic 
elastic body containing an elliptical hole. Math Mech Solids 
11:459–466. https://​doi.​org/​10.​1177/​10812​86506​044138

	18.	 Wang J-L, Li H-F (2011) Surpassing the fractional derivative: con-
cept of the memory-dependent derivative. Comput Math with 
Appl 62:1562–1567. https://​doi.​org/​10.​1016/j.​camwa.​2011.​04.​028

	19.	 Ezzat MA, El Karamany AS, El-Bary AA (2017) Thermoelectric vis-
coelastic materials with memory-dependent derivative. Smart 
Struct Syst 19:539–551. https://​doi.​org/​10.​12989/​sss.​2017.​19.5.​539

	20.	 Ezzat MA, El-Karamany AS, El-Bary AA (2016) Modeling of mem-
ory-dependent derivative in generalized thermoelasticity. Eur 
Phys J Plus. https://​doi.​org/​10.​1140/​epjp/​i2016-​16372-3

	21.	 Ezzat MA, El-Bary AA (2017) A functionally graded magneto-
thermoelastic half space with memory-dependent derivatives 
heat transfer. Steel Compos Struct 25:177–186. https://​doi.​org/​
10.​12989/​scs.​2017.​25.2.​177

	22.	 Abouelregal AE, Marin M (2020) The size-dependent thermoe-
lastic vibrations of nanobeams subjected to harmonic excitation 
and rectified sine wave heating. Mathematics 8:1128. https://​
doi.​org/​10.​3390/​math8​071128

	23.	 Abouelregal AE, Marin M (2020) The response of nanobeams 
with temperature-dependent properties using state-space 
method via modified couple stress theory. Symmetry (Basel) 
12:1276. https://​doi.​org/​10.​3390/​sym12​081276

	24.	 Al-Jamel A, Al-Jamal MF, El-Karamany A (2018) A memory-
dependent derivative model for damping in oscillatory systems. 
JVC/J Vib Control. https://​doi.​org/​10.​1177/​10775​46316​681907

	25.	 Marin MI, Agarwal RP, Mahmoud S (2013) Nonsimple material 
problems addressed by the Lagrange’s identity. Bound Value 
Probl 2013:135. https://​doi.​org/​10.​1186/​1687-​2770-​2013-​135

	26.	 Jafari M, Chaleshtari MHB, Abdolalian H, Craciun E-M, Feo L (2020) 
Determination of forces and moments per unit length in symmet-
ric exponential FG plates with a quasi-triangular hole. Symmetry 
(Basel) 12:834–850. https://​doi.​org/​10.​3390/​sym12​050834

	27.	 Zhang P, Han S, Golewski GL, Wang X (2020) Nanoparticle-rein-
forced building materials with applications in civil engineering. 
Adv Mech Eng 12:168781402096543. https://​doi.​org/​10.​1177/​
16878​14020​965438

	28.	 Zhang L, Bhatti MM, Michaelides EE, Marin M, Ellahi R (2022) 
Hybrid nanofluid flow towards an elastic surface with tantalum 
and nickel nanoparticles, under the influence of an induced 
magnetic field. Eur Phys J Spec Top 231:521–533. https://​doi.​
org/​10.​1140/​epjs/​s11734-​021-​00409-1

	29.	 Said SM (2022) 2D problem of nonlocal rotating thermoelas-
tic half-space with memory-dependent derivative. Multidis-
cip Model Mater Struct 18:339–350. https://​doi.​org/​10.​1108/​
MMMS-​01-​2022-​0011

	30.	 Lata P, Singh S (2022) Effect of rotation and inclined load in a 
nonlocal magnetothermoelastic solid with two temperature. 
Adv Mater Res (South Korea) 11:23–39. https://​doi.​org/​10.​
12989/​amr.​2022.​11.1.​023

	31.	 Peng W, Chen L, He T (2021) Nonlocal thermoelastic analysis 
of a functionally graded material microbeam. Appl Math Mech 
42:855–870. https://​doi.​org/​10.​1007/​s10483-​021-​2742-9

	32.	 Abbas I, Hobiny A, Vlase S, Marin M (2022) Generalized thermoe-
lastic interaction in a half-space under a nonlocal thermoelastic 
model. Mathematics 10:2168. https://​doi.​org/​10.​3390/​math1​
01321​68

	33.	 Kaur I, Lata P, Singh K (2020) Reflection and refraction of plane 
wave in piezo-thermoelastic diffusive half spaces with three 
phase lag memory dependent derivative and two-temperature. 
Waves Random Complex Media. https://​doi.​org/​10.​1080/​17455​
030.​2020.​18564​51

	34.	 Kaur I, Lata P, Singh K (2020) Effect of memory dependent deriv-
ative on forced transverse vibrations in transversely isotropic 
thermoelastic cantilever nano-Beam with two temperature. 
Appl Math Model 88:83–105. https://​doi.​org/​10.​1016/j.​apm.​
2020.​06.​045

	35.	 Kaur I, Lata P, Singh K (2020) Memory-dependent derivative 
approach on magneto-thermoelastic transversely isotropic 
medium with two temperatures. Int J Mech Mater Eng. https://​
doi.​org/​10.​1186/​s40712-​020-​00122-2

	36.	 Rao SS (2007) Vibration of continuous systems. Wiley, New 
Jersey

	37.	 Press WH, Teukolsky SA, Flannery BP (1980) Numerical recipes 
in Fortran. Cambridge University Press, Cambridge

Publisher’s Note  Springer Nature remains neutral with regard to 
jurisdictional claims in published maps and institutional affiliations.

https://doi.org/10.1016/j.ijsolstr.2007.05.001
https://doi.org/10.1016/j.ijsolstr.2007.05.001
https://doi.org/10.1016/j.ijengsci.2011.02.011
https://doi.org/10.1016/j.ijengsci.2011.02.011
https://doi.org/10.2495/BEM360311
https://doi.org/10.1166/jctn.2018.7209
https://doi.org/10.1080/15397734.2017.1319283
https://doi.org/10.1080/15397734.2017.1319283
https://doi.org/10.1016/j.compositesb.2018.03.014
https://doi.org/10.1016/j.compositesb.2018.03.014
https://doi.org/10.1155/2019/1354150
https://doi.org/10.1155/2019/1354150
https://doi.org/10.3390/sym12071094
https://doi.org/10.3390/sym12071094
https://doi.org/10.1016/j.matpr.2021.01.031
https://doi.org/10.1016/j.matpr.2021.01.031
https://doi.org/10.12989/sem.2022.82.4.543
https://doi.org/10.12989/sem.2022.82.4.543
https://doi.org/10.1016/j.compositesb.2020.108376
https://doi.org/10.1016/j.compositesb.2020.108376
https://doi.org/10.4236/jamp.2020.811173
https://doi.org/10.4236/jamp.2020.811173
https://doi.org/10.1080/15397734.2021.1914653
https://doi.org/10.1177/1081286506044138
https://doi.org/10.1016/j.camwa.2011.04.028
https://doi.org/10.12989/sss.2017.19.5.539
https://doi.org/10.1140/epjp/i2016-16372-3
https://doi.org/10.12989/scs.2017.25.2.177
https://doi.org/10.12989/scs.2017.25.2.177
https://doi.org/10.3390/math8071128
https://doi.org/10.3390/math8071128
https://doi.org/10.3390/sym12081276
https://doi.org/10.1177/1077546316681907
https://doi.org/10.1186/1687-2770-2013-135
https://doi.org/10.3390/sym12050834
https://doi.org/10.1177/1687814020965438
https://doi.org/10.1177/1687814020965438
https://doi.org/10.1140/epjs/s11734-021-00409-1
https://doi.org/10.1140/epjs/s11734-021-00409-1
https://doi.org/10.1108/MMMS-01-2022-0011
https://doi.org/10.1108/MMMS-01-2022-0011
https://doi.org/10.12989/amr.2022.11.1.023
https://doi.org/10.12989/amr.2022.11.1.023
https://doi.org/10.1007/s10483-021-2742-9
https://doi.org/10.3390/math10132168
https://doi.org/10.3390/math10132168
https://doi.org/10.1080/17455030.2020.1856451
https://doi.org/10.1080/17455030.2020.1856451
https://doi.org/10.1016/j.apm.2020.06.045
https://doi.org/10.1016/j.apm.2020.06.045
https://doi.org/10.1186/s40712-020-00122-2
https://doi.org/10.1186/s40712-020-00122-2

	Functionally graded nonlocal thermoelastic nanobeam with memory-dependent derivatives
	Abstract 
	Article highlights 
	1 Introduction
	2 Basic equations
	3 Formulation of the problem
	4 Boundary conditions
	5 Solution
	6 Inversion of laplace transform
	7 Numerical results and discussion
	8 Conclusions
	Acknowledgements 
	References




