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Abstract
We analyze the conditions for observation of zero sound in layered perovskites with transition metal ion on chalcoge-
nide oxidizer. We conclude that propagation of zero sound is possible only for a ferromagnetic sign of the s-d interac-
tion. If the s-d exchange integral J

sd
 has antiferromagnetic sign, as it is perhaps in the case for layered cuprates, zero 

sound is a thermally activated dissipation mode, which generates only “hot spots” in the Angle Resolved Photoemission 
Spectroscopy (ARPES) data along the Fermi contour. We predict that zero sound will be observable for transition metal 
perovskites with 4s and 3d levels close to the p-level of the chalcogenide. The simultaneous lack of superconductivity, 
the appearance of hot spots in ARPES data, and the proximity of the three named levels, represents the significant hint 
for the choice of material to be investigated.
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• Propagation of zero sound in layered transition metal 
perovskites is predicted in framework of s-d exchange 
 interaction with ferromagnetic sign.

• It is revealed that strong exchange interaction is cre-
ated by strong s-p-d hybridization between the transi-
tion ion and oxidant.

• The propagation of zero sound is possible only close 
to cold spots directions of the normal charge carriers 
along the Fermi contour.

Keywords Zero sound · s-d Exchange interaction · Hot spots · Cold spots · High-Tc superconductivity · Transverse sound 
modes

1 Introduction

The theoretical prediction of zero sound by Landau [1, 
2] and subsequent experimental observations [3, 4] in 
3 He was a powerful evidence of the applicability of Lan-
dau picture of Fermi quasi-particles excitations and their 
self-consistent motion to (strongly correlated) Fermi 

liquids. The zero Fermi sound in metals, more precisely 
zero spin sound, was observed in Cr metal [5, 6]. These 
experiments stimulated studies in the framework of the 
Hubbard model. Fuseya et al. [7] reached the important, 
to our further analysis, conclusion that Landau param-
eter, i.e. the averaged on the Fermi surface Fermi liq-
uid interaction kernel f (�,�) , can change its sign close 
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to half filling of the conduction band. Later on Tsuruta 
[8] used two dimensional t-t′ Hubbard model to study 
zero spin sound in antiferromagnetic metals. Here, we 
consider that this approach can be useful to study zero 
sound propagation and its importance from a materials 
science perspective. The purpose of the present paper is 
to explore the possibility of zero sound propagation in a 
layered perovskite with the structure of high-Tc having a 
CuO2 conduction plane.

Postulating the interaction kernel f (�,�) [9, Eq. (2.1)] 
between electrons with different momenta � and � , we can 
explain different electronic phenomena in superconduc-
tivity and magnetism. The Fermi liquid approach provides 
results for the magnetic susceptibility, heat capacity, and 
effective masses. For illustration, in many cases the interac-
tion is modeled by a separable kernel f (�,�) ∝ �(�)�(�) 
and for our Hamiltonian separability holds.

The s-d exchange lies in the origin of the magnetic 
properties of transition metal compounds. Its most usual 
version was proposed by Schubin and Wonsovsky [10], 
Zener [11–13] and Kondo [14]. The purpose of the present 
study is to analyze whether the s-d exchange can lead to 
propagation of zero sound in transition metal compounds.

We anticipate here, that an anti-ferromagnetic sign of 
the s-d coupling Jsd leads to a singlet superconductivity 
while a ferromagnetic sign of Jsd is able to explain the 
repulsion necessary for the propagation of zero sound. 
We wish to emphasize that zero sound has not yet been 
observed in normal metals [15]. This may be traced back 
to the fact that the s-d exchange interaction was not 
used as a guide for the choice of appropriate materials.

In the next section we introduce the notions and 
notations developed to explain the electronic properties 
of the CuO2 plane and its superconductivity, and analyze 
how a similar Hamiltonian would be used to predict zero 
sound in layered cuprates. Finally, we conclude that lay-
ered transition metal compounds may serve as the best 
candidates to search for zero sound in normal metals.

2  The s‑d LCAO Hamiltonian for the CuO
2
 

plane in momentum �‑representation

The Hamiltonian in the �-representation is given in Ref. 
[16, Eq. (1.2)], here we start with the Hamiltonian in the 
�-representation

where

and the summation is actually an integration in the 
momentum space and N ≫ 1 is the total number of ele-
mentary cells for which we assume periodic boundary 
conditions

where the momentum variables are dimensionless phases 
px , py , qx , qy ∈ (0, 2�) ; the dimensional momentum is 
� = (ℏ∕a0)�. In this LCAO Hamiltonian �s , �d and �p are the 
single site energies of an electron in Cu4s, Cu3dx2−y2 and 
O2p states, tsp , tpd and tpd are hopping amplitudes between 
neighboring orbitals. The s-d interaction is parameter-
ized by the exchange integral Jsd which we consider as a 
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Fig. 1  Single electron processes in the conducting CuO2 plane 
of layered cuprates after Ref. [16, Fig. 1.1]. LCAO is the basis of the 
chemical intuition. We have Hilbert space spanned over Cu4s, 
Cu3dx2−y2 , O 2px , and O 2py states. The LCAO Hamiltonian is param-
eterized by transfer integrals tpd , tsp , and tpp and single site energies 
�d , �s , �p
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perturbation. Schematically, the atomic wave functions are 
depicted in Fig. 1. The chemical potential is denoted by � 
and for the operator of the number of electrons we have 
the standard expression

which we treat self-consistently.

2.1  Conduction band reduction

In order to derive the effective Hamiltonian describing the 
zero sound, we perform successive conduction band reduc-
tions. The first one is the number of particles. For notions and 
notations we follow the description of the electronic proper-
ties of the CuO2 plane. In the hole doped phase of the CuO2 
plane we have 2 completely filled oxygen bands O2p and 
one partially filled Cu3dx2−y2band, f is the relative number of 
holes in the Brillouin zone, i.e., the hole filling factor defined 
as the ratio of the area of the hole pocket around the (�, �) 
point and the area of the Brillouin zone is (2�)2 . For the aver-
aged number of electrons we have

For f = 1

2
 we have a pattern insulator, while for optimal 

doping we have

The single electron component of the Hamiltonian is diag-
onalized in the �-representation and we have to perform 
the summation over all four bands b = 1, 2, 3, 4

The spectrum � in the LCAO approximation is determined 
by the secular equation

where the variables

are functions only of the momentum � , and

N̂ = −𝜕𝜇Ĥ
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∑
�, 𝛼

(D̂†
�,𝛼
D̂�,𝛼 + Ŝ†
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b,�,𝛼
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)
, y = sin2

(
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2

)
,

are polynomials of the energy � . This analytical representa-
tion of the energy dispersion �� allows to express explicitly 
its derivatives

where � is dimensional momentum and V� is the velocity 
in the usual units length per time.

In order to study the low frequency electronic pro-
cesses, we restrict the Hamiltonian summation only 
to the conduction band b = 3 and the index will be 
dropped; b = 1 and b = 2 denote completely filled oxy-
gen bands, while b = 4 is the index for the completely 
empty Cu4s band. Performing this first reduction, the 
interaction s-d-exchange Hamiltonian reads

where the real amplitudes

describe the amplitude of a band electron to be projected 
on Cu4s, Cu3dx2−y2 , O2px and O2py . For brevity we intro-
duce the notations �s = � − �s , �d = � − �d , �p = � − �p . The 
amplitudes have to be normalized to

and finally S� = CΨS̃� , D� = CΨD̃� . For convenience we 
introduce the notation describing the s-d hybridization 
amplitude �� ≡ S�D� of the band electron. In the next 
subsection we juxtapose different further reductions of 
the exchange Hamiltonian treated in a self-consistent way.

2.2  BCS versus Fermi liquid reduction

Our first step is to perform BCS reduction of the 
exchange Hamiltonian Eq. (6). In the sum we have to take 
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into account only the annihilation and creation opera-
tors with opposite momenta and spins

In averaging of this BCS reduced Hamiltonian we apply the 
self-consistent approximation

where

Colors (on-line) describe factorization of means in the 
effective Hamiltonian. The self-consistent approximation 
is reduced to substitution of averaged product of four 
operators to the product of averaged two operators. In 
order to emphasize the basis of the BCS approximation we 
use different colors. Those colors can be traced back to the 
conduction band reduced exchange Hamiltonian Eq. (6). 
We use standard notations for Bogolyubov u-v rotation 
and the new B̂ operators with average expressed in terms 
of new Fermion number operators n̂�,𝛼 = b̂†�𝛼b̂�𝛼 . In this 
way the average exchange Hamiltonian is incorporated in 
the standard BCS scheme

where the kernel

is separable due to the fact that the exchange interaction 
is localized on a single ion in the elementary cell of the 
crystal.

Now we address the Fermi liquid reduction of the 
same exchange Hamiltonian Eq. (6) which we rewrite

In order to point out the difference between BCS and 
Fermi liquid reduction now the colors mark the opera-
tors which will be grouped in the next self-consistent 
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approximation. In the Fermi-liquid (FL) reduced Hamil-
tonian we have to take into account only the terms with

In FL reduction we have again to apply the self-consistent 
approximation for the relevant terms

Analogously to the BCS reduction, now for the FL reduc-
tion we obtain the averaged Hamiltonian

which is expressed by the same kernel

applied between the average numbers of the Fermi 
particles

This coincidence of the kernels of BCS and FL approach is 
one of the central results of the present study. This coinci-
dence can be explored for application in the study of other 
layered transition metal perovskites as well.

We wish to emphasize that for the interaction kernel we 
have analytical results at hand and for the s-d hybridization 
function, we have [16]
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This hybridization function in the quasi-momentum rep-
resentation is depicted in Fig. 2.

One can see that at fixed electron energy this saddle 
can be approximated by single sinusoidal approximation 
� ∝ cos(2�) where � = arctan(py , px) . Close to the (�, �)-
point the single particle spectrum �� has a parabolic form 
𝜖� ≈ 𝜖𝜋,𝜋 − p2∕2m̃eff and qualitatively this approximation 

can be extended to the Fermi contour of the optimally 
doped cuprates.

The band velocity � = ���� calculated from the real 
LCAO Hamiltonian is drawn in Fig. 3.

Here we can see that the circular Fermi contour is only 
a rough initial approximation.

The averaged BCS Hamiltonian has to be minimized 
with respect to u� and then the BCS spectrum

In the next Section we analyze the possible propagation 
of zero sound in layered perovskites using the single par-
ticle spectrum obtained from the FL reduced Hamiltonian 
Eq. (10).

3  Zero sound dispersion

For a concise introduction to the Fermi liquid approach we 
recommend the well-known monographs by Nozieres [17], 
Abrikosov [15], Abrikosov, Gor’kov and Dzyaloshinski [18], 
Lifshitz and Pitaevskii [9] and [19, Sec. 76].

Introducing for brevity n�,𝛼 ≡ ⟨n̂�,𝛼⟩ , the averaged FL 
Hamiltonian Eq. (10) reads

Notice that the spin indices may be omitted if we consider 
spin non-polarized phenomena, such that n�,+ = n�,− . 
Introducing n� ≡ n�,+ + n�,− = 2n�,+ = 2n�,− for the FL 
energy spectrum we get

where the space variable � ≡ a0� can be introduced only in 
the quasi-classical WKB approximation. The s-d hybridiza-
tion function Eq. (11) determines both the gap anisotropy 
Δ�(T ) = Ξ(T )�� and the FL interaction. A detailed analysis 
of the gap anisotropy and the hot/cold spot anisotropy 
of ARPES data described by the hybridization function �� 
in Eq. (11) is presented in Ref. [20]. Now we consider the 
momentum distribution n�(�, t) of the charge carriers as 

(12)E� =
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∑
�
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Fig. 2  The hybridization function �� = SpDp representing the 
amplitude electron from conduction Cu3dx2−y2 band being simulta-
neously a Cu4s electron. This is the main ingredient of the matrix 
elements of the s-d exchange interaction

Fig. 3  Velocity v� of the conduction band as a function of quasi-
momentum px , py ∈ (0, 2�) with dimension energy given in eV. 
The variable V = (a0∕ℏ)v has dimension m/s. In the special points 
Γ = (0, 0) , M = (�, 0) , X = (�, �) the band velocity � = ���∕�� is 
zero; � = (ℏ∕a0)�
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dynamic variables. Assuming a local deformation of the 
Fermi contour in two dimensions

and using the collisionless Boltzmann equation, we derive 
the integral equation for the deformation of the Fermi con-
tour. In the linearized with respect to small � equation we 
assume plane wave perturbations, i.e.,

with wavevector � = �∕a0 and frequency �.
The WKB energy �(�, �) from Eq.  (14) is actually an 

effective Hamiltonian which gives the force acting on the 
electrons

and together with the substitution Eq. (15) of n�(�, t) gives

The substitution of the small deformation of the Fermi 
contour �n� from Eqs.  (14) and (15) in the collisionless 
Boltzmann equation

after some algebra leads to the dispersion equation

where

To proceed further we introduce the averaging on the 
Fermi contour

where

n�(�, t) = 2 �(�
F
+ ��(�, t) − ��),

n
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dt
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�
F
≡ �

FC

1
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is the density of electronic states per elementary cell and 
spin. For the separable kernel of the s-d interaction the 
dispersion equation for the zero sound reads

where the momentum argument of all those average val-
ues is omitted for brevity. In order to analyze qualitatively 
the solutions of this integral equation for �(�) we approxi-
mate the Fermi contour with a circle �� = �2∕2meff and 
assume that the separable kernel behaves as a single sinu-
soidal on the Fermi contour

where

It is worth mentioning that many authors just postu-
late such a separable kernel for the pairing interaction 
� ∝ cos(2�) , while we have derived it from the s-d micro-
scopic Hamiltonian.

If we analyze the propagation of zero sound along 
the nodal lines of the hybridization function � = �∕4 the 
electric current and charge density oscillations are zero. 
In the general case for significant charge density oscilla-
tions the zero sound is actually a plasmon.

ℏ�⟨��⟩ − � ⋅ ⟨���⟩ = (−2Jsd)�F
� ⋅ ⟨��2⟩⟨��⟩,

(20)V�,�� ≈ Isd cos(2�) cos(2��),

Isd ≈ −2Jsd

[
tsptpd

(𝜖s − 𝜖d)(𝜖d − 𝜖p)

]2
,

px = p cos 𝜃, py = p sin 𝜃,

q�
x
= q� cos 𝜃�, q�

y
= q� sin 𝜃�,

p2

2m̃eff

=
q2

2m̃eff

= 𝜖
F
.

Fig. 4  Deformation of the Fermi contour in two dimensional 
momentum space �∕� for zero sound propagating along “cold 
spots” [21] diagonal � = �∕4 in layered perovskites. For this special 
case of propagation along the nodal lines of the separable kernel 
of interaction, the electric charge, spin and current oscillations are 
zero. Moreover, we have a shear deformation of the Fermi surface 
in momentum space
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The deformation of the Fermi circle in this special case 
� = �∕4 is depicted in Fig. 4.

For propagation of zero sound along other directions 
it is necessary to take into account the Coulomb repul-
sion and zero sound will behave partially as a plasmon 
in a layered structure. For a general review on plasmons 
in cuprate superconductors see Ref. [22].

4  Conclusion and discussion

We investigated the propagation of the zero sound in a 
class of layered transition metal perovskites involving a 
s-d interaction. We started and focused our attention on 
the CuO2 plane that is a well-studied system. We were 
able to compare BCS and Fermi liquid reductions of the 
Hamiltonian and as a property of CuO2 plane these two 
model Hamiltonian coincided. Moreover, we studied 
the influence of the sign of Jsd coupling. For anti-ferro-
magnetic sign we have tendency to superconductivity, 
while for ferromagnetic sign we expect zero sound to 
be observed.

Unfortunately at the moment, starting with a theoreti-
cal scheme, it is difficult to conclude in which layered 
compounds the zero sound will have the longest lasting 
propagation and what material is technologically suit-
able to produce a clean ac-surface. It is most likely that 
a thin layer geometry would provide a solution.

Owing to the research outlined throughout this paper 
we conclude: First of all, zero sound exists only when Jsd 
is negative and the s-d interaction has a ferromagnetic 
sign. However, the s-d exchange can create supercon-
ductivity only for antiferromagnetic sign (positive Jsd ) 
of the exchange interaction. We arrive to the conclusion 
that in the normal phase of high-Tc cuprates propaga-
tion of zero sound is impossible. Zero sound for high-Tc 
cuprates is a dissipation mode, but thermal excitation of 
all those modes creates intensive scattering and Ohmic 
resistivity due to the exchange interaction and this 
strong angular dependence of the scattering rate is the 
cause of so called “hot spots” phenomenologically pos-
tulated for the interpretation of the experimental data 
[23]. Here we wish to add that thermal fluctuations of 
plasmons could also contribute to the hot spots along 
the Fermi contour [22].

Thermally agitated plasmons are related to electron 
density fluctuations which create electron scattering and 
ohmic resistivity due to exchange interaction. However, 
not for all doping levels the cuprates are superconduct-
ing and we do not exclude Jsd to change its sign for some 
compounds.

Our main motivation to write this paper is to attract 
the attention of experimentalists with appropriate sam-
ples at hand to probe the zero-sound propagation in the 
ab-plane of transition metal layered perovskites. If Angle 
Resolved Photoemission Spectroscopy (ARPES) data are 
available for these materials, hot spots along the Fermi 
contour or even smearing of this contour will be a sig-
nificant hint for intensive s-d exchange which can lead 
to propagation of zero sound. In normal metals, the ani-
sotropy of the electron-electron interaction is not strong 
enough to ensure zero sound propagation, but for lay-
ered perovskites such a phenomenon is most likely to 
occur. Another hint for intensive s-d exchange can come 
from band calculations, the hybridization is strongest if 
all those three levels: for transition ion 4s and 3d and 
p-states for the chalcogen are close to each other and 
we have almost a triple coincidence (full overlapping).

From the practical point of view, a possible route 
towards the excitation of the zero sound could be 
achieved by an intense perturbation from one side of a 
narrow strip, and detection on the opposite side of the 
sample. This, however is still a remote possibility.

Last but not least, already a half century ago different 
kinds of zero sound are extensively studied by theoreti-
cal means. This topic continues to attract a great deal of 
interest within the scientific community. Here we men-
tion but a few papers that are somehow directly linked 
to our study. Recent considerations include the two-
dimensional zero-sound [24] and shear [25] zero sound 
for p-type interaction [26], and we finally conclude that 
except for 3 He thin films and even two dimensional 
structures with large exchange interaction with ferro-
magnetic sign soon will become an interesting object 
for realization of the old idea of Landau [1, 2].

In this paper we have devised the theoretical frame-
work for the possible emergence of zero sound in 
some layered perovskites involving ferromagnetic s-
d exchange interaction. We will continue our effort to 
extend the investigation to other transition-metal com-
pounds along with distinct geometries to put the test 
the plausibility of the present theory. From the experi-
mental side we hope that the current technological pro-
gress would make it possible to synthesize appropriate 
compounds allowing for the propagation of zero sound.

5  Conclusion

The authors are thankful to Davide~Valentinis for the 
interest to the present study and pointing out for recently 
appeared related works on kinetic theories for the electro-
dynamic response of Fermi liquids and anisotropic metals 
[27–29].
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