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Abstract
We perform a thorough theoretical study of the electron properties of a generic CuO

2
 plane in the framework of Shubin–

Kondo–Zener s-d exchange interaction that simultaneously describes the correlation between Tc and the Cu4s energy. To 
this end, we apply the Pokrovsky theory (J Exp Theor Phys 13:447–450, 1961) for anisotropic gap BCS superconductors. 
It takes into account the thermodynamic fluctuations of the electric field in the dielectric direction perpendicular to 
the conducting layers. We microscopically derive a multiplicatively separable kernel able to describe the scattering rate 
in the momentum space, as well as the superconducting gap anisotropy within the BCS theory. These findings may be 
traced back to the fact that both the Fermi liquid and the BCS reductions lead to one and the same reduced Hamiltonian 
involving a separable interaction, such that a strong electron scattering corresponds to a strong superconducting gap 
and vice versa. Moreover, the superconducting gap and the scattering rate vanish simultaneously along the diagonals of 
the Brillouin zone. We would like to stress that our theoretical study reproduces the phenomenological analysis of other 
authors aiming at describing Angle Resolved Photoemission Spectroscopy measurements. Within standard approxima‑
tions one and the same s-d exchange Hamiltonian describes gap anisotropy of the superconducting phase and the 
anisotropy of scattering rate of charge carriers in the normal phase.
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Article Highlights

• Strong anisotropy of the scattering rate along the Fermi 
surface is explained as a consequence of s‑d Kondo 
interaction.

• The linear temperature dependence of the Ohmic 
resistance is caused by wave scattering by thermal 
density fluctuations in a layered system.

• The s‑d exchange Hamiltonian describes the supercon‑
ducting properties as well.
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1 Introduction

Since the discovery of high temperature superconductivity, 
the cuprates are one of the most studied materials. Nev‑
ertheless, the theoretical challenge to predict the critical 
temperature, say Tc , of certain materials still remains open 
[1] despite the significant number of theoretical studies on 
this topic. The purpose of our work is to give a microscopic 
explanation of hot/cold spots phenomenology [2, 3] of the 
normal phase of the optimally and over doped cuprates 
using Shubin–Kondo–Zener s-d exchange interaction in 
the CuO2 which allows to explain Tc–Cu4s energy correla‑
tion [4]. Hot spots are the regions with strong scattering 
and short lifetime, while cold spots are the regions with the 
longest lifetime or the weakest scattering. Röhler [5] noted 
that the Cu4s‑3dx2−y2 hybridization seems to be the crucial 
quantum chemical parameter controlling related electronic 
degree of freedom. For optimally doped and overdoped 
cuprates the used LCAO (linear combination of atomic orbit‑
als) approximation for the electron bands [6] agrees with 
Local Density Approximation (LDA) band calculations [7, 8] 
and Angle Resolved Photoemission Spectroscopy (ARPES) 
measurements [9, 10]. The named experiments on optimally 
doped cuprates demonstrated that for momenta parallel to 
(�, �) , the electron spectral function exhibits a reasonably 
well defined quasiparticle peak, suggesting relatively weak 
scattering.

In this paper,we provide a microscopic derivation of this 
phenomenology devised in Refs. [2, 3]. The best conditions 
for the applicability of this phenomenology are satisfied 
for optimally and overdoped systems of layered cuprates. 
To achieve our task, we use the life‑time �� , mean free path 
l� , and other quantities of the kinetics of the normal phase 
when we describe a normal metal. This is the case of opti‑
mally and overdoped cuprates far from Mott [11] metal‑
insulator transition and negligible, if any, pseudogap. In 
short, hot/cold spot phenomenology is applicable roughly 
speaking when cuprates exhibit a Fermi liquid behavior. 
Then, we can apply a standard set of notions for normal met‑
als [12]. There is an emerging consensus that high‑Tc super‑
conductivity is generated by an exchange interaction and 
in Sect. 2, we introduce the simplest exchange interaction 
compatible with the gap anisotropy. In Sect. 3, we briefly 
present the theoretical details, notations and notions of the 
s-d exchange interaction following Ref. [6]. ARPES experi‑
ments measure hot and cold spots regions accurately as it 
is shown in Sect. 4.

2  The s‑d LCAO Hamiltonian

We start with the Linear Combination of Atomic Orbitals 
(LCAO) Hamiltonian [6, Eqs. (1.2), (2.9) and Figs. 1.1, 2.1]

where Ŝ�,𝛼 , D̂�,𝛼 , X̂�,𝛼 , and Ŷ�,𝛼 are Fermi annihilation opera‑
tors at site or unit cell � = (x, y) , x, y = 0,±1,±2,±3,… 
of the CuO2 lattice, � is the chemical potential, � and � 
are spin indices. and Jsd is the anti‑ferromagnetic Shu‑
bin–Zener–Kondo exchange amplitude. For the operator 
of electron number analogously we have

We would like to point out that the LCAO approach is suit‑
able tool to treat the Mott metal‑insulator transition, see 
e.g. Ref. [13] and references therein.
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where the phases
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are chosen to provide real values for the eigenfunctions of 
Hamiltonian (1) in real space representation. Further, we 
will omit details of the standard substitution of the plane 
waves (2). From the technical point of view, we obtain 
sums over the different momenta with conserved total one

The BCS reduction of the Hamiltonian requires to take 
into account only annihilation operators with opposite 
momenta and simultaneously in self‑consistent approxi‑
mation to approximate the averaged product of creation 
and annihilation operators with the product of averaged 
two creation and two annihilation operators

Additionally in these anomalous averages, we have to per‑
form a Fermi liquid (FL) reduction

where

One of the main result we report here is the coincidence 
of BCS [6] and FL multiplicatively separable kernels of the 
reduced Hamiltonians. Moreover, two fermion operators 
in averaging brackets have to be considered as averaged 
number of particles.

3  Notions and notations

The critical temperature Tc and the superconducting gap 
Δ are calculated within the standard BCS approach

with

where Ξ(T ) is the superconducting order parameter, �� is 
energy of the conduction band, which obeys the secular 
equation

�
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Here, we have introduced

and

with �s = � − �s , �d = � − �d , �p = � − �p . The main detail 
of the LCAO‑Jsd theory for the electron processes in 
CuO2 plane is the function �� , the separable exchange 
interaction

where S� and D� are the amplitudes for the band electron 
to be in the Cu4s and Cu3dx2−y2 orbitals, respectively. In 
other words, �(px , py) is the magnitude of s-d hybridiza‑
tion, the main ingredient of the matrix elements of s-d 
exchange interaction. This hybridization amplitude �� 
enters into the interaction kernel

which is one and the same in the BCS and Fermi liquid 
reductions of the exchange s-d Hamiltonian. Let us note 
that this result is corroborated by the proof of Pokrovsky 
[14, 15] that in the weak coupling limit of the BCS theory 
any arbitrary pairing can be approximated by a separable 
kernel. In this case �� is the eigenfunction of the pairing 
kernel corresponding to maximal in modulus eigenvalue. 
For more computational details the interested reader may 
consult an unabridged version of the present study [16]. 
In the following we give a microscopic explanation of the 
hot spots observed by ARPES experiments and postulated 
phenomenologically in Refs. [2, 3]. In some sense this is a 
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shaping the electronic properties of the CuO2 plane. Now 
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we are in position to address analytically the gap anisot‑
ropy and the kinetics of the normal phase that has been 
postulated in the past. We will present some results of the 
self‑consistent treatment of this Jsd‑LCAO Hamiltonian (1) 
and compare to ARPES data.

Before proceeding further with our analysis, we would 
like to point out that the “Tight binding” and “LCAO” meth‑
ods are to some extent equivalent. Generally, the tight 
binding method is mainly used in a more mathematical 
physics context, while LCAO suggests that the parameters 
of the lattice Hamiltonian could be evaluated starting from 
the atomic structure and the corresponding wave func‑
tions. For example, the transfer (or hopping integrals) tpp , 
tpd and tsp can be evaluated as surface integrals of the wave 
functions of neighboring atoms. The corresponding prob‑
lem for H +

2
 ion is provided in many textbooks on quantum 

mechanics, for example see Ref. [17]. Following the same 
reasoning, we obtain for the Hubbard U integral

describing the Coulomb repulsion of two electrons in 
one Cu atom [11, Eq. (19), page 81]. As the Cu3d orbital is 
the closest of all orbitals to the nucleus from the 4 band 
LCAO model, the corresponding Udd integral is the largest. 
In brief, the lattice Hamiltonian accounts for the atomic 
structure via the atomic wave functions. This trivial con‑
sideration above is readily applied to the Mott transition 
or charge transfer Mott transition, as well as the role of the 
exchange interaction are discussed very recently in Ref. 
[18]. The use of LCAO for Mott transition and related top‑
ics is known for at least half a century, see e.g. the mono‑
graph by Mott  [11, Eq. (10), p. 9; Eq. (12), p. 12, Eq. (26), 
p. 25; Eq. (19), p. 81, Eq. (24), p. 100, Eq. (40), p. 116, p. 129] 
on metal‑insulator transitions. Last but not least, the Mott 
transition is not closely related to our present study. Hot/
cold spots and BCS approach are better applicable to over‑
doped cuprates, which are more or less normal metals.

4  Results

The performed calculations in the framework of the 
derived s-d LCAO Hamiltonian were performed with val‑
ues of the single site energies �d = 0  eV, �p = −0.9  eV, 
�s = 4.0  eV and the hopping integrals tsp = 2.0  eV, 
tpd = 1.5 eV [4, 7], tpp = 0.2 eV [19]. The in‑plane lattice 
constant a0 = 3.6 Å, while the filling factor fh = 0.58 is cho‑
sen to correspond to the optimally hole doped cuprates. 
Before addressing our final purpose of hot/cold spots of 
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layered cuprates, we rederive some well‑known results for 
their superconducting properties. In order to explain the 
normal state phenomenology, we use the s-d exchange 
model that is able to provide an adequate explanation of 
the gap symmetry and the anisotropy.

4.1  Evaluation of the critical temperature T
c

The remarkable correlation between the critical tempera‑
ture Tc and the electronic parameter r [4] covers the whole 
temperature range of cuprate high‑Tc superconductivity 
and its explanation is an indispensable ingredient of the 
theory of high‑Tc superconductivity. The dimensionless 
parameter is defined by [4]

Here �s , �d , and �p are single site energies for Cu4s, Cu3dx2−y2 
and O2p atomic levels, and �

F
 is the Fermi energy. Fol‑

lowing Ref. [4] the transfer integrals between these four 
atomic orbitals are denoted by tpd , tsp , tpp.

The r‑Tc correlation for the Hamiltonian (1) compared to 
some experimental studies taken from Ref. [4] is depicted 
in Fig. 1. The continuous line in Fig. 1 is the result of our cal‑
culations according to the gap equation (3) supposing that 
Jsd is approximately the same for all layered cuprates at a 
fixed set of LCAO parameters. Then for a fixed value of Jsd 
varying only Cu4s level �s we calculated Tc from the same 
equation (3). For some novel materials the �s parameter 
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2(1 + s)
, s(�

F
) ≡ (�s − �

F
)(�

F
− �p)

(2tsp)
2

.

Fig. 1  Correlation between the r parameter and T
c
 : (square) 

Pavarini et  al. [4, Fig.  5], (plus) Vishik et  al. [20] for underdoped 
cuprates, (asterisk) Kaminski et  al. [21] and Zonno et  al. [22] from 
ARPES data; the solid line [23] is our traditional BCS interpretation 
for s-d exchange amplitude J

sd
 approximately equal for all cuprates, 

which is a fitting parameter of the theory and can be used to deter‑
mine the intensity of the scattering rate in the normal phase. The 
value of J

sd
 used to obtain the curve in the figure is 7.23 eV
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is determined by fitting the Fermi contour at fixed other 
parameters and then the parameter r is calculated accord‑
ing to (8). This is an acceptable approximation since Tc and 
the shape of the Fermi contour are very sensitive to �s as 
pointed out in Ref. [4].

The band‑structure correlations between the shape of 
the Fermi contour and the critical temperature for opti‑
mally hole doped cuprates reveal two important conclu‑
sions: (1) we have a usual metal with single conduction 
band or (2) the electron conductivity is determined by 
a lower Hubbard band, and the Fermi operator approxi‑
mation provides a satisfactory accuracy to be included 
in the standard BCS scheme. The d‑wave superconduct‑
ing gap was also confirmed by ARPES measurements, see 
Damascelli et al. [24, V. Superconducting Gap, Figs. 46, 50] 
and references therein. High‑Tc cuprates are doped Mott 
insulators, but as it was pointed out by Lee, Nagaosa and 
Wen [25]: beyond optimal doping (called the overdoped 
region), the normal metal properties gradually reappear. 
Just in this region the hot/cold spots phenomenology 
[2, 3] and the r–Tc correlation are both applicable, which 
allows BCS treatment. Recently Lee, Kivelson and Kim [26] 
used Bogolyubov‑de Gennes BCS approach to analyse 
cold spots and glassy nematicity in underdoped cuprates. 
This significantly extends the hot/cold spots phenomenol‑
ogy for cuprates; it seems that the underdoped regime 
requires to take into account more parameters in compari‑
son to the simple BCS picture of the overdoped regime. 
That is why we have included the experimental data for 
underdoped cuprates in Fig. 1 to the band trend of the 
model under consideration. The authors of Ref. [26] show 
the existence of glassy charge order in the pseudogap 
phase of HTS cuprates. Momentum and real space probes 
show charge density wave (CDW) order with moderate 
finite correlation length. Results from diffraction, local 
probes, and transport suggest nematic order. Most of 
the theory has focused on long‑range ordered states, or 
dynamically fluctuating order parameter. Whereas glass 
order implies short‑range heterogeneities. The authors 
concluded that the self‑consistent BCS approach is an 
acceptable approximation for the study of many charac‑
teristics of underdoped cuprates.

Electron band calculations of Fermi surfaces (contours) 
of the cuprates perfectly describe the experimentally 
observed ARPES Fermi contours, while the realistic LCAO 
approximation of the ab initio bands are not that accu‑
rate, since they neglect correlations. Moreover in Hubbard 
model description of the electron structure the ratio of t−t� 
parameters is taken from electron band calculations. In any 
case the Cu4s energy �s is included in a unique way in the 
LCAO approximation of the band structure.

Let us recall the Jsd exchange interaction is widely used 
to explore the magnetism in d‑metals, such as transition 

metals and their compounds. In the present study, we 
have solved the corresponding integral equations and 
have found that the Jpd exchange amplitude gives a gap 
anisotropy and hot/cold spots that do not agree with the 
experimental data. It was shown [27–29] that the matrix 
elements of the Jpd pairing added to the Jsd pairing con‑
tribute only a de‑pairing perturbation. In this way the 
experimental data determine which exchange amplitude 
is dominant. In short, if we account for Jpd or Jps in the BCS 
gap equation the solution will possess again a crystal sym‑
metry albeit a different one.

4.2  From the Hubbard repulsion to the s‑d 
anti‑ferromagnetic exchange interaction

It is obvious that hybridization is a one body problem, yet 
to determine the hybridization amplitude �� it is necessary 
to compute the matrix elements of the exchange interac‑
tion. The s-d exchange interaction was proposed eighty 
years ago but up to date there are no reliable formulas 
for the calculation of the exchange amplitude Jsd that is a 
parameter of the theory. The exchange amplitudes defin‑
ing the physics of high‑Tc superconductors are also param‑
eters of the theory. To show that Jsd is anti‑ferromagnetic in 
nature, we start with the well‑known microscopic formula, 
see e.g. Ref. [30, Eq. (7.17)] and the more recent textbook 
[31],

Here we make some qualitative replacements: 1) the defi‑
nition of the sign is a matter of convention, we use positive 
Jsd corresponding to singlet pairing and a tendency to 
anti‑ferromagnetism; 2) the Hubbard U is actually the Cou‑
lomb interaction Udd when two electrons are simultane‑
ously on Cu3dx2−y2 state; 3) the amplitude of electron trans‑
fer between Kondo impurity V0�

F
 and an electron on the 

Fermi surface is just the lattice transfer integral tpd ; 4) the 
electron energy on the Kondo impurity E0 is according to 
our interpretation the energy level of the Cu3dx2−y2 state 
�d . For more details, we recommend the monograph by 
White and Geballe [30, Chap. 7, Sec. 1] and cited therein 
works by Anderson, Wolff, Schrieffer, and Wilson. To pro‑
ceed further, we use the Single Impurity Anderson Model 
(SIAM) [32] for the virtual bound state in order to describe 
qualitatively the anti‑ferromagnetism in the CuO2 lattice, 
where each Cu ion is viewed as Kondo impurity. In short, 
this is not a proof but only a qualitative explanation why 
the phenomenology of the s-d interaction can be 

(9)

J =2
|||V0�F

|||
2 U

E0(E0 + U)

→ −Jsd ≃ 2
|||tpd

|||
2 Udd

(�d − �
F
)[(�d − �

F
) + Udd]

.
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successful for a simultaneous description of the gap ani‑
sotropy and hot/cold phenomenology.

Nowadays it is known that the s-d four‑fermion inter‑
action explains fairly well the gap anisotropy in the over‑
doped cuprates [33–36]. The study of the two‑impurity 
Anderson model (TIAM) gives new insights showing that 
the anti‑ferromagnetic contribution to JRKKY is deter‑
mined by 

(
teff

)2
∕U where U denotes the Coulomb interac‑

tion [33] and RKKY (Ruderman–Kittel–Kasuya–Yosida). The 
single‑impurity problem was extended to lattice models 
[34], multi‑impurity Anderson models and periodic Ander‑
son models [35] and multi impurity arrays [36]. It would 
be interesting to explore this matter in CuO2 to unveil 
the influence of strong electron correlations on electron‑
electron scattering for overdoped cuprates. In the next 
section we use the s-d exchange interaction to describe 
the anisotropy of the scattering rate in the normal phase 
of overdoped cuprates.

4.3  Charge carriers scattering by density 
fluctuations: Who could be blind to the beauty 
of the blue sky?

One of the main properties of the high‑Tc cuprates is their 
strong electrodynamic anisotropy, they possess con‑
ducting a‑b planes and almost dielectric behavior in the 
c‑direction perpendicular to CuO2 planes. In the layered 
metal, the conducting CuO2 layers (single or multiple) are 
separated by insulating layers. In some sense the c‑direc‑
tion perpendicular to the layers can be dubbed dielectric 
direction. Conducting layers (CuO2)2 , double for YBa2Cu3

O7−� and Bi2Sr2Ca1Cu2O8 , serve like plates of a plane capaci‑
tor. In 1907 Albert Einstein [37] pointed out that in a plane 
capacitor with a short circuit between its plates, thermo‑
dynamic fluctuations of the electric voltage between the 
plates is proportional to the thermal fluctuations of the 
electric field Ez perpendicular to the plates

where b2
0
 is the area of the plates and we qualitatively 

assume b0 ∼ a0 to be equal to the lattice constant, c0 is 
the distance between conducting planes, and �0 = 1∕4� 
or in SI �0 = 1∕4�c2 10−7 . Having a plane capacitor sys‑
tem, state‑of‑the‑art statistical consideration requires 
the fluctuation of the electrical field Ez to be taken into 
account. For a layered metal with weak coupling between 
layers, fluctuations of the transverse electric field have to 
be taken into account. On the other hand the thermody‑
namic fluctuations of the electric field are proportional to 
the thermodynamic fluctuation of the two dimensional 
electron density of metallic CuO2 layers qe �n2D = �0Ez . 

(10)
1

2
CU2 =

1

2
T , U = c0Ez , C =

�0b
2
0

c0
,

The thermodynamic fluctuations of two dimensional 
electron density �n2D are a corner stone of the theory of 
Ohmic resistivity � . We have strong pairing interaction in 
the superconducting phase, but what happens in the nor‑
mal phase? A plane wave of charge carrier scatters off the 
density fluctuations by the exchange interaction. This is 
analogous to the Rayleigh scattering [38] of the sunlight 
in the Earth atmosphere [39]. Who could be blind to the 
blue sky [39]. In short, 2D electrons scatter off by the fluc‑
tuation of the 2D electron density. The linear dependence 
of the resistivity in the metallic ab‑plane �ab ∝ T  in this 
construction is just a demonstration of the classical fluc‑
tuation of the electric field Ez in the dielectric c‑direction. 
Statistics of waves scattered by thermal density fluctua‑
tions; we have common mechanism for the color of the 
blue sky and Ohmic resistance of the layered transition 
metal perovskites.

Let us mark some details of this chain of considerations 
[40, Eqs. (2.2) and (39.20)]: first we perform Fermi liquid 
reduction of the exchange Hamiltonian and the reduced 
Fermi liquid Hamiltonian Ĥ

FL
 determines the single particle 

spectrum

In the quasi‑classical Wentzel‑Kramers‑Brillouin (WKB) 
approximation in the spectrum (11), we substitute the 
thermal fluctuations of the Fourier components �n� of the 
2D electron density proportional to the whole electron 
density at some space point � via

The thermodynamic fluctuations suggest that the dis‑
persion of the 2D electron density is proportional to the 
temperature

Thus, using the space � dependent component of the 
Fermi liquid correction to the spectrum (11) as a random 
scattering potential with the aid of the second Fermi 
golden rule of the perturbation theory, we obtain scat‑
tering rate proportional to the temperature and square of 
the hybridization amplitude Γ� ∝ T�2

�
 . As the s-d hybridi‑

zation function may be approximated with an acceptable 

(11)

𝜀(�, �) =𝜖� +
𝜕Ĥ

FL

𝜕n̂�,𝛼

→ 𝜖� +
1

N

∑
�, 𝛽

f (�,�)n�, 𝛽(�)

= 𝜖� +
(−2J

sd
)

N
𝜒�

∑
�

𝜒�n�(�, t).

(12)
1

N

∑
�

�� �n�(�, t) ≃ �n(�).

(13)⟨[�n(�)]2⟩ ∝ T .
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accuracy with a single sinusoidal, introducing 𝜃 = 𝜃 −
𝜋

2
 for 

the angular dependence of the scattering rate

where Γ0 = k1T  , we obtain the results of the Ioffe and Mil‑
lis phenomenology [3, Eqs. (4–5)]. Analyzing kinetics of 
the normal phase Ioffe and Millis [3] postulate a separable 
kernel [3, Eq. (22)] which naturally can be derived from the 
s-d interaction.

The idea of thermal fluctuations of the electric 
charge and the associated density fluctuations of 
the two dimensional charge carriers density can be 
most easily interpreted in terms of a plane capacitor 
model. Two layer unit cell cuprates have in this sense 
a plane capacitor performed by the double (CuO2)2 
layer. However, even around a single CuO2 plane ther‑
mal fluctuations of the electrostatic potential will be 
in some sense uniform. Every 2D fluctuating mode will 
have again 1

2
T  energy according to the equipartition 

theorem. The only condition for the applicability of 
the classical statistics is that the temperature should 
be higher than the typical frequency of the eigen‑
modes, but 2D plasmons are gapless. For thin films in 
the superconducting phase the plasmon frequency 
can be significantly smaller than the superconducting 
gap and temperature, as it was theoretically predicted 
[41] and later experimentally confirmed [42]. The idea 
that linear Ohmic thermal resistance can be created by 
thermal fluctuations of the electric potential may be 
exploited in many physical phenomena. Only the the 
corresponding electrostatic task will be slightly dif‑
ferent. We conclude that it is praiseworthy to perform 
the relevant calculations to the specific system under 
consideration, here however, we continue with the sim‑
plest implementation of a plane capacitor. The com‑
parison of the detailed electrostatic problem to experi‑
mentally observed Ohmic resistance can be considered 
as a final explanation of this long standing problem. 
Appropriate layered structures with single layer copper 
oxide planes are available for many years [43]. In the 
opposite case of perovskites with moderate anisotropy 
when c‑polarized plasmons have frequency higher than 
the temperature the electric field‑density fluctuations 
are frozen and Ohmic resistivity �ab ∝ T 2 according to 
Baber [44], and Landau‑Pomeranchuk [45] theory. For 
a qualitative consideration and state‑of‑the‑art calcu‑
lation see the monographs by Mott [11, page 72] and 
Lifshitz and Pitaevskii [40, Sec. 1] and [46, Sec. 75, 76].

−Im(𝜖�) ∝ Γ� =
Γ0

4
sin

2(2𝜃) +
1

𝜏0
≈ Γ0𝜃

2 +
1

𝜏0
,

4.4  Some remarks on ARPES

Taking into account the thermodynamic fluctuations of Ez 
according to the Herapath‑Waterston equipartition theo‑
rem [47–49], we obtain that the resistivity is proportional 
to the temperature, i.e. � ∝ T  . Formally, the scattering of 
the density fluctuations is described by an imaginary cor‑
rection to the electron spectrum

where

Here we wish to recall the well‑known relation between 
the Green function G and the self‑energy Σ , and the one 
particle spectral function A

see the well known monographs [40, Sec. 14 Self‑energy 
function], [50, Sec. 10 Dyson equation] and the review [24, 
Eqs. (13‑20)]. The Boltzmann equation approach does not 
require meticulously calculated spectral density A(�,�) , 
but only a simple analytical approximation for the imagi‑
nary component of the self‑energy

For weak scattering of gas particles on static inhomo‑
geneities the kinetic approach gives the Lorentzian 
approximation

We recall the basic notion of electron spectra just to estab‑
lish a bridge between the CuO2 plane thermal fluctuations 
of the electric potential and ARPES spectra. An exact 
extraction of the width of the approximating Lorentzian 
from experimental data is far beyond the purpose of this 
initial study.

In the nice review by Lee et al. [25] on the physics of 
high‑Tc superconductors, such as doped Mott insulators, 
it is emphasized that the normal state of the optimally 
doped ones exhibits unusual properties. Linear in T resis‑
tivity is quoted as a nice illustration of non‑Fermi liquid 

(14)�� → �� = Σ�(�,�) + �Σ��(�,�),

−Σ�� = Γ� = k1T
Γ0

4
sin

2(2𝜃) +
1

𝜏0
.
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A(�,�) = −
1
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Σ��

[ℏ� − �� − Σ�]2 + [Σ��]2
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∫
∞
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A(�,�)d(ℏ�) = 1,

(15)
1

��
= Γ� = Z�|Σ��|, Z� ≤ 1.
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1
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.
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behavior since the early days of high‑Tc superconductiv‑
ity. We wish to comment that this relationship is valid 
even for optimal Tc , because this linearity is a simple 
proof of the applicability of the equipartition theorem 
for transverse electric field in layered metals. Nothing 
strange that statistical physics is applicable to a layered 
metal; this situation is known as “strange metal”, i.e. 
applicability of the Fermi liquid theory to layered met‑
als. A non‑Fermi liquid is just a layered Fermi gas with 
exchange interaction and electric field between the lay‑
ers. This problem however is far from the linear resistivity 
solution explained by Rosch [51] as a property of nearly 
antiferromagnetic metals close to the quantum critical 
point. Later on Lee [52] showed that the low temperature 
T‑linear resistivity may be traced back to umklapp scat‑
tering from a critical mode.

Concerning the applicability of the BCS theory to the 
high‑Tc superconductivity, we wish to stress that recently 
Lee et al. [26] have used the de Gennes–Bogolyubov 
approach to explain cold‑spots and glassy nematicity 
in underdoped cuprates. Comparing ARPES, scanning 
tunneling microscopy (STM) and optical measurements 
with their BCS calculations, they observe consonance 
between cold‑spot of glassy nematics and the gap nodes 
of d‑wave superconductivity. In the directions where the 
exchange interaction is zero, one may observe the small 
contribution of the Coulomb scattering by density fluc‑
tuations which is also ∝ T  . In such a way, following a 
chain of standard approximations and supposing that 
�cold = �0 , we arrive at the widely accepted anisotropy 
of the lifetime

By introducing the averaged over the Fermi contour relax‑
ation time

the conductivity takes the standard Drude form

where mc is the optical mass in CuO2 plane; �cold is created 
by the Coulomb scattering and the small �hot by the 
exchange one. In order to check whether we are on the 
correct track we draw the hybridization probability �2

p
 from 

(17)
1

�(�)
=

1

�hot
cos2(2�) +

1

�cold
.

𝜏Drude ≡⟨𝜏(𝜃)⟩ = �
2𝜋

0

𝜏(𝜃)
d𝜃

2𝜋
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1�

1

𝜏cold𝜏hot
+

1

𝜏2
cold

≈
√
𝜏cold𝜏hot ≫ 𝜏hot ,

�ab = q2
e
ne

�Drude

mc

,
1

�hot
≡ Γ0

4
,

Fig. 2 together with ARPES data for the width of the spec‑
tral lines in Fig. 3.

The comparison depicted in Fig. 3 shows a qualitative 
similarity, which is encouraging. Originally the hot/cold 
spot phenomenology was proposed for optimally doped 
and hole overdoped cuprates. This phenomenology was 
supported by ARPES studies. However, even for electron 
doped cuprates, see Fig. 3, the lifetime anisotropy 1∕�� is 
qualitatively similar, which is a hint that the microscopic 
origin is the same.

5  Discussion and conclusion

We investigated the electronic properties of a generic 
CuO2 plane in the framework of Shubin–Kondo–Zener s-d 
exchange interaction that simultaneously describes the 
correlation between Tc  and the Cu4s energy. To achieve 
our goal, we employed the Pokrovsky theory for aniso‑
tropic gap BCS superconductors. We used a microscopic 
model to computed a multiplicatively separable kernel 
able to simultaneously describe the scattering rate and 
the superconducting gap anisotropy. Our theoretical 
approach reproduces the phenomenological analysis of 
Refs. [2, 3] performed to describe Angle Resolved Pho‑
toemission Spectroscopy data.

We conclude that the electric charge fluctuations 
should be analyzed in the framework of the standard 

Fig. 2  The hybridization probability �2

�
= S2

�
D2

�
 . Heights around the 

M points correspond to hot spots, while the navigation channels in 
the deep blue sea along the diagonals between the Γ points corre‑
spond to cold spots in agreement with both Refs. [2, 3]. Fermi con‑
tour (dotted line) is projected on the �2

�
 surface
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theory of electromagnetic fluctuations in continuous 
media [40, Chap. 8] and [50, Chap. 6].

The complete theory of ARPES is far beyond our reach, 
we only wish to point out that hot/cold phenomenology 
can be derived from a microscopic Hamiltonian describ‑
ing the superconducting spectrum of the optimally doped 
and overdoped cuprates. Moreover, it may seem that the 
named theory is also applicable to underdoped cuprates 
if additional features like glassy nematicity is included as 
it has been performed in Ref. [26].

Roughly speaking, electrons have only an electric 
charge and all exchange processes are the result of some 
projection or Hamiltonian reduction taking into account 
the Fermi statistics. Every exchange amplitude has to be 
analyzed in terms of its importance to a variety of viable 
physical processes. For example, recently the Cu–Cu d-d 
superexchange was used by Peng et al. for the interpreta‑
tion of the observation of robust anti‑nodal paramagnon 
modes following spin‑wave‑like dispersion by resonant 
inelastic x‑ray scattering deep in the normal phase in over‑
doped cuprates [54]. Moreover, zero sound modes were 
predicted [55] for layered perovskites with ferromagnetic 
s-d exchange interaction. Going back to the anti‑ferromag‑
netic s-d exchange interaction, which dominates in many 
magnetic materials, in the present work we suggest that it 
can be simultaneously responsible for the gap anisotropy 
of the superconducting phase and hot/cold spot phenom‑
enology in the normal phase. It would be worthwhile to 
derive the phenomenological s-d Hamiltonian starting 
from Hubbard model applied to the CuO2 plane.
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Fig. 3  Comparison of the scattering rate calculation in the frame‑
work of the s-d exchange calculation (bottom) with the ARPES data 
from Armitage et al. [53, Fig. 3  (b)] (top); reproduced with permis‑
sion. The momentum � dependence of the ARPES intensity for elec‑
tron energies is close to the Fermi one. Continuous line in the theo‑
retical calculation (bottom) denotes the Fermi contour. The maxima 
in both figures correspond to hot spots from the phenomenology 
of Ref. [2]. The coincidence of hot and cold spots is the indispen‑
sable qualitative agreement before a detailed theory can be devel‑
oped
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