
Vol.:(0123456789)

SN Applied Sciences           (2022) 4:173  | https://doi.org/10.1007/s42452-022-05058-0

Research Article

Dynamic analysis of rolling ball bearing‑rotor based on a new 
improved model

Guofang Nan1,2   · Shan Jiang1 · Dengliang Yu1

Received: 2 August 2021 / Accepted: 4 May 2022

© The Author(s) 2022    OPEN

Abstract
Dynamic analysis for a bearing-rotor system with the imbalance and the asymmetric gap is conducted in this paper. A 
new improved analytical model overall considering the gap, the varying compliance vibration and the time-dependent 
unbalanced force is established, especially the new model is more accurate and closer to reality by abandoning the 
assumption of the traditional model that the three center points of the inner ring, the outer ring and the rolling ball 
are collinear. More general vibration characteristics are described and the calculation results based on the new model 
are more universal than those based on the traditional model. The comparison of the calculation result between the 
improved model and the traditional model shows that the phase difference for the two results is obviously different 
from each other, the dominant frequency has no obvious difference between the two models and the amplitudes have 
somewhat difference. The parametric excitation vibration induced by the varying compliance force of the rolling ball on 
the inner ring-rotor is analyzed and then the influences of the rotating speed, the gap, the eccentricity and the mass of 
the rotor on the nonlinear responses are studied and some important conclusions are drawn. As the speed increases, 
the VC frequency gradually loses its domination of the frequency spectrum, and the rotational speed frequency and its 
combined frequency with the VC frequency dominate the vibration. The bearing-rotor system is susceptible to the vari-
ations of the rotational speed, the gap, the eccentricity and the mass of the rotor in certain ranges; the parameters can 
make the system in a relatively stable, stable and unstable state; the system shows the complex dynamic behaviors such 
as the periodical vibration, the quasi-periodic vibration, the chaotic motion and the jumping phenomenon, the bifurca-
tion, sudden change. The research is significant for the quantitative calculation of the dynamic response for parameter 
designation and the fault diagnosis of the system.
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Abbreviations
u	� The deflection of the rotor at the bearing end in 

x directions
v	� The deflection of the rotor at the bearing end in 

y directions
M	� The mass matrix
C	� The damping matrix
K 	� The stiffness matrix
m	� The mass of the rotor at the bearing end

cx	� The damping in x component
cy	� The damping in y component
kx	� The stiffness in x component
ky	� The stiffness in y component
e	� The eccentric distance of the rotor
Fb	� The resultant force of the bearing induced by 

every rolling balls exerting on the rotor
Fbx	� The components in x directions of Fb
Fby	� The components in y directions of Fb
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Fbix	� The bearing force for the ith rolling ball in the x 
component

Fbiy	� The bearing force for the ith rolling ball in the y 
component

cb	� The Hertzian Contact Stiffness
E	� The Elastic Modulus
�∗
i
	� The Deformation Coefficient

�i	� The angular displacement of the ith rolling ball
N	� The number of the rolling balls
�c	� The revolution speed of the bearing system
Db	� The diameter of the rolling ball
Dp	� The pitch diameter of the rolling ball bearing
�	� The rotational speed of the rotor
�i	� The overall contact deformation for the ith roll-

ing ball
rmean	� The mean radius of the bearing
rbearing	� The radius of the rolling ball
router	� The various radius of the outer ring
c	� The gap of the bearing
Y 	� The displacement of the center of the inner ring 

in y direction
n	� The rotating speed rpm
VC	� The varying compliance

1  Introduction

Rolling bearings are very important components in rotat-
ing machinery. When the bearing system is running, the 
rolling balls exert the periodic contact force on the inner 
ring which is fixed to the rotor, and the time-varying force 
will excite different compliance vibrations, that is the vary-
ing compliance (VC) vibration. The source of this vibration 
is the periodic elastic force induced by the rolling balls. 
Vibration problems caused by geometric factors and kin-
ematic factors in rolling bearing-rotor systems are wide-
spread in engineering.

In recent decades, scholars have done a lot of research 
on the dynamics of rolling bearings and have achieved 
much progress. Sheng et al. [1] proposed a method to 
solve multiple degree of freedom stiffness matrix of the 
ball bearings under the variable speed conditions by solv-
ing the partial differential equations between the bearing 
load and the displacement. The method is used to study 
the influence of bearing variable speed stiffness on the 
dynamic characteristics of the rolling bearings [1]; Arslan 
and Akturk [2] developed a concentrated mass model to 
study the influence of the local defects on the vibration of 
the ball bearings. Compared with the quasi-static model 
of the bearing, the quasi-dynamic model has the ability to 
deal with the time-varying rotation of each component of 
the bearing [2]; Yang et al. [3] proposed a five DOF quasi 

dynamic model, using the quasi static model to get the 
initial value of the quasi-dynamic model.

With the development of modern industry, the working 
speed of the rolling bearings has gradually increased, and 
working conditions have become more and more severe. 
Rolling bearings based on the statics assumptions can no 
longer correctly predict the dynamic behavior of bearings, 
so the rolling bearing dynamic models that abandon all 
static constraints came into being. Gupta et al. [4] estab-
lished a dynamic model of an imbalanced elastic rotor sys-
tem supported by a ball bearing, and used FEM to study 
the influence of three parameters of the rotational unbal-
ance, the bearing gap and the rotor flexibility on the insta-
bility and the chaotic behavior of the system. For simulat-
ing the vibration of the rotor system more accurately, Li 
et al. [5] improved Gupta’s dynamic model of the rolling 
bearing and coupled it with the equivalent rotor model 
of the Timoshenko beam to establish a joint simulation 
dynamics of the rolling bearing-rotor system, the estab-
lished dynamic model gathers the advantages of FE model 
and Gupta model. Based on this new model, the vibra-
tional response of the rotor-bearing system under the dif-
ferent bearing gaps was simulated, and the experimental 
results were compared to the simulation results of the roll-
ing bearing-rigid rotor dynamic model that does not con-
sider the rotor elasticity. The results prove that the model is 
more accurate [5]; Niu et al. [6] considered the gyro torque, 
the centrifugal pull and the lubrication effect between the 
bearing components on the basis of the Gupta model, 
and developed a dynamic model to research the impact 
of ball bearing raceway defects on bearing vibration [6]; 
Patel et al. [7] proposed a new dynamic model for study-
ing the vibration responses of the deep groove ball bear-
ing with single and multiple faults on the inner and outer 
ring surfaces, and used the Runge–Kutta method to get 
the coupled solution of the motion control equation. The 
research found that compared with the vibration spec-
trum in the case of single defect, the velocity amplitude 
in the case of double defects is relatively higher [7]; Alireza 
et al. [8] proposed the improved nonlinear model under 
consideration of the limited size of the rolling ball. This 
improvement overcomes the rolling ball as a point caused 
by the modeling of the previous model; Wang and Zhu 
[9] proposed an advanced and effective dynamic model 
of a strongly nonlinear rotor-bearing system using the 
improved Runge–Kutta method.

Most of the research work mainly studies the nonlinear 
dynamic behavior caused by the fault and the imbalance 
of the rolling ball, the gap between the rolling ball and the 
seat ring, the Hertz contact nonlinearity, and the compli-
ance or combination of some bearings [10–12]; Tiwari et al. 
[13, 14] studied the nonlinear dynamics of the balanced 
horizontal rigid rotor-bearing system and the unbalanced 
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horizontal rigid rotor-bearing system, and observed that 
the instability of the large-gap high-speed bearing and 
the radial internal gap of the bearing will change the 
compliance of the system; Harsha proposed a variety of 
rotor bearing dynamic models to study the influence of 
the bearing gap, the Hertzian contact and the waviness 
on the dynamic characteristics of the rotor system [15–17]; 
Sopanen et al. [18] used the multiple body system soft-
ware (MSC) to study the influence of bearing radial gap on 
the natural frequency and the vibrational response of the 
bearing-rotor system; Bai et al. [19] used Floquet theory 
to study the dynamic characteristics and the stability of 
the ball bearing-rotor system considering the different 
ball bearing gaps. The study found that the larger the ball 
bearing gap, the greater the instability range of VC-based 
vibration [19]; Gao et al. [20] proposed a six DOF model 
for studying the bearing system of a machine tool spindle 
supported by ball bearings, using numerical simulation 
to analyze the influence of bearing gap on the bifurcation 
and chaotic behaviors of the bearing system; Saeidy and 
Sticher [21] proposed a dynamic analysis formula of the 
rigid rotor under the foundation excitation and the mass 
imbalance, which is adopted for the nonlinear dynamic 
analysis of the rigid rotor bearing under the unbalance 
and the foundation excitation; Zhang et al. [22] studied 
the bifurcation and the resonance behavior of the variable 
compliance vibration of the rigid ball bearing-rotor sys-
tem with the Hertz contact and the radial internal gap by 
using the arc extension algorithm, the harmonic balance 
method and the alternating frequency time algorithm(HB-
AFT), it is found that the resonance of the system is essen-
tially the Hertzian contact resonance, and the soft reso-
nance hysteresis caused by the Hertzian contact is the 
main characteristic of the main resonance peak [22]; Jin 
Yulin et al. [23] considered the Hertzian contact deforma-
tion and the internal gap to study the nonlinear dynamics 
of the different compliance responses in a rotor-bearing 
system.

Some researchers have conducted much study on TRB 
and the ball bearing dynamics. Tong and Hong [24] pro-
posed the running torque equations of the tapered roll-
ing bearings with the angular misalignment (TRB), and 
studied the influence of the angular misalignment on the 
torque of TRB; Liu et al. [25] considered the influence of 
the continuous changes in the circumferential position 
of the rollers on the stiffness of the bearing, established 
the dynamical gear bearing model with the constant and 
the time-variant bearing rigidity through the analytical 
and the FE methods, and they used perturbation analy-
sis and finite element contact mechanics to investigate 
the effect of the time-varying roller bearing stiffness on 
the vibration response of the bearing system [25]; Zhang 

et al. [26] considered the effect of the unbalanced force 
and the bearing load on the instability zone of the rotor-
bearing system and proposed an improved Jones-Harris 
rigidity model, revealing the influence of the eccentric 
force on the stiffness of rolling ball bearings; Based on 
the Hertz theory, Gunduz and Singh [27] proposed a new 
formula for the rigidity matrix of double-column angular 
contact ball bearings, which provides help for the static 
and dynamic analysis of the double-column angular con-
tact ball bearings; Zhao et al. [28] analyzed the high-
speed load characteristics and the friction coefficient 
of the angular contact ball bearings. They studied the 
gyro torque of the rolling balls, and the results showed 
that the design of the axial force should focus on the 
combined influence of the gyro torque and the friction 
coefficient [28]; Kurvinen et al. [29] considered the effect 
of the centrifugal force and the gyro torque on the com-
putational complexity of the ball bearing model, and 
established two types of the ball bearing models, one 
considering the high speed force and the other ignor-
ing it. They simulated and compared the two models, 
studied the behavior of the bearing at different shaft 
speeds, and determined when to use a model with the 
gyroscopic force and the centrifugal force. Liu et al. [30] 
developed a comprehensive numerical dynamic model 
of a flexible-rotor bearing system based on the Hertzian 
and cubic polynomial nonlinear contact force methods, 
and discussed the displacements and spectrum of the 
flexible-rotor bearing system [30]. Kurvinen et al. [31] 
investigated carefully the effect of varying roundness 
profile and clearance on the sub-critical vibration exci-
tation. Liu et al. [30] proposed an improved dynamic 
model of ACBB to consider the influences of elastic hys-
teresis, the differential sliding friction torques, and spe-
cially investigated effects of speed, load, and defect sizes 
on the acoustic characteristics for ACBB [32].

In this paper, an new improved model under the 
overall consideration of the unbalanced excitation, the 
asymmetric gap, the varying compliance vibration and 
the nonlinear Hertzian contact force will be developed 
and the improved model abandons the assumption of 
the traditional model, seen in Fig. 1. The model is more 
accurate and more general than the traditional model 
based on the hypothesis. The varying compliance vibra-
tion responses of the system are calculated and the influ-
ences of the gap, the mass eccentricity and the mass for 
the rotor on the nonlinear vibration are studied accu-
rately in order to explore the internal physical mecha-
nism. The authors investigated the nonlinear dynamics 
in the last paper about the rolling ball bearing based on 
the traditional model [33], and will carry out a in-depth 
study based on the new improved model in this article.
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2 � Modeling

The rolling ball bearing is usually composed of  the 
outer ring, the inner ring, the rolling balls, the retainer. The 
outer ring studied in this paper is fixed on a rigid support; 
and the inner ring is fixed on a rotational principle axis(rotor), 
as seen in Fig. 2. The lubrication conditions and materials are 
of great research significance and are very complicated, the 
nonlinear dynamic characteristic of the bearings based on 
the new model is focused on in this paper, therefore to sim-
plify the study, the lubrication conditions is ignored. When 
the bearing system is operating, the rolling balls exert the 
elastic forces on the inner ring which will vibrate because 

of the time-variant contact force. The vibration is passed on 
the whole bearing system.This vibration originates from the 
periodic elastic restoring forces exerted by the rolling balls. 
Accordingly, the vibration is so called VC (varying compli-
ance) vibration. The accurate model should be established 
firstly to study the dynamics of the system.

The two DOF of the inner ring center are q = [u v]T , where 
u and v are respectively the deflection of the rotor in x and y 
components (Plane XOY is the bearing plane).

Applying Lagrangian equation, the equations of motion 
for the bearing system are written as

They are denoted as follows in the matrix form

M , C and K  are respectively the mass matrix, the damp-
ing matrix and the stiffness matrix, they are given by 
Eqs. (3)–(5)

(1)
mü + cxu̇ + kxu = Fbix

mv̈ + cx v̇ + kxv = Fbiy

(2)Mq̈ + Cq̇ + Kq = Fb + Fu

(3)M =

[

m 0

0 m

]

(4)C =

[

cx 0

0 cy

]

(5)K =

[

kx 0

0 ky

]

(a)The schematic diagram of traditional rolling ball bearing model

(b)The new analytical model of the rolling ball bearing

Fig. 1   Comparison of traditional analytical model with improved 
model; a the traditional model based on hypothesis that the center 
of the outer ring O, the center of the inner ring I and the contact 
point between the inner ring and the rolling ball R

t
 are collinear; b 

the improved analytical model which is not based on the hypoth-
esis and is more general and accurate than (a); there is main dif-
ference: 𝜃i and �i between the improved model and the troditional 
model

Outer ring

Inner ring

Rolling element

Retainer

Rotor

rr iinnnneerr

rrbbeeaarr iinngg

Fig. 2   The more general analytical diagram for the rolling ball bear-
ing without the hypothesis that the three center points of the inner 
ring, the outer ring and the rolling ball are collinear, i.e. the points 
O, I, R

c
 are not collinear
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m is the mass of the the rotor at the bearing end; cx is the 
damping in x direction; cy is the damping in y direction; kx 
is the stiffness in x direction; ky is the stiffness in y direction.

The unbalanced force is dependent on the rotor eccen-
tricity mass, the eccentricity radius and the rotational speed, 
the unbalance force is a vector including three elements, the 
size, the direction and the action point; the coordinate sys-
tem can affect the direction and the coordinate value of the 
action point, and has no effect on the absolute value of the 
force size. Absolute value of the unbalance force is given by

e is the eccentric distance of the rotor. The force acting on 
the inner ring is given by

Fb is the resultant force of the bearing induced by every 
rolling balls exerting on the rotor, which is the vector sum 
of the elastic restoring forces Fbx and Fby , it is expressed as

Fbix and Fbiy are respectively the bearing forces for the ith 
rolling ball in the x and y directions. Adopting the Non-
linear Hertzian Contact Theory, the relational expression 
between the force and the deformation of the contact 
point is

Cb is the Hertzian Contact Stiffness, which is associated 
with the property and the shape for the contact materials.

E means the Elastic Modulus, v refers to the Poisson Ratio, 
�∗
i
 means the Deformation Coefficient. It is easy to cal-

culate the value of Kinner and Kouter , if the dimension of 
the rolling ball bearing is known. H(�i) is the Heaviside 
function, it is equal to 1 when the function argument �i 
is greater than 0; it is equal to 0 when the function argu-
ment �i is less than 0. It is given by Eq. (13)

(6)Fu = me�2

(7)Fb =
N
∑

i=1
Fbi

(8)Fbi =
[

Fbix Fbiy
]T

(9)Fbi = CbH
(

�I
)

�
3∕2
i

(10)Cb =

[

(

1

Kinner

)2∕3

+
(

1

Kouter

)2∕3
]−1.5

(11)Kinner =
2
√

2

3

�

E

1 − �2

��

�

�i

�−0.5
�

�∗
i

�−1.5

(12)Kouter =
2
√

2

3

�

E

1 − �2

��

�

�o

�−0.5
�

�∗
o

�−1.5

As seen in Fig. 2, the angular displacement of the ith 
rolling ball is �i

N is the number of the rolling balls and �c is the whirling 
speed of the inner ring.

Db is the diameter of the rolling ball, Dp is the pitch diam-
eter of the rolling ball bearing and � is the rotational speed 
of the rotor.

The deformation for the ith rolling ball �i is the func-
tion of the inner ring deflection relative to the outer ring 
displacement in the x and y components, the ball posi-
tion and the gap (Kappaganthu and Nataraj [34]). The 
deformation of the rolling ball is strongly dependent on 
the gap and the displacement of the inner ring. Most 
researchers treated the gap as a dead band instead of 
the accurate real condition. In the traditional study of 
the rolling ball bearing, the potential hypothesis is that 
the three center points of the inner ring, the outer ring 
and the rolling ball are collinear, and the truth is the 
three points are not always on the same line because of 
the asymmetric gap or the defect of the rolling ball. An 
improved model in this paper abandons the hypothesis 
and a more accurate and more general model is devel-
oped. Hence, the angular displacement of the ith rolling 
ball has two values with respect to the centers of the 
outer ring and the inner ring, 𝜃i , �i , as seen in Fig. 2. In the 
whole operation, the outer and inner rings are elastic. 
From the bearing geometry, the varying radius of the 
inner ring rinner is expressed as

rmean is the mean radius of the bearing; and rbearing is the 
radius of the rolling ball. The various radius of the outer 
ring is denoted as

c is the gap; the outer ring center is fixed at origin O, and 
the inner ring center is at point I(u, v) . The center of the ith 
rolling ball is at Rc = (Rcx, Rcy) , it can be given by Eqs. (18), 
(19)

(13)H
(

𝛿i
)

=

{

1 if 𝛿i > 0

0 otherwise

(14)�i =
2�

N
i + �ct

(15)�c =
1

2
�

(

1 −
Db

Dp

)

(16)rinner = rmean−rbearing

(17)router(c) = rmean + rbearing +
c

2

(18)Rcx = u +
(

rinner + rbearing
)

cos �i
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The angular displacement of the center with respect to 
the outer ring center 𝜃i is expressed by Eq. (20)

Let Rt be the circumferential point of the rolling ball on 
the line joining the outer ring center and the rolling ball 
center. The coordinate Rt(Rty, Rtx) can be expressed as

Then, the deflection in the rolling ball is got

r0 = (Rc + Rt)∕2 which is the average of the Rc and Rt. 
The dynamic analysis is investigated based on the new 
improved model.

3 � Results and discussion based on new 
improved model

The dynamics of the varying compliance bearing system 
based on the improved model is digitally simulated in Mat-
lab. The forth order Runge–Kutta method with adaptive 
step size is applied to solve the steady-state response of 
the governing equations.

In the improved model, more general motion charac-
teristics are considered, i.e. the three center points(O, I, Rc ) 
are not always collinear. Dynamic responses between the 
improved model and traditional model are compared in 
Fig. 3, including (a) the time history and (b) the spectrum 
diagram. In Fig. 3a, the blue solid line is the response of the 
traditional model and the red dotted line is the response of 
the improved model. It can be shown from Fig. 3a that the 
new model is different from the traditional model in the 
phase position and amplitude; And the phase difference 
is more obvious. The fundamental reason for the phase 
difference in Fig. 3a is that the new model has different dis-
placement angles compared with the traditional model. As 
shown in Fig. 2, the Angle of the new model ( ̃𝜃i ) is less than 
the displacement angle of the traditional model ( �i ), and 
this difference can cause changes in the vibration phase 
difference which can be quantitatively reflected in Fig. 3a. 
In Fig. 3b, It can be seen that the dominant frequency 
(49 Hz) is little difference from each other (improved and 
traditional model); and the amplitudes have somewhat 

(19)Rcy = v +
(

rinner + rbearing
)

sin �i

(20)𝜃i = tan−1
(

Ry

Rx

)

(21)Rtx = Rcx + rbearing cos 𝜃i

(22)Rty = Rcy + rbearing sin 𝜃i

(23)δi =
√

R2tx + R2ty−ro

difference, it is originated from the different phase angle 
which changes the phase state but does not change fre-
quency. Based on the new modeling method, the dynamic 
characteristics are studied in the following sections.

3.1 � Rotational speed

Rotational speed is a significant parameter for rotary 
machines. With the rotating speed increasing, the dynamic 
characteristics of the system is gradually changing, 
including the amplitude, the frequency, the steady state, 
the transient state, even much disorganized chaos. The 
research work only analyzes the relatively stable stages 
of the vibration time domain map which can obtain the 
conclusion of regularity. The authors pay more attention 

(a)Time history 

(b) Spectrum diagram 

200

0.0000

0.0002

0.0004

0.0006

edutilp
m

A

Frequency/Hz

 ImprovedModel
 TraditionalModel

49Hz 

Fig. 3   Comparison of the new model with the traditional model a 
time history: the blue solid line is the response of the traditional 
model and the red dotted line is the response of the improved 
model; b spectrum diagram: the black figure is the improved 
model(new model) and the red figure is the traditional model (old 
model)



Vol.:(0123456789)

SN Applied Sciences           (2022) 4:173  | https://doi.org/10.1007/s42452-022-05058-0	 Research Article

to the characteristics of stable time periods. Therefore, in 
the research work, only the signal of the stable time peri-
ods is extracted from the full time period signal, as seen in 
Fig. 5 where Fig. 5d–f are the steady state from the full time 
period Fig. 5a–c. Figure 4 is the bifurcation diagram of the 
vibrational response (the displacement Y in y component) 
versus the varying rotational speed n, where the rotational 
speed n is increasing in the range of 0 rpm to 6000 rpm, 
the step length is 50 rpm, and the gap is 10 �m . It is seen 
only from Fig. 4 that when the rotational speed n is in the 
range of 0 rpm to 1368 rpm, the system shows the periodic 
motion (including a narrow amplitude fluctuation near 
758 rpm), the typical time history, the spectrum, Poincare 
diagram for rotating speed n = 900 rpm confirm this point, 
as seen in Fig. 5d, g, j; from 1368 rpm to nearly 2972 rpm, 
the system shows a quasi-periodic vibration which is just 
like the transition condition from the periodical motion 
to chaotic motion, the corresponding time history, the 
spectrum, the Poincare diagrams for the rotating speed 
n = 1980 rpm verify this type of quasi-periodic, as seen in 
Fig. 5e, h, k; And the system shows a chaos state when 
the rotational speed is greater than 2972 rpm, the related 
time history, the spectrum, the Poincare diagrams for the 
rotating speed n = 4980 rpm confirm the chaos, as shown 
in Fig. 5f, i, l. How are these changes caused is associated 
with the changing excitation. The analysis will be given in 
the following sections.

The compound excitation forces of the rolling ball 
bearings mainly originate from the unbalanced rotating 
frequency and the internal parametric excitation which 
is related with the periodic varying compliance vibra-
tion. In order to analyze the different influence of the 

two excitation forces, the spectra of the different rota-
tional speed are drawn. Figure 6a, b are respectively the 
history figure and the corresponding spectrum diagram 
under the rotating speed of 280 rpm. It is shown from 
Fig. 6b that the varying compliance vibration frequency 
and frequency multiplication of VC vibration can only 
be observed because the unbalance excitation is weak 
when the rotating speed is low (280 rpm). The VC vibra-
tion is 16.3 Hz ( fvc ) which is the Bn times(Bn = r

R+r
Nb ) of 

the rotating frequency; And the frequency multiplication 
of VC vibration includes 32.6 Hz ( 2fvc ), 48.8 Hz ( 3fvc ) and 
65.2 Hz ( 4fvc ). No rotating frequency arises. What phe-
nomenon appears when the rotational speed increases? 
With the increase of the rotating speed, the unbalance 
force enhances. When the rotating speed increases up to 
1200 rpm, the frequency of rotational speed appears ( fr= 
19.8 Hz), seen in Fig. 7. Meanwhile there exist the VC vibra-
tion and its multiplication frequencies, such as 70.1 Hz ( fvc ), 
139.6 Hz ( 2fvc ), 209.3 Hz ( 3fvc ) and 279.2 Hz ( 4fvc ). However, 
the most intense vibration component is the VC vibration 
( fvc= 70.1 Hz), as seen in Fig. 7. With the increasing of the 
rotating speed up to 1600 and then to 1800 rpm, the rotat-
ing frequency and the combination frequency ( fvc and fr ) 
gradually strengthen; And the combination frequency 
( fvc−3fr ) becomes the maximum peak value, seen in Figs. 8 
and 9. When the rotational speed increases up to 2000, 
the frequency peak value changes to the complicated 
combination frequency and the frequency division, seen 
in Fig. 10, where the VC frequency does not dominate the 
vibrations of the spectrum diagrams.

It can be inferred that with the increasing of the rota-
tional speed, the VC frequency gradually loses the domi-
nation for the vibration. The rotational speed frequency 
(essential it is the unbalanced frequency, it is only one time 
of the frequency for the rotational speed) and its combina-
tion frequency with the VC frequency dominate the vibra-
tion. The peak exists in the lower frequency range. In order 
to design the parameter of the bearing system, the specific 
work rotational speed should be considered to analyze 
which factors is the domination of the vibrations, the VC 
vibration or the unbalanced vibration; and then quantita-
tive calculation and optimization can be conducted for the 
perspective of the dynamic characteristics.

3.2 � Gap, eccentricity and mass of the rotor

The bearing gap has vital impact on the fatigue life, the 
temperature rise, the noise and the vibration. Conse-
quently, it is significant to study the influence of the gap 
on the dynamic behaviors. In this work, the gap varies in 
the range of 0–60 �m , the rotational speed is selected as 
3000 rpm. Figure 11 is the bifurcation diagram of the vibra-
tion response versus the gap, which shows that when the 
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Fig. 5   a–f Time history; g–i Spectrum; j–l Poincare diagram
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gap is in the range of 0–40 �m , the system mostly shows 
the multiple periodic motion which is primary in certain 
span of the amplitude (only exist a small quantity of the 
jump span); and when gap is in the range of 40–50 �m , 
the figure presents the disorder shape of the response and 
there exists a larger response compared to that of the gap 
increasing from 0 to 40 �m . The gap can make the system 
vibration in a relatively stable, stable(“S” in Fig. 11) and 
unstable state(“U” in Fig. 11). This chaotic status is harmful 
to the bearing system. Therefore, the scientific designation 
of the gap is essential to the safety operation of the sys-
tem. The similar parameter bifurcation diagrams (eccen-
tric distance and mass of the rotor) are seen in Figs. 12 
and  13. It can be shown from Figs. 12 and 13 that only in 

a few parameter sections, the system is stable; and in most 
parameter sections, the system is unstable. The detailed 
analysis for Figs. 12 and 13 is similar to the analysis above, 
therefore it will not be repeated.

4 � Conclusion

Dynamic characteristics study of an imbalance rotor-bear-
ing system with asymmetric gap is carried out in this arti-
cle. An new improved dynamic model overall considering 
the asymmetric gap, the varying compliance vibration and 
the time-dependent unbalanced force is established; espe-
cially the new model abandons the traditional modeling 
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Fig. 6   a Time history; b Spectrum diagram (n = 280 rpm)

0 50 100 150 200 250 300 350
0.00000

0.00001

0.00002

0.00003

0.00004

0.00005

0.00006

0.00007

4fvc3fvc

2fvc
fr

Frequency (Hz)

e
d

util
p

m
A

fvc

Fig. 7   Spectrum diagram (n = 1200 rpm)

0 50 100 150 200
0.00000

0.00003

0.00006

0.00009

2fvc

Frequency (Hz)

e
d

util
p

m
A

fvc-3fr

fvcfr

Fig. 8   Spectrum diagram (n = 1600 rpm)



Vol:.(1234567890)

Research Article	 SN Applied Sciences           (2022) 4:173  | https://doi.org/10.1007/s42452-022-05058-0

assumption to get more universal and more accurate 
solution. The comparison between the improved mode 
and the traditional model is conducted. Results of the 
research show that the phase is difference between the 
proposed model and the traditional model; the dominant 
frequency is little difference between the two models; and 
the amplitudes have somewhat difference, it is originated 
from the different position angle which changes the phase 
but does not change vibration frequency. Based on the 
general model, the influences of the rotational speed, the 
asymmetric gap, the eccentric distance of the rotor and 
the mass of the rotor on the dynamic responses have been 
investigated to analyze the dynamical mechanism of the 

system. To design the parameters of the bearing system, 
the specific work rotational speed should be considered to 
analyze which factors is the domination of the vibration, 
the VC vibration or the unbalanced vibration; and then 
quantitative calculation and optimization are carried out 
for the perspective of the dynamic characteristics.

The rotational speed has important effect on the 
dynamic behaviors of the system. With the increasing 
of the rotating speed, the VC frequency gradually loses 
the domination for the vibration; the rotational speed 
frequency and its combination frequency with the VC 
frequency dominate the vibration. The peak exists in the 
lower frequency range. In order to design the parameter 
of the bearing system, the specific work rotational speed 

0 50 100 150 200
0.00000

0.00001

0.00002

0.00003

0.00004

0.00005

0.00006

0.00007

0.00008

2fvc

Frequency (Hz)

e
d

util
p

m
A

fvc-3fr

fvc

Fig. 9   Spectrum diagram (n = 1800 rpm)

0 100 200 300
0.00000

0.00005

0.00010

0.00015

2fvc

Frequency (Hz)

e
d

util
p

m
A

9.6Hz

fvc
41.2Hz

Fig. 10   Spectrum diagram (n = 2000 rpm)

0 1 2 3 4 5 6

x 10
-5

-0.12

-0.1

-0.08

-0.06

-0.04

-0.02

0
Bifurcation diagram clearance changing

clearance(m)

)
m(

Y

U 

S S 

Fig. 11   Bifurcation diagram of response Y vs. gap; S means the rela-
tively stable region; U means the relatively unstable region

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

x 10
-5

-0.1

-0.09

-0.08

-0.07

-0.06

-0.05

-0.04

-0.03

-0.02

-0.01
Bifurcation diagram eccentricity changing

ee(m)

)
m(

Y

S

UU
U

Fig. 12   Bifurcation diagram of the dynamic response Y vs. eccen-
tricity of the rotor ee; S means the relatively stable region; U means 
the relatively unstable region



Vol.:(0123456789)

SN Applied Sciences           (2022) 4:173  | https://doi.org/10.1007/s42452-022-05058-0	 Research Article

should be considered to analyze which factors is the dom-
ination of the vibrations, the VC vibration or the unbal-
anced vibration; and then quantitative calculation and 
optimization can be conducted for the perspective of the 
dynamic characteristics.

The bearing system shows the complex dynamic char-
acteristics such as the periodical vibration, the quasi-
periodic vibration, the chaotic motion and the jumping 
phenomenon, the bifurcation, sudden change; the bear-
ing system is susceptible to the variations of the rotational 
speed, the gap, the eccentricity and the mass of the rotor 
in certain ranges. An improper parameter brings about 
a huge or a chaotic response, especially, when it makes 
the system into a chaotic state, the response is hard to 
forecast; and under this circumstances, a hidden occur-
rence of the fault may appear. Accordingly, the research 
work is essential in understanding of the internal dynamic 
mechanism of the rolling ball bearing; and the simulation 
results are practically meaningful for accurate fault diag-
nosis of rolling ball bearings, and the systematic design of 
the parameter for the safe and stable operation.

Acknowledgements  The authors acknowledge the sponsorship 
of the National Natural Science Foundation of China under Grant 
number 51305267.

Data Availability  All data, models, and code generated or used dur-
ing the study appear in the submitted article.

Declarations 

Conflict of interest  The authors declare that they have no conflict of 
interest.

Open Access  This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adap-
tation, distribution and reproduction in any medium or format, as 
long as you give appropriate credit to the original author(s) and the 
source, provide a link to the Creative Commons licence, and indicate 
if changes were made. The images or other third party material in 
this article are included in the article’s Creative Commons licence, 
unless indicated otherwise in a credit line to the material. If material 
is not included in the article’s Creative Commons licence and your 
intended use is not permitted by statutory regulation or exceeds the 
permitted use, you will need to obtain permission directly from the 
copyright holder. To view a copy of this licence, visit http://​creat​iveco​
mmons.​org/​licen​ses/​by/4.​0/

References

	 1.	 Sheng X, Li B, Wu Z et al (2014) Calculation of ball bearing speed-
varying stiffness. Mech Mach Theory 81:166–180

	 2.	 Arslan H, Aktürk N (2008) An investigation of rolling element 
vibrations caused by local defects. J Tribol 130:041101

	 3.	 Yang Z, Yu T, Zhang Y et al (2017) Influence of cage clearance on 
the heating characteristics of high-speed ball bearings. Tribol Int 
105:125–134

	 4.	 Gupta TC, Gupta K, Sehgal DK (2011) Instability and chaos of a 
flexible rotor ball bearing system: an investigation on the influ-
ence of rotating imbalance and bearing clearance. J Eng Gas 
Turbines Power 133:082501

	 5.	 Li Y, Cao H, Niu L, Jin X (2015) A general method for the dynamic 
modeling of ball bearing-rotor systems. J Manuf Sci Eng 
137:021016

	 6.	 Niu L, Cao H, He Z, Li Y (2014) Dynamic modeling and vibra-
tion response simulation for high speed rolling ball bearings 
with localized surface defects in raceways. J Manuf Sci Eng 
136:041015

	 7.	 Patel VN, Tandon N, Pandey RK (2010) A dynamic model for vibra-
tion studies of deep groove ball bearings considering single and 
multiple defects in races. J Tribol 132(4):041101-0411101–10

	 8.	 Alireza MA et al (2015) A nonlinear dynamic vibration model of 
defective bearings—the importance of modelling the finite size 
of rolling elements. Mech Syst Signal Process 52:309–326

	 9.	 Wang Z, Zhu C (2019) A new model for analyzing the vibra-
tion behaviors of rotor-bearing system. Commun Nonlinear Sci 
Numer Simul 83:105130

	10.	 Upadhyay SH, Harsha SP, Jain SC (2010) Analysis of nonlinear 
phenomena in high speed ball bearings due to radial clearance 
and unbalanced rotor effects. J Vib Control 16(1):65–88

	11.	 El-Saeidy FM (2000) Rotating machinery dynamics simulation 
I Rigid systems with ball bearing nonlinearities and outer ring 
ovality under rotating unbalance excitation. J Acoust Soc Am 
107(2):851–860

	12.	 Thouverez V (2008) Stability and vibration analysis of a complex 
flexible rotor bearing system. Commun Nonlinear Sci Numer 
Simul 13:804–821

	13.	 Tiwari M, Gupta K, Prakash O (2000) Effect of radial internal clear-
ance of a ball bearing on the dynamics of a balanced horizontal 
rotor. J Sound Vib 238(5):723–756

	14.	 Tiwari M, Gupta K, Prakash O (2000) Dynamic response of 
an unbalanced rotor supported on ball bearing. J Sound Vib 
238(5):757–779

	15.	 Harsha SP (2005) Nonlinear dynamic analysis of an unbalanced 
rotor supported by roller bearing. Chaos Solitons Fractals 
26(1):47–66

0 20 40 60 80 100 120
-0.16

-0.14

-0.12

-0.1

-0.08

-0.06

-0.04

-0.02

0

0.02
Bifurcation diagram ms

ms（ Kg）

)
m

m(
Y

U 

S 

U 

Fig. 13   Bifurcation diagram of the dynamic response Y vs.mass of 
the rotor ms; S means the relatively stable region; U means the rela-
tively unstable region

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


Vol:.(1234567890)

Research Article	 SN Applied Sciences           (2022) 4:173  | https://doi.org/10.1007/s42452-022-05058-0

	16.	 Harsha SP (2006) Rolling bearing vibrations—the effects of sur-
face waviness and radial internal clearance. Int J Comput Meth-
ods Eng Sci Mech 7(2):91–111

	17.	 Harsha SP, Sandeep K, Prakash R (2004) Non-linear dynamic 
behaviors of rolling element bearings due to surface waviness. 
J Sound Vib 272(3–5):557–580

	18.	 Sopanen J, Mikkola A et al (2003) Dynamic model of a deep-
groove ball bearing including localized and distributed defects 
Part 1 theory. Proc Inst Mech Eng Part K J Multi Body Dyn 
217:201–211

	19.	 Bai CQ, Xu QY, Zhang XL (2006) Nonlinear stability of balanced 
rotor due to effect of ball bearing internal clearance[J]. Appl 
Math Mech 27(2):175–186

	20.	 Gao SH, Long XH, Meng G (2008) Nonlinear response and non-
smooth bifurcations of an unbalanced machine-tool spindle-
bearing system. Nonlinear Dyn 54:365–377

	21.	 El-Saeidy F, Sticher F (2010) Dynamics of a rigid rotor linear/
nonlinear bearings system subject to rotating unbalance and 
base excitations. J Vib Control 16(3):403–438

	22.	 Zhang Z, Chen Y, Cao Q (2015) Bifurcations and hysteresis of 
varying compliance vibrations in the primary parametric reso-
nance for a ball bearing. J Sound Vib 350:171–184

	23.	 Jin Y, Yang R, Hou L, Chen Y, Zhang Z (2017) Experiments and 
numerical results for varying compliance vibrations in a rigid-
rotor ball bearing system. ASME J Tribol 139(4):041103

	24.	 Tong VC, Hong SW (2016) The effect of angular misalignment 
on the running torques of tapered roller bearings. Tribol Int 
95:76–85

	25.	 Liu G, Hong J, Parker RG (2019) Influence of simultaneous time-
varying bearing and tooth mesh stiffness fluctuations on spur 
gear pair vibration. Nonlinear Dyn 97:1403–1424

	26.	 Zhang X, Han Q, Peng Z et  al (2013) Stability analysis of a 
rotor–bearing system with time-varying bearing stiffness due 

to finite number of balls and unbalanced force. J Sound Vib 
332(25):6768–6784

	27.	 Gunduz A, Singh R (2013) Stiffness matrix formulation for double 
row angular contact ball bearings: analytical development and 
validation. J Sound Vib 332(22):5898–5916

	28.	 Zhao C, Yu X, Huang Q, Ge S, Gao X (2015) Analysis on the load 
characteristics and coefficient of friction of angular contact ball 
bearing at high speed. Tribol Int 87:50–56

	29.	 Kurvinen E, Sopanen J, Mikkola A (2015) Ball bearing model per-
formance on various sized rotors with and without centrifugal 
and gyroscopic forces. Mech Mach Theory 90:240–260

	30.	 Liu J, Tang C, Pan G (2021) Dynamic modeling and simula-
tion of a flexible-rotor ball bearing system. J Vib Control 
10775463211034347

	31.	 Kurvinen E, Viitala R, Choudhury T et al (2020) Simulation of sub-
critical vibrations of a large flexible rotor with varying spheri-
cal roller bearing clearance and roundness profiles. Machines 
8(2):28

	32.	 Liu J, Xu Y, Pan G (2021) A combined acoustic and dynamic 
model of a defective ball bearing. J Sound Vib 501:116029

	33.	 Nan G, Tang M, Chen E et al (2016) Nonlinear dynamic mecha-
nism of rolling element bearings with an internal clearance in a 
rotor-bearing system. Adv Mech Eng 8(11). https://​doi.​org/​10.​
1177/​16878​14016​679588

	34.	 Kappaganthu K, Nataraj C (2011) Nonlinear modeling and analy-
sis of a rolling element bearing with a clearance. Commun Non-
linear Sci Numer Simul 16(10):4134–4145

Publisher’s Note  Springer Nature remains neutral with regard to 
jurisdictional claims in published maps and institutional affiliations.

https://doi.org/10.1177/1687814016679588
https://doi.org/10.1177/1687814016679588

	Dynamic analysis of rolling ball bearing-rotor based on a new improved model
	Abstract
	1 Introduction
	2 Modeling
	3 Results and discussion based on new improved model
	3.1 Rotational speed
	3.2 Gap, eccentricity and mass of the rotor

	4 Conclusion
	Acknowledgements 
	References




