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Abstract

This study presents the mode coupling internal resonance characteristics of submerged floating tunnel tether. In which,
in-plane and out-of-plane coupling of tether is taken into account. And the coupled vibration equations of tether for
the in-plane first mode and out-of-plane first mode are obtained. The one-to-one mode coupling internal resonance
characteristics of submerged floating tunnel tether are studied by numerical analysis method. It is shown that, when
the conditions of modal coupling internal resonance are met, with the increase of the external excitation amplitude of
the tether, the mid-span displacement of the tether increases gradually. When the amplitude of external excitation is
less than a certain value, the internal resonance of tether will not occur. With the increase of damping ratio, the mid-
span displacement of the tether decreases gradually. When the damping ratio increases to a certain value, the internal
resonance will not occur. The study is helpful to restrain the vibration of submerged floating tunnel tether.

Article Highlights

+  When the tether is only subjected to in-plane or out of plane harmonic loads, if the first-order in-plane and out of
plane frequencies of tether are close to each other, the tether is prone to occur modal coupling internal resonance.

+ Since the frequencies of in-plane and out-of-plane of the tether are not exactly the same. Thus, when modal coupling
internal resonance occurs, the external excitation frequency is closer to the first-order modal frequency of the non-

load acting plane.

+  When excitation amplitude is a fixed value, increasing the damping ratio may inhibit the occurrence of mode coupling
internal resonance and effectively reduce the mid-span amplitude of tether.

Keywords Submerged floating tunnel - Tether - Harmonic load - Internal resonance - Sag

1 Introduction

Compared with bridge, immersed tunnel and subsea tun-
nel, submerged floating tunnel (SFT) is probably the most
concerned way to cross water area, which is suspended
in the appropriate position of water by the balance of

buoyancy and anchoring force. Depending on its unique
structural form and potential application prospect, sub-
merged floating tunnel has become a competitive scheme
in crossing water region, environmental protection and
reducing project cost among various structures [1, 2].
Submerged floating tunnel may be anchored by tension
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legs, tethers, pontoons and fix supports. Among them,
submerged floating tunnel anchored by tethers is suitable
for the environmental conditions of medium water depth
and is selected as research object here.

Since the concept of submerged floating tunnel was
put forward, a large number of studies emerged. Most of
these studies focus on the related fields of submerged
floating tunnel tether [3, 4], and there are also some stud-
ies on the overall dynamic response of submerged floating
tunnel structure [5, 6]. Since the operation of submerged
floating tunnel is affected by many factors, such as cur-
rent (including undercurrent), wave, earthquake, vehicle
load, etc,, so there are studies involving current (includ-
ing undercurrent) [7], wave [8, 9], earthquake [10, 11] and
vehicle load [12].

Submerged floating tunnel tethers are light, very flex-
ible and lightly damped, which make them particularly
prone to vibration. Therefore, the tether of the submerged
floating tunnel is similar to the cable of cable-stayed
bridge. Difference is that the tether of submerged float-
ing tunnel is in the water. When the tether oscillates, the
acting force induced by water should be considered.

Through the observation of cable-stayed bridges being
built or having been built, it is indicated that some cables
of cable-stayed bridges sometimes vibrate greatly under
the environmental load, which is harmful to the safety and
durability of bridges [13]. It may cause fatigue fracture of
cable, produce fatigue crack at the joint of cable, destroy
the anti-corrosion system of cable, and even cause cable
failure in serious cases. There are many mechanisms of
cable-stayed bridge vibration, one of the most important
is mode coupling internal resonance. Experts at home
and abroad have done a lot of research on the mode cou-
pling internal resonance of cables. Lacarbonara et al. [14]
analyzed the 1:1 internal resonance characteristics of stay
cables in one-dimensional continuous system. Benedet-
tini et al. [15] analyzed a four-degree-of-freedom model
of a cable under the multiple internal resonance which
is a coexistence of 1:1 internal resonance and 1:2 internal
resonance. Zhang and Tang [16] investigated the global
bifurcation and chaotic dynamics of a cable. Zhao et al.
[17] investigated the two-mode nonlinear response of a
suspended cable subjected to super-harmonic resonance
with 1:3 internal resonance, and discussed the effects of
parameters on the steady solution. Casciati et al. [18]
studied the nonlinear dynamics of cable with semi-active
tuned mass damper. Zhao et al. [19] investigated a two-
degree-of-freedom bifurcation system for an elastic cable
with 1:1 internal resonance. Zhao et al. [20] simplified
the cable-stayed bridge as a single degree of freedom
vibrator-cable model and analyzed the internal resonance
dynamic response of the cable-stayed bridge under verti-
cal excitation. Wei et al. [21] considering cable sag and the
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nonlinear influence caused by mode coupling between
the beam and the cable, obtained the mode time history
curves of the beam and the cable under different internal
and external resonance.

In this paper, the partial differential equation of the in-
plane and out-of-plane coupling nonlinear vibration sys-
tem of submerged floating tunnel tether is established.
Subsequently, the coupling vibration equation reflecting
the first-order mode in the plane and out of the plane is
obtained by Galerkin method. The 1:1 mode coupling
characteristic of the submerged floating tunnel tether is
analyzed by numerical analysis, which is helpful to restrain
the vibration of anchor cable.

2 Establishment of vibration equation
of tether

The design sketch of submerged floating tunnel supported
by tethers is shown in Fig. 1. The coordinate system as shown
in Fig. 2 is established. The plane where the two ends of static
tether are connected is defined as x—y plane. The vibration
in the x—y plane is defined as in-plane vibration, and the
vibration in the x—z plane is defined as out-of-plane vibra-
tion. Assumptions: (1) the initial tension of tether is much
larger than its own gravity, and the change of tension along
the length is ignored. (2) The bending stiffness, torsional
stiffness and shear stiffness of the tether are ignored, and the
axial deformation of tether is small enough to be ignored.
(3) Only geometric nonlinearity of tether is considered, and
the tether material is linear elastic material (the deforma-
tion constitutive relation satisfies Hooke’s law). According to
Newton’s law, the in-plane and out-of-plane vibration equa-
tions of tether are established. The distance of the two ends
of static tether is L. Tis the initial tangential tension.

Fig. 1 Submerged floating tunnel supported by tethers
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Fig.2 Vibration model of tether
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In the formula, vand w are displacement measured from
the static equilibrium in y and z directions respectively. m
is the quality of tension leg unit length. 7 is the additional
tangential dynamic tension generated by the vibrating of
the tether. s is Lagrange coordinate. ¢, and ¢, are internal
damping coefficients of tether respectively.f, (t) andf,(t) are
in-plane and out-plane harmonic excitation on unit length
tether respectively. y; is buoyant unit weight of the tether.V,
is the volume per unit length of the tether. y is the sag curve
of the static tether.

According to the Morison equation, when the tether oscil-
lates, the total acting force induced by water per unit length
may be expressed as the sum of the damping force and the
additional inertial force [1].

1 - D*
Fp, = EpWDCDV|v| + CmprV (3)

1 . tD?
FDW = EPWDCDW|W| + CmprW (4)

In which, p,, is the density of water, D is the diameter of
the tether, C,, is the additional mass coefficient, Cj, is the
drag coefficient. Suppose C,, = 1,C; = 0.7 [22].

The arc length before deformation (static) and after
deformation are defined as ds and ds’ respectively. If the
influence of axial deformation is not considered, the fol-
lowing equations are obtained.

d’*s = d*x+d%y (5)

d?s’ = d’x+(dy+dv)* + d*w 6)
_ds'—ds _dy dv 1[row\? 6 [ov\?

‘T 7ds T ds ds+2[(as> +(as> 7)

In which, £ is the dynamic strain.

It is assumed that the ratio of static displacement in the
middle of the tether f to the unstretched length of tether
L ranges from nearly zero to about 1/8. With the assump-
tion, the static equilibrium position of the tether can be
approximated by the quadratic parabola.

X X

=arX(1-7)

y 1 1 (8)
In the equation, f = V,y; cos (9)L? /(8H) and the follow-

ing relation is given.

T _ds

T
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In which, H and h are static tension and dynamic ten-
sion along the chord respectively.

Based on Egs. (7) and (9), the following equation is
obtained.

3
ds 1[rov\?, [ow)?
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E and A denote the modulus of elasticity and the sectional

area respectively. Equation (11) is obtained by integrating
Eq. (10).
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Considering the excitation in y and z direction, based on
Egs. (1) and (2), Egs. (13) and (14) are obtained.
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Assuming that modal solutions of the first-order in-
plane mode and out of plane mode are written as Eqs. (15)
and (16).

v=V()- p(x) (15)

w=W(t) - px) (16)

In which, V and W are generalized coordinates of in-
plane and out of plane modes. ¢(x) and @(x) are corre-
sponding modal functions. The linear vibration mode of
tether is selected as follows [23].

_1—tan(w/2) - sin(w - x/L) — cos (w - x/L)
PL0= 1 —tan(w/2) - sin (w/2) — cos (w/2)

(17)

o(x) = sin (%) (18)

@ is determined by the following transcendental
equation.

0w\ o 4 /w\’
e (5)=5-%(5) (19)
2
V. cos0) L3EA
A2 = (st—) (20)
(HaLe)

By Galerkin method, Egs. (13) and (14) are simplified
as follows.
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L
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0
(24)

In which, m is the sum of the tether mass and added-
mass per unit unstretched length. F (t) and F,(t) are in-
plane and out of plane harmonic loads respectively, and
F,(t) = Qcosw,t, F,(t) = Rcosw,t. Q and R are in-plane
and out of plane excitation amplitudes respectively. w,,
w,, are in-plane and out of plane excitation frequencies
respectively.
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3 Numerical analysis and results

Basic parameters of tether are shown in Table 1 [24]. In the
numerical analysis, the following values are chosen unless
noted otherwise—0.0001 m for initial displacement distur-
bance of in-plane and out-of-plane, 0 for initial velocity,
2.2 kN/m for in-plane excitation amplitude and 3kN/m for
out of plane excitation amplitude.

From Table 1, it can be seen that the first mode natural
frequencies of tether of in-plane and out of plane are close
to each other. That is to say, the tether is possible to occur
1: 1 mode coupling internal resonance. Therefore, the 1: 1
mode coupling internal resonance of tether is analyzed,
in which only in-plane or out of plane load is considered.
When the in-plane frequency ratio (w, /w,, the ratio of the
in-plane excitation frequency to the first-order natural in-
plane frequency of tether) is 1 and the in-plane excitation
amplitude Q is 2.2 kN/m, the in-plane and out of plane
mid-span displacement time history curves of tether are
shown in Fig. 3. It can be seen from Fig. 3 that the in-plane
vibration of tether is rapidly excited at the initial moment.
The maximum amplitude vibration is basically maintained
within the first 100 s. Here the tether is not affected by the
out of plane load. Due to the mode coupling effect, the
out-of-plane vibration of tether is excited after 50 s. At the
same time, the in-plane amplitude of tether is reduced,
and the energy is transferred from in-plane to out of plane.

When the out-of plane frequency ratio (@, /@,, the ratio
of the out-of-plane excitation frequency to the first-order
natural out-of-plane frequency of tether) is 1.15 and the
out-of-plane excitation amplitude R is 3 kN/m, the in-plane
and out of plane mid-span displacement time history
curves of tether are shown in Fig. 4. It can be seen from
Fig. 4 that the out of plane vibration of tether is rapidly
excited at the initial moment. The maximum amplitude

Table 1 Basic parameters of tether

Parameters Value
Length/m 161.66
Cross-sectional area/(m?) 0.1878
Mass per unit length(kg/m) 1474.23
Initial velocity/(m/s) 0

Density (kg/m?) 7850
Elastic modulus/Pa 2.1 x 10"
Initial tension force/N 2572 %107
Damping ratio 0.0018

In-plane first-order natural circular frequency/(rad/s)  2.66

Out-of-plane first-order natural circular frequencies/  2.41
(rad/s)

Inclination 60°
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Fig.4 Mid-span displacement history cures of tether while w,, /@, = 1.15and R=3 kN/m

vibration is basically maintained within the first 50 s. Here
the tether is not affected by the in-plane load. Due to the
mode coupling effect, the in-plane vibration of tether
is excited after 25 s. At the same time, the out-of-plane
amplitude of tether is reduced, and the energy is trans-
ferred from out of plane to in-plane. It can be seen that
when the tether is only subjected to in-plane or out of
plane harmonic loads, if the first-order in-plane and out
of plane frequencies of tether are close to each other,
the tether is prone to occur modal coupling internal
resonance.

3.1 Influence of excitation frequency on mode
coupling internal resonance of tether

While only in-plane load is considered, the influence of
in-plane frequency ratio on the mode coupling vibration
characteristics of tether is shown in Fig. 5. It is shown that,
when the in-plane frequency ratio is within 0.9-1.02, the
out-of-plane vibration of the tether is excited. When the
in-plane frequency ratio is outside of that range, only
in-plane vibration of tether occurs. That is to say, when
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Fig.5 Relationship between maximum mid-span displacement of
tether and in-plane frequency ratio

the excitation amplitude Q is 2.2 kN/m and the in-plane
frequency ratio is within 0.9-1.02, the 1:1 mode coupling
internal resonance of tether occurs. Here the excitation
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frequency corresponding to the initial value of in-plane
frequency ratio interval is 2.394 rad/s, which is closer to
the first out-of-plane natural frequency.

While only out-of-plane load is considered, the influ-
ence of out-of-plane frequency ratio on the mode cou-
pling vibration characteristics of tether is shown in Fig. 6.
It is shown that, when the out-of-plane frequency ratio
is within 1.1-1.22, the in-plane vibration of the tether is
excited. When the out-of-plane frequency ratio is outside
of that range, only out-of-plane vibration of tether occurs.
That is to say, when the excitation amplitude R is 3 kN/m
and the out-of-plane frequency ratio is within 1.1-1.22,
the 1:1 mode coupling internal resonance of tether occurs.
Here the excitation frequency corresponding to the initial
value of out-of-plane frequency ratio interval is 2.65 rad/s,
which is closer to the first in-plane natural frequency.

To sum up, since in-plane frequency of the tether is not
exactly the same as the out-of-plane frequency, when
modal coupling internal resonance occurs, the external
excitation frequency is closer to the first-order modal fre-
quency of the non-load acting plane.

3.2 Influence of excitation amplitude on mode
coupling internal resonance of tether

In order to analyze the influence of excitation ampli-
tude on mode coupling internal resonance of tether,
it is assumed that only in-plane load is considered and
w,/w; = 1. When excitation amplitude Q changes from 0
to 3kN/m, relationship between mid-span amplitude of
tether and excitation amplitude is shown in Fig. 7. It can be
seen from Fig. 7 that maximum in-plane and out-of-plane
displacement increases as excitation amplitude increases.
Maximum in-plane displacement is always larger than that

g
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Fig.6 Relationship between maximum mid-span displacement of
tether and out-of-plane frequency ratio
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of out of plane, since only in-plane load is considered.
When the in-plane excitation amplitude is less than 1.75
kN/m, mode coupling internal resonance cannot occur.

If it is assumed that only out-of-plane load is considered
and w,,/w, = 1.15, when excitation amplitude R changes
from 0 to 3kN/m, relationship between mid-span ampli-
tude of tether and excitation amplitude is shown in Fig. 8.
It can be seen from Fig. 8 that maximum in-plane and out-
of-plane displacement increases as excitation amplitude
increases. Maximum out-of-plane displacement is always
larger than that of in-plane, since only out-of-plane load is
considered. When the out-of-plane excitation amplitude
is less than 1.75 kN/m, mode coupling internal resonance
cannot occur.

—#&—in-plane
—A—out of plane

Mid-span amplitude of tether /m

Fig. 7 Relationship between mid-span amplitude of tether and
excitation amplitude when only in-plane load is considered
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Fig. 8 Relationship between mid-span amplitude of tether and
excitation amplitude when only in-plane load is considered
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3.3 Influence of damping ratio on mode coupling
internal resonance of tether

In order to analyze the influence of damping ratio on
mode coupling internal resonance of tether, it is assumed
that only in-plane load is considered and w, /@, = 1.When
excitation amplitude Qs 2.2 kN/m and initial disturbance
is 0.0001 m, relationship between mid-span amplitude
of tether and damping ratio is shown in Fig. 9. It can be
seen from Fig. 9 that with the increase of the damping
ratio in and out of tether plane, maximum in-plane mid-
span displacement of tether decreases gradually, while
maximum out-of-plane mid-span displacement of tether
is not affected by damping ratio at all. When the damping
ratio is less than 0.015, maximum out-of-plane mid-span
displacement of tether decreases rapidly with the increase
of the damping ratio. When damping ratio reaches to the
certain range of 0.015-0.025, mode coupling internal reso-
nance does not occur. Only in-plane movement appears.
It is concluded that when excitation amplitude is a fixed
value, increasing the damping ratio may inhibit the occur-
rence of mode coupling internal resonance and effectively
reduce the mid-span amplitude of tether.

4 Discussion

According to the research results of cables for cable-stayed
bridges, when the first order natural in-plane and out-of-
plane frequencies are close or equal to each other, internal
resonance phenomenon may occur in cables. Its essence is
that the in-plane (out-of-plane) motion of the cable has an
exciting effect on that of out-of-plane (in-plane) motion.
This kind of coupling may produce a large nonlinear

L —&—in-plane
0.8 |- —4A—out of plane

Mid-span amplitude of tether /m

0.0 |- A A
1 . 1 . 1 . 1 . 1

0.000 0.005 0.010 0.015 0.020 0.025
Damping ratio

Fig.9 Relationship between maximum mid-span displacement
and damping ratio of tether

response, which is usually called internal resonance [25].
Submerged floating tunnel tether is similar to the cable
of cable-stayed bridge. The dynamic characteristics of
tether are between those of standard string and cable
with large sag, which are more inclined to the nonlinear
characteristics of the standard string. However, submerged
floating tunnel tether is in water. Its vibration is affected
by damping force and additional inertial force which are
induced by water. Thus, according to the characteristics of
the submerged floating tunnel tether, whether the tether
produces 1:1 mode coupling internal resonance is studied.
It is obtained that the tether will produce 1:1 mode cou-
pling internal resonance when certain conditions are met.
This phenomenon is similar to the findings of Lacarbonara
[14] and Zhao [19].

Since in-plane frequency of the tether is not exactly
the same as the out-of-plane frequency, when modal
coupling internal resonance occurs, the external excita-
tion frequency is closer to the first-order modal frequency
of the non-load acting plane. This phenomenon is similar
to the findings of Mei [26].

5 Conclusions

In this paper, the partial differential equation of the in-
plane and out-of-plane coupling nonlinear vibration sys-
tem of submerged floating tunnel tether is established.
According to linear vibration modes of tether, the partial
differential equation was converted into ordinary differen-
tial equations by Galerkin method and the coupled vibra-
tion equation of tether for the in-plane first mode and out-
of-plane first mode was obtained. The one-to-one mode
coupling internal resonance characteristics of submerged
floating tunnel tether was studied by numerical analysis
method.

1. Since the in-plane frequency of tether is not exactly
the same as the out-of-plane frequency, when modal
coupling internal resonance occurs, the external exci-
tation frequency is closer to the first-order modal fre-
quency of the non-load acting plane.

2. When the tether is only subjected to in-plane or out
of plane harmonic loads, if the first-order in-plane and
out of plane frequencies of the tether meet the reso-
nance conditions, the tether is prone to occur modal
coupling internal resonance.

3. When the conditions of modal coupling internal
resonance are met, with the increase of the external
excitation amplitude of the tether, the mid-span dis-
placement of the tether increases gradually. With the
increase of damping ratio, the mid-span displacement
of the tether decreases gradually.
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4, When the amplitude of external excitation is less than
a certain value, the internal resonance of tether will
not occur. When the damping ratio increases to a cer-
tain value, the internal resonance will not occur.
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