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Abstract
In this paper, we generalize the SIMPATY algorithm, which combines the SIMP method with anisotropic mesh adapta-
tion to solve the minimum compliance problem with a mass constraint. In particular, the mass of the final layout is now 
minimized and both a maximum compliance and a maximum stress can be enforced as either mono- or multi-constraints. 
The new algorithm, named MSC-SIMPATY, is able to sharply detect the material–void interface, thanks to the anisotropic 
mesh adaptation. The presented test cases deal with three different scenarios, with a focus on the effect of the constraints 
on the final layouts and on the performance of the algorithm.

Keywords Topology optimization · Stress constraint · Anisotropic mesh adaptation

1 Introduction

Topology optimization is of utmost interest in different 
branches of industrial design, such as biomedical, space, 
automotive, mechanical, architecture (see, e.g.,  [2, 13, 
19, 23, 57]). Similar formulations can also be adopted for 
the optimization of structures in different contexts, from 
fluid–structure interaction to the tailored design of mag-
netic or auxetic metamaterials [26, 36, 47, 56].

One aims at minimizing (or maximizing) a quantity of 
interest under specific design constraints, which may be 
interchanged according to the considered field of applica-
tion. A standard context leads to minimize the compliance 
of a structure for a given mass (to optimize the structure 
performance at a given cost) or, vice versa, to minimize 
the weight under a prescribed compliance (to produce a 
lightweight structure characterized by a desired stiffness).

Independently of the number of possible design speci-
fications, we are led to solve a constrained optimization 
problem, possibly in an efficient way with a view to the 
manufacturing process. Several methods are available 

in the literature driving topology optimization. Among 
these, we mention the density-based approaches [8, 10, 
46], the level-set methods [5, 53], topological derivative 
procedures [49], phase field techniques [12, 20], evolution-
ary approaches [54], homogenization [4, 9], performance-
based optimization [39]. We focus on the first class and, 
in particular, on the SIMP (Solid Isotropic Material with 
Penalization) method [9, 10, 46] where the material dis-
tribution is modeled via an auxiliary scalar field, referred 
to as density, taking values between zero (void) and one 
(material) in the design domain.

In some recent papers, a new algorithm, called SIM-
PATY (SIMP with AdaptiviTY), has been proposed to offer 
an efficient design tool for 3D printing [43, 44]. SIMPATY 
algorithm combines SIMP method with an advanced 
mesh adaptation technique based on an a posteriori 
recovery-based error analysis [58, 59]. In particular, the 
authors employ anisotropic triangular meshes [27, 28]. 
This choice leads to a very cost-effective procedure, which 
alleviates the end user from most of the post-processing 
step, towards the free-form design [25, 26, 44]. The setting 
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considered in these papers addresses the minimization of 
the compliance under a mass constraint.

In this paper, we move to a more general framework 
with a view to more complex applications, by minimiz-
ing the structure mass given a maximum stress and/or 
a maximum compliance as a mono- or multi-constraint. 
The control on the stress takes into account a real require-
ment in many contexts, since it allows us not to overcome 
a maximum limit for the mechanical resistance of the 
material [14, 37]. The SIMPATY algorithm is here modified 
into the mass-stress-compliance SIMPATY (MSC-SIMPATY) 
procedure to tackle the new optimization setting. The 
numerical verification, despite preliminary, meets the 
expectation. The designed layouts do depend on the con-
sidered constraints, and only a bound on both compliance 
and stress delivers a structure that is sufficiently stiff as 
well as failure-free under the applied loads. Moreover, the 
stress constraint turns out to be more hard to deal with, 
since the nonlinearities involved in the corresponding 
definition make the convergence of SIMPATY slower. In all 
cases, however, the predicted layouts are characterized by 
sharp interfaces between void and material, with no jag-
ged boundaries, thanks to the employment of anisotropic 
meshes, which are tailored to the density profile. This also 
makes the final layouts almost ready for 3D printing, as 
shown by the .STL files in Fig. 12.

The layout of the paper is the following. Section  2 
details the SIMP-based topology optimization procedure, 
whereas Sect. 3 deals with the corresponding numerical 
discretization. Section 4 focuses on the MSC-SIMPATY algo-
rithm, first by introducing the optimization algorithm and 
then the mesh adaptation procedure. Section 5 gathers 
some numerical tests, which alternate mono- with multi-
constrained problems. Finally, some conclusions are drawn 
in the last section.

2  The mathematical model

Several methods are available in the literature to identify 
the topologically optimal structure, contained in the initial 
domain and subject to design constraints. Among these, 
we cite approaches based on phase-field  [12, 17, 20], level 
set [3, 7, 15, 16], density-based methods [8, 10, 46], and 
more recent techniques [30, 31, 45, 51]. In this paper, we 
adopt the SIMP (Solid Isotropic Material with Penalization) 
formulation [10].

2.1  The SIMP linear elasticity equation

In a structure optimization setting, the standard mathe-
matical model is represented by the linear elasticity prob-
lem [32], i.e.,

where 𝛺 ⊂ ℝ
2 , � is the displacement, �(�) = 2��(�)+

�I ∶ �(�) is the stress tensor for an isotropic material, with 
�(�) =

(
∇� + (∇�)T

)
∕2 the small displacement strain 

tensor,

the Lamé coefficients, with E the Young modulus, � the 
Poisson ratio and I the identity tensor, � ∶ �N → ℝ

2 , is 
the load applied to a portion �N of the boundary, � is the 
unit outward normal vector to �� , �D is the portion of 
the boundary where the structure is clamped, �R is the 
segment where a roller boundary condition is assigned, 
and �F is the normal stress-free boundary, such that 
�D ∪ �R ∪ �N ∪ �F = ��.

T h e  we a k  fo r m  o f  p ro b l e m  ( 1 )  i s :  f i n d 
� ∈ U = {� ∈ [H1(�)]2 ∶ � = � on �D} , s.t.

with

where �R = �. The SIMP method modifies the elasticity 
equation by weighting (2) via the density function � , i.e., 
a continuous design variable, modeling the distribution 
of material in the design domain. A priori, the density is 
assumed to be a function in L∞(�) , taking values in the 
interval [0, 1], with the understanding that � = 0 repre-
sents the void and � = 1 the full material. To avoid non-
physical intermediate densities, the SIMP formulation 
actually resorts to a suitable power-law penalization on 
� , namely �p with p ≥ max {2∕(1 − �), 4∕(1 + �)} , which 
promotes the extreme values, 0 and 1 [6, 10].

The SIMP linear elasticity equation is thus: find � ∈ U 
s.t.

with

and ��(�) = �p[2��(�) + �I ∶ �(�)] . Notice that the penal-
ization modifies the material properties weighting the 
Lamé coefficients.

(1)

⎧
⎪⎪⎨⎪⎪⎩

−∇ ⋅ �(�) = � in�

� = � on �D

� ⋅ � = 0 on �R

�(�)� = � on �N

�(�)� = � on �F ,

� =
E�

(1 + �)(1 − 2�)
, � =

E

2(1 + �)

(2)a(�, �) = G(�) ∀� ∈ U,

a(�, �) = ∫�

�(�) ∶ �(�) d�, G(�) = ∫�N

� ⋅ � d� ,

(3)a�(�, �) = G(�) ∀� ∈ U,

(4)a�(�, �) = ∫�

��(�) ∶ �(�) d�,
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2.2  The topology optimization

To formalize the topology optimization, we have to intro-
duce a cost functional, J  , to be minimized, as well as pre-
scribed constraints. A standard choice for J  is the static 
compliance of the structure, or the total mass of the final 
layout. Concerning the constraints, (3) can be used to take 
into account the physical model at hand, whereas other 
constraints are added to include design specifications, 
such as an upper bound on the local stresses or on the 
fundamental frequency of vibration. According to the 
application of interest, cost functional and constraints can 
become interchangeable.

Thus, a general topology optimization problem can be 
formulated as: find � ∈ L∞(�) s.t.

where Ci(�(�), �) ≤ ci enforces a generic inequality con-
straint, with ci the corresponding upper bound and nC the 
total number of constraints, while the two-sided inequality 
ensures the elasticity system in (3) to be well-defined, with 
0 < 𝜌min < 1.

In previous works, we focused on the minimization 
of the compliance, C , subject to a maximum allowable 
mass [25, 26, 44], so that J = C , nC = 1 , C1 = M , with

the volume fraction set to a desired value c1.
The goal pursued in this paper is more challenging, 

since we are interested in solving a multi-constrained 
optimization problem. In particular, we set in (5) J = M , 
nC = 2 , C1 = S and C2 = C , where

approximates the maximum density-weighted von Mises 
stress

� being as large as possible [37] (for a sensitivity analysis to 
� , we refer, e.g., to [55]), with �ij the ij-th component of the 
strain tensor, and ps an exponent penalizing intermediate 
densities, but possibly different from p used in (4). Actu-
ally, several approaches are available in the literature to 

(5)min
�∈L∞(�)

J(�(�), �)∶

⎧⎪⎨⎪⎩

a�(�(�), �) = G(�) ∀� ∈ U

Ci(�(�), �) ≤ ci , i = 1,… , nC
�min ≤ � ≤ 1,

(6)C(�(�), �) = C(�(�)) = ∫�N

� ⋅ �(�) d� ,

(7)M(�(�), �) = M(�) =
1

|�| ∫�

� d�,

(8)S(�(�), �) = ||�VM(�(�), �)||L� (�)

�VM(�(�), �) = �psE

√
�2
11
+ �2

22
− �11�22 + 3�2

12
,

formalize the dependence of the stress field on the design 
variable, essentially adopting different penalizations [14, 
17, 18]. The choice in (8) is the most straightforward one in 
view of the employment of the SIMP method. Thus, prob-
lem (5) becomes: find � ∈ L∞(�) s.t.

with Cmax and Smax a maximum upper bound on the com-
pliance and on the von Mises stress defined in (8), respec-
tively. Problem (9) amounts to minimizing the mass of the 
structure while ensuring a certain stiffness and stress.

3  The numerical discretization

We resort to a standard finite element approximation in 
order to numerically solve problem (9). This yields the dis-
crete formulation: find �h ∈ Vr

h
 s.t.

where it is understood that �h(�h) ∈ Us
h
 , and Us

h
 and Vr

h
 are 

the finite element spaces of vector and scalar functions of 
degree s and r, respectively, associated with a conforming 
triangular tessellation, Th , of the domain � [22].

Formulation (10) usually exhibits some drawbacks, the 
two main being the dependency of the optimal layout 
on the computational mesh and the presence of check-
erboards, namely, of alternating solid and void elements 
in a checkerboard pattern [10, 48]. The first issue is a con-
sequence of the non-uniqueness of the solution to the 
optimization problem, while the second one depends on 
the two-field (density–displacement) formulation. Explicit 
limitations and filtering of the density distribution miti-
gate these two concerns [11, 38]. Another possible solu-
tion to checkerboards consists in using higher order finite 
elements for the displacement with respect to the den-
sity (i.e., we set s ≥ r in (10)). On the contrary, the non-
uniqueness of the solution remains an issue, whatever the 
selected discretization.

Other minor issues of formulation (10) are grayscale 
(presence of intermediate densities) and staircase (jagged 
boundaries at the void–material interfaces) effects, and 
the geometric complexity of the final design (thin struts 
hard to be 3D-printed).

In [44], a new method is proposed to tackle the two 
last issues. The authors prove the effectiveness of SIMPATY 

(9)min
�∈L∞(�)

M(�) ∶

⎧
⎪⎨⎪⎩

a�(�(�), �) = G(�) ∀� ∈ U

S(�(�), �) ≤ Smax

C(�(�)) ≤ Cmax

�min ≤ � ≤ 1,

(10)min
�h∈V

r
h

M(�h) ∶

⎧⎪⎨⎪⎩

a�(�h(�h), �h) = G(�h) ∀�h ∈ Us
h

S(�h(�h), �h) ≤ Smax

C(�h(�h)) ≤ Cmax

�min ≤ �h ≤ 1,
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algorithm, which merges the SIMP approach with an ani-
sotropic mesh adaptation. SIMPATY provides a mesh fitting 
the sharp gradients of the density, possibly without any 
filtering. This allows us to drastically reduce any post-pro-
cessing before manufacturing [43], in contrast to standard 
topology optimization software. Moreover, mesh adapta-
tion admits the employment of linear finite elements for 
the (�(�), �) pair, without giving rise to undesirable check-
erboards. Finally, this new design paradigm enables us to 
move towards a free-form design, both at a macro- and at 
a micro-scale [25, 26, 44].

4  The MSC‑SIMPATY algorithm

The mass-stress-compliance (MSC) variant of the SIMPATY 
algorithm alternates a minimization and a mesh adapta-
tion step, separately detailed in the next two sections.

4.1  The optimization procedure

Two recurrent numerical methods to tackle problem 
(10) are the Interior Point OPTimizer (IPOPT) [52] and the 
MMA [50] algorithms. We choose IPOPT, being directly 
embedded in the software ������� + +[34], which is a 
very handy tool both to discretize variational formulations 
and to efficiently manage metric-based mesh adaptation 
procedures.

IPOPT is a large-scale nonlinear optimization package, 
which includes both equality and inequality constraints 
via suitable slack variables. With reference to the generic 
problem (5), the main parameters to be passed to IPOPT 
are the functional J  , the quantities, Ci , ci , �min , involved in 
the constraints, the gradient of the functional and of the 
constraints with respect to � , the initial guess, ��

h
 , together 

with the maximum number, ��� , of iterations and the tol-
erance, ���� , for the built-in stopping criterion. Actually, 
at this stage, all the involved functionals have to be meant 
as functions of � , and the SIMP linear elastic equation in 
(5)1 is taken into account explicitly, so that � ↦ �(�) iden-
tifies the solution map. Concerning the computation of 
the gradients, we have adopted the standard Lagrangian 
approach  [10]. In particular, we exploit the derivation 
in [44] for the compliance and in [14] for the stress. On 
the discrete level, all of these gradients are approximated 
by continuous piecewise affine finite elements. Thus, the 
basic command syntax for ����� is

Other parameters can be added to this basic call (we refer 
to [52] for further details). The output of ����� is the opti-
mal density.

4.2  The anisotropic mesh adaptation procedure

The adapted anisotropic mesh is generated by a metric-
based procedure  [29], driven by an a posteriori error 
estimator [1]. In particular, we resort to an anisotropic 
variant of the Zienkiewicz–Zhu estimator, � , to efficiently 
estimate the H1-seminorm of the discretization error, 
||∇� − ∇�h||L2(�) , associated with the density  [58]. The 
rationale behind this choice is that we do expect large val-
ues for the H1-seminorm of such an error where the den-
sity exhibits steep gradients, i.e., across the material–void 
interfaces. It is well known that anisotropic meshes are 
an ideal tool to detect sharp directional features [21, 33]. 
Moreover, recovery-based error estimators are very cheap 
to implement and quite general, depending only on the 
density and not on the target criteria.

Following  [41], the error estimator coincides with 
�2 =

∑
K∈Th

�2
K
 , with

where �i,K  and �i,K  represent the anisotropic information 
required to build the adapted mesh. In particular, �i,K , with 
�1,K ≥ �2,K  , measure the lengths of the semi-axes of the 
ellipse circumscribed to the generic element K of Th , while 
�i,K  provide the direction of the corresponding axes. The 
lengths �i,K can be employed to measure the deformation 
of K, i.e., the aspect ratio sK = �1,K∕�2,K ≥ 1 . Moreover, 
E∇ =

[
P(∇�h) − ∇�h

]
�K

 denotes the recovered error, i.e., the 
mismatch between the exact discrete gradient, ∇�h , and 
the recovered gradient,

coinciding with the area-weighted average of the discrete 
gradient on the patch �K of the elements sharing at least 
a vertex with K [24, 41, 42]. Finally, G�K

(⋅) ∈ ℝ
2×2 is a sym-

metric positive semidefinite matrix with entries

�����(J,∇�J,Ci ,∇�Ci , �
�
h
, �min, ci , ���, ����,…).

(11)�2
K
=

1

�1,K�2,K

2∑
i=1

�2
i,K

(
�
T
i,K
G�K

(
E∇

)
�i,K

)
,

P(∇�h)|�K
= |�K |−1

∑
T∈�K

|T |∇�h|T ,
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for any vector-valued function � = (w1,w2)
T ∈ [L2(�)]2.

The local estimator, �K , is now used in a predictive way 
to compute an optimal metric, minimizing the cardinality, 
#Th , of the new mesh, and satisfying an error equidistribu-
tion criterion,

with ��� the desired accuracy on the global estimator � . 
These two requirements lead to solve an elementwise 
constrained optimization problem, which admits a unique 
explicit solution [41, 42],

with |�̂K | = |�K |∕(�1,K�2,K ) , {gi , �i}i=1,2 the eigen-pairs 
associated with the scaled matrix G�K

(E∇)∕|�K | , with 
g1 ≥ g2 > 0 , 

{
�i

}
i=1,2

 orthonormal vectors. The optimal 
quantities, �opt

i,K
 and �opt

i,K
 with i = 1, 2 , represent the input 

to a metric-based mesh generator since they describe the 
distribution of lengths and directions (i.e., the metric) of 
the new adapted mesh. ������� + + turns out to be an 
ideal tool for this purpose [34].

Thus, in general, we distinguish two phases, i.e., the 
metric computation,

and the mesh adaptation

Function ������ computes elementwise the optimal 
quantities in (14), so that �opt

i
||K = �

opt

i,K
 and �opt

i
||K = �

opt

i,K
 , 

while function ��������� generates the adapted mesh 
matching the metric just computed [29, 40].

4.3  The whole algorithm

The MSC-SIMPATY algorithm combines, in a sequential 
manner, the optimization with the anisotropic mesh 
adaptation. This algorithm represents a variant of the one 
proposed in [44] and filed in the pending patent [43]. Algo-
rithm 1 shows the pseudo code of MSC-SIMPATY.

(12)
[
G�K

(�)
]
i,j
=

∑
T∈�K

∫T

wi wj dT with i, j = 1, 2,

(13)�2
k
≃

����

#Th
,

(14)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

�
opt

1,K
= g

−1∕2

2

�
����

2#Th ��̂K �

�1∕2

,

�
opt

2,K
= g

−1∕2

1

�
����

2#Th ��̂K �

�1∕2

,

�
opt

1,K
= �2, �

opt

2,K
= �1,

[
�
opt

1
, �

opt

2
, �

opt

1
, �

opt

2

]
= ������

(
Th, �h, ���

)
;

T
opt

h
= ���������

(
Th, �

opt

1
, �

opt

2
, �

opt

1
, �

opt

2

)
.

The main input parameters are: the tolerance for the 
optimization, ���� , and for the mesh adaptation, ��� ; the 
tolerance ���� and the maximum number of iterations, 
���� , to stop the whole algorithm when the mesh cardinal-
ity does not change appreciably or the maximum number 
of iterations is reached; the upper bounds for the compli-
ance and the stress, Cmax and Smax , respectively; the mini-
mum value, �min , for the density, and the initial mesh T 0

h
 . 

We observe that parameter ���� may change throughout 
the iterations. In particular, in the next section, ���� is set 
to a large value only on the first iteration so that IPOPT gets 
very close to the optimal solution on the initial mesh. On 
the contrary, a smaller value is expected to suffice for the 
successive iterations to strike a balance between quality of 
the solution and non-optimality of the mesh.

Fig. 1  L-shaped bracket domain
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5  Verification of MSC‑SIMPATY 

We focus on a benchmark test case to assess Algorithm 1. We 
consider the topology optimization of the L-shaped bracket 
in Fig. 1. In particular, we solve problem (1) in the domain � 
coinciding with the L-shaped region (0, 10]2�[4, 10]2 , whose 
internal corner has been rounded via a quarter of a circum-
ference, centered at (4.05, 4.05) with radius 0.05. This regu-
larization has been applied to avoid the standard corner 
singularity for the stress [37]. Concerning the other data, 
�D = {(x, y) ∶ x ∈ [0, 0.1], y = 10},  �R = {(x, y) ∶ x ∈ (0.1,

4], y = 10},   �N = {(x, y) ∶ x = 10, |y − 2| ≤ 0.5},   �
F

= ���(�
D
∪ �

N
) and � = [0, 6(y − 1.5)(y − 2.5)]T . The para-

bolic profile of the load prevents any discontinuity along the 
right side and ensures that ∫

�N
� dy = [0,− 1]T . The elastic 

parameters are set to E = 1  and � = 0.3 , whereas we choose 
p = 3 in (4), and � = 10 and ps = 0.5 in (8).

We consider three different scenarios: 

1. only the compliance constraint in (10) is active;
2. only the stress constraint in (10) is switched on;
3. both the constraints in (10) are considered.

The next sections are devoted to analyze these three set-
tings, separately. Obviously, the input parameters as well 
as the IPOPT syntax will be modified accordingly in the 
case of a mono-constrained problem.

5.1  Compliance‑constrained topology optimization

We run MSC-SIMPATY algorithm, with the following 
input parameters: ���� = 10−4 , ��� = 0.15 , ���� = 0.10 , 
���� = 10 , Cmax = 2C0 , C0 = 107.13 being the compliance 
associated with the full structure (i.e., � = 1 for any � ∈ � ), 
�min = 10−3 . We employ an initial uniform mesh, T 0

h
 , con-

sisting of 9266 triangles, which has been isotropically 
refined around the inner corner over a circular region of 
radius 0.25 with a mesh size equal to 0.05. This local refine-
ment is maintained throughout all the MSC-SIMPATY itera-
tions as well as in all the numerical assessment. Moreover, 
the parameter ���� in ����� is set to 180 for � = � and to 
10 for � > �.

MSC-SIMPATY algorithm converges after 6 iterations, 
with errM= 0.049 and a final adapted mesh with 32,381 
elements. Figure 2 shows the corresponding density, ��

h
 , 

which exhibits a layout characterized by several struts 
hinged at the inner corner, analogously to [14, 37]. This 
is standard for a minimum-compliance problem, where 
the stiffness of the configuration is increased with the 
introduction of substructures. The optimal layout is 

characterized by a remarkable mass reduction, the volume 
fraction being M = 0.383 , and the compliance constraint 
is satisfied, being C = 197.12 ≤ Cmax = 214.26.

The benefits due to the anisotropic mesh adaptation 
are evident from the sharp material/void interface. Fig-
ure 3 shows the final adapted mesh, characterized by a 
maximum aspect ratio smax

K
= maxK∈Th

sK = 480.92.
Finally, in Fig. 4, we show the results of a structural 

analysis, based on the von Mises yield criterion. It is evi-
dent that the maximum stress is attained around the inner 

Fig. 2  Compliance-constrained optimization: density distribution

Fig. 3  Compliance-constrained optimization: anisotropic adapted 
mesh
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corner. Notice that, in this and, analogously, in Figs. 7 
and 10, the values are scaled to the maximum pointwise 
value, �max

VM
= 24.93 . We consider as reference, the value 

for S associated with the full structure, i.e., S0 = 4.17 . The 
value for S on the optimized structure is 11.77. This sug-
gests that the introduction of a stress-constraint is advis-
able with a view to a resistant structure.

5.2  Stress‑constrained topology optimization

The input parameters to MSC-SIMPATY are now: 
���� = 10−4  ,  ��� = 0.12 ,  ���� = 0.10  ,  ���� = 10  , 
Smax = 5S0 , with S0 defined as in the previous section, 
�min = 10−3 , and T 0

h
 as in the previous scenario. Parameter 

���� is set to ���0 = 430 , and ���� = 10 for � > 0 . The ini-
tial large value for this parameter is justified by the much 
slower convergence of the algorithm with respect to a 
compliance-constrained optimization, due to the nonlin-
earity associated with the stress definition.

Convergence of Algorithm 1 is achieved after 4 itera-
tions, with the final layout characterized by a volume frac-
tion, M , equal to 0.350 (see Fig. 5). Although this value is 
comparable with the one in the compliance-constrained 
case, we remark the different material distribution in the 
design domain. In particular, this new structure is char-
acterized by less and thicker struts and some material 
removal around the inner corner [35, 55].

Figure 6 shows the anisotropic adapted mesh consist-
ing of 11,026 elements, with a maximum aspect ratio 
smax

K
= 147.86 , and a corresponding stagnation error 

errM = 0.084 , while Fig. 7 displays the von Mises stress 
distribution. On comparing qualitatively Figs. 4 and 7, 

we can appreciate that, in the second figure, the stress 
is more localized around the inner corner, together with 
a more homogeneous stress distribution along the side 
{(x, y) ∶ x = 4, y ∈ [4, 10]} . The maximum von Mises 
stress is �max

VM
= 16.87.

From a quantitative viewpoint, the value for S is 8.34, 
which coincides with the specified bound, 8.34. Concern-
ing the compliance, we have that C = 404.95 > Cmax.

A cross-comparison between a compliance-con-
strained and a stress-constrained settings confirms that 
to design a structure sufficiently resistant and stiff the 
two constraints have to be enforced simultaneously.

Fig. 4  Compliance-constrained optimization: von Mises stress dis-
tribution

Fig. 5  Stress-constrained optimization: density distribution

Fig. 6  Stress-constrained optimization: anisotropic adapted mesh
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5.3  Compliance‑ and stress‑constrained topology 
optimization

We perform the last run of Algorithm  1 by selecting 
the following input data: ���� = 10−4 , ��� = 0.15 , 
���� = 0.10 , ���� = 10 , Cmax = 2C0 , Smax = 5S0 , with C0 
and S0 defined as above, �min = 10−3 , and the same ini-
tial mesh, T 0

h
 , as in the two previous sections. Parameter 

���� for ����� is fixed to 180 and 10 for the first and the 
successive iterations, respectively.

MSC-SIMPATY algorithm converges after 6 iterations 
with errM = 0.022 . The optimized layout shown in Fig. 8 
is characterized by a volume fraction M equal to 0.380, 
which is very close to the value obtained in the compli-
ance-constrained case. This structure exhibits a topology 
essentially comparable with the one in Fig. 2.

The constraint on the compliance is fully satisfied, 
being C = 195.59 ≤ 214.26 , whereas the check on the 
stress yields S = 8.42 , which is very close to the bound 
Smax = 8.34.

Figure 9 shows the final anisotropic adapted mesh, 
which is characterized by 35,132 elements and by a max-
imum aspect ratio smax

K
= 294.83 . We observe that, for the 

same accuracy, ��� , the mesh associated with the stress-
constrained problem requires about one third elements 
with respect to the other configurations.

Concerning the stress distribution in Fig. 10, we obtain 
the value �max

VM
= 16.87 . We observe that the inclusion of 

the stress constraint considerably improves the structure 
performance both in terms of �max

VM
 and of S , when com-

pared with the compliance-constrained setting.

Fig. 7  Stress-constrained optimization: von Mises stress distribu-
tion

Fig. 8  Compliance- and stress-constrained optimization: density 
distribution

Fig. 9  Compliance- and stress-constrained optimization: aniso-
tropic adapted mesh
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Finally, in Fig. 11, we plot the trend of the volume 
fraction throughout the iterations. The vertical bars 
highlight the steps where mesh adaptation occurs. We 
observe that a large number of iterations is required to 
reduce the volume fraction from 1 to about 0.38 on the 
initial fixed mesh. In the successive small windows the 
algorithm tries to explore other configurations, which 
are then ruled out, likely because unfeasible.

Fig. 10  Compliance- and stress-constrained optimization: von 
Mises stress distribution

Fig. 11  Compliance- and stress-constrained optimization: conver-
gence history of the volume fraction

Table 1  MSC-SIMPATY algorithm: quantitative comparison among 
the three optimization procedures

C S C + S

M 0.383 0.350 0.380
C 197.12 404.95 195.59
S 11.77 8.34 8.42
�max

VM
24.93 16.87 17.31

Iterations 6 4 6
#Th 32,381 11,026 35,132
smax

K
480.92 147.86 294.83

Fig. 12  MSC-SIMPATY algorithm: extruded 3D structures converted 
in the STL file format
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6  Conclusions

SIMPATY algorithm has been challenged on more real-
istic settings with respect to the ones in  [25, 44], the 
structure mass being now minimized under a single- as 
well as a multi-constrained context. In particular, we 
have selected the compliance and the von Mises stress 
as the quantities to be controlled. This generalization 
led to the new MSC-SIMPATY algorithm, which preserves 
the advantages characterizing the original procedure. 
Among these, we cite the capability to sharply and 
smoothly capture the material/void interface and the 
possibility to avoid any post-processing.

As far as the structural analysis is concerned, the pro-
posed algorithm is capable of delivering mechanically 
reliable structures in terms of both maximum stress and 
compliance, as confirmed by the quantities gathered in 
Table 1.

Next steps include the generalization to a 3D setting 
together with an extensive validation. As a preliminary 
attempt towards a 3D-printing process, we show in Fig. 12 
the 3D structures obtained by extrusion starting from the 
density distribution in Figs. 2,  5 and 8, respectively and 
saved in an STL file, which is the standard format required 
by 3D printers. Although these are very preliminary results, 
we can appreciate the high smoothness of the structures 
and the sharp definition of their boundaries.
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