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Abstract
Geotechnical engineering is considered one of the oldest disciplines in civil engineering. To date, to extract hidden 
information, numerical simulations have been performed using the traditional grid-based numerical approach in the 
Eulerian framework. However, this may not capture some geotechnical engineering problems caused by the large defor-
mations of geomaterials. Therefore, in this research, an attempt is made to develop a particle-based method using 
smoothed particle hydrodynamics (SPH), which has proven to be an effective option for modeling geomaterials, to solve 
these problems through running different sets of numerical simulations. The developed model is validated using some 
benchmark solutions and then two important geotechnical problems, namely the bearing capacity and seepage flow 
profiles, are simulated. The simulated results represent the actual scenario quite well. Also, the flow process in terms of 
the accumulated strain is evaluated at different times, with the model justifying the proposed approach for simulating 
geotechnical problems.

Keywords SPH · Soil–water coupling · Drucker–Prager model · Bearing capacity

1 Introduction

Geotechnical engineering is one of the main branches 
of civil engineering and its significance has been recog-
nized since the early age of modern history. As the ulti-
mate goal of any structural design is to transmit super 
structural loads to a firm soil layer, it is of primary impor-
tance to evaluate certain soil parameters, especially their 
index and engineering properties. Numerous research 
studies have been conducted to determine the proper-
ties of geomaterials and gain insights into soils under 
applied loads. Although reliable experimental facilities 
have been developed and perform quite well, it is time 
to develop an alternative approach for ascertaining these 
properties using numerical simulations and analyses 
which can extract their mechanics and gain insights into 

this phenomenon. The advent of computational facili-
ties and recent rapid development of appropriate tools 
have enabled sophisticated numerical models to simulate 
practical problems [1]. To date, the finite element method 
(FEM) based on an Eulerian framework is considered the 
most efficient numerical tool used in different branches 
of engineering [2]. Its basic formulation requires discretiz-
ing the entire domain into small pieces which makes it a 
grid-based method. However, if there is a large deforma-
tion that severely distorts the mesh, an entire simulation 
will eventually blow up. Although some FEM develop-
ments found in technical writings incorporate arbitrary 
Lagrangian behaviors [3], they are not always capable 
of realistically simulating large deformation processes. 
In addition, the finite difference method (FDM) has been 
used in many applications, together with FEM, to capture 
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the entire deformation process. However, the large defor-
mation phenomena, moving frames, and the necessity 
of capturing free surface flow restrict the use of FDM in 
large deformation geotechnical problems [2]. The above 
discussion indicates the need to develop an alternative 
approach for analyzing large deformation geomechanical 
problems. Recently, particle-based method for improving 
the limitation of a FEM for capturing large deformations 
using the Lagrangian’s nature to track the motion of each 
point was proposed [2]. Of various particle-based meth-
ods, the discrete element model (DEM) was developed in 
1970 to simulate the behaviors of granular materials [4]. 
Although its discrete particle nature can reproduce differ-
ent geotechnical engineering applications quite well, it is 
computationally expensive and has some shortcomings in 
formulating the coupled analysis. Moreover, specification 
of DEM parameters is somewhat ambiguous and reliable 
guidelines have not yet established [5]. Another important 
numerical tool is the material point method (MPM) which 
uses a background mesh behind the particle assembly 
[6] and is capable of reproducing different geotechnical 
applications considering both single-phase materials 
and coupled problems [7, 8]. However, distortions of the 
background mesh may restrict its use in many instances. 
Other tools, such as the finite volume method (FVM) and 
moving particle semi-implicit (MPS) approach, have been 
used in a few applications but their simulation results are 
not consistent. The SPH tool was developed in the late 
1970s with the aim of solving astrophysical problems [9]. 
Its true particle nature with no connectivity makes it popu-
lar and robust while its formulation is easy and its solution 
algorithm straightforward [10]. Considering its capability 
for handling boundary particles, Lagrangian nature and 
simple formulation has attracted researchers in different 
branches of engineering to use it in fields such as fluid 
dynamics, viscous flow, wave over-topping and dam-break 
flooding [11–22]. Furthermore, its application has been 
extended to simulating landslide dynamics, slope failures, 
fluid–solid interactions and associated problems [5, 23–32] 
and, in the preceding cases which involve large deforma-
tions, it performs quite well for replicating real instances 
[33–36]. Therefore, given all SPH’s positive attributes, its 
extension to simulating traditional geotechnical engineer-
ing problems is a breakthrough in numerical modeling.

Among various geotechnical engineering problems, 
the bearing capacity of soils is of crucial importance as 
the ultimate loads of any superstructure is transmitted to 
the sub-soil. Besides, seepage occurs for earth retaining 
structures and often leads to failure of the system. The SPH 
method can also be checked to simulate some geotech-
nical experiments. Notably, permeability and shear tests 
are very much crucial in geotechnical engineering. There-
fore, considering the above scenario, this research aimed 

to develop an SPH tool considering elasto-plastic soil and 
soil–water coupling phenomenon. Afterward, the SPH 
was validated through known geotechnical engineering 
experiments, and finally, the bearing capacity and seepage 
phenomenon of the soils were quantitatively investigated. 
The methods used and findings obtained from this study 
are discussed in later sections.

2  Fundamentals of particle method: 
smoothed particle hydrodynamics (SPH)

The basic concept of the particle method is fully estab-
lished in a SPH framework as any shape of the problem 
domain can be set in it because there is no connection 
among the particles. Each particle contains its own individ-
ual properties, i.e., mass, density, velocity, etc., which are 
updated from those of surrounding ones within a specific 
range using a smoothing kernel. Then, numerical integra-
tion is performed to update each particle’s position and 
the simulation continues until the desired time or velocity 
is reached. The first step in SPH is the integral representa-
tion of a field function mathematically expressed as

where f (x) is a function of the three-dimensional position 
vector (x) and 

(
x − x�

)
 the Dirac delta function given by

In Eq. (1), Ω is the area of the integration containing 
x and x′ . Since the Dirac delta function is used, this inte-
gral representation is exact providing f (x) is defined and 
continuous in Ω. Then, the delta function is replaced by a 
smoothing function ( W

(
x − x�, h

)
 ) and the integral repre-

sentation is

where h is the smoothing length that defines the domain 
of influence of the smoothing kernel and W(x − x� , h) the 
kernel or smoothing function. While there are many ker-
nel functions, this study uses the cubic spline one which 
has been widely used because it is similar to a Gaussian 
function which is considered the best choice as it is very 
stable and accurate but is not theoretically compact as it 
never goes to zero. Therefore, it will be computationally 
more expensive than other functions as a long distance 
is required for it to become practically close to zero. The 

(1)f (x) = ∫Ω
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)(
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cubic spline function, which has the advantages of the 
Gaussian one and also compact support, has the form

where q = |x − x�|∕h and �d =
1

h
,

15

7�h2
,

3

2�h3
 in one, two and 

three dimensions, respectively.
The next step is particle approximation which is rep-

resented as

with its derivative

where

where rij is the distance between particles i and j.
This SPH formulation is based on Navier–Stokes equa-

tions which state the conservation of mass, momentum 
and energy. If the Greek superscripts α and β denote the 
coordinate directions, that is, the repeated indices used 
for summation, these equations consist of the respective 
continuity and momentum ones.

with their respective SPH formulations

An additional dissipative term is added to the momen-
tum equation to prevent any non-physical penetration 
and/or clumping of particles [37]. The most commonly 
used dissipation term is artificial viscosity and its math-
ematical formulations is

(4)W(q, h) = 𝛼d
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To simulate the particles in a more orderly manner, 
an artificial compressibility technique called XSPH is 
introduced in the SPH formulation and, according to it, 
a particle moves in the following way.

where ε is a constant in the range of 0–1.0. Using XSPH 
reduces the pressure fluctuations in a simulation which 
is a typical problem encountered with a weakly com-
pressible SPH.

3  Constitutive law

Selecting the appropriate constitutive law is the core of 
any numerical tool. As elastic modeling in soil mechan-
ics does not replicate a real soil’s actual behavior, which 
is elasto-plastic under applied loads, the traditional elas-
tic-solid model is not valid for geotechnical applications. 
Therefore, the elasto-plastic Drucker–Prager (D-P) model 
is chosen for the current study. As the stress tensor in the 
momentum equation requires a constitutive relationship, 
the detailed formation of a constitutive model is

where ��� is the total stress tensor, ��� the Kronecher’s 
delta, p the isotropic pressure and s�� the deviatoric shear 
stress tensor.

The geomaterial is modeled as an elastic-perfectly plas-
tic material with the definition of the strain rate ( �̇�𝛼𝛽)

(12)
�

ij
=

⎧
⎪⎨⎪⎩

−𝛼∏
−
cij∅ij+𝛽∅

2

ij
−
𝜌
ij

vij ⋅ xij < 0

0 vij ⋅ xij ≥ 0

(13)∅ij =
hijvij .xij

|||xij
|||
2

+ ∅2

(14)
−
cij =

1

2
(ci + cj)

(15)
−
�
ij =

1

2
(�i + �j)

(16)hij =
1

2
(hi + hj)

(17)vij = vi − vj , xij = xi − xj

(18)
dxi

dt
= vi − �

∑
j

mj

�j
vijWij

(19)��� = −p�� + s��



Vol:.(1234567890)

Research Article SN Applied Sciences (2020) 2:687 | https://doi.org/10.1007/s42452-020-2379-y

Which combines the elastic and plastic strain rates as

The elastic strain rate is calculated using the generalized 
Hooke’s law as

where ṡ′𝛼𝛽 is the deviatoric stress rate and �̇�′𝛾𝛾 the sum-
mation of the three components of the normal stress rate

The plastic strain rate is computed using the plastic flow 
rule

where �̇� is the rate of change in the plastic multiplier 
and  gp the plastic potential function that specifies the 
direction in which the plastic strain will develop. For non-
associated type of flow rule, gp does not coincide with the 
yield function (f) of the material and the value of λ can be 
determined by the consistency condition

Then, the total strain rate tensor is

Now, the general stress–strain relationship for an elas-
tic-perfectly plastic material is

The yield criterion for the D-P model is expressed as

where I1 and J2 are the first and second invariants of the 
stress tensor, respectively, defined by
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ṡ�𝛼𝛽

2G
+

1 − 2𝜐

3E
�̇��𝛾𝛾𝛿𝛼𝛽 + �̇�

𝜕gp

𝜕𝜎�𝛼𝛽

(27)

d𝜎�𝛼𝛽

dt
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and αφ and kc two D-P constants related to the soil 
cohesion (c) and frictional angle (φ) as

The non-associated plastic flow rule is adopted, with 
the plastic potential function given by

The stress–strain relationship considering the Jau-
mann stress rate for the D-P model is

where

4  Soil–water two‑phase model

The discussion in the previous section does not consider 
the effect of water particles in soil mechanics. As a cou-
pled model can describe the real nature of a saturated 
soil well, a two-phase soil–water model is developed to 
simulate the interactions between water and soil, with a 
seepage force assumed. The water flowing through the 
pore space of the porous soil will exert a seepage force on 
the soil’s structure and vice versa. The schematic layout of 
the two-phase model is depicted in Fig. 1 and the seep-
age flow estimated using the traditional soil mechanics 
formula

where �w is the unit weight of water, and n the poros-
ity and k the co efficient of permeability of the soil. In this 
model, the momentum equation for soil is rewritten as
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where pwi and pwj are the pore water pressures on the 
respective soil particles.

The momentum equation for water is

5  Validation of SPH model

As, prior to applying any developed tool, it is necessary to 
validate the model, following the general concept, three 
benchmark tests, simple shear, granular flow and perme-
ability ones, were chosen for this purpose, with details of 
each provided in this section.

5.1  Simple shear test

A simple shear test is a very effective way of checking the 
accuracy of a model. For it, a soil layer of 30 cm × 30 cm 
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was modeled in the SPH framework using a total of 900 
particles, with a constant velocity applied to it to repre-
sent the simple shear condition. The parameters used in 
the simulation are summarized in Table 1. Measurements 
of the stress, strain and stress invariants were taken from 
the central area of the soil sample. The results of the 
simulation were compared with the analytical solution 
for the failure surface of D-P model, the initial and final 
configurations of which are shown in Fig. 2.

Fig. 1  Illustration of two-phase 
model

Table 1  Parameters used for simulation of simple shear test

Number of soil particles, N 900

Initial particle spacing (m), Δd 0.01
Smoothing length (m), h 0.012
Duration of a time step (s), ∆t 0.00001
Density (kg/m3), ρ 1800
Artificial viscosity parameter α,β 1.0
Modulus of elasticity (MPa), E 15
Poisson’s ratio, ν 0.35
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Figure 3 depicts the stress–strain relationship within 
the elastic range as linear, with the slope of the line the 
shear modulus (G) of the material which was found to be 
5.55 MPa for the input parameters. Also, the stress–strain 
relationships for three different cohesion values are plot-
ted in Fig. 4. It was determined that, with an increase in 
the cohesion value, the yield stress also increased and 
remained constant after reaching the failure surface. 
The stress paths for the same strength parameters are 
plotted in Fig. 5 and the failure surface obtained by SPH 
satisfactorily matched the analytical one. It was found 
that the D-P constants of this failure surface were exactly 
the same as those of the input values. As the results for 
different confining pressures also agreed well with the 

analytical solutions, overall, the SPH simulation success-
fully replicated the simple shear test.

5.2  Granular flow test

A typical granular flow was simulated to validate the 
numerical model developed. In it, exactly the same 
geometric and material properties of the benchmark 
experimental model [5] were used with an initial spacing 
of 0.0025 m. Its initial setup is shown in Fig. 6, and the 
parameters used in the simulation presented in Table 2. 
The failure surface of the broken column indicates a com-
prehensive similarity to the previous results, with the 
distributions of the progressive maximum shear strains 
at different times shown in Fig. 7. Although no data were 
available to check the progressive failure surface, it is clear 
that there were increases in the maximum shear strain. 

Fig. 2  Initial and deformed shapes obtained from simple shear test

Fig. 3  Stress–strain relationship of elastic material obtained from 
simple shear test by SPH

Fig. 4  Plots of shear stresses and strains for different cohesion val-
ues obtained from simple shear test by SPH

Fig. 5  Stress paths obtained from simple shear test by SPH



Vol.:(0123456789)

SN Applied Sciences (2020) 2:687 | https://doi.org/10.1007/s42452-020-2379-y Research Article

The flow pattern and flow surface coincide well with the 
experimental results provided in Bui et al. [5]

5.3  Falling head permeability test

The two-phase model was validated by simulating the 
conventional falling head permeability test. The head 
differences (h) at different time intervals were recorded 
and divided by the length of the soil sample (L) to obtain 
the hydraulic gradient (i) that is, i = h/L. The local veloc-
ity in the middle section of the soil sample was measured 
and multiplied by the porosity of the soil (n) to calculate 
the average velocity (v) that is, v = vlocal X n, with defini-
tions of the terms provided in Fig. 8. By using Darcy’s law, 
k = v/i was determined and the values of k obtained from 
the simulation compared with the input ones, with the 
parameters used presented in Table 3. Figure 9 illustrates 
the relationship between the hydraulic gradients and aver-
age velocities obtained, with all the lines passing through 
the origin indicating that, if h = 0, there was no velocity. 
Figure 10 shows the k values determined through dividing 
the average velocity by the hydraulic gradient at different 

times which were found to be stable during the entire 
simulation. A comparison of the average k values for the 
total time for each case and theoretical ones indicates that 
they matched well, as shown in Fig. 11

6  Geotechnical application of SPH method

6.1  Bearing capacity

Determining the bearing capacity of a soil is the primary 
concern of a practicing geotechnical engineer as the 
ultimate goal for any infrastructure is its capability to 
effectively transfer its load to the firm sub-soil for which 

Fig. 6  Initial arrangements for SPH simulation of granular flow

Table 2  Parameters used in the simulation

Number of particles representing granular 
material, N

3200

Initial spacing (m), Δd 0.0025
Smoothing length (m), h 0.003
Duration of a time step (s), Δt 10–5

Boundary type at horizontal base Non-slip boundary
Boundary type at vertical wall Symmetric boundary
Artificial viscosity parameter α,β 0.1

Fig. 7  Distributions of maximum shear strains for granular flows 
obtained by developed SPH code
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well-known theories are usually used. However, for a crit-
ical project and/or site with a complex geotechnical or 
structural profile, numerical modeling is required to ana-
lyze its bearing capacity. As discussed in the introduc-
tion, the settlement and punching of the foundation in 
a soil cannot be completely captured by traditional grid-
based methods as it has been found that the final defor-
mations in geotechnical projects were larger than those 
estimated [38]. Of the available grid-based methods, a 
FEM requires special care in order to avoid numerical 
problems whereas, in contrast, as a SPH one has no fixed 
connectivity between the particles, it is more suitable for 
problems related to penetration. This study focuses prin-
cipally on the settlement and bearing capacity of clay 
and sand penetrated by a rigid foundation, and exam-
ines the formation of shear bands and stress-settlement 

behavior. To validate the model developed in the SPH 
framework, a typical bearing capacity analysis of a rigid 
footing allowed to settle into the soil layer at a constant 
rate was carried out. The mean stress below the footing 
was recorded with respect to the amount of settlement 
and the solution checked against the Prandtl one for 
the ultimate bearing capacity of cohesive material. The 
initial configuration for this analysis is shown in Fig. 12. 
The accumulation of shear strain was estimated from 
numerical simulations conducted at different times, 
and the results presented in Fig. 13 demonstrate the 
progressive settlement of the footing. The deformations 
caused by the penetration of a circular foundation into 
clay obtained from an experimental work conducted by 

Fig. 8  Illustration of permeability test

Table 3  Summary of the parameters for the permeability test

Number of soil particles 1000
Number of water particles 3200
Initial particle spacing (m), Δd 0.01
Smoothing length (m) 0.012
Duration of a time step (s), ∆t 5 × 10–5

Density for soils (kg/m3) 2008
Density for water (kg/m3) 1000
Theoretical coefficient of permeability (cm/s), k 0.10, 0.50, 1.0
Porosity, n 0.40
Length of soil (cm), L 50
Initial water level difference (cm), h 50
Artificial viscosity parameter for water α,β 0.01, 0.01
Average velocity coefficient for water, ε 0.001
Boundary type at rigid base Non-slip
Boundary type at vertical wall symmetric

Fig. 9  Relationships of hydraulic gradients and average velocities 
obtained from simulation

Fig. 10  k values obtained from simulation at different times
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[39] and also reported in [38] are illustrated in Fig. 14. It 
can be seen that they were concentrated mainly under 
the foundation which was in good agreement with the 
pattern of those in Fig. 13. It was found that the failure 
surfaces were circular with radii approximately equal 
to the width of the footing, with that developed by the 
SPH code qualitatively justified. To further highlight the 
significance of the bearing capacity, the relationships 
between the footing’s settlement and the pressure just 
below it for cohesive soils are plotted in Fig. 15. The 
Prandtl solution is somewhat compatible with FEM [40], 
and therefore, the comprehensive relationship between 
the analytical solution and SPH simulations implicitly jus-
tify the suitability of the described tools. The comparison 
of the SPH results and analytical solutions for a cohesive 

Fig. 11  Comparison of theoretical k values and those obtained 
from simulation

Fig. 12  Arrangement for bearing capacity test of cohesive soil 
using/by SPH

Fig. 13  Results obtained from SPH simulation of penetration of 
rigid footing in cohesive soil with c = 30 kPa

Fig. 14  Deformations of clay caused by penetration of circular 
foundation [38, 39]
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soil shown in Fig. 16 indicates that their ultimate bearing 
capacities matched satisfactorily.

Furthermore, a bearing capacity test of a frictional 
material was performed using the SPH code and its ulti-
mate bearing capacity compared with that of the analyti-
cal solution. Figure 17 shows the deformation behaviors 
of the frictional material under the settlement of a rigid 
footing and the comparison in Fig.  18 demonstrates 
that their ultimate bearing capacities were a satisfactory 
match. Tables 4 and 5 summarize the parameters used 
in the simulation for bearing capacity for cohesive and 
cohesionless soil, respectively.

6.2  Seepage flow and boiling of soil

The seepage of ground water has often caused tragic 
failures of slopes and structures, for example, those of 
riverbanks, canals, embankments, coastal defenses and 
hillsides. According to [41], the seepage flow in the rub-
ble mound beneath a caisson should be considered a sig-
nificant influential factor in the design of a caisson type 
of composite breakwater for protecting against tsuna-
mis. Another study [37] reveals that the seepage flow has 
a significant influence on the collapse of a breakwater 

Fig. 15  Results obtained from bearing capacity test for different 
cohesion values

Fig. 16  Comparison of bearing capacity of cohesive soil deter-
mined by SPH and/with Prandtl

Fig. 17  Results obtained from SPH simulation of penetration of 
rigid footing in frictional soil with ϕ = 35°
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due to a tsunami wave. In the current research, a seep-
age flow is simulated to check the capability of the SPH 
code developed to reproduce a boiling phenomenon 
for a sheet-pile structure modeled as elastic materials 

with a high modulus of elasticity, as shown in Fig. 19, 
with Table 6 presenting a summary of the simulation’s 
parameters. Figure 20 illustrates the progress of heave 
generation over time, Fig. 21 the velocity vector of water 
due to seepage flow and Fig. 22 the movements of soil 
particles in the form of the maximum strain due to the 
effect of the seepage force. It can be observed that the 
maximum area of strain is below the sheet pile, as is 
natural in a seepage flow.

Fig. 18  Results obtained from bearing capacity test of frictional 
soils

Table 4  Parameters used for SPH simulation of cohesive soil

Number of particles for soil, N 2500

Initial spacing (m), Δd 0.01
Gravity for cohesive material (m/s2), g 0
Duration for a times step (s), Δt 10–5

Boundary type at the rigid base Non-slip boundary
Boundary type at the vertical walls Symmetric boundary
Density of soil (kg/m3), ρ 1800
Cohesion values for cohesive soil (kPa), c 10, 15, 30, 50,100
Settlement rate of footing (m/s) 0.02
Width of footing (m), Bf 0.07

Table 5  Parameters used for SPH simulation of frictional soil

Number of particles for soil, N 1400

Initial spacing (m), Δd 0.01
Gravity for frictional material (m/s2), g 9.81
Duration for a times step (s), Δt 10–5

Boundary type at the rigid base Non-slip boundary
Boundary type at the vertical walls Symmetric boundary
Density of soil (kg/m3), ρ 1800
Frictional angle for frictional soil (degree), ϕ 35
Settlement rate of footing (m/s) 0.01
Width of footing (m), Bf 0.07

Fig. 19  Arrangement for seepage and boiling test

Table 6  Parameters for seepage flow and boiling test

Number of soil particles 928

Number of water particles (initial) 1678
Initial particle spacing (m), Δd 0.01
Smoothing length (m) 0.012
Duration of a time step(s), ∆t 2 × 10–5

Density for soils (kg/m3) 2008
Density for water (kg/m3) 1000
Theoretical coefficient of permeability(cm/s), k 0.10
Porosity, n 0.50
Head difference (constant) (cm), h 25
Embedded depth of sheet pile (cm) 3
Thickness for sheet pile (cm) 2
Artificial viscosity parameter for soil α, β 0.1, 0.1
Artificial viscosity parameter for water α, β 0.001, 0
Average velocity coefficient for water, ε 0.30
Average velocity coefficient for water, ε 0.30
Boundary type at rigid base Non-slip
Boundary type at vertical wall Symmetric



Vol:.(1234567890)

Research Article SN Applied Sciences (2020) 2:687 | https://doi.org/10.1007/s42452-020-2379-y

7  Conclusion

Simulating large deformations caused by the penetra-
tion of a rigid footing and the boiling effect of the seep-
age flow are perplexing tasks. In this study, the SPH 
method using an elastic–plastic constitutive model with 
the D-P failure criteria was applied to analyze the large 
deformations of geomaterials, as well as a water–soil 
coupled model to simulate saturated soil. Firstly, the 
simulation results obtained for two benchmark cases, a 
simple shear test and a granular flow one, were used to 
verify the developed code. Then, to validate the capabil-
ity of the water–soil coupled model, a simulation of the 
seepage flow determined that it satisfied Darcy’s law.

Simulations of the penetrations of a rigid footing into 
cohesive and frictional soils were performed. Compari-
sons of the simulated results and those obtained from 
existing analytical methods showed that they matched 
reasonably well for the bearing capacity below the foot-
ing. Finally, the boiling of soil was simulated and a great 
deal of the information obtained matched the conven-
tional concept of the seepage flow and boiling phenom-
ena. The study has also found that SPH does not require 
much computational time and can be simulated with 
commonly used processor. In future, work will expand 
this study to consider three-dimensional analyses and 
reproduce the real phenomena.

Compliance with ethical standards 

Conflict of interest On behalf of all authors, the corresponding au-
thor states that there is no conflict of interest.

Fig. 20  Generations of heaving at different times

Fig. 21  Velocity vector of water at 13 s

Fig. 22  Maximum shear strain distribution at 13 s
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