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Abstract
In this paper peristaltic motion of an Oldroyd-4 constant nanofluid under the influence of Buoyancy forces is taken into 
account. The Buongiorno model is utilized to see the effects of Brownian motion and thermophoresis on the different 
features of the flow, heat transfer and concentration. In order to facilitate the solution of modeled equations first the 
governing equations are transformed to system of ordinary differential equations under the assumption of long wave-
length and low Reynolds number. The resulting equations are solved using shooting method along with fourth order 
R. K. method. It is observed that the amplitude of heat flux rises and effective moment of nanoparticles from wall to the 
center line of the channel which enhance the thermal conductivity at the wall. This is due to the increase in the kinetic 
energy and Brownian motion. The effects of different parameters are illustrated through graphs and tabulated data is 
given to compare the effects of shear stress on walls of the channel with Newtonian fluids.
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List of symbols
b	� Amplitude of the peristaltic wave
x̄	� Axial coordinate in fixed frame
X̄ 	� Axial coordinate in wave frame
Ū	� Axial velocity component in fixed frame
ū	� Axial velocity component in wave frame
Gc	� Basic density Grashof number
Br	� Brinkman number
DB	� Brownian diffusion coefficient
Nb	� Brownian motion parameter
S̄	� Extra stress tensor
�f 	� Fluid density
a	� Half width of the channel
Z	� Heat transfer coefficient
Tm	� Mean temperature of fluid
C̄	� Nanoparticle concentration
C0	� Nanoparticle concentration at the left wall of the 

channel

C1	� Nanoparticle concentration at the right wall of the 
channel

p̄	� Pressure in fixed frame
P̄	� Pressure in wave frame
V̄ 	� Radial (transverse) velocity component in Fixed 

frame
v̄	� Radial (transverse) velocity component in wave 

frame
Re	� Reynolds number
cf 	� Specific heat capacity of fluid
cp	� Specific heat capacity of nano-particles
T̄ 	� Temperature
T0	� Temperature at left wall of the channel
T1	� Temperature at right wall of the channel
Gr	� Thermal Grashof number
DT	� Thermophoresis diffusion coefficient
Nt	� Thermophoresis parameter
t̄	� Time
F	� Time-averaged flow rate in wave frame
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ȳ	� Transverse coordinate in fixed frame
Ȳ 	� Transverse coordinate in wave frame
c	� Wave speed

1  Introduction

Peristaltic is mechanism of transportation of physiologi-
cal fluids. This mechanism is formed in human body like 
in gastrointestinal system, transport of urine and flow of 
spermatozoa in reproductive part. The Several authors 
[1–4] have studied this mechanism for the better under-
standing of urine transport from kidney to bladder using 
Newtonian Constitutive equation. In reality most of the 
fluid considered in physiology and industrial application 
are non- Newtonian in nature. Keeping this in mind other 
researchers discuss the Peristaltic transport phenomena 
using viscoelastic, rate type, and generalized Newtonian 
fluid model and Micro polar fluid models [5–8]. Interac-
tion of heat transfer with peristaltic transport for Newto-
nian and non-Newtonian fluids have been investigated 
by many researchers for example Vajravelu et al. [9] study 
the effect of heat transfer for viscous fluid in an annular. 
Hayat at el [10] observed the effects of heat transfer in 
third order fluid with variable viscosity. Das [11] studied 
the effects of slip and heat transfer of a peristaltic trans-
port of viscous fluid in asymmetric porous channel. Sobh 
et al. [12] discussed heat transfer in peristaltic flow of vis-
coelastic fluid in an asymmetric channel. Ahmad et al. [13] 
highlight the effects of mixed convection on the peristaltic 
motion of Oldroyd 4-constant fluid in a planner channel. 
More recently Manjunatha et al. [14] discuss the effects of 
variable properties on the peristaltic flow of Jeffery fluid 
in a channel. Ali et al. [15] numerically investigated the 
influence of heat transfer on the peristaltic flow of Oldroyd 
8-constant fluid and heat transfer in a curved channel. In 
the recent year’s nanofluid dynamics due to its diverse 
applications in medical and biological sciences, energetic 
and process system engineering, divert the attention of 
many researchers. Choi [16] introduced the term nanofluid 
working with the group at the Argonne National Labora-
tory (ANL), in 1995. Tripati and Beg [17] used the Buongior-
no’s formulation for the Nano fluids which is an application 
of drug delivery system in the human body. Ebaid et al. 
[18] studied the nanofluids flow in an asymmetric channel 
with slip conditions as an application of cancer treatment. 
Hayat et al. [19] used the convective boundary conditions 
for the analysis of viscous nanofluid. Narla et al. [20] made 
the analysis of Jeffery Nano fluid in a curved channel. 
Kotnurkar and Giddaiah [21] studied the boiconvective 
flow of Eyring-Powell nanofluid in a porous channel. The 
applications of magnetic nanoparticles in drug delivery 
systems transported through peristaltic mechanism has 

been reported by Rafiq et al. [22]. Recently, a numerical 
study is performed by Zaman et al. [23] to discuss the 
influence of nanoparticles for unsteady blood flow in a 
stenotic artery.Due to complex rheological properties of 
fluid, many non-Newtonian fluid models take the attention 
of many researchers. Rate type fluid models are used to 
describe the response of the fluid that have slight memory. 
Memory is described as the dependence of the stress on 
the history of the relative deformation gradient. Maxwell 
[24] proposed that a body has means for storing energy, 
which characterize the fluid and a means for dissipating 
energy which characterizing its viscous nature. The Old-
royd B model is developed by Oldroyd [25] which is char-
acterized by material constants a viscosity, relaxation time 
and retardation time. The Oldroyd B model is very effec-
tive to analyze and also this model has experimental back-
ground. When we consider the peristaltic flow under long 
wavelength approximation there is a lack of viscoelastic 
properties. In this regard, Oldroyd 4-constant fluid model 
is taken into account that exhibits viscoelastic properties. 
The aim of the article is to analyze the Brownian motion 
and thermophoresis effects on peristaltic flow of Oldroyd- 
4 fluids in a planner channel are investigated numerically.

2 � Mathematical formulation of the problem 
and flow configuration

We consider the flow of an incompressible Oldroyd 4-con-
stant nanofluid in a symmetric vertical channel with width 
2a due to propagation of wave on the wall of the channel. 
The right wall of the channel maintained at temperature 
T1 and concentration C1 and left wall of the channel main-
tained at temperature T0 and concentration C0 as in Fig. 1.

The walls surfaces are described by

where b is amplitude of the wave � is the wavelength and 
t̄ is the time. The fundamental conservation laws of mass, 
momentum, energy and nano-particle fraction can be rep-
resented by the equations
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in the above equations �f  is the fluid density, �p is the nan-
oparticle mass density, Ū is axial velocity, V̄  is transverse 
velocity, P is pressure, � is fluid viscosity, g is gravitational 
acceleration, � is volumetric expansion coefficient of the 
fluid, (�c)f  is heat capacity of fluid, (�c)p is effective heat 
capacity of nano-particle, k is thermal conductivity,DB is 
Brownian diffusion coefficient,DT is thermophoresis diffu-
sion coefficient, �f0 is nano-fluid density at the reference 
temperature Tm and S̄X̄ X̄ , S̄X̄ Ȳ , S̄Ȳ Ȳ are components of extera 
stress tensor for Oldroyd 4-constant fluid given in [26]. The 
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𝜕S̄Ȳ Ȳ

𝜕Ȳ
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𝜕Ū

𝜕X̄
+ S̄X̄ Ȳ
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constitutive equation for Oldroyd 4-constant fluid can be 
expressed as

In which �1 and �3 are relaxation time parameters, �2 is 
the retardation time parameter, Ā1 is First Revilian Erisken 
tensor, � is the dynamic viscosity, and DS̄∕Dt̄ is the upper 
convected time derivative. It is worth to mention that 
the above model reduces to Oldroyd B model if �3 = 0 
and a verity of rheological properties can be described 
by this model and more accurate results can be obtain 
for the viscoelasticity and this model is used by many 
researchers [27–29] to discussed the peristaltic motion 
of viscoelastic fluid in different geometries under differ-
ent conditions. When the peristaltic motion of viscoe-
lastic fluid is describe using Oldroyd B model under the 
long wave length approximations the retardation time 
parameter vanished and this deficiency can be overcome 
using a larger class of viscoelastic fluid which is given in 
the above expression and using this model peristaltic 
motion has been discussed by [8, 30]. As in the Labora-
tory frame 

(
X̄ , Ȳ

)
 the flow in the channel is unsteady. But, 

it can be treated as steady in the coordinate frame (x, y) 
moving with the wave speed c (Wave frame). So we can 
relate the coordinates and velocities in the two frames as 
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Fig. 1   Physical sketch of Problem

x = X̄ − ct, y = Ȳu = Ū − c, v = V̄  and P̄
(
X̄ , Ȳ

)
= p(x, y), 

where u and v are velocity components in the wave frame.
Then above equations reduces to
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Introducing the variables and the stream functions

Equation (8) is identically satisfied and (9) to (12) after 
using 𝛿 ≪ 1 and low Reynolds approximation and after 
dropping the * takes the form

where
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The appropriate boundary conditions which satisfied 
by velocity, temperature and nano concentration profile 
in dimensionless form are
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3 � Solution procedure

Analytical solution of Eqs. (14)–(17) is difficult due to their 
strong coupling and nonlinearity so to facilitate their solu-
tion we use shooting method. For this

Reducing Eq. (14)–(17) into first order equations
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Subject to the initial conditions

We integrate system of initial value problems from 
(18 − 25) using 4th order RK-methods. Where p, q, r and 
s are missing slopes which are updated by Newton’s 
method.

In graphical illustration of pressure rise per wavelength 
and heat flux at the upper wall of the channel following 
relations are used.(reference related papers)

(23)y
�

6
=

−Bry2
3
− NtPry2

6
− NbPry6y8 − 2Bry4

3
�1 − 2NtPry2

3
y2
6
�2 − 2NbPry2

3
y6y8�2

1 + 2y32�2
,

(24)y
�

7
= y8,

(25)
y

�

8
=

NtPry6
(
Nty6 + Nby8

)
+

BrNty2
3(1+2y

2
3
�1)

1+2y2
3
�2

Nb
.

y1(−y) =
F

2
, y

�

1
(−y) = −1, y�

2
(−y) = p, y�

3
(−y) = q, y5(−y) = 0,

y6(−y) = r, y7(−y) = 0, y8(−y) = s.

4 � Graphical results and discussions

In this section we investigated the effects of interest-
ing parameters on the various features of the peristaltic 
motion.

The Fig. 2 illustrate the effects of thermal buoyancy 
parameter ( Gr  ) and nanoparticle fraction buoyancy 
parameter ( Gc ) on the axial velocity profile. It is observed 
that by increasing both Gr and Gc the axial velocity pro-
file increases in the left half of the channel and shows 
the converse relation in the right half of the channel. In 
the absence of thermal buoyancy force parameter and 

(26)Δp� =

1

∫
0
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dx
dx,

(27)Z =
�h

�x

��

�y

||||y=h.

Fig. 2   (a):- Effects of Gr on u(y) when Gc = 0.1 (b):- Effects of Gc on u(y) when Gr = 0.1 . Other parameters are � = 0.3, F = −0.8, �1 = 0.5, �2 = 2, 
Br = 0.1, Pr = 1,Nt = 0.1 and Nb = 0.5

Fig. 3   (a):- Effects of Gr on �(y) when Gc = 0.1 Fig. 3(b):- Effects of Gc on �(y) when Gr = 0.1 . Other parameters are � = 0.3, F = −0.8, �1 = 0.5, �2 = 2, 
Br = 2.5, Pr = 1,Nt = 0.1 and Nb = 0.5
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Fig. 4   (a):- Effects of Gr on � (y) when Gc = 0.5 Fig. 4(b):- Effects of Gc on � (y) when Gr = 0.5. Other parameters are � = 0.3, F = −0.8, �1 = 0.5,

�2 = 2, Br = 2.5, Pr = 1,Nt = 0.5 and Nb = 1.0

Fig. 5   (a):- Effect of �1 on � (y) when �2 = 0.5 (b):- Effect of �2 on � (y) when �1 = 0.5 Other parameters are � = 0.3, F = −0.8, Br = 1.5, Pr = 1,Nt = 
0.1,Nb = 0.5,Gc = 0.3 andGr = 0.5

Fig. 6   (a):- Effect of Pr on � (y) when Br = 1.5 (b):- Effect of Br on � (y) when Pr = 1.0 Other parameters are � = 0.3, F = −0.8, �2 = 0.5, �2 = 2,Nt = 
0.1,Nb = 0.5,Gc = 0.3 and Gr = 0.5

Fig. 7   a Effects of Nt on �(y) when Nb = 0.5 . b Effects of Nb on �(y) when Nt = 0.1 . Other parameters are � = 0.3, F = −0.8, Pr = 1, �1 = 0.5, �2 = 
2, Br = 0.5,Gc = 0.3 and Gr = 0.5
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Fig. 8   a Effects of Nt on � (y) when Nb = 0.5 . b Effects of Nb on � (y) when Nt = 0.1 Other parameters are � = 0.3, F = −0.8, Pr = 1, �1 = 0.5, �2 = 
2Br = 1,Gc = 0.3 and Gr = 0.5

Fig. 9   a Effects of Nt on Z when Nb = 0.5 . b Effects of Nb on Z when Nt = 0.1 Other parameters are � = 0.3, F = −0.8, Pr = 0.5, �1 = 0.5, �2 =

2, Br = 0.5,Gc = 0.5 and Gr = 0.5

Fig. 10   a Effects of Gr on Z when Gc = 0.5 . b Effects of Gc on Z when Gr = 0.5 . Other parameters are � = 0.3, F = −0.8, Pr = 0.5, �1 = 0.5, �2 = 2, 
Br = 0.5,Nt = 0.1 and Nb = 0.5
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Fig. 11   Stream lines for a Gr = 0 b Gr = 0.5 and c Gr =1.0. Other Parameters are � = 0.6, F = −0.2, Pr = 0.7, �1 =

0.5, �2 = 2, Br = 1,Nt = 0.1,Gc = 0.1 and Nb = 0.5

nanoparticle fraction buoyancy parameter the axial veloc-
ity is symmetric about the central line of the channel and 
by increasing these parameters this symmetry is disturbed 
due to the domination of buoyant forces over the viscous 
forces due to the variation in the temperature and concen-
tration of the nanoparticles.

Effects of thermal buoyancy parameter (Gr) and nano-
particle fraction buoyancy parameter (Gc) on are repre-
sented in Fig. 3 The temperature profile increases for the 
increasing values of the Gr and Gc . The effects of Gr and Gc 
on temperature profile are maximum at the central line of 
the channel and reduces at the walls of the channel, this 
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(a) (b)

(c)

Fig. 12   Stream lines for a Gc = 0 b Gc = 0.5 and c Gc =1.0. Other Parameters are � = 0.6, F = −0.2, Pr = 0.7, �1 =

0.5, �2 = 2, Br = 1,Nt = 0.1,Gr = 0.1 and Nb = 0.5

Fig. 13   a Effect of Gr on pressure rise per wavelength when Gc = 0.1 . b Effect of Gc on pressure rise per wavelength when Gr = 0.1. . Other 
parameters are � = 0.3, Pr = 0.7, �1 = 0.5, �2 = 2, Br = 0.1,Nt = 0.1 and Nb = 0.5
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is due to the fact that the disturbance at the walls of the 
channel is minimum and the gravity is dominant at the 
central line of the channel.

Figure 4 shows the effects of Thermal buoyancy param-
eter (Gr) and nanoparticles fraction buoyancy parameter 
(Gc) on the nanoparticles fraction profile. It is observed 
that nanoparticles fraction profile shows a decreas-
ing behaviour for the increasing values of buoyancy 
parameters.

Effects of rheological parameters of the fluid on the 
nanoparticle fraction profile are demonstrated in the 
Fig. 5. Figure 5a is for the increasing values of the �1 , up 
to 0.5 which shows that concentration profile decreases 
and Fig. 5b is for the increasing values of �2 , with �1 = 0.5 

the nanoparticle fraction profile increases and in both Fig 
the curve for α1 = 0.5 = α2 shows the Newtonian behavior.

The effects of prandtle number ( Pr) and ( Br) on nanopar-
ticles fraction profile are shown in Fig. 6 which represents 
that nanoparticle fraction profile decreases for increasing 
values of Prandtl and Brinkman number for viscous dis-
sipation effects.Br = 0.0 is for no viscous dissipation and 
the curve is not linear due to the non-Newtonian behav-
ior of the fluid. The nanoparticle concentration distribu-
tion decreases with increasing both Prandtl number and 
Brinkman number. As Prandtl number Pr is ratio of viscous 
forces to the thermal forces the concentration decreases 
due to domination of viscous force over the thermal forces 
in the nanofluid. Also due to the increase in the viscous 

Fig. 14   a Effect of Nt on pressure rise per wavelength when Nb = 0.5 . b Effect of Nb on pressure rise per wavelength when Nt = 0.1 . Other 
parameters are � = 0.3, Pr = 1, �1 = 0.5, �2 = 2, Br = 2,Gr = 1 and Gc = 1

Table 1   Shear stress at the Left 
and right walls of the channel

Gr Gc Pr Ec Nt Nb Newtonian(
�1 = �2 = 0.5

) Non-Newtonian(
�1 = 0.5, �2 = 2.0

)

Left wall Right wall Left wall Right wall

0.0 0.1 0.7 0.5 0.1 0.5 −1.345178 −1.354209 −0.363605 −0.372098

0.5 −1.310703 −1.363039 −0.338461 −0.389110

1.0 −1.275739 −1.371832 −0.312784 −0.406077

2.0 −1.204273 −1.389164 −0.259546 −0.439684

0.1 0.0 −1.342330 −1.350947 −0.362717 −0.371103

0.5 −1.322296 −1.376075 −0.342157 −0.393027

1.0 −1.302311 −1.401146 −0.321476 −0.414814

2.0 −1.262506 −1.451136 −0.279799 −0.458235

1.0 1.0 1.0 −1.239565 −1.416165 −0.274227 −0.444475

3.0 −1.241935 −1.408139 −0.272911 −0.438546

5.0 −1.246335 −1.401675 −0.273695 −0.4330657

1.0 1.0 −1.221090 −1.395206 −0.268790 −0.439369

2.0 −1.182811 −1.351153 −0.257605 −0.428604

3.0 −1.142555 −1.303898 −0.245971 −0.417011

1.0 0.5 −1.25955 −1.438817 −0.281582 −0.451712

1.0 −1.29999 −1.499264 −0.297563 −0.471876

2.0 −1.358285 −1.632978 −0.327005 −0.525970

0.1 0.1 −1.25955 −1.438817 −0.281582 −0.451712

0.5 −1.22109 −1.395206 −0.268792 −0.439369

1.0 −1.21919 −1.384132 −0.266793 −0.434596
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dissipation the enthalpy decreases which cause a remark-
able decrease in the nanoparticle concentration profile.

In Fig. 7 the effects of thermophoretic parameter ( Nt ) 
and Brownian motion parameter ( Nb ) on temperature 
profile are represented. It is seen from Fig. 7a that as we 
increase the thermopherises parameter (Nt) the tempera-
ture profile increases. This increase is due to the effective 
movement of nanoparticles from the walls to the cen-
tral line of the channel because due to the collusion of 
nanoparticles increases the internal kinetic energy of the 
particles which enhance the thermal conductivity of the 
base fluid. The microscopic structure of the nanoparticles 
in the fluid and inter particle forces results in the increase 
in micro convection of the base fluid which enhance the 
heat transfer. Due to this reason the temperature profile 
also shows increasing behavior for the increasing values 
of (Nb).

The effects of thermopherises parameter ( Nt ) and 
Browanian motion parameter ( Nb ) are presented in Fig. 8. 
The nanoparticles fraction profile shows a remarkable 
decrease for the increasing values Nt . As due to internal 
fraction between the nanoparticles the rate of transfer of 
nanoparticles in the channel becomes smaller this results 
a remarkable decrease in the nanoparticles fraction profile 
and a small increase is observed for the increasing values 
of the Nb.

Effects of thermopherises parameter (Nt) and Brownian 
motion parameter (Nb) on the heat transfer coefficient Z 
on the right wall of the channel is plotted in Fig. 9. The 
amplitude of heat flux increases for the increasing values 
of the Nt and Nb.

The influence of both Buoyancy parameters for tem-
perature (Gr) and nanoparticles particle fraction profile 
(Gc) are exhibited in Fig. 10. The amplitude heat transfer 
coefficient Z also show increasing trend for the increasing 
values of Gr and Gc . These effects are obviously dominant 
due to the increase buoyancy forces.

The behavior of stream lines for different values of 
Gr and Gc are shown in Figs. 11 and 12. As we increase 
the Thermal Buoyancy parameter the size of the bolus 
increases in left half of the channel and it can be seen 
easily that the disturbance is shifted from left to the right 
half of the channel. The similar behavior can be seen for 
the increasing values of nanoparticle fraction Buoyancy 
parameter in Fig. 12.

It can be seen that from Fig. 13a the pressure rise per 
wavelength shows a remarkable decrease for the increas-
ing values of thermal buoyancy parameter Gr. Similar trend 
can be observed for the increasing values of nanoparticles 
fraction parameter Gc . From these one can conclude that 
fluid transport is strongly affected by both thermal and 
nanoparticles fraction buoyancy parameters. The increase 
in thermopherises parameter (Nt) causes a significant 

increase in the pressure difference and similar behavior 
is observed for the increasing values of Brownian motion 
parameter (Nb) which means that both Thermopherises 
and Brownian motion assist the flow. As the pressure gra-
dient is directly proportional to the kinetic energy of the 
nanoparticles so for the increasing values of both Brown-
ian motion and thermophoresis parameters the kinetic 
energy increases as a result the pressure drop per wave-
length increases in all regions (Fig. 14).  

The numerical values of shear stress at both left and 
right walls of the channel are presented in Table 1. It is 
evident from the tabulated data the shear stress decreases 
with increasing both thermal and density Grashof num-
bers at the left wall of the channel while show opposite 
trend on the right wall of the channel. Furthermore the 
magnitude of shear stress is increasing function of both 
thermal and density Grashof number for the Newtonian 
case. The results are similar for the non-Newtonian case 
(i.e. �1 = 0.5, �2 = 2.0) also the magnitude of shear stress 
decreases as we move from Newtonian to non-Newto-
nian case. The magnitude of shear stress at the left wall 
increases but at the right wall decreases with increasing 
the Prandtl number for Newtonian case while for non-
Newtonian case shear stress decreases at the both walls 
this is due to domination of viscous effects. Furthermore 
the shear stress is a decreasing function of Brinkman num-
ber because of the internal kinetic energy.

The stress increases with increasing viscous dissipation 
and for Newtonian case its magnitude is large as com-
pared to the non-Newtonian. The shear stress decreases at 
both the walls due to the increase in the Brownian motion 
which cause the loss in the internal energy. Due to the 
increase in the thermopheratic effects the shear stress 
increases at both the walls of the channel.

5 � Conclusions

A numerical study for an Oldroyd 4-Constant nanofluid is 
taken into account in this paper. Effects of thermal and 
nanoparticles fraction buoyancy forces on the different 
features are also considered.

The axial velocity and temperature profile increases 
while nanoparticle fraction profile by increasing the ther-
mal and nanoparticle fraction buoyancy forces.

The Rheological parameters of the fluid �1 and �2 have 
opposite effects on the nanoparticle fraction profile.

Temperature profile in an increasing function of both 
Nt and Nb.

The heat transfer coefficient shows oscillatory behavior 
and its magnitude increases by increasing Nt and Nb.

The size of the trapping bolus increases in left half of 
the channel by increasing Gr and Gc.
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Pressure rise per wavelength increases in all regions 
with increasing Brownian motion and thermopherises 
parameter.
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