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Abstract
The aim of this paper is to address the problem of the electronic implementation of chaos control using a single controller 
and synchronization of chaotic permanent magnet synchronous motor (PMSM). Firstly, different dynamical behaviors 
of the PMSM including steady state, periodic and chaotic behaviors are found using numerical methods such as two-
dimensional largest Lyapunov exponents graph associated with two parameters of PMSM. Secondly, two simple and 
single controllers are designed and added to the chaotic PMSM in order to suppress chaotic behavior. The performance 
of the two proposed simple and single controllers is illustrated by numerical simulations. Thirdly, controllers are designed 
to achieve synchronization of unidirectional coupled identical chaotic PMSMs. Numerical simulations are also used to 
verify the effectiveness of the synchronization. Finally, the existence of chaos in PMSM and the physical feasibility of 
the proposed two simple and single controllers as well as the chaos synchronization are validated through the circuit 
implementation on OrCAD-PSpice software. The circuit implementation results comply fairly with those of the numerical 
simulation results and establish that the existence of chaotic behavior in the PMSM and the achievement of chaos syn-
chronization in unidirectional coupled identical PMSMs designed and the two single controllers designed are effective 
and successful in suppressing chaotic behavior in PMSM.

Keywords  Permanent magnet synchronous motor · Chaos · Chaos control · Single controller · Synchronization · Circuit 
implementation

1  Introduction

A PMSM is a kind of high-efficient and high-powered 
motor which is widely used in motor drive, various servo 
systems and household appliances [4, 9, 11, 15, 24, 28, 
36], due to its high torque per volume ratio and efficiency 
along with low maintenance [26, 39]. Unfortunately, it has 
been proven recently that the dynamics performance of 
PMSM is sensitive to system parameter perturbations in 

the whole operation process [29, 31]. The chaotic attractors 
in PMSM were reported for the first time in Refs. [16–18]. 
Lyapunov spectrum and dynamical analysis of a PMSM in 
the presence of virtual control force were reported in Ref. 
[34]. Multistability and hidden attractors were found in 
PMSM Ref. [30]. Chaotic behavior of the PMSM is undesir-
able since it can destroy the stabilization of the motor and 
even induce the drive system to collapse Ref. [33]. Con-
sequently, chaos control with the aim of suppressing the 
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undesired chaotic behavior of PMSM has attracted increas-
ing attention in order to further improve the performance 
of the system in the industrial and academic community 
[6, 22, 35]. Chaos control in PMSM has been implemented 
with several methods. Feedback control method [2, 12, 
14], adaptive fuzzy control [5, 21, 37, 38], simple sliding 
mode adaptive control [7, 23], adaptive neural sliding 
mode control [33], optimal Lyapunov exponents’ place-
ment [1], passive control [25], impulsive control [6, 10] and 
finite-time stability theory [27] were used for the control 
of chaotic behavior in PMSM. However, the methods men-
tioned above have some shortcomings. For example, the 
control objective is required to be an equilibrium point in 
feedback control methods and sliding mode control meth-
ods can be easily influenced by chattering. Moreover, the 
fuzzy rules applied in control design are over-dependent 
on experiences.

Most of the existing techniques to suppress chaotic 
behavior in PMSM use nonlinear and complicated controls. 
Studies of simple control laws based on single-state feed-
back remain scarce [13]. The single-state feedback con-
trol method is very simple, extremely concise and easy to 
implement. Therefore, the main contribution of this paper 

is to develop and study single, simple and effective con-
trollers based on the principle of Lyapunov’s method for 
asymptotic global stability. In addition, authors investigate 
the chaos synchronization in unidirectional coupled iden-
tical PMSMs because chaos synchronization has a great 
number of applications in many areas such as physics [19], 
biology [32], signal engineering [8] and ecological science 
[3].

In this paper, chaos control via single simple and state 
feedback control and synchronization of chaotic PMSM 
are analytically, numerically and electronically analyzed. In 
Sect. 2, the chaotic PMSM is described. In Sect. 3, two sin-
gle-state feedback controllers are employed for achieving 
the control of the chaotic PMSM. In Sect. 4, the feedback 
controller method is used for achieving synchronization in 
unidirectional coupled identical chaotic PMSMs. In Sect. 5, 
electronic circuits are implemented to check the existence 
of chaotic behavior in PMSM and the effectiveness of the 
single-state feedback control method and the synchroni-
zation in unidirectional coupled identical chaotic PMSMs. 
Finally, conclusions are given in Sect. 6.

2 � Rate equations of permanent magnet 
synchronous motor

The mathematical model of the PMSM which is based on 
the d (direct)–q (quadrature) axis model is summarized in 
Refs. [17, 18] as follows:

where ĩd, ĩq are the d- and q-axis rotor currents, 𝜔̃ is the 
mechanical rotor speed, ũd, ũq are the stator voltage on 
d–q-axis, T̃L is the mechanical load torque, Ld, Lq are d- and 
q-axis stator inductors, �r is the permanent magnet flux, 
R1 is the stator winding resistance, J is the polar moment 
of inertia, � is the viscous damping coefficient and �p is the 
number of pole pairs. By defining a set of new variables as:

the dimensionless form of system (1) can be rewritten as 
follows:

Considering the special case where there are no loads 
( ud = uq = TL = 0 ) and the PMSM is a smooth air gap 
(

Ld = Lq
)

 , the system (3) becomes

(1a)
dĩd

dt̃
=
(

ũd − R1 ĩd + 𝜔̃Lq ĩd
)/

Ld,

(1b)
dĩq

dt̃
=
(

ũq − R1 ĩq − 𝜔̃Ld ĩd
)/

Lq,

(1c)
d𝜔̃

dt̃
=
[

𝜂p𝜓r ĩq + 𝜂q
(

Ld − Lq
)

ĩd ĩq − T̃L − 𝛽𝜔̃
]/

J,

(2)
𝜏 = Lq

/

R1, t̃ = 𝜏t, k = 𝛽
/(

𝜏𝜂p𝜓r

)

, ũd = ud
/(

kR1
)

, ũq = uq
/(

kR1
)

, 𝛾 = 𝜓r

/(

kLq
)

, 𝜎 = 𝛽𝜏∕ J,

T̃L = TL𝜏
2
/

J, b = Lq
/

Ld, 𝛿 = 𝜂pb𝜏
2k2

(

Ld − Lq
)/

J, x = ĩd, y = ĩq, z = 𝜔̃,

(3a)
dx

dt
= ud − x + yz,

(3b)
dy

dt
= uq − y − xz + �z,

(3c)
dz

dt
= �(y − z) + �xy − TL.

(4a)
dx

dt
= −x + yz,

(4b)
dy

dt
= −y − xz + �z,

(4c)
dz

dt
= �(y − z).
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The system (4) is invariant under the transforma-
tion:  (x, y, z) ⇔ (x,−y,−z), and it  is  dissipative i f 
∇V =

𝜕(dx∕ dt)

𝜕x
+

𝜕(dy∕ dt)

𝜕y
+

𝜕(dz∕ dt)

𝜕z
= −(𝜎 + 2) < 0 .  I t has 

only one equilibrium point O (0, 0, 0) if � ≤ 1 and three 
e q u i l i b r i u m  p o i n t s  O(0, 0, 0)   , 
E1,2

�

� − 1,±
√

� − 1,±
√

� − 1
�

 [18]. The linear stability 

analysis of the system (4) revealed that the equilib-
rium points displayed Pitchfork and Hopf bifurcations 
[18]. When the parameters �, �  are varied, the PMSM 
can be expected to exhibit steady state, periodic and 
chaotic behaviors. In order to identify the dynamical 
behaviors in PMSM, a two-dimensional largest Lyapu-
nov exponent (LLE) diagram is depicted in Fig. 1. Such 
a diagram is useful when PMSM is examined experi-
mentally. It can serve as a guide for appropriate oper-
ating parameters to target a particular dynamical 
behavior.

In Fig. 1, colors are associated with the magnitude of the 
LLE as follows: Negative LLE is indicated by a blue scale, 
and positive LLE is indicated by a continuously changing 
between light blue, green, yellow and red scales. On LLE 
diagram in (� , �) space, periodic and steady states regions 
are characterized by blue color and chaotic regions are 
characterized by light blue, green, yellow and red colors. 
In Refs. [18, 30], the authors showed that PMSM described 
by system (4) exhibited a period-doubling bifurcation to 
chaotic behavior. For � = 5.46 and � = 20 , system (4) can 
display a double-scroll chaotic attractor as shown in Fig. 2.

3 � Chaos control of permanent magnet 
synchronous motor using a single 
controller

A single-state feedback controller is used in this section to 
stabilize the chaotic behavior found in PMSM. Therefore, 
two single controllers are mathematically designed by 

using the principle of Lyapunov’s method for asymptotic 
global stability [20].

3.1 � Proposed controller 1

In this subsection, the controller u1 is added to Eq. (4b):

where u1 = z(x − �) . Substituting the expression of the 
controller u1 into the controlled system (5) becomes

The solution of Eq.  (6b) is y(t) = y(0)e−t . That yields 
lim
t→ ∞

y(t) = 0 . Thus, system (6) can be reduced as follows:

(5a)
dx

dt
= −x + yz,

(5b)
dy

dt
= −y − xz + �z + u1,

(5c)
dz

dt
= �(y − z),

(6a)
dx

dt
= −x + yz,

(6b)
dy

dt
= −y,

(6c)
dz

dt
= �(y − z).

(7a)
dx

dt
= −x ,

Fig. 1   (Color online) Two-parameter LLE diagram in (� , �) space

Fig. 2   Two-dimensional phase portrait of system (4) for � = 5.46 
and � = 20 . The initial conditions are (x(0), y(0), z(0)) = (0.01, 0.01, 
0.01)
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The solution of system (7) can be rewritten as follows:

That yields lim
t→∞

x(t) = 0 and lim
t→∞

z(t) = 0 . Therefore, the 

following theorem is given:

Theorem 1  The chaotic behavior found in PMSM can be 
controlled using the controller u1 = z(x − �).

Proof  The proof is obvious, so leave it out.

The time series of the state responses and the output of 
the controller are shown in Fig. 3.

From Fig. 3, the controller u1 is activated at t ≥ 1400 . It is 
noted that Theorem 1 is effective.

3.2 � Proposed controller 2

In this subsection, the controller u2 is added to Eq. (4c):

(7b)
dz

dt
= −�z.

(8a)x(t) = x(0)e−t ,

(8b)z(t) = z(0)e−�t .

(9a)
dx

dt
= −x + yz,

where u2 = −�y . Substituting the expression of the con-
troller u2 into the controlled system (9) becomes

The solution of Eq. (10c) is z(t) = z(0)e−�t . That yields 
lim
t→∞

z(t) = 0 . Thus, the system (10) can be reduced as 

follows:

(9b)
dy

dt
= −y − xz + �z,

(9c)
dz

dt
= �(y − z) + u2,

(10a)
dx

dt
= −x + yz,

(10b)
dy

dt
= −y − xz + �z,

(10c)
dz

dt
= −�z.

(11a)
dx

dt
= −x ,

(11b)
dy

dt
= −y.

Fig. 3   Time series of x, y, z 
and the output of the control-
ler u1 for � = 5.46 and � = 20 . 
The initial conditions are (x(0), 
y(0), z(0)) = (0.01, 0.01, 0.01)
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The solution of system (11) can be rewritten as 
follows:

That yields lim
t→∞

x(t) = 0 and lim
t→∞

y(t) = 0 . Therefore, the 

following theorem is given:

Theorem 2  The chaotic behavior found in PMSM can be 
controlled using the controller u2 = −�y.

Proof  The proof is obvious, so leave it out.

The time series of the state responses and the output of 
the controller are shown in Fig. 4.

From Fig. 4, the controller u2 is activated at t ≥ 1400 . It is 
noted that Theorem 2 is effective. It is interesting to point 
out here that from a practical realization point of view, the 
single controller 2 is preferred because of the inclusion of 
one state variable (i.e., y) signifying a lesser requirement of 
sensing devices during their fabrication. Hence, this makes 
the system become cheap.

(11a)x(t) = x(0)e−t ,

(11b)y(t) = y(0)e−t .

4 � Chaos synchronization of unidirectional 
coupled identical permanent magnet 
synchronous motors

In this section, a feedback control method is used to syn-
chronize unidirectional coupled identical chaotic PMSMs. 
The drive and the response PMSMs are expressed, respec-
tively, as follows:

(13a)
dx1

dt
= −x1 + y1z1,

(13b)
dy1

dt
= −y1 − x1z1 + �z1,

(13c)
dz1

dt
= �

(

y1 − z1
)

,

(14a)
dx2

dt
= −x2 + y2z2 + u3,

(14b)
dy2

dt
= −y2 − x2z2 + �z2 + u4,

(14c)
dz2

dt
= �

(

y2 − z2
)

,

Fig. 4   Time series of x, y, z 
and the output of the control-
ler u2 for � = 5.46 and � = 20 . 
The initial conditions are (x(0), 
y(0), z(0)) = (0.01, 0.01, 0.01)



Vol:.(1234567890)

Research Article	 SN Applied Sciences (2020) 2:420 | https://doi.org/10.1007/s42452-020-2204-7

where u3, u4 are the controllers to be determined in 
order to achieve synchronization between the systems 
(13) and (14). The synchronization errors are defined as 
e1 = x2 − x1, e2 = y2 − y1, e3 = z2 − z1 . Its derivatives are 
given as follows:

where the controllers are chosen as u3 = −z2e2 − y1e3 and 
u4 = z2e1 + x1e3 − �e3 . Substituting the expressions of the 
controllers u3, u4 into the system (15) becomes

(15a)
de1

dt
= −e1 + z2e2 + y1e3 + u2,

(15b)
de2

dt
= −e2 + �e3 − z2e1 − x1e3 + u3,

(15c)
de3

dt
= �

(

e2 − e3
)

,

(16a)
de1

dt
= −e1,

(16b)
de2

dt
= −e2,

Fig. 5   Time series of synchro-
nization error variables for 
� = 5.46 and � = 20

Fig. 6   Circuit diagram of the system (4) describing the PMSM
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The solutions of Eqs. (16a) and (16b) are e1(t) = e1(0)e
−t 

and e2(t) = e2(0)e
−t , respectively. That yields lim

t→∞
e1(t) = 0 

and lim
t→∞

e2(t) = 0 . Thus, the system (16) can be reduced as 

follows:

(16c)
de3

dt
= �

(

e2 − e3
)

.

It is easy to see that e3(t) = e3(0)e
−�t . Therefore, the fol-

lowing theorem is given:

Theorem  2  The controllers u3 = −z2e2 − y1e3 and 
u4 = z2e1 + x1e3 − �e3 can synchronize the drive system 
(13) and the response system (14).

(17)
de3

dt
= −�e3.

Fig. 7   (Color online) The phase portraits in planes 
(

Vx , Vy
)

,
(

Vy , Vz
)

 and 
(

Vx , Vz
)

 of the chaotic attractors observed on the PSpice oscillo-
scope. Electronic components’ values are in the text

Fig. 8   (Color online) Time series of Vx , Vy , Vz , Vu1 observed on the PSpice oscilloscope for the capacitors and resistors C1 = C2 = C3 = 10 nF

,R1 = R3 = 100 kΩ, R2 = R4 = 10 kΩ, R5 = 5 kΩ, R6 = R7 = 18.315 kΩ, R8 = R9 = R10 = R11 = 1 kΩ
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Proof  The proof is obvious, so leave it out.

For numerical simulations, the initial conditions 
of the drive system (13) and the response system 
(14)  are  

(

x1(0), y1(0), z1(0)
)

= (0.01, 0.01, 0.01) and 
(

x2(0), y2(0), z2(0)
)

= (0.02, 0.02, 0.02) , respectively. The 
dynamics of the synchronization errors for � = 5.46 and 
� = 20 is depicted in Fig. 5.

In Fig. 5, the synchronization error variables converge to 
zero with exponentially asymptotical speed when t > 6.0.

5 � Circuit implementation

The existence of chaotic behavior in PMSM and the physi-
cal feasibility of the proposed controllers as well as the 
chaos synchronization of unidirectional coupled PMSMs 
are tested in this section by designing electronic circuits. 
The analogue circuitry of the PMSM described by system 
(4) is shown in Fig. 6.

The electronic circuit of Fig. 6 consists of three capaci-
tors, thirteen resistors, six TL081 operational amplifiers 
and two analog devices, i.e., AD633 multipliers. Using 
the following values of parameters: � = 1000 rad s−1 , 
C1 = C2 = C3 = 10 nF , R1 = R3 = 100 kΩ, R2 = R4 = 10 kΩ, 

R5 = 5  kΩ (for � = 20 ), R6 = R7 = 18.315018  kΩ (for 
� = 5.46 ), R8 = R9 = R10 = R11 = 1 kΩ, the phase portraits 
of chaotic behavior found in the PMSM generated from the 
circuit diagram of Fig. 6 are shown in Fig. 7.

The existence of a double-scroll chaotic attractor found 
in PMSM can be clearly seen from Fig. 7. By comparing 
Fig. 7 with Fig. 2, it can be concluded that a good qualita-
tive agreement between the numerical simulations and 
the PSpice results is obtained. The analogue circuitries of 
the controlled systems (6) and (10) are deduced from the 
circuit diagram of system (4) in Fig. 5 (not shown). The time 
series of the state responses and the output of the control-
ler 1 generated from the circuit diagram of the controlled 
system (6) are shown in Fig. 8.

In Fig. 8, the matching of PSpice results with the numer-
ical simulation results of Fig. 3 signifies the feasibility of 
the proposed controller 1. The time series of the state 
responses and the output of the controller 2 generated 
from the circuit diagram of the controlled system (10) are 
shown in Fig. 9.

In Fig. 9, the matching of PSpice results with the numer-
ical simulation results of Fig. 4 signifies the feasibility of the 
proposed controller 2. The analogue circuitry of the chaos 
synchronization of unidirectional coupled identical PMSMs 
is depicted in Fig. 10.

Fig. 9   Time series of Vx , Vy , Vz , Vu2 observed on the PSpice oscilloscope for the capacitors and resistors C1 = C2 = C3 = 10 nF , 
R1 = R3 = 100 kΩ, R2 = R4 = 10 kΩ, R5 = 5 kΩ, R6 = R7 = 18.315 kΩ, R8 = R9 = R10 = R11 = 1 kΩ
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The electronic circuit of Fig. 10 consists of six capacitors, 
forty-nine resistors, eighteen TL081 operational amplifiers 
and eight analog devices, i.e., AD633 multipliers. The time 
series of the synchronization error variables generated 
from the circuit diagram of Fig. 10 are presented in Fig. 11.

In Fig. 11, the good agreement of PSpice results with 
the numerical simulation results of Fig. 5 signifies the fea-
sibility of the chaos synchronization of unidirectional cou-
pled identical PMSMs.

6 � Conclusion

This paper dealt with chaos control via single-state feed-
back control and synchronization of chaotic permanent 
magnet synchronous motor. The bifurcation diagram 
corresponding to two specific parameters of permanent 
magnet synchronous motor was established and shown to 
exhibit rich dynamic features. This bifurcation helps in the 
design of a permanent magnet synchronous motor. Based 
on the Routh–Hurwitz criteria, the two proposed single 
simple controllers were designed to suppress the cha-
otic behavior found in permanent magnet synchronous 

Fig. 10   Circuit diagram of the drive system (13) and the response system (14)
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motor. Among these two simple and single controllers, 
the simple and single controller 2 could be a preferable 
choice because of its use of one state variable (i.e., y). 
Moreover, the synchronization of unidirectional coupled 
identical chaotic permanent magnet synchronous motors 
was achieved using simple controllers. Finally, in order to 
access the physical feasibility of the two proposed sim-
ple and single controllers, chaos synchronization and the 
existence of chaos in permanent magnet synchronous 
motors were implemented and validated on OrCAD-
PSpice software. The novelty of this paper is to design 
and implement using analogue circuitry simple, single and 
effective controllers to suppress chaotic behavior in per-
manent magnet synchronous motor. In future works, it will 
be interesting to check if it is possible to design simple and 
single controllers effective to suppress chaotic behavior in 
other servo drive systems such as brushless DC motor and 
synchronous reluctance motor.
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