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Abstract

Multi-layer laminar unsteady flows of immiscible fractional second grade fluids in a rectangular channel made by two
parallel plates are studied. The fluid motion is produced by the motion of parallel walls in their plane and by the time-
dependent pressure gradient in the presence of the linear fluid—fluid interface conditions. The mathematical model is
based on the generalized constitutive equations for the shear stress described by the time-fractional Caputo deriva-
tive. Integral transforms (finite Fourier sine transform and Laplace transform) have been used to obtain analytical and
semi-analytical solutions for velocity, shear stress and the temperature fields. In the case of semi-analytical solutions,
the Talbot's algorithms are used for the inverse Laplace transform. The numerical calculations are carried out with the
help of Mathcad software, and the results are illustrated graphically. It has been found that the memory effects have a
significant influence on the motion of the fluids.

Keywords n-layered immiscible fluids - Fractional second grade fluids - Analytical and semi analytical solutions -
Integral transforms

Mathematics Subject Classification 76-XX - 76T30 - 76D50

Nomenclature 1 Introduction

pi Density

H; Dynamic viscosity Flows of immiscible materials in the channel/pipe are com-
7 Kynamic viscosity monly found in nature. The study of simultaneous flow of
U Characteristic velocity two or more immiscible fluids is significant due to its wide
G; Elastic modulus applications in science, medical, geophysics, industry,
T Shear stress petroleum engineering and hydrogeology [1-4]. Various
ui(y, t) Velocity applications include oil recovery, blood flow through capil-
P Pressure lary vessels, equipment cleaning, bio-films and mucus flow
h Distance between two plates in living cells, removal of carbon dioxide from the atmos-
Xy, &) Laplace transform of the function X(y, t) phere, groundwater management, crude oil flow through
Eq 5, () Mittag-Leffler function pipelines, bubble generation in microfluidics and bubble
Gy, 0,0, (t:0)  G-Lorenzo Hartely function trains flow in various complex porous systems.

Several researchers have studied the stability/instabil-
ity of two-layer or multi-layer immiscible fluids flow [5-7].
The linear stability of the viscoelastic two-layered plane
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Poiseuille and Couette flows have been first studied by
Yih [8] with the help of long-wave approach. He observed
that both density and viscosity stratification can cause
interfacial Kelvin—-Helmholtz instability. Herve Le Meur [9]
has studied the uniqueness and the existence of the multi-
layered Poiseuille/ Couette fluid flow in pipes/channel and
observed that interpolated Oldroyd derivative parameter
and the viscosity ratios are significant for a unique solu-
tion. Kalogirou and Blyth [10] have considered the Cou-
ette-Poiseuille flow of the two-layered superposed fluids
to discuss stability. The fluid at the lower layer is populated
with surfactants and these surfactants get adsorbed on
the interface. It has been observed that if the thickness
ratio is much higher than the fluid viscosity ratio and if the
surfactant is sufficiently soluble, the flow is stable.

In [11], Kim et al. have worked on the two-layered
immiscible Couette flow with the help of a hybrid method.
The flow is between two parallel planes in which the upper
plane is moving while the lower plane is kept station-
ary. It has been found that the viscosity ratio has strong
effects on the fluid velocity than the surface energy. Two
layer simultaneous natural convectional flow in a verti-
cal semi-corrugated channel under the magnetic effects
have been investigated by Abd ElImaboud [12]. The flow
domain consists of two subdomains, the first one contains
the magneto nanofluids, and the other contains a pure
non-conducting viscous fluid. The results demonstrate
that in the absence of heat soures nad with the rise in the
nano-particle volume fraction, theremal transfer enhance-
ment has been observed in both sub-domains. Later, Abd
Elmaboud et al. [13], have studied the electro-magnetic
simultaneous two layers immiscible fluids flow over an
inclined plate. The flow domain comprises two parts, one
of which is made of porous matrix saturated in Newtonian
fluid, and the other has clear fluid. The findings demon-
strate that the electrical field raises the velocity profile of
both subdomains. Whereas the velocity decreases by ris-
ing the magnetic field owing to the Lorentz power. In [14],
Khan et al have investigated the heat transfer and the fluid
velocity of the two-layer immiscible fluid in the presence
of pressure type die. The first layer is filled with the inelas-
tic fluid, namely, power-law fluid and the second layer is
filled with the viscoelastic liquid (Phan-Thien-Tanner flu-
ids). It has been seen that the fluid velocity and the fluid
temperature increase with the increase in the Deborah
number.

Hisham et al. [15], for example, presented an analytical
study of the two-layer flow of immiscible Maxwell fluids
between two parallel moving plates in the presence of
time-dependent pressure gradient. Analytical solutions
for velocities and shear stresses are recovered with the
help of integral transforms, Laplace and finite Fourier sine
transform. It has been found that the increase in kinematic
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viscosity decreases the maximum value of the velocity.
Later Rauf et al. [16], found the analytical and the semi-
analytical solutions for the velocity fields and the tempera-
ture fields for the simultaneous flow of n-immiscible frac-
tional Maxwell fluid in a rectangular channel bounded by
the two parallel translating planes and in the presence of
time-dependent pressure gradient. It has been observed
that the thermal transport in the ordinary fluids is higher
as compared with the fluids with the thermal memory,
whereas the fractional parameters for the velocity fields
act as accelerating factors of the fluids. Recently Rauf
et al. [17], studied the simultaneous flow of n-immisci-
ble fractional Maxwell fluid in a cylindrical domain. The
motion is caused by the translational motion of the cylin-
der and in the presence of the time-dependent pressure
gradient in the direction of the flow. Analytical solutions
for the velocities and the shear stresses are obtained with
the help of the Laplace transform coupled with the finite
Weber transform of order zero and the finite Hankel trans-
form of order zero. It has been seen that the fluid veloc-
ity decreases with the increase in the values of the fluids
fractional parameters. Other interesting results relating to
sigle layer fluid flow [18-21] and simultaneous flow two
or more fluids can be seen in [7, 15, 22-26]. To the best
of authors knowledge, the study of simultaneous flow of
multi-layer immiscible second grade not exist in literature.
In this paper, we have carried out this study.

Modeling of complex systems with the fractional order
differential and integral operators have applications
in many fields of science such as geophysics, biology,
demography, bioengineering, physics and mathematics;
see [27] and the references therein. There exist many frac-
tional differential operators in literature such as Caputo-
Fabrizio fractional derivative [27], Riemann-Liouville
fractional integral/derivative [28], Caputo fractional deriva-
tive [29], and Yang-Srivastava-Machado fractional deriva-
tive [30], are some of the examples of the fractional-order
differential operators used in viscoelasticity, mass and heat
transport processes. Hristov [31] studied the transient
space-fractional diffusion with power-law superdiffusiv-
ity modeled by the Riemann-Liouville fractional deriva-
tive. Ahmad et al. [32] have applied the time-fractional
Caputo-Fabrizio derivative to study the two-dimensional
advective diffusion process with concentrated source and
the short-range memory.

In this paper, we have studied the multi-layer flow of
immiscible fractional second grade fluids between two
parallel plates. We have considered an unsteady, incom-
pressible, and one dimensional fully developed flow which
is generated by the movement of the boundary walls and
the time-dependent pressure gradient in the presence of
the generalized thermal flux within the fluid layers. Moreo-
ver, we have considered the linear interfacial fluid-fluid
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condition between two consecutive layers. To find ana-
lytical solutions for velocities and shear stresses we have
used finite Fourier sine transform in conjunction with the
Laplace transformation. The main advantage of the ana-
lytic solution is that comparing an analytical solution with
the numerical scheme is the best way to examine the accu-
racy. A semi-analytical solution for temperature fields is
recovered with the help of Laplace transform and Tablot’s
algorithms used for the numerical Laplace inversion.

2 Mathematical modeling

The flow domain for the simultaneous n-layer
flow of the fractional second grade fluids is
D' ={(x,y"z"), —o0 < x',z/ < 00, 0 <y" < h} with the
boundary walls situated in planes y’ =0and y’ = h > 0.
Initially at time t’ = 0 both boundary plates and the flu-
ids enclosed inside them are at rest. After this moment,
the boundary plate at y’ = 0 start translating towards
the x’-axis with the velocity U, = Upf;(t'), whereas the
other plate at y’ = hmoves parallel to the x’-axis with the
velocity u’20 = Uyg, (") (Fig. 1), where U, is the characteris-
tic velocity. We assumes that the functions f,(t') g,(t') are
piece-wise continuous functions with f;(0) = g,(0) = 0.We
assume that the n-layer flow of fluids is immiscible, fully
developed, unsteady and one dimensional. The motion of
the fluids is caused by the motion of the boundary walls
and the time-dependent pressure gradient in the direction
of the flow. Under the given conditions, fluids velocities
take the form v/; = (ul(y’, '), 0,0). Let hy = 0 and h, = h.

Fig. 1 Geometry of the prob-
lem

In the region y’ € [h;_,, h;Jh;_; < h;flows a second grade
fluid with viscosity y;, the density p;, G;, the elastic modu-
lus, velocity ulf(y’, t")y and the share stress rl.’(y’, t') where
i=1,2,...,n.We fix here the notationsl}) ={1,2,...,n},
12_1 :={0,1,...,n - 1}.The continuity equation is identi-
cally satisfied by all velocities u;(y’, t'),i € I!.The governing
equations of motion along with initial, boundary and the
fluid—fluid interfacial conditions are

o the system of linear momentum equations
/ !
p.%=ﬁ_0_p’ iel M
"ot/ ay’ ox' n’
e the system of constitutive equations
au/' /

A\ou';
o_ylllelnl (2)

’ ’
5= <#i+ai ot’

e theinitial conditions
ul(y',0)=0,7/(y,0) =0,i el 3)
e the boundary conditions

aty’ =0, i (0,t") = Upfy (1),

aty' =h, =h, ul (ht') = Uygy ('), (4)

o the fluid—fluid interface conditions

G(ht) =,

(hi’ t,), Ti/(hi’ t,) = T./

i+1

(hi,t'),iell

&

(5)
.}.'
4
u(ht) =Usai(¢)
e —|
: - I h,=h
second grade fluid(n): p,, 1, 2, (V'.7') '
— — — — — — — — hﬂ.‘_’
second grade fluid(2):0,, 4.15( V. 1)
second grade fluid(1): p,, 4.2 ( ".¢") kA
X — [ —— — .
w(0.0) =Up £(7)
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Consider the following non-dimensional parameters
into Egs. (1)-(5),

' y’' v, t! u'; ht';
X = Iy _lt= 2:,__17'-[_
h h h Uy U
. h /
VI=&IP— P
Pi Hy Uy
a_a’iUO =ﬂb~=ﬂ
I P1h2' l ,01' I /41I
h?t h?t
f(t)=f1< >9(t)—91< >
Vi Vi
h; \Z
d,-=#,0'i=v—1[EI1

we get the following non-dimensional mathematical
model for governing equations,

aui ()p i 1
—=-—+—iel,
Tt T Tox T3 n ©)
Ju; \ ou; .
r,=<b,+a,a—t’>a—y’,/ ell, 7)

along with the dimensionless initial conditions, the bound-
ary conditions and the interface conditions

ui(y,0) =0,7,(y,0) =0,i € I, (8)

uy 0,0 = f(t)r Un(1 = g(t)r (9)

the interface conditions

ui(di t) = Uiy (dist), 7 (diy t) = 74 (dist),i €11 0 (10)

2.1 Fractional mathematical model for constitutive
equations

Consider the following generalized constitutive math-
ematical relation,

ou; 7, 0U; L
T,:biw+a,~® ay,y,e(01]/eln, (11)

where the Caputo derivative D7 is defined as, [17],

t
/ (t—o)_"Mdo, 0<o<1
0 00
(12)

BIFV, ) =

I'a-o)
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For the special case ¢ = 1,@: Fy, )= %. Let®(y, &) be
the Laplace transform of the F(y, t) with &(y, 0) = 0, then
the Laplace transform of the Caputo derivative is defined
by L{DIF(y, )} = &°6G(y, &), where 0 <o < 1[33]. The
Laplace transformation of the Caputo derivative It is sig-
nificant to remark that the generalized model (11) have the
following equivalent formulae as

au;(y, )
)

=yt y) * 7;(y, ) (13)

t
= / yi(t = 6,y)7(y,6)dd, i € I:), (14)
0

— 1 i_1 _ﬁ i . 1 .
where y;(t,7;) = ;/_tV Erm( " tv >,/ € I, is the velocity
gradient non-locality kernel. Here in the flow direction the
pressure gradient is the known function

0
~22 — o), (15)
ox
where P(t) is the piece-wise continuous function over posi-
tive real line.

3 Solution of the problem

We have used the Laplace transform coupled with the
finite sine-Fourier transform [34] for the analytical solu-
tions of the Egs. (6), (11) with conditions (8)-(10). With the
application of the Laplace transform to Egs. (6), (9)-(11) in
the presence of the initial conditions (8), we obtain

a;éu(y, &) =P(&) + ’(yyé) iel, (16)
Ty, &) = (b; + a;&") ,({/5) el 17)
0,(0,&) =£(&),u,(1,€) = §(&) (18)

4(d 5) o1 (d:€). 7 (. €)

19
wl(de)jen, o)

~:"

where 7(y, &) = f x(y, t)exp (=&t)dt is the Laplace trans-

0
form of the function y(y, t) [34].
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3.1 Analytical solutions for velocities and shear
stresses

By using Egs. (16) and (17) we get the Laplace transformed
n-layer velocities,

=P@)+ (b + ;") iel, (20)

a;ét;(y, &) a,)(/y )

We will further apply the finite sine-Fourier transform to
Eq. (20) for which the function 7(y, &),y € [a,b],a < b, is
defined as [35]

b

(@ = / 7, &)sin (9,,(y — a))dy,

2 (21)
mzx
=——m=1,23,...,
m=p_a'"
along with the inverse Fourier transform defined by
70,9 = Z (Iny = @) (22)

With the application of finite Fourier sine transformation
(21) to Eq. (20) along with the boundary conditions (18)
and interface fluid-fluid condition (19), the transformed
velocities take the form

(e = L _(o_»])m] v
Im  a+ (b +aen) <‘9§3>
3(’)(b + ") (0(dir €))
aié + (b; + o) (853)
I (b + &) (=1)"0;(d,, )

a;é + (b; + a;&n) (1952)2

W) _ mr

=—m=1,2,..
moodi—di,

dEl (23)
where for i=1,0,(dy¢)=f¢ and for
i =n,b,(d, &) = ge).In order to apply the inverse Fou-
rier sine transform, we rewrite the Eq. (23) in the following
suitable form

( H™ g (d,,g) . b;(d;_y, &)

[1-(D"] P()
0 ae+ (b +aeEn)(9)
aigui(di—wé)
9 [aié + (b; + a;én) (852)2]
a,&(-=1)"a;(d;, )
A [0;5 + (b + g (,9;'3)2]
g,):ﬁ,m:],z,...,iel;. 24)

Consider the auxiliary functions g,;(y), ,;(y) and their
inverse Fourier sine transforms €, $5im

-y 1

%1 (y) = di— BAS [d/ 1'd] phm = 19_,,[,,)1

y =diy . =™
$,i(y) = - d’i—1 AS [di—udi]r@zim = o0 (25)
m=12..,i€l,d=0d,=1.

The inverse Fourier sine transform of Eq. (24) takes the
form

Uy, &) =@1i()’)u'( - 1:5) + 05,7 (d;, &)

d d Zsm (8(y —d_y))

i-1 m=
[1- D" P()
85;3 a.§+ (b + aen) (91 )

(l) y dl 1))

I ’1m1

aigui( i—1r5)
9 [aié + (b + o) (952)2]

d d Zsm (8(y —d;_y))

i-1 m=1

a,é(=1)"a;(d;, €)
9 [a,-af + (b + @) (852)2]

’
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m=1,2,...,i

195;1) = i€ /;. (26)

Now, from (17) and (26), we obtain

Ty, &) = (b; + @&") l(y 2 Tn(y, O0;(d; ) (27)
— T, &)y ( i_1,zz) + T3 (v, OP(),
where
- 3 (b, + a,z;‘}’f)
Ti1 (y’ 5) - W
o a,(—=1)"& cos <,9§;3 (y—d_, ))
142 >
e+ 0+ ) (9,)]
— 3 (b,» + a,é”")
TiZ(yl é) - W
©  a;cos <19£;,) (y—d_, )>
142 |
m=1 [a,f + (b,- + a,ﬁ%‘) (19%7) ]
- 2(b; + a;”)
Ti3(J/r f) = W
o [1—-(=1)"] cos (8,(1?(y—di_1)> 1
el
s ag+ (0 + @) (9,)7]
(28)

With the help of the interface liquid-liquid conditions (19)
in Egs. (27) and (28), we obtained the following algebraic
system for the Laplace transformed velocities on the inter-
facesy =d,i=1,2,...,.n-1,

= B'I (é)l
é;,,‘(f)ui(d;: &)+ 81Oy, (di1,8)

= 8110y (dy, &) + &1 2()Ta(dy, )
€,-1(&);_1(dj_1, &) =
=b,(&), ieJ;2>2,

en— 1.n— 2(5)"’" Z(dn 215) en- 1.n— 1(§)un 1(dn 1'5) n 1(5)'

(29)
where

€18 =Ty 1(dy, &) + Ty 5(dy, &), &, =T, ,(dy,9),

éi,i—‘l (g) = -ilz(dir g)r ii = Tl 1(d,r 5) + i+1, Z(d,r 5): (30)

€)= _i+1,1(dil RS J,(,z_)1:

and

b,(&) =T,3(d}, &) = T15(d;, &) = §,,,9(8) — 6;,F(8), je .,
(31)
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5j,m_1 is Kronecker delta. The system (29) can be written in
the following equivalent form

MEUE) = N&), (32)
where
[ &) &0 0 0 0
010 =820 39 0 0
0 €, -850 €34()
me=| : - - . :
0 0 _én—3,n—3(":) E,.—3,n—z(‘f) 0
0 0 Gon3® = 82na(® Epn (@
L 0 0 0 ‘_’n—l,n-z(f) —é(é) | (33)
u,(dy, )
_ 0,(d,,
o =| B9 (34)
un—1(dn—1'§)
and
[b,(8)
) b,(&)
N = . (35)
[ b, 1) ]
Finally, we obtain
UE) = M (ENE). (36)

Now, b;(d;, &), i € Jf,” are known functions, therefore the

velocities U, (y, &), --+, U, (y, €) are known. To obtained the

inverse Laplace transforms of the functions u;(y, &),i € l;
we consider the following auxiliary functions,

Flo(m, &) = 1 —
a;é + (b; + a;&n) <19£;,))
5—}’:' 1

(ai)<§1—y,+M> 1 +L§(:
i <§1 r,+m>

o bk 19(')
EO ( k+1>

k+1
a; AR
I<9<))
<§‘I B o

é—(k+1)}’f
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Hi3(m, &) = EHjp(m, &)

gt

<§1_y 4 o)’ )y >

= () (o)

+ Z k+2

k=0 a,‘
é—(k+2)y,-+1

’ k+2
L, olem)’
<§1 Y 4 a—,

Hin(m, &) = (b; + ;" ) Hip(m, &)

o (— )k(b )k+1 0(!)
g k+1 ( )

& (k+1)7,

’ k1
)
(éﬂ Yi 4+ a—i

© ( 1)( )k+1(9,(7?)2k(ai)

+ Z k+1

k=0 a,’

ek,

’ k+1
L, olen)
(51 S

and

Hip(m, &) = &My (m, &)

6—}’:""1

<51_7 EIGA (em> )

o (= 1)k+1( )k+1<9g])>2k

+ Z k+2

k=0 a,’
é—(k+2)y,-+1

) k+2
L, olen)’
<§1 Y+ a—,-

o

a,<§1—y, + "‘i(z@f)

o (= 1)k+1( )k+2<9f,’3>2k+2(a;)

+2

+

+ Z k+2

k=0 a,‘
5—((k+1)y,—1)

) k42"
Ll
<§1 Yi + a—,-

We know that,

G (t )_£—1 2
o1,03,05\110) = (s%1 — 6)°s

Z ['(k + o3)cktk+os)oi—02=
k'F((k +03)0, — 0'2)1"(63)

Re(s) > 0, Re(o,05 — 0,) > 0, Isil <1,
o

and fora;, §; > 0,

a—P;
£ |:Szi — d] - tﬂi_1E“irﬂi(dtai)’

(42)

whereE, 5() is the Mittag-Leffler functionand G, ,, , (t, o)
is the generalized G-Lorenzo-Hartley function [36]. The
inverse Laplace transform of H,(m, &), H;;(m, &), H;,(m, &)

and H;3(m, &), takes the form

-\ 2k
o (-1 (b,) (6
Hio(mr H= z ( )

= (ai)k+1

-1 i\2
'G1—y,.,—(k+1)y,.,k+1 (t, —ad; (H:n) >,
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N2 N2 N2 N2
s (o) - ~a(07) s (o) - ~a(07)
Hi3(m' t) =_[ - G—izt IE1—y,-,1—;/,- a, t Hjp(m, t) =_[ - G—izt ’E1_yl_'1_7i Tt
o (—1)k+1 (b-)k-H (0(1)>2k+2 - (_1)k+1 (b,)k-H (0(i)>2k+2
1 m 1 m
+ Z k+2 + k+2
k=0 (a,') k=0 (a,')
1/ 22 1ni 22
“Giy kg e <t, —ad; 1 (Q;n) ), . G1_yi’_(k+2)y’_+1,k+2(t, —aa; 1(9;’) )
(44) .
—a 90))
k k+1( ) 2k ﬁ(s’ t) « t'"VE :(_mt
b (_1) (b,) <0m) + a; ( ) T=vi1=7; a;
Hiy(m, t) = Z ( )k+1
k=0 gj 2k+2
k+1 k+1( 1)
“Gi_, _ksyy, k+1<t —aa; (0 )2> i =D (b;) <9n’1) (o)
—Yi— ir ! i m +
NP ) (a)*
o (=1(6) " (08) " (@) L
+ Z ( )k+1 ’ G1_7i'_((k+1)7f_1)lk+2(t' _aai (Om) >
~1(pi \? 1
“Gyy eyt <t, —aa'(0)) ) whereh, (t) # hy(t) = [ h(t — 7)h,(r)dz denotes the con-
volution product of the functions h,(t), h,(t). Using Egs.
and (26), (43) and (44), we obtain for velocities the following

expressions:

Uiy, t) =gy, ()U; (diq, t) + Goy(v)u; (i t)

2 N o) [1 -7
+ d,- - d,-_1 mz=:1 sin (19'77 (y - di—1)) '951,1) 'HiO(m/ t) * P(t)
2 - . 0] ai
- TTa Z sin (99 (y — di_1))EHi3(m’ t) s u;(diq,t)
! =1 " m=1 m
0 (47)
+ 2 sin(99(y — dy))
di - di—1 m=1
ai(_1)m
T/-/,.3(m, t) « u;(di_q,t),
i mr .
;n) =m,m = 1,2,...,’ (S I:,.
The shear stresses system z;(y, &),i € l;,can be obtained by
applying inverse Laplace transform to Egs. (27), (28) and
using Eqgs. (45), (46), we get
00 =Ta 0,0 = ui(dt) =T 0 % (dpnst)
+ Ti3(y/ t) * P(t)l
where
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T =| 2 (06 (b )
i i—1

m=1

+2 Z a;,(=1)"H,(m, t) cos (99 (y — d_, ))] ,

7(y, &) =(b; + a;&")

=(bi + “iéy") [_, [m(E)A;(E)e ™y Vmi&)
VM @B eV

aui(yr 5)
ay

(51)

1
Ty, b) :[ ot E, (=bat
2 d; —d,_, ( ’ " ( mi )) Using the boundary conditions (18) and the interface con-
i ( (_)( )) ditions (19), we have
+2 ) aH,(m,t)cos (8(y —di_;)) |,
= e 9Dy (&) = £y (&), (52)
T, 0 = — 2d D [1= (=1 Ha(m,tycos (90 (y - di_y)).i €1). (49)
i~ Yi-1 m=1
The considered model of multi-layer flow of second  where the C, () is given by
grade fluids is more general and several special cases can _ -
be deduced from it. In order to certify the correctness of o o - 0 1 01 0 0
results that have been here obtained, as well as to get fi —¢; O = 0
some physical insight of them, we consider a particular 0O f, —-¢g - 0 O fl —gl
case whose solution is well known in the existing literature R Do 2 ;2
or can be easily determined. For the special case when C@=|0 0 - f.,-¢,.,0 0 0 L+ —
a; — 0in Egs. (47) and (48), we obtain analytical solutions el £ 0 0 I frt 8o
. . .. . . I)l - 1 _p1 0 0
of velocities for the n-immiscible Newtonian fluids. These 0h —F -~ 0 0L —p, — 0
velocities (47) of n-immiscible fluids match with the results . ..'2 L ..'2
obtained in ([16]; Eq. (72) with 4, — 0). 0 0 B, -, 0 0 0 L_,—p,
00 - 0 § 00 0 0 I
3.2 Semi-analytical solution for velocity and shear and the columns D, (&) and E, (&) are
stress ) . ) )
A1) Po (&)
In this subsection, we obtained a new solution for the Ay (&) P
velocities and shear stresses corresponding to the gov- : :
erning equations given by Egs. (16)-(19) by applying @) = An(&) E,(£) = ()
the Laplace transform in conjunction with the classical k B, [ 0
method for the ordinary differential equations. The gen- B,($) 0
eral solution for the Eq. (20) provides a system of the : :
Laplace transformed velocities as | B,(S) | | 0]
y —y\/m® @, PO here
(7, ) = A7V 4 B (e VO + Z =, (50)
i
where
aé
m(¢) = ————,i el
Now with Egs. (17) and (50), the Laplace transformed form
of the shear stresses 7;(y, t),i € I:,, can be written as
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: e‘df\/%, g = e_d’\/m,

b - me_d, @

== (L e VI
- Me ’W,

(e

P
Py(&) =F(&) - (ij
1
: P
p@)=(——-1)V22 12 a1
(6) <,-+1 a,> =

The system (52) can be written in equivalent form as,

W1 (OAE) + X1 (£)B(E) =L3(E),

V(A + Z,(£)BE) =Ly(©) 53
Where
Wy = (W/U)Uel" PX = (X/U)Uelo
Wy = Soj] € 15_y 3 Xgy = bo5j €17,
i = Ti6ije1 = 8i6ipa 4, Xi} = %5i,j+1 - gli5i+1,j+1,
iell jell iiel ,jell,
Y= (Y,l/)ue/O Py = (Zlu):,e/l)
Y,;- = D10 41 — B i, Zij = L1641 j01 — Pis10isojun,

. 0 . 0 .o 0 . 0
iel ,jel_ i€l _,jel_,

Y(ln 1)) I)n‘Sn—ij € 12—1 . Z(’n n In&n—w’j € 12_1,
Po(&) 0
L P1:(§) L, = ? ,
P”—1(§) 0 nx1
A B,(©
A= Azf&) B Bz{f?)
An(®) B(©)

Where §;; is the Kronecker tensor. Matrices W, X;, Y;, Z; are
invertible triangular matrices, therefore Eqs. (47) can be
written as

(X7'Wy = Z7TY)A =X 54
B=-ZY,A

Suppose that matrix S; = X;'W, — Z:'Y;is invertible, we

have
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A=ST1Xs,

55
B=-2Z7"Y,S"X; L, (55)
where
W1‘1=< )/jelm,
T
wy=dgj €l wo=]]-iel (56)
r=1 g
,=_Hf5H 5U+kleI
51gsrofr+1ko
X! ( )IjE/n1,
Xg; =) € 19_1.x H lel:, i

H fs Hfr+1 25,1+klj€/

s1g5rog’ k=0

Z1‘ = (zl)
Vijer

with,

i
1 _ | Ps n-1 _ _ _ P 0
Z,'j = <H p_ H [_> Zk:o 5i—k,j'IO = pO = In = 1"1/ € I,,,]
s=0 *s r=0

And the matrix S, = <5U> is defined by the

/jEI
elements
n—-1
1 _ 1 1
S;=2. <X:ka; Zrleq)
k=0

The Laplace transforms given by Egs. (50), (51) and (55)
involve intricate functions, which makes it difficult to apply
analytical methods to compute the inverse Laplace trans-
forms of these relations.

Here we have used two precision numerical proce-
dures for the Laplace inversion of Egs. (50),(51) and (55),
specifically the fixed Talbot procedure and the improved
Talbot procedure [37, 38].

Consider a function g(y, t) with the Laplace transform
G(y, s). Talbot algorithm [37] approximates the function
g(y, t) from a given function G(y, s) as

00,0 21 { #2060,

M-1
+ Y Re[exp(tz(Q))G(y, (@) (1 +i¢(€))] }

k=1
(57)

where
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r =%, z(Q) =rQ(cotQ +1i), Q€ (—x,x), 7,(Q) =¥[vi9 + uQcot(afd) - Q], Q € [-x, 7],
kr (58) 2k — D
£(Q) =Q + (QcotQ — 1)cotQ, Q, = o §1(Q) =auQ + p(aQicot(af) — Ncot(ald), oy = —— —
(60)
The improved Talbot algorithm is applied to approximate  pHeare the parametersM, a, u, v, &arequantified by the
the function g(y, t) as handler.

The results obtained by Luo et al. [39], are the special

M
gy, t) = Z G(y, z, (Uk))(" + iC1(5k)) w, (59) case n = 2, of our more general semi-analytical solutions
t _
k=1 (50)-(51).
where,
2 T T T T 1.3 T T T T

Kernel ¥5(t,72)

Kernel v3(t,73)

- 1 1 1
0 0.2 04 0.6 0.8 Y3 1

Fig. 2 Variation of the damping kernels y;(t, y,), i = 1, 2, 3, with the fractional parametersy,, i = 1,2,3
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r=1
i

Velocities i, (y,t)

Uy e v, =033 Uy e v, =07 iy y;=04
U wee =083 Uy wrwem 7, =07 ity v, =04
U som 1, =092 Uy wmm =07 i ¥y =04

Fig.3 Profile of velocities u;(y, t), i=1,2,3 at
py = 0.05, 4y = 03, 3 = 0.5, @, = 0.2,a, = 0.3, 3 = 0.6 and for dif-
ferent values of y,

Velocities i, (y,1)

=]
e
i

1
0 02 04 0§ 03 )
)
U eee y, =035 Uy waeer =041 u
U pewewe 7, =035 Uy s 7, =0.83 U
U eeewy =035 Uy e 7, =092 u =04
Fig.4 Profile of velocities u;(y, t), i=1,2,3, at

uy =0.05, 4, =0.3, 43 = 0.5 a; =0.2,a, = 0.3, a3 = 0.6 and for dif-
ferent values of y,
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Fig.5 Profile of velocities u;(y, t), i=1,2,3 at

py = 0.05, 4, = 03, 43 = 0.5, 2, = 0.2, , = 0.3, 3 = 0.6 and for dif-
ferent values of 5

4 Numerical results and discussions

The unsteady, laminar flow of multi-layer fractional
n-immiscible second-grade fluids between two parallel
plates have been investigated. The flow of the fluids is
caused by the time-dependent pressure gradient along
the axis of the flow and by the movement of the channel
walls in their planes with the time-dependent velocities,
and in the presence of the fluid-fluid interfacial conditions.

A generalized mathematical model based on the frac-
tional differential constitutive equation with time-frac-
tional Caputo derivative has been developed and studied.
On the solid boundaries, the no-slip condition is consid-
ered, while at the fluid-fluid interfaces, the velocity and
shear stress are considered continuous.

Semi-analytical solutions of the problem with initial,
boundary and interface conditions have been deter-
mined by employing the Laplace transform coupled with
the Talbot algorithms for the numerical inverse Laplace
transforms. Using the Laplace transform and the finite
sine-Fourier transform, the analytical solutions of the same
problem have been determined.

In the present study, we considered the particular
case of three layers of immiscible fluids when the veloc-
ity of the bottom plate is u,(0,t) = f(t) = 0.5H(t) the
velocity of the upper plate is u;(0,t) = g(t) = 0.4H(t).

0,t<0

H(t) = { 1t>0 — %sign(t)(1 + sign(t)) is the unit step
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Fig. 6 Profile of veloci-
tiesu;(y,t),i =1,2,3,at

71 =08,7, =0.7,y; =04,

a,; =0.2,a, =03,a; = 0.6and
for different values of y,

i

=1
i

=1

-

Lh
T

Velocities 1, (y,t)

=
de
T

1
0 0.2 04 0.6 0.8 ‘3
J

Uy =i g, = 0.05 Uy e 141, =0.6

1y = 4 =005 Uy pevewr 4, =041 U, www 4,=06

U ey 4, = 0.03 u, oo 4,=06

Fig.7 Profile of velocities u;(y, t), i=1,23, at
77 =087, =0.7,7; =04,a, = 0.2,a, = 0.3, 25 = 0.6 and for differ-
ent values of y,

Heaviside function, and the pressure gradient is
P(t) = 1 + sin(t). The flows regions are determined by
dy=0,d, =03,d, =07 d; =1

With the help of Math-cad software, numerical results
have been obtained and graphically presented for the
velocity of the fluids. Some aspects of the fluid motion
are presented in Figs. 2, 3,4, 5,6, 7, 8,9 and 10 that
are sketched for the following values of the densities of

Velocities u, (y,t)

[=1

0=y
n3s 1 1 1 1
Y 0.2 04 06 08 %
U} e 4, =041 Uy weeu =029 [ Qe— u; =06
1 e g, =0.63 U wwwy =029 Uy wew 4, =06
A oo 4, =126 U, oo, =029 Uy ooy, =06

3
wn
i
1

Velom{t):cs w, (y,1)

r-

0.4 o
0<y=<03| 03<y=<0.7 |0.7<y<1
033 1 1 1 1
0 02 0.4 0.6 0.8 v
Uy ey, = 0.05 Uy i pg, =03 u T 4=04
U woree =005 % sww 4 =03 w, W =05
U wee =005 Uy v 4, =03 U oo 4=099

Fig.8 Profile of velocities u;(y, t), i=1,23, at
7, =087, =0.7,7; =04,a, = 0.2,a, = 0.3, 25 = 0.6 and for differ-
ent values of y;

fluids p; = 1000, p, = 1300, p; = 1500 (other parameters
are given in the figures'labels).

To emphasize the influence of the memory on the
fluid motion, let’s refer to the constitutive Eq. (11) that
can be written in the equivalent form
a”a—(;”t) = ,,l,./ot Ey“yl(—Z—:(t - 5)”‘) 7,(y, s)ds. This relationship
shows that the shear rate is strongly influenced by the
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Fig.9 Profile of velocities u;(y, t), i=1,2,3 at
7, =087, =0.7,y; = 04, u; = 0.05, u, = 0.3, u; = 0.5 and for dif-
ferent values of a;
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Fig. 10 Profile of  velocities u;(y, t), i=1,23, at

7, =087, =0.7,y; = 04, u; = 0.05, u, = 0.3, u; = 0.5 and for dif-
ferent values of a,
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Fig. 11 Profile of velocities u;(y, t), i=1,23, at

7, =087, =0.7,7; =04, u; = 0.05, u, = 0.3, 3 = 0.5 and for dif-
ferent values of ay

memory kernel present in the mathematical model,
namely, by the weight function £, (—%t”).The profiles

of kernels corresponding to three fluids considered in
the present study are given in Fig. 2, for different values
of the time t, t € {0.05, 0.1, 0.2, 0.4, 0.5, 0.8, 1}. Note
that, in the case of the ordinary fluids (y; = 1) fluids
defined by the constitutive equation with the derivative
of integer order, the dumping kernel is the exponential

function exp <ﬁ) has a profile different from the pro-

a@;
files shown in Fig. 2. It is observed from Fig. 2 that for
small values of time t, the damping fractional kernel
increases to a maximum value and then decreases to a
minimum value. For time values t greater than or equal
to 0.4, the kernel values are ascending by the fractional
parameter. On the other hand, for positive values of the
argument, the exponential function exp(%) is

i

decreasing.This discussion highlights that there are
essential differences between memory effects for the
fractional and ordinary fluids.The different behavior of
the dumping kernel for the shear rate in the case of the
fractional model, respectively for the ordinary model, it
is visible to the profiles of the velocities of fluids pre-
sented in Figs. 3,4,5,6,7,8,9,10and 11.

Figure 2 has been plotted to study the influence of the
memory of the fluid in the first layer on the fluids in layers
two and three which are considered with constant frac-
tional parameters. It is seen in Fig. 2 that for increasing the
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Fig. 12 Profile of velocities u;(y, t), i=1,23, at
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Fig. 13 Comparison between results obtained with analytical and
semi-analytical solutions for velocities u;(y, t),i = 1,2,3

values of the fractional parameter in the first fluid layer,
its velocity decreases. Obviously, the motion of the first
layer influences the second and third layers through the
interface interactions.

Figures 3, 4 and 5 present the influence of the varia-
tion of the fractional parameters in layers two and three.
We must point out that in these cases the effect on the
velocity of the fluid in the first layer is null. This was to be
expected because there are no changing parameters in
the first layer, so the speed on the interface between the
first layer and the second layer will be the same due to the
imposed continuity conditions.

The influence of the dynamic viscosity of the fluids
on their velocity is analyzed in Figs. 6, 7 and 8. Taking
into account the mathematical model, the influence of
the dynamic viscosity occurs through the parameters b,

The variation of these parameters changes the ker-
nel’s profile of the fractional/integer derivative, so the
shape of the velocity field. As expected and as shown in
Fig. 6, the fluid with the lowest viscosity has the highest
velocity because, in this case, the viscous forces have
lower values.

The influence of the material coefficients specific of the
second-grade fluids, namely q;, on the fluid motion, was
investigated in Figs. 9, 10 and 11. Like the dynamic viscos-
ity, the material coefficients ; are in the expression of the
fractional derivative kernels, so they participate signifi-
cantly in the memory process.

In Fig. 12 is presented the profile of velocities u;(y, t),
i=1,2,3, for different values of the time t. It can be
observed from Fig. 12 that at a very short time the pro-
file for velocities u;(y, t),i = 1,2, 3, are similar to the initial
condition, that is zero everywhere.

In order to verify the accuracy of numerical results, we
used the analytical solution of velocity given by Eq. (47)
and the semi-analytical solution given by Eq. (50) for fol-
lowing values of parameters: y1; = 0.05, u, = 0.3, 5 = 0.95,
a; =02,a, =04, =06,y, =0.8,7, =0.7,y; = 0.4and
t = 3. Numerical results are given in Fig. 13. There is a good
agreement between the results obtained with the two
formulas.

5 Conclusion

The simultaneous flow of generalized n-immiscible sec-
ond grade fluids with the Caputo time-fractional deriva-
tive have been studied between two parallel plates. The
unsteady, laminar simultaneous n-fluids flow is caused by
the motion of the side walls with time dependent veloci-
ties, and by the time dependent pressure gradient in flow
direction.

On the solid boundaries, the no-slip condition is
considered, while at the fluid-fluid interface y = d,, the
velocity and shear stress are considered continuous.
Semi-analytical solutions of the problem with initial,
boundary and interface conditions have been deter-
mined by employing the Laplace transform coupled
with the Talbot algorithms for the numerical inverse
Laplace transforms. Using the Laplace transform and the
finite sine-Fourier transform, the analytical solutions of
the same problem have been determined. It has been
found that the memory effects are significant in the fluid
motion. Furthermore, the fluid with the lowest viscosity
has the highest velocity, as expected.
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Appendix

Applying the Laplace transform to Eq. (11), we can write

_ ou(y, &) 0u;(y, &)
(Y, = b i
7i(y, &) = b, oy + 3 61)
we can rewrite Eq. (61) in equivalent form as
au; 1 2, 8)
oy ~\brae )7V (62)

Applying the inverse Laplace transform to Eq. (62) gives
the velocity gradient in the form of convolution as

a”d_(it) —ui(t,7) * T, 0) (63)
t

=/ wi(t=6,7)7(y,8)ds:i €I (64)
0

with y;(t,y;) = it%qErm <_%tn>_
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