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Abstract
Synthetic Aperture Radar (SAR) is a type of radar that is mounted on an airborne platform and aims to increase the 
resolution of the acquisitions by traveling over the target area. The signals acquired by SAR are two dimensional, but it 
is possible to create three dimensional models using signal processing methods. Tomography is the method of creat-
ing three dimensional models from multiple two dimensional signals. This method can be applied to SAR acquisitions 
to create three dimensional models of the landscape. The goal of this study is to create a comprehensive tutorial on 
how to work with SAR data, what toolbox to use for analysis, how to create a tomographic SAR dataset, and how to use 
different methods of spectral estimation for SAR tomography. In this work, first, we focus on the main problem of SAR 
tomography followed by SAR preprocessing steps, a brief description of data levels, and finally, we discuss the different 
spectral estimation methods used in SAR tomography along with examples at every step.

Keywords Synthetic aperture radar (SAR) · Comperssive sensing (CS) · Nonlinear least squares (NLS) · Tomographic SAR 
(Tomo-SAR) · Interferometric SAR (In-SAR) · Singular value decomposition (SVD)

1 Introduction

In the late 1940s, after the second world war, the United 
States army was looking for an all-weather, 24-h remote 
surveillance device. The ability of the radar to penetrate 
cloud and fog and its independence from daylight made 
it the logical choice for the army. The only issue was that 
in order to achieve a high enough resolution the antenna 
would need to be the size of a football field, far too large 
for any aircraft to carry. Synthetic aperture radar (SAR) was 
the solution to this problem. It was invented by Carl A. 
Wiley, a mathematician at Goodyear Aircraft Company, in 
1951. This technology was released to the civilian commu-
nities in the 1970s. This type of radar increases the resolu-
tion by using the movement of the platform to create a 
synthetic aperture.

SAR stores the data of the scanned area in the form 
of a 2-dimensional signal (similar to an image); however, 
the actual landscape is 3-dimensional. Therefore, SAR in 

fact maps the information of the 3-dimensional area into 
two dimensions. During this mapping process, not only 
we lose the data for the third dimension, but also since 
the model is summed in one direction, it becomes less 
accurate. The process of tomography aims to untangle this 
mapped version of the landscape and estimate the origi-
nal 3-dimensional model by calculating the reflectivity and 
elevation of the scatterers using multiple SAR acquisitions. 
Any object or surface that comes into contact with the 
beam scatters the signal in all direction which is why we 
use the term “scatterer” to describe them. The goal of this 
study is to create a tutorial for the SAR tomography (tomo-
SAR) process using real SAR data. To this end, in the sec-
ond section, we discuss what SAR is and introduce some 
of the most famous platforms on which SAR equipment 
are mounted. The third section covers what tomo-SAR is 
and the mathematical modeling and equations support-
ing this method. The fourth section includes all the pre-
processing steps required for SAR data processing and the 
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tomography process. All the necessary information about 
the required dataset is included in the fifth section. The 
sixth section includes several different spectral estimation 
strategies that are currently being used in the tomo-SAR 
process. In the seventh and final section we have the con-
clusions and the possible future topics for research in this 
field.

2  Synthetic aperture radar

SAR is a type of imaging radar that has many applications, 
from agriculture to military. This type of radar is usually 
mounted on a moving platform such as an aircraft or 
spacecraft and is, in fact, an advanced form of side-look-
ing-airborne radar (SLAR). The size of the antenna or the 
antenna aperture is in direct relation with the image reso-
lution; which means the larger the antenna aperture is, 
the higher the image resolution will be. In Ponce et al. [1], 
published a transaction paper on holographic SAR tomog-
raphy where they discuss the synthesized aperture of SAR 
in details. For this type of radar, the movement of the plat-
form at high speed acts as another form of antenna aper-
ture. The combination of the aperture caused by the move-
ment of the platform and the physical antenna aperture 
create a synthetic aperture which is capable of achieving 
a higher resolution than would be possible for the physi-
cal antenna of the radar by itself [2]. SAR has three modes 
of acquisition, stripmap, spotlight and scanSAR modes. In 
the strip map mode the transmitter is fixed; therefore, the 
beam scans a swath parallel to the azimuth axis. In the 
scanSAR mode, the transmitter moves orthognal to the 
azimuth direction and the swath will creating zigzags on 
the ground. In this mode the scanned area increases but 
since the scan time is decreases, the final resolution would 
be also decrease. In the spotlight mode the transmitter 
moves in the direction of azimuth axis to keep the beam 
focused on one location as long as possible. In this mode 
the scanned area is reduced considerably but the since the 
scan time is increased, the resolution would be higher. The 
three SAR acquisition modes are shown in Fig. 1.

The data from each transmit/receive cycle is a complex 
signal and is stored as amplitude and phase. After a given 
number of cycles, the stored data are combined to create 
a single high-resolution image [4]. By using SAR it is pos-
sible to create a signal which would have been obtained 
by an antenna of length V.T; where T is the time period, and 
V is the speed of the platform. When an object enters the 
radar beam, the echoes from each transmitted pulse are 
recorded while the platform continues to move forward, 
and keeps recording all the echoes until the object leaves 
the beam. The velocity of the platform and the time the 
object is in the sight of the radar, determine the length of 

the simulated and synthesized aperture. In Soumekh [5] 
published a book on SAR signal processing which includes 
the basic and traditional SAR signal analysis techniques. 
In Table 1 we have included some examples of several air-
borne platforms that are equipped with SAR. In this table 
the band, polarization, look angle and several other speci-
fications of eleven SAR platforms are demonstrated.

3  SAR tomography

The traditional SAR acquisitions are not only missing the 
third dimension, but also suffer from the “layover phenom-
enon”. If the range and azimuth resolution of a SAR acquisi-
tion is m × n , every scatterer in this area contributes to the 
final complex value of the pixel [6]. As it can be seen form 
Fig. 2, Slant-range is the distance from the scatterers to the 
radar; therefore, every object that has the same distance 
from the radar will contribute to the complex value of the 
same pixel, this phenomenon is known as layover and it 
causes great inaccuracies in the pixel values [7].

Tomo-SAR is an advanced signal processing method 
that uses multiple 2-dimensional SAR acquisitions of the 
same area to calculate the elevation of each of the scat-
terers contributing to the values of each pixel. Each of the 
different scatterers with different elevations, have different 
reflectivity coefficients. Tomo-SAR uses spectral estimation 
methods to calculate the elevation and reflectivity pairs 
of each of the scatterers within the pixels. For each pixel, 
the SAR measurements are in fact the sampled Fourier 
transforms of the reflectivity function [9]. In Pardini and 
Papathanassiou [10] improved the performance of capon 
beamformer spectral estimator method by using proir 
information about the topography of the landscape.

Figure 3 shows the different positions of the radar in 
relation to the scatterer at position s . In this figure the dis-
tance between the point s and Pref  is the elevation of this 
scatterer (which the tomo-SAR method aims to estimate), 
x represents the flight direction of the platform (azimuth) 
and r represents the slant-range axis. During the tomo-
SAR process, one of the acquisitions is considered to be 

Fig. 1  SAR acquisition modes (Spotlight, Stripmap and ScanSAR) 
[3]
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the master and the rest are considered to be slaves. The 
horizontal and vertical distances of the position of each 
slave acquisition from the master position are known as 
the baseline and are shown by Bh and Bv . Only the baseline 
in the direction of the elevation or Bh is used in the tomo-
SAR process and the maximum of of this baseline is shown 
as B [11]. All these variables can be seen in Fig.3.

In (1), �(s) is the continuous reflectivity function along 
the elevation axis, fn is the elevation frequency and gn is the 
Fourier transform of the reflectivity function along eleva-
tion at position s [7]. Elevation frequency can be calculated 
using (2) [12].

(1)gn = ∫
�s

�(s)e(−i2�fns)ds
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Fig. 2  A simple schematic of the occurrence of the layover phe-
nomenon in SAR acquisitions [8]

Fig. 3  The geometry of SAR platforms for the tomo-SAR process
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In (2) bn is the baseline in the direction of elevation, r is 
the value of range and � is the wavelength of the radar. 
If the elevation points are considered to be L discrete, (1) 
changes to (3).

In (3), �(s) is the discrete reflectivity function along the 
elevation axis, sl is the elevation of the lth scatterer within 
this pixel (at discrete locations), and �s is the discretization 
interval. Therefore, finding the elevation and the reflectiv-
ity of each scatterer within the pixel becomes an spectral 
estimation problem . In Sect. 6, we will describe several 
algorithms for solving this spectral estimation problem.

4  Tomo‑SAR data preprocessing

As we mentioned previously, SAR acquisition is in the form 
of multiple 2-dimensional complex signals. These complex 
signals along with other related data, are contained within 
specific data packet. To access the data within these packets 
we must use certain softwares and toolboxes. For the case of 
Sentinel-1a data packets, we must use the sentinel applica-
tion platform (SNAP), which is a software that contains all 
sentinel toolboxes. We have used this software for accessing 
and processing of our raw data packets.

Every data packet is divided into four parts, metadata, 
vector data, tie-point grids, and bands. The band section 
of the data packets contains the scan signal of the land-
scape which is the main part of the data; the other sections 
hold other essential information. For the data packets that 
we have used in this study, the band section of each data 
packet contains three acquisition of the landscape. Each of 
the acquisitions in the band section has two polarization 
where each polarization contains three sub-swaths. There-
fore there are a total of eighteen files within the band section 
of each of the acquired data packets. This number can be 
different for different modes of acquisition. The first file or I 
represents the real part, while the second file or Q represents 
the imaginary part of the complex image. The third file is the 
intensity of the other two images and is not necessary for the 
tomo-SAR process. In order to use these files for estimation 
of elevation, they must first go through several preprocess-
ing steps.

4.1  Radiometric calibration

The different software and processor usually apply their 
own scaling based on the equipment or application. The 

(2)fn =
−2bn

r�

(3)gn = �s

L∑
l=1

�(s)e(−2�fnsl )ds

radiometric calibration step of preprocessing, undoes the 
previously applies calibration and applies new calibration 
on all acquisitions therefore unifying them for the tomo-
SAR process. This step can be done using the SNAP tool-
box where it uses the four calibration look up tables (LUT) 
inside each data packet to perform the radiometric calibra-
tion on all acquisitions. This step is applied to enable fair 
comparison between different sensors, processors, modes 
etc. and therefore it is a necessary part of the tomo-SAR 
preprocessing [13, 14]. The mathematical equation of 
radiometric calibration is given in (4).

In (4), Ai represents the backscattering coefficient of the 
pixel area and can be expressed in the slant-range plane 
(beta nought), on the ground (sigma nought), or in the 
plane perpendicular to the slant-range direction (gamma 
nought). Digital number (DN) represents the pixel intensity 
of the ith pixel of the image, and ki is the absolute calibra-
tion constant [15]. Since our objective is to use multiple 
images, all of our images must be calibrated. We have 
performed this step using the Sentinel-1 toolbox of SNAP 
software and have applied calibration on all of the images 
of the dataset.

4.2  Coregistration

In tomo-SAR, acquisitions are taken from different angles 
and are moved compared to each other, which means a 
specific pixel in different acquisitions (for instance, pixel 
50 × 50 of each image) no longer indicates a certain 
point on the ground. Image coregistration aligns one or 
more slave acquisition with the master in such a way that 
each pixel from the coregistered slave image represents 
the same point on the Earth’s surface as its correspond-
ing pixel in the master image. This process is an essential 
part of the tomo-SAR and Interferometric SAR (In-SAR) 
process. To obtain a high-quality In-SAR image, the indi-
vidual complex images need to be coregistered to sub-
pixel accuracy [16]. In Plyer et al. [17]  developed a novel 
algorithm that was able to reduce the coregistration error 
to 0.1 pixel between stripmap and spotlight acquisitions 
and 0.7 pixel between two spotlight acquisitions. In this 
project we have used terrain observation with progres-
sive scans SAR (TOPSAR) which will be explained in details 
in the fifth section. The coregistration of TOPSAR sigals is 
accomplished in three major processing steps. A simple 
diagram of this process can be seen in Fig. 4. 

1. TOPSAR-Split
2. Apply-Orbit-File

(4)Ki =
|DNi|2
Ai
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3. Back-Geocoding

In the TOPSAR-Split step, each sub-swath is split into a 
separate signal. In the second step of coregistration the 
precise orbit file is applied to the data. The orbit state vec-
tors provided in the metadata of the SAR data packets are 
generally not accurate enough; therefore, the precise orbit 
files must be used to refine them. The precise orbit files are 
available in the database, days (in some cases weeks) after 
the generation of the product. Each data has an orbit file 
which must be acquired separately. The orbit file provides 
accurate satellite position and velocity information. Based 
on this information, the orbit state vectors in the abstract 
metadata of the product are updated. However, since the 
precise orbit file of a Sentinel-1a data packet is only avail-
able for twelve months or less, many of our acquired data 
packets were unusable. There are other types of orbit files 
available for these images; however, since tomography is 
a very precise process using these types of orbit files will 
introduce a significant amount of noise to the results.

Back-Geocoding is the last major step in TOPSAR coreg-
istration. In this step, two single look complex (SLC) split 
products (master and slave) of the same sub-swath will 
be coregistered using the orbits of the two products and 
an external digital elevation model (DEM). In resampling 
slave image into the master frame, first deramping and 
demodulation are performed to the slave image, and then 
the truncated-sinc interpolation is performed. Finally, the 
reramp and remodulation are applied to the interpolated 
slave image.

To perform the coregistration process, we used the 
SNAP toolbox; however, in this program, it is only possi-
ble to coregister one slave with one master data packet. 
In order to coregister all acquisitions with a single mas-
ter image, first, we have to find the optimum master 

acquisition of the dataset. The master image is selected 
such that the dispersion of the perpendicular baseline is 
as low as possible. During the coregistration process the 
master data will not change at all, and all the changes 
will be applied to the slave images. If all the slave images 
are coregistered with respect to a single master image, it 
means all images are coregistered with each other. After 
this process all pixels of the same location (row and col-
umn) in every image in a data stack, will point to the exact 
same location on the ground.

4.3  Debursting

As it was mentioned, each Sentinel-1a TOPSAR interfero-
metric wide swath (IW) SLC data packet consists of two 
polarizations; where each polarization consists of three 
sub-swaths. Each of the mentioned sub-swaths consists 
of several bursts, where each burst was processed as a 
separate SLC image. To create level-2 data, these bursts 
will merge through the multi-looking process and form a 
single image; however, for the tomography process, only 
one acquisition per image can be used. Therefore before 
the tomography process, the different burts of each sub-
swath must be separated. We have used the deburst 
operator of the SNAP toolbox to deburst all sub-swaths in 
our dataset. Debursting and splitting are two completely 
different steps and must not be mistaken with each other; 
Splitting is an operator that splits a certain sub-swath from 
the whole data; however, as it was explained, debursting 
is an step in which different bursts are separated within 
each sub-swath. After the debursting step, a specific area 
of each image will be chosen. We have collected pixels 
18,500 up to 19,000 of the x axis and 5500 up to 6000 of 
the y axis of all images in our data stack. At this point, our 
dataset is ready to be imported to the Matlab program for 
further analysis.

5  Tomo‑SAR dataset

SAR data is not easily available, which makes finding a 
tomo-SAR dataset extremely difficult. Therefore in many 
cases it may be easier to create a tomo-SAR dataset from 
raw SAR data. The first important issue when creating 
tomo-SAR dataset is to use SLC split images. As it was 
briefly mentioned in the previous section, after creating 
the level-1 SLC splits from the level-0 raw signals, it is pos-
sible to create the level-2 signals using the multi-looking 
and ground range detection (GRD) process. These images 
can no longer be used in radar processing because the 
phase information is lost during the multi-looking pro-
cess. The level-2 signals are in the image domain and no 
longer represent the complex Fourier transforms of the Fig. 4  The schematic of TOPSAR coregistration process
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reflectivity function; therefore we can only use SLC data for 
the tomography process. In Fig.5 we can see a small por-
tion of an SLC image from the dataset; all the three images 
represent one SLC signal (real, imaginary and intensity). 
Figure6 shows the level-2 image of the same area as Fig. 5, 
after the multi-looking and GRD process.

To create a dataset consisted of SLC data, we have 
contacted many facilities and individuals, and all of them 
refused to answer or simply refused except for one, Alaska 
satellite facility (ASF), who kindly gave us permission to 
use their database. ASF has an open-source database con-
sisted of data packets from several different satellites. We 
have gathered several TOPSAR IW data packets from the 
Sentinel-1a satellite. The TOPSAR technique is a form of 

scanSAR imaging mode, where data is acquired in bursts 
by cyclically switching the antenna beam between mul-
tiple adjacent sub-swaths. TOPSAR acquisitions can pro-
vide large swath widths and enhanced radiometric per-
formance by reducing the scalloping effect. In TOPSAR 
acquisition method, for each burst, the beam of the radar 
is steered in the azimuth direction as well as ground range; 
this reduces the scalloping phenomenon considerably and 
increases the uniformity of the image quality throughout 
the swath [18]. TOPSAR mode is intended to replace the 
conventional scanSAR mode, achieving the same coverage 
and resolution as scanSAR, but with a nearly uniform signal 
to noise ratio (SNR) and distributed target ambiguity ratio 
(DTAR). One of the differences between TOPSAR imaging 
mode and the conventional scanSAR is the direction of 
the zigzagging. As it was mentioned before, in scanSAR, 
the sensor moves in the form of zigzags perpendicular 
to the direction of the flight to cover more land; TOPSAR 
sensor does the same movement, but the direction of the 
zigzags is parallel to the fight path. The disadvantage is 
that this parallel zigzagging will cause less resolution in 
the azimuth direction.

We have created a dataset with 4 data packets that sat-
isfy these conditions; however, initially, we acquired more 
than ten packet of the region, but not all of the acquisi-
tions met the requirements (such as orbit files). Each of 
the downloaded TOPSAR IW packets covers an area of 
approximately 100 × 60 km, which by a 5 × 25 resolution 
gives eighteen 2-dimensional signals with the size of 
20,000 × 12,000 pixels; this is why each of the downloaded 
data packets has a size of over four gigabytes. More than 
twenty gigabytes of data were used to create our dataset 
with these four images. Our dataset contains data packets 
form the area of Bakersfield in California, United States; the 
specification of these data packets such as track number 
or spatial and temporal baselines can be seen in Table 2. 
The name of a data packet gives a brief description of that 
dataset, to find more information about the naming con-
ventions visit the European space agency (ESA) website 
[19]. As it was mentioned, the acquisition that creates the 
lowest overall spatial baseline with others is chosen as the 
master image. All acquisitions must have the same track 
number to be valid for tomo-SAR process, which in Table 2 
that number is 144; this means not only the acquisitions 

Fig. 5  A small portion of a Single Look Complex image a this is the 
real part of the image b imaginary part of the image c intensity of 
the SLC image

Fig. 6  Level-2 image of the SLC signal of Fig. 5

Table 2  Specifications of the data packets within the dataset

File name Mst/Slv Date Track number Orbit BSpatial(m) BTemporal(day)

S1A_IW_SLC_1SSV_20150308T Slave 08 Mar 2015 144 4941 11.25 24.00
S1A_IW_SLC_1SSV_20150401T Master 01 Apr 2015 144 5291 0.00 0.00
S1A_IW_SLC_1SSV_20150425T Slave 25 Apr 2015 144 5641 − 138.09 − 24.00
S1A_IW_SLC_1SSV_20160114T Slave 14 Jan 2016 144 9491 − 77.93 − 288.00
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are from the same spot on the ground but they are also 
parallel.

6  Spectral estimation strategies 
for Tomo‑SAR

The main part of tomo-SAR is to solve the spectral esti-
mation problem. The equation of the tomo-SAR model is 
underdetermined, therefore, it is necessary to use param-
eter estimation methods to find the reflectivity and eleva-
tion of all scatterers of each pixel. In this section we have 
included five of the most important and well-known spec-
tral estimators used for the tomo-SAR process. We have 
implemented these methods using Matlab and will dem-
onstrate their results on our dataset in this section.

Many researchers are currently working on new ideas 
to develop or adapt existing spectral estimation meth-
ods for tomo-SAR. In Fabrizio et al. [20] used an adaptive 
approach to the capon spectral estimation method to 
increase the resolution of tomo-SAR signals in cases with 
a limited number of baselines. In Schmitt et al. developed 
a maximum likelihood based approach which would pro-
vide higher resolution even for limited number of base-
lines [21]. In Becerra et al. [22] used a novel non-parametric 
spectral analysis approach to increase the resolution and 
reduce the artifacts.

A 500 × 500 pixels portion of our dataset was chosen, 
which with the resolution of 5 × 25 m points to an area of 
31.25 km2 on the ground. We have cropped a small part 
of the whole signals with the size of 20 × 20 to use for 
demonstration in this section. Due to the limitation of our 
dataset we have been able to find the maximum of two 
scatterers per pixel. The layover phonamenon only occurs 
for a limited number of pixels and having three scatterer 
in one pixel rarely happens, which is why even with limited 
amount of data, we can still use the spectral estimation 
methods to find the elevation. We have used each algo-
rithm for both noisy and denoised data.

6.1  Conventional beamforming

Beamforming technique was the first method that was 
used for solving the layover problem. If (3) is written for 
all pixels, the overall system can be written in the form of 
a matrix equation as in (5).

The main equation of tomo-SAR can be described as (5) 
and in compact form it can be rewritten as (6).

(5)
⎡⎢⎢⎣

g0
⋮

gnL

⎤⎥⎥⎦
=

⎡⎢⎢⎣

e−i2�f0s1 ⋯ e−i2�f0snL

⋮ ⋱ ⋮

e−i2�fns s1 ⋯ e−i2�fns snL

⎤⎥⎥⎦
.

⎡⎢⎢⎣

�1
⋮

�nL

⎤⎥⎥⎦
+

⎡⎢⎢⎣

v0
⋮

vnL

⎤⎥⎥⎦

In (6), S is the vector containing the discrete elevation 
points, � , is the reflectivity vector and R is the measure-
ment matrix, which in case has the form of Fourier trans-
form. The beamforming method simply applies an inverse 
Fourier transform to the irregularly sampled signal as it can 
be seen in (7).

In (7), R† is the inverse of R and �̂� is the estimated value for 
gamma vector. This method is computationally very con-
ventional; however, because it is suffering form a severe 
side-lobe problem, the error is high. Figures 7 and 8 dem-
onstrate the results of the algorithm for the reflectivity and 
elevation, respectively; however, as it can be seen in these 
figures, for this dataset, the results were not acceptable. 
The equation of most pixels could not be solved, and many 
singularities were created, which resulted in a discontinu-
ity in elevation. Here we have only presented the results 
for a 20 × 20 pixel area. Overall it seems beamforming is 
not an accurate technique and in many cases this algo-
rithm cannot reach the unique answer. It also appears that 
there is no major difference between the noisy data and 
denoised data which means that the level of error for this 
technique is relatively high.

6.2  Nonlinear least squares

If we consider the noise-corrupted SAR imaging system, 
the equation of such system for the tomo-SAR process can 
be seen in (8).

(6)g = R(S) ⋅ � , S =

[
s1 ⋯ snp

]

(7)�̂� = R†(S) ⋅ g

Fig. 7  Reflectivity of the dataset 20 × 20 pixels, estimated by beam-
forming for noisy and denoised data
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Equation (8) is similar to (3) with the only difference being 
the presence of the observation noise, vn . There are three 
unknown parameters in (7), complex amplitude of � , com-
plex phase of � and elevation and as it can be seen (7) 
describes a nonlinear problem. One of the methods that 
have shown to achieve good results in such cases is the 
nonlinear least squares (NLS) estimation method.

There are two ways to reduce the difficulty of the prob-
lem, transformation of the parameters or separation of the 
parameters. For the first case, we look for a one-to-one trans-
formation, which creates a linear signal model of the param-
eters in another domain. Then we will apply the least square 
estimation to the new parameters. Finally, we convert the 
new parameters back to the original domain. This approach 
relies on the fact that if the transformation is a one-to-one 
mapping, the minimization can be carried out in the trans-
formed space; however, finding the proper transformation, if 
there is one, is very difficult. The second solution for the NLS 
error problem is less complicated; even though the signal 
model is nonlinear, it is linear for some of the parameters, 
which means by separating the parameters, the equation 
will become less complicated.

By adding the noise vn such as in (8), (6) can be written 
as (9). As it can be seen in (9), this model is linear for � but it 
is nonlinear for elevation [23]. If the least square error can 
be minimized with respect to � then the the model can be 
reduced to a function of elevation. Therefore an L dimen-
sional search needs to be performed.

(8)gn = �s

L∑
l=1

�(s)e−2�fnsl + vn

(9)g = R(S) ⋅ � + V , S =

[
s1 ⋯ snp

]

In (10), J is the square error. By minimizing J with respect 
to � we can estimate � as (11) [23].

Now by replacing the estimated �̂� of (11) as � in (10), the 
estimated least square error can be found as (12) where it 
is only a function of the elevation.

By maximizing the J calculated in (12) with respect to S the 
estimation of the reflectivity and elevation can be found. 
This method is computationally very expensive due to the 
multi-dimensional search, therefore, it is not suitable for 
large areas. However theoretically, it creates the closest 
estimates for reflectivity and elevation. The Figs. 9 and 10 
demonstrate the result of the reflectivity and elevation 
of our dataset, calculated by this algorithm. Even though 
this method was applied to a 20 × 20 section of the data-
set with assuming only one scatterer per pixel, it was still 
computationally too heavy for our equipment, and we had 
to increase the error tolerance to decrease the computa-
tion time. The computation complexity of this method is 
described by O(m × n) , which means it will increase with 
the size of the image and the number of scatterers.

6.3  Interferometric SAR

In-SAR can be described as the predecessor of tomo-SAR; 
this method uses only a pair of SAR acquisitions to create 

(10)J(S, �) =(g − R(S) ⋅ �)T (g − R(S).�)

(11)�̂� = (RT (S) ⋅ R(S))−1.RT (S).g

(12)J(S) = gT ⋅ [1 − R(S) ⋅ (RT (S).R(S))−1.RT (S)] ⋅ g

Fig. 8  Elevation of the dataset 20 × 20 pixels, estimated by beam-
forming for noisy and denoised data

Fig. 9  Reflectivity of the dataset 20 × 20 pixels, estimated by NLS 
estimation



Vol.:(0123456789)

SN Applied Sciences (2020) 2:1504 | https://doi.org/10.1007/s42452-020-03298-6 Review Paper

the high-resolution DEM of the landscape, using the phase 
interferometry techniques. SAR makes use of the ampli-
tude and the absolute phase of the echoed signal, where 
In-SAR uses the differential phase of the reflected radia-
tion; this is the main difference between SAR and In-SAR. 
Since the radar produces the transmitted signal, the initial 
phase is known and can be compared to the phase of the 
echoed signal. The distance between a scatterer and the 
radar is composed of a number of whole wavelengths and 
half the difference between the transmitted and received 
phases. Although the distance between the radar and the 
object is calculated based on the time it takes for the sig-
nal to make the round trip, this fraction of the wavelength 
can add great accuracy to the data.

Many factors can affect the phase of the returned sig-
nal and make it unusable, such as the interaction with the 
surface factor. The phase of the wave may be deformed, 
depending on the properties of the material of the sur-
face. Each pixel of the reflected signal is the summed con-
tribution to the phase from many smaller targets in that 
ground area, each with different reflectivity properties 
and distances from the satellite; therefore, the effects of 
these factors must be eliminated in order to make the data 
usable. In order to remove these factors, interferometry 
uses a pair of images of the same area taken at slightly 
different positions and calculates the difference between 
their phases. Since the phase deforming factors have the 
same effect on both images, the difference between their 
phases eliminates these factors. The image that is created 
by this process is called an interferogram. In-SAR can also 
be used to calculate the third dimension similar to tomo-
SAR [24]. Conventional In-SAR imaging systems usually use 
two-pass imaging with a little distance between the two 

tracks in order to cause a higher angle difference from the 
two images. Another form of In-SAR is to mount two SAR 
antennas on one platform, in which case it is a one-pass 
In-SAR [25]. Each of these methods has advantages and 
disadvantages over the other one. Both of these methods 
are demonstrated in Fig. 11. We have implemented In-
SAR using Matlab; we have calculated the reflectivity and 
elevation of our dataset using this method. The resulted 
signals can be seen in Figs. 12 and 13.  

As it can be seen, this method produces acceptable 
results. The results of using denoised data are continues 
with much less singularities, meaning the algorithm has 
achieved answers for most pixels and that the noise in the 
elevation direction is sufficiently reduced. For this algo-
rithm we have considered two scatterers in each cell.

6.4  Singular value decomposition

Singular Value Decomposition (SVD) is an important tool 
in linear algebra both as a decomposition and spectral 
estimation method. This method has many applications 

Fig. 10  Elevation of the dataset 20 × 20 pixels, estimated by NLS 
estimation

Fig. 11  a One pass and b two pass SAR Interferometry

Fig. 12  Reflectivity of the dataset 500 × 500 estimated by In-SAR 
for noisy and denoised data
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in signal processing and statistics. SVD of a rectangular 
matrix GM×N with M > N , is a decomposition of the form 
of (13).

In (13), U = (u1,… , uN) is the left singular vector or the 
eigenvector of G ⋅ GT , V = (v1,… , vN) is the right singular 
vector or the eigonvector of GT .G and � = diag(�1,… , �N) 
is a diagonal matrix holding the non-negative singular 
values of G [26]. The matrices generated through SVD are 
unique for a given matrix G. On of the applications of this 
method is in solving the spectrum estimation problem 
of tomo-SAR. The discrete reflectivity function � can be 
reconstructed from g through pseudo inversion of R as in 
(14). Zhu et al. [23] combined this method with Wiener-
type regularization to solve the tomo-SAR and differential 
tomo-SAR problems.

Although this method reaches acceptable results, the 
solution may include significant noise due to the nature 
of the problem. A well-known method to deal with the 
problem in (14) is the Truncated Singular Value Decom-
position (TSVD). In this method extra requirements are 
forced in the solution, in order to reduce the error of (14). 
This process is done by discarding the components of the 
solution corresponding to the smallest singular values. 
Since this method resembles the Wiener filter with the 
white noise, the method is also named SVD-Wiener. This 
method is computationally efficient and is not sensitive 
to irregular sampling hence provides better results than 

(13)G = U�VT = �ui ⋅ �i ⋅ v
T
i
, for i = 1,… , n

(14)�̂� = R†g =

N∑
n=1

𝜎−1
n
(uT

n
⋅ g) ⋅ vn

conventional beamforming but not as good as NLS esti-
mation. Figures 14 and 15 show the reflectivity and eleva-
tion of our dataset, calculated using this algorithm. We can 
see a significant difference between the elevation of noisy 
and denoised data. Elevation calculated from noisy data 
contains many singularities; however, for denoised data, 
all the spikes in the image which are indicators of singular-
ity are gone. Therefore, although this method can achieve 
acceptable results, it is rather sensitive to the presence of 
noise.

6.5  Scale down by L
1
 norm minimization, model 

selection and estimation reconstruction

In Zhu and Bamler [27] first announced the possibility 
of using compressive sensing (CS) method in order to 
solve the SAR inversion problem and introduced the 
scale down by L1 norm Minimization, Model selection, 
and Estimation Reconstruction (SL1MMER) method, (pro-
nounced “slimmer”). CS is a signal processing method 
that can reconstruct a signal from fewer measurements 

Fig. 13  Elevation of the dataset 20 × 20 pixels, estimated by In-SAR 
for noisy and denoised data

Fig. 14  Reflectivity of the dataset 20 × 20 estimated by SVD

Fig. 15  Elevation of the dataset 20 × 20 estimated by SVD
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than what is specified in the Nyquist-Shannon sampling 
theorem by making use of certain characteristics of the 
certain signals [28]. The signal need to meet two condi-
tions in order for CS to be able to reconstruct it. The first 
condition is sparsity, which means most of the signal’s 
samples must be zero and the second condition is for 
the signal to be incoherence and is met through the 
restricted isometry property (RIP) [29]. This is a relatively 
new subject in signal processing, and therefore, many 
of its applications are still not discovered [30]. Similar to 
the work of Zhu et al. [27], in Budillon and Schirinzi [31] 
developed a method to estimate the number of scatter-
ers in each cell, using the same assumption of sparsity 
with support estimation and generalized likelihood ratio 
test (GLRT). There are also some preprocessing tech-
niques in CS that can be employed in order to improve 
the quality of recovered signal, while sensing signal in 
smaller number of measurements [32]. The SLIMMER 
algorithm was initially developed for differential tomo-
SAR (D-Tomo-SAR); however, it has been adapted and 
used for the tomo-SAR problem as well. The system of 
equations in (8)is severely underdetermined; Also the 
reflectivity function � can be described as a sparse signal 
due to the following assumptions. 

1. The scattered signal from completely vertical and hori-
zontal surfaces is relatively weak; since they are not in 
the direction of the elevation, their contributions to 
the reflectivity is minimal. These weak reflections are 
shown in Fig. 16 with blue colors.

2. Since most SAR imaging bands have the ability to pen-
etrate the vegetation (except for bands that special-
ize in monitoring the vegetation), the scattered signal 
from these objects appears as noise, and their contri-
butions are also minimal, as shown in Fig. 16 in green.

3. The scattered signal from metallic objects or surfaces 
which are in the direction of the elevation (whether 
they are diagonal, or dihedral) is strong. These signals 
are shown in Fig. 16 in red.

By using this logic, Zhu et al. assumed the reflectivity 
function to be sparse in the direction of elevation and used 
the CS method to solve this underdetermined problem [34, 
35]. For achieving better results, the slimer algorithm also 
includes model order selection, which is added to the con-
ventional algorithm. Considering the sparsity of the signal 
in elevation direction ( K = 1 ∼ 4 ), the reflectivity function 
� can be very well defined using the l0-norm minimization 
problem [36]. Similar minimization problems have been 
used in role determination approaches in order to identify 
the interaction modes in a haptic shared frameworks [37]. 
The sparsity of signal in the elevation direction is deter-
mined by the number of scatterers in each cell and the more 

numbers are considered the higher the computational com-
plexity will be.

The l0-norm minimization is an NP-hard problem; there-
fore one approach for solving it is to relax this equation into 
a l1-norm minimization problem, this approach to solving 
the CS problem is known as basis pursuit (BP). In this study 
Zhu et al. estimated � using the l1 and l2 norm minimization 
as is shown in (15).

In (15) ‖.‖ shows the operator p-norm, and �K  is a coef-
ficient that is calculated based on the noise level [36]. CS 
shrinks R considerably and gives a sparse estimation of 
the reflectivity function by only selecting columns corre-
sponding to the non-zero elements of � ; however since the 
measurement matrix is fixed and there are some violation 
of the RIP, this method would still would not be accurate 
enough by itself [38].

As it can be seen in Fig. 17, the next phase of this algo-
rithm is model selection. In the previous phase, the size of 
R is reduced, therefore, in this phase this algorithm tries to 
pinpoint the exact amount of K  by trying all the possible 
values of K  starting from one. Equation (16) describes the 
mathematical model of the model selection phase.

In (16), �(K ) is defined as the vector holding the unknown 
variables of amplitude, phase and elevation for all scatter-
ers, ln p(g|�̂�(K ), K ) is the log-likelihood of the observation 
model g with respect to the estimated �(K ) and C(K) is the 
complexity penalty; more information on each of these 
variables can be found in [23]. In each iteration, amplitude, 
phase, and elevation are estimated, and the error is cal-
culated. In the last step, after K̂  is calculated, the R matrix 
will much slimmer than before (which is why this method 
is named SLIMMER). At this point, by using the new N × K̂  

(15)�̂� = arg min{‖g − R.𝛾‖2
2
+ 𝜆K‖𝛾‖1}

(16)K̂ = arg min{−2 ln p(g|�̂�(K ), K ) + 2C(K )}

Fig. 16  The effects of different scatteres on the tomo-SAR process 
within a resolution cell [33]
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measurement matrix, the reflectivity function and eleva-
tion are estimated. The sparse reflectivity function can be 
estimated using least square estimation equation of (11).

This method is computationally more efficient com-
pared to NLS but is still expensive while the accuracy of 
this method is higher than SVD-Wiener. This process is 
not accurate enough to find the exact number of scat-
terers in each cell; instead, it limits the possibilities by 
setting an upper limit for the number of scatterers. We 
have applied this process to our dataset to find the num-
ber of scatterers. The l1-minimization that we have imple-
mented can calculate up to two scatterers in each cell 
which is sufficient for our dataset. The result of the first 
step of this method can be seen in Fig. 18 for an area of 
100 × 100 pixels. In Fig. 18 we can see a dark background 
with a few white dots. The dark pixels indicate the cells 
which have one scatterer while the white dots indicate 
cells that may have up to two to scatterers. In Fig. 18, the 
layover phenomenon can only occur in the white pix-
els and there are much fewer of them compared to the 
gray pixels. The scale-down part of the SLIMMER method 
can be combined with other methods as well. For exam-
ple, we can scale down the sensing matrix by this tech-
nique and then use the SVD algorithm to estimate the 
elevation and reflectivity. This idea can open the door 
to many possibilities. In Liang et al. [39], took this idea 
further by assuming that the reflectivity is sparse not 

only in the direction of elevation but also range, making 
it a two-dimensional sparse signal and therefore can be 
retrieved using a two-dimensional CS recovery method. 
Similar to the work of Liang et al., We also published a 
paper in 2019 demonstrating that the reflectivity func-
tion is sparse in the range and azimuth plane. We further 
claimed that the reflectivity function is in fact a three-
dimensional sparse signal [40].

7  Conclusion

SAR is a type of airborne radar which creates high reso-
lution images by combining the physical aperture of the 
antenna with the aperture created by the movement of 
the radar over the scanned area. However, the acquired 
signals are only two-dimensional representation of the 
actual surface, and by losing the third dimension, much 
of real data would be lost. Aside from losing much of real 
data, losing the third dimension means that even the 
acquired two-dimension signal will not be accurate due 
to shadowing and layover phenomena. Tomo-SAR is the 
solution to this problem. By using several parallel acquisi-
tions from the same area, it is possible to estimate the third 
dimension, which not only creates a more accurate model 
but also eliminates the shadowing and layover phenom-
ena. Many estimation algorithms have been employed to 
calculate the third dimension. In this work, we chose five 
of the most used algorithms and explained each of them, 
both in theory and by using real data.

The beamforming method has a low computational 
time, but the results are not very accurate. The NLS estima-
tion should have the best result theoretically; however, it 
has a very high computation time, which makes it imprac-
tical. In-SAR, as the predecessor of tomo-SAR, creates accu-
rate models; especially if we take into consideration that 
this method only used two acquisitions. However, this 
method has a major flaw; it cannot detect different scat-
terers within each cell. SVD achieved the best estimation 
and had a smallest number of singularities between all the 

Fig. 17  The three main phases of SLIMMER algorithm [9]

Fig. 18  Number of scatterers in each cell of the dataset (the col-
lected 100 × 100 ) for noisy and denoised data by L1-minimization
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methods that were employed. The SLIMMER method also 
achieved accurate results and had better results regarding 
pixels with several scatterers; however, it is computation-
ally more expensive than SVD. Therefore, using SLIMMER 
depends on the scanned area; for surfaces with many cells 
with multiple scatterers such as an urban environment or a 
mountain range, SLIMMER will have more accurate results 
and is more appropriate, even though it will have a higher 
computation time. As it was mentioned, scaling down 
the model using CS methods can be applied with other 
methods as well; also in for other CS methods besides BP 
might be helpful in the down scaling process. Creating a 
3-dimensional sparse model can also potentially increase 
the accuracy of the estimations.

There are many other topics aside from spectral estima-
tion related to this field that are being researched. Cur-
rently one of the popular topics in this area is using meth-
ods such as spatial regularization and non-local filtering to 
achieve high accuracy estimation of tom-SAR models with 
only few acquisitions (with few baselines) [41, 42]. Another 
area that has attracted many researchers in recent years 
is creating tomo-SAR models of vegetated areas such as 
forests [43, 44]. Tomo-SAR is still a developing technology 
and many of the topics related to it are still not discovered.
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