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Abstract
Historical analogy is the ability to use historical knowledge to consider solutions for a present event, and it can be 
promoted by group learning. However, group creation for promoting the ability has been unexplored. This study pro-
poses a novel clustering algorithm, named MaxMin clustering (MMC), to enhance discussions of group learning toward 
promoting historical analogy. The key concept is group formation by aggregating similar and different users. MMC uses 
aspects provided by users for the same present event. Subsequently, it solves maximum and minimum optimization 
problems to find similar and different users by counting the number of aspects shared by them. MMC is implemented 
and evaluated through comparison with other clustering algorithms; the comparison is based on the degree to which 
the generated clusters satisfy conditions for enhancing discussions of group learning toward promoting historical anal-
ogy. The experimental results prove that only MMC can generate suitable groups.

Keywords Clustering · Historical analogy · Collaborative learning · History education

1 Introduction

The benefits of studying history are manifold, e.g., enhanced 
understanding of the past and discovery of meaningful con-
nections or analogies over time. In fact, history can provide 
both information regarding the past and several solution 
candidates for similar modern issues [15]. Hence, several 
ongoing educational studies and institutions propose the 
learning of history, followed by application of the acquired 
knowledge to the development of creative solutions for 
solving present issues [38]. Therefore, the ultimate goal is to 
develop an ability to apply such solutions to modern issues 
[43]. This ability is called historical analogy.

According to [23], two important aspects must be con-
sidered to effectively utilize analogy. First, incomplete-
ness exists when generating a plausible inference from a 
source to a target. Second, the analogy is effective if explicit 
thinking ability pertaining to higher-order relations exist 

between the source and target. Hence, discussions regard-
ing a present event based on past events having common 
aspects with the former can promote historical analogy, 
with the awareness that no perfectly similar events occur 
over different time periods. However, when historical anal-
ogy is applied to temporal events, each person’s sense of 
similarity between past and present events is subjective 
[23]. In addition, historical analogy may yield misused anal-
ogies. Therefore, learners must be cautions when adopting 
such analogies in their discussions [18]. Previously, Ikejiri 
et al. discovered that the validity of historical analogies can 
be effectively verified through group discussion-based his-
tory learning [27]. Subsequently, they performed experi-
mental evaluations to study how group discussions pro-
mote historical analogy for high-school students [30].

Contributions In this paper, we consider the following 
research question:
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• How can groups of users having similar and different 
aspects of the same present events be formed?

To answer this question, we propose a novel clustering 
algorithm, named MaxMin clustering (MMC), to promote 
the identification of historical analogies by group discus-
sions. MMC forms groups in two steps. First, it finds users 
who have the same aspects of an event; these users are 
classed as a subgroup. Second, it aggregates subgroups 
into a group, which contains users having different aspects 
of the same event. The objective of this process is to 
enhance discussions, i.e., users in the same subgroups are 
able to confirm whether their ideas and claims are correct, 
whereas users in different subgroups can exchange ideas 
within the same group. It is note worthy that the second 
step, where different users are aggregated into a single 
group, is the key concept of MMC. Notably, the objectives 
of existing clustering algorithms are essential for forming 
groups composed of similar data only.

To demonstrate the use of MMC in a real-world scenario, 
we investigate a situation where students of a high-school 
history class are required to predict future implications of 
the information technology (IT) revolution. It is assumed 
that the students are knowledgeable regarding the Indus-
trial Revolution and its historical context. Hence, some 
students may focus on the positive effects of the IT revo-
lution (present event) by recognizing that the Industrial 
Revolution (past event) enhanced the economic growth of 
Great Britain through increased usage of steam power and 
development of machine tools and factories. By contrast, 
other students may be concerned regarding work–life bal-
ance because working hours increased during the Indus-
trial Revolution. If the two effects are assigned “economy” 
and “literature and thought,” respectively, MMC can distin-
guish the different subgroups based on their selections. In 
this study, we regard the categories selected by students 
as the source and target presented in [23]. Therefore, to 
cluster both similarities and differences to enhance the 
resultant analogy, MMC combines students into sub-
groups and groups according to the number of catego-
ries they have in common and the differences between 
them, respectively. This is achieved by solving maximum 
and minimum optimization problems.

This paper extends our FICC2019 paper [31]. First, we 
compare MMC with a broader range of related studies, to 
provide clear understanding of the relationships between 
this study and other studies pertaining to machine learn-
ing, data mining, HistoInformatics, and history educa-
tion. Subsequently, we extend the clustering algorithm 
proposed in [31], which assumes only 2 persons in each 
subgroup and only 2 subgroups in each group. By con-
trast, the algorithm presented in this paper generalizes the 
numbers of persons/subgroups into subgroups/groups. 

This generalization allows more flexible application sce-
narios than the FICC2019 algorithm. Finally, more exten-
sive evaluations (five cases) were performed in this study 
compared with [31], in which the algorithm was evaluated 
in one case only.

The remainder of this paper is organized as follows: 
Sect.  2 provides the definitions used herein, whereas 
Sect.  3 summarizes several related studies. Section  4 
details our data collection methods. Section 5 describes 
the group creation method. Section 6 provides the experi-
mental results, and Sect. 7 presents our conclusions.

2  Problem definitions

Assumption This study assumes that each user first selects 
a past event they perceive as analogous to the present 
event according to the similarity between the present and 
past events. In addition, it is assumed that all past events 
have suitable event categories before MMC is applied. In 
the experimental evaluation reported herein, we regarded 
the categories as aspects of the events for users to create 
feature vectors.

Input and output Let C be a set of event categories and 
C′ be a power set of C. For user-selected event categories 
C�� = {c�

1
, c�

2
,… , c�

m
} (where m represents the number of 

users and c′
i
 is the element of C′ corresponding to the ith 

user), MMC outputs clusters of users Cu. This study uses 
event categories ( C′′ ) to create feature vectors that are 
used to create groups.

3  Related works

3.1  Analogy‑based information retrieval

Temporal information retrieval (T-IR) is becoming one 
of the most important topics in IR research owing to the 
increasing sizes of digital archives containing items such as 
historical images and documents. Related studies mainly 
propose algorithms to obtain desirable data incorporating 
temporal expressions, e.g., to detect temporal expressions 
or information [24], retrieve history-related images [13], 
organize information by creating timelines [2, 16, 25], or 
perform future-related IR [3, 32, 50]. A detailed survey of 
T-IR is provided in [8].

Search methods for analogous items is also a T-IR 
research topic. Previously, Zhang et al. proposed an algo-
rithm for detecting counterparts of entities over time, 
which functions via matrix transformations bridging two 
different vector spaces [65]. This algorithm first constructs 
vector spaces for different time-ranges, e.g., [1800–1850] 
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and [1950–2000]. It then maps an entity from one vector 
space onto another one by considering the top-k simi-
lar words on the two spaces. Zhang et al. subsequently 
extended this algorithm to consider hierarchical cluster 
structures [66].

It is note worthy that the IR algorithms mentioned 
above do not output groups; therefore, their objectives 
are differ from that of the present study.

3.2  History education

History education researchers have studied effective and 
efficient methods for enhancing historical analogy. Drie 
and Boxtel have discovered the components of historical 
reasoning [56]. Mansilla studied how students successfully 
applied their knowledge of history to current problems [5]. 
Lee proposed the definition of usable history to connect 
past and present events [38]. Ikejiri et al. designed learning 
tools for identifying causal relationships within modern 
societal problems using references to historical causal rela-
tions [26] and for creating new policies that can stimulate 
the Japanese economy [27].

Through experimental evaluations of high-school stu-
dents having different aspects of the same events, Ikejiri 
et al. discovered that group discussions are beneficial for 
promoting historical analogy [30]. However, no algorithm 
that automatically creates groups containing both similar 
and different data has been reported to date.

3.3  Clustering

In natural language processing and machine learning 
studies, clustering algorithms are widely used; there-
fore, several types of clustering algorithms have been 
developed. The key purpose of a clustering algorithm is 
to identify similarities between data and to cluster them 
into groups [1, 19]. As several surveys presenting a broad 
overview of clustering have been published, e.g., [17, 59, 
60], this study compares previously proposed partition-
ing-, hierarchy-, distribution- and graph-based algorithms 
with MMC.

First, we review partitioning-based algorithms. These 
types of algorithms segment data into groups based on 
two assumptions. The first is that all groups must contain 
at least one data element, whereas the second is that each 
data element must belong to one group. The k-means 
algorithm [40] is one of the most popular algorithm in this 
category. It first randomly assigns a cluster number to each 
data element and then calculates the cluster centers by 
averaging all the coordinates of the data within the same 
clusters. After this calculation, it reassigns cluster numbers 
to each data element. These processes are iteratively per-
formed until certain criteria are satisfied. Other proposed 

partitioning-based algorithms include CLARA [34], PAM 
[35], and CLARANS [44].

Next, we explain hierarchy-based algorithms. This type 
of algorithm defines hierarchical relationships between 
data, with the relationships typically represented by 
dendrograms. Two different approaches can be used to 
define the required dendrograms. The first is a bottom-
up approach that creates clusters by merging data recur-
sively. The second is a top-down approach that splits a 
node recursively into sub-nodes. Both approaches are 
terminated if certain criteria are satisfied. Representative 
algorithms in this category include Birch [64], CURE [21], 
and ROCK [22].

If the data are considered to be generated from a prob-
ability distribution, statistical methods can be applied 
through a distribution-based algorithm. One of the most 
famous algorithms in this category is the Gaussian mixture 
model (GMM) [51]. This algorithm assumes that all data are 
generated from several Gaussian distributions. As another 
example, DBCLASD [61] operates under the assumption 
that data in a cluster are uniformly distributed.

Finally, we summarize graph-based algorithms. This 
type of algorithm uses the data to define graphs whose 
nodes and edges represent the data and the similarity 
scores between them. Spectral clustering [54] is one of 
the most famous graph-based algorithms that functions 
by creating clusters on a graph.

The algorithms above create groups by aggregating 
similar data. However, the objective of the present study 
is to combine not only similar users, but also different 
users as a group. Among the various algorithms consid-
ered herein, the experimental results (Sect. 6) reveal that 
MMC alone satisfies the objective. In other words, we used 
the algorithms above as baselines in the evaluation and 
then confirmed that none of the baselines can satisfy the 
purpose of this study.

Mautz et al. proposed an algorithm that discovers multi-
ple mutually orthogonal subspaces by finding both shape 
and color spaces for objects and the corresponding clus-
ters [41]. Similar to previous studies regarding clustering 
study, this algorithm finds only similar objects, whereas 
MMC creates groups from dissimilar subgroups.

In addition, studies comparing algorithms or generated 
clusters have been performed [37]. Cazals et al. proposed a 
framework to analyze the stability of clustering algorithms 
and compare clusters by introducing meta-clusters [10]. 
They defined the family-matching problems on an inter-
section graph. As the objectives of above mentioned stud-
ies are to compare between algorithms or clusters, they 
are therefore orthogonal to this study.
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3.4  Classification

3.4.1  Single‑ and multi‑label classification

Single-label classification is one of the most important top-
ics in classification research, as many algorithms proposed 
as multi-labeled classification (MLC) and semi-supervised 
learning (SSL) are based on single-label classification. A 
special case of single-label classification is a binary clas-
sification that assigns one of two categories to each data 
element. Random forest and support vector machine are 
popular algorithms that perform binary classification. If 
two or more categories exist, and we apply classifiers to 
evaluate categories as one vs. rest, the classification prob-
lem can be extended from binary to multi-class classifica-
tion, where labels from various categories are assigned to 
data. Such research has been fundamental in the develop-
ment of natural language processing, IR, machine learning, 
and other research fields; therefore, several researchers 
have published related literature surveys [4, 6, 49, 53].

MLC is the extension of single-label classification and 
allows one or more categories to be assigned to data ele-
ments. MLC algorithms can be categorized into two types 
of approaches: transformation and algorithm adaptation 
[55]. The former approach transforms data into a form 
suitable for the application of the traditional single-label 
classifier. In this approach, several classifiers are indepen-
dently trained for each label. Subsequently, they are used 
to predict labels by combining [12] or chaining [52] them. 
Another transformation approach, i.e., label powerset 
transformation, is also popular in MLC. In this method, 
the label representation is transformed to consider all 
label combinations for the application of multi-class clas-
sifiers. The algorithm adaptation approach modifies an 
existing single-label classifier to treat multi-label data. 
MLkNN is one of the most famous algorithms employing 
this approach [63]. Both the transformation and algo-
rithm adaption approaches are used as ensemble-style 
approaches, as in random k-labelsets [39] and classifier 
chain ensembles [52], which combine results from sev-
eral classifiers based on either problem transformation or 
algorithm adaptation. Typically, the results are combined 
via a voting scheme, where every category is predicted 
using the probability of votes from individual classifiers 
[42]. Regarding single-label classification, several research-
ers have presented overviews of MLC studies in literature 
surveys [6, 49, 62].

3.4.2  Semi‑supervised learning style classification

High-quality labeled datasets must be prepared to train 
both single- and multi-label classifiers. However, the 
preparation is expensive. In many real applications, the 

available labeled datasets are small and assigning suitable 
labels to unlabeled data is time-consuming. If numerous 
unlabeled data are obtained, then SSL style classifica-
tion is useful for reducing the cost of preparing labeled 
data. This is because the SSL-style approach incremen-
tally adds labeled data from unlabeled data by applying 
classifiers trained on the labeled data. The classifiers are 
then retrained on the new labeled data, which include the 
results already provided by the classifiers [9].

One of the most popular implementations of SSL clas-
sification is the use of single- and multi-label classifiers 
with the expectation–maximization algorithm for classi-
fier training [14, 20, 45]. The details of this approach are 
available in [48, 69].

As an alternative type of SSL-based classification, LP has 
been proposed [68]. The objective of this algorithm is to 
spread labels from a small-sized labeled dataset to a large-
sized unlabeled dataset. This procedure is performed on 
a graph whose nodes and edges represent labeled and 
unlabeled data and their similarities, respectively. This 
algorithm is based on two fundamental assumptions: 1) 
the values of the initial labeled dataset are not affected by 
the spreading from the unlabeled data, and 2) similar data 
are assigned to the same label.

The original algorithm is designed for single-label clas-
sification, especially for multi-class classification; however, 
this algorithm has been extended to MLC and has over-
come several issues in MLC. For example, methods have 
been developed for label correlation recognition [33, 58], 
transductive algorithm establishment [36], and implemen-
tation of smoothing effects for incorrect labels [11, 57, 67]. 
Additional details are available in [70].

4  Data collection

4.1  Event categories

Thirteen event categories were used in this study: Reign 
(Rg), Diplomacy (Dp), War (Wr), Production (Pr), 
Commerce (Cr), Study (St), Religion (Rl), Litera-
ture and Thought (LT), Technology (Tc), Popu-
lar Movement (PM), Community (Cn), Disparity 
(Ds) and Environment (En). These event categories are 
described in [28, 29] as an event category list to define 
a history education curriculum that associate past and 
present events. These categories are based on definitions 
obtained from the Encyclopedia of Historiography [47]. 
Sample events corresponding to the 13 categories are 
listed in Table 1.
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4.2  Past event

MMC uses event categories assigned to past events. It 
is assumed that past events and their categories are 
defined before an algorithm is applied.1 Hence, each 
user only needs to select a past event before discussing 
about it.

Figure  1 illustrates the manner in which each user 
selects a past event. First, the user reads about a present 
event described in the newspapers or any other articles 
types, such as those on Wikipedia. Subsequently, he/she 
selects multiple categories applicable to the present event, 

and then searches past events according to the input 
event categories for the present event. It is note worthy 
that all events can be assigned to more than one category. 
For example, if the user reads a Wikipedia article2 regard-
ing the 2014 West Africa Ebola outbreak to determine the 
outbreak’s widespread effects, the following event catego-
ries can be assigned: En, as there were many deaths, both 
human and nonhuman; Tc, as a vaccine was developed; 
St, as research was performed regarding the details and 
relevant statistics. After searching for past events, the user 
selects the past event that they consider as having the 
most similar effects to those of the present event. MMC 
regards the event categories of the selected past events 
as C′′ , which is defined in Sect. 2.

5  Methodology

5.1  Overview

As the objective of this study is to stimulate group discus-
sions by students, the algorithm was designed to satisfy 
the following requirements. 

1. Each group should have at least two users with the 
same aspects of the same event.

2. Each group should have users with different aspects 
of the same event.

As discussed in Sect.  1, grouping users with different 
aspects is effective for stimulating discussions; hence, 
the second requirement is the key concept of MMC. The 
first requirement aids the discussion if one user neglects 
to mention some important ideas (as the other user with 
the same aspects can then mention them).

Figure 2 presents an overview of our algorithm, which 
first uses information on the perceived aspects selected 
by each user for a specified event. Subsequently, to sat-
isfy the first requirement, the algorithm creates subgroups 
by aggregating users having similar aspects of the same 
event according, as indicated by their selected event cate-
gories for the selected past events. Finally, MMC combines 
these subgroups to satisfy the second requirement.

In the remainder of this section, we describe each step 
in MMC.

Table 1  Example events. This table uses abbreviated category 
names: Reign (Rg), Diplomacy (Dp), War (Wr), Production 
(Pr), Commerce (Cr), Study (St), Religion (Rl), Literature 
and Thought (LT), Technology (Tc), Popular Movement 
(PM), Community (Cn), Disparity (Ds), and Environment 
(En)

Event Categories

Bloc economy Dp, Cr, Cn
First opium War Dp, Wr, Cr, Tc
Industrial revolution Pr, Cr, St, Tc, Cn, En
Literary encouragement of Louis XIV Rg, LT, Cn
Commercial rules in guild Pr, Cr, Tc, Cn

Title of 

Present Event.

This is an 

area for 

descriptions 

of the present 

event.

Bloc Eco.

Fir. Opt. War

Dp

Wr

Cn

Ds

En

Rg

Useri

Title of 

Present Event.

This is an 

area for 

descriptions 

of the present 

event.

Bloc Eco.

Fir. Opt. War

Dp

Wr

Cn

Ds

En

Rg

Userj

search

search

Dp, Cr, Cn

c’i

Dp, Wr, Cr, Tc

c’j

C’’

Fig. 1  Obtaining event categories of past events

1 This paper uses the dataset available on https ://zenod o.org/recor 
d/36017 07.

2 https ://en.wikip edia.org/wiki/West_Afric an_Ebola _virus _epide 
mic.

https://zenodo.org/record/3601707
https://zenodo.org/record/3601707
https://en.wikipedia.org/wiki/West_African_Ebola_virus_epidemic
https://en.wikipedia.org/wiki/West_African_Ebola_virus_epidemic
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5.2  Feature vector creation

Initially, MMC uses event categories and converts them 
into feature vectors, the elements of which are repre-
sented by 0 or 1. This feature vector creation for the ith 
user can be formally defined as follows:

where the � function returns 1 if the first argument is 
included in the second argument; otherwise, it returns 0. 
C and c′

i
 represent the set of all event categories and of 

event categories for past events that are selected by the 
ith user, respectively. Eq. 1 defines the kth element of the 
feature vector.

5.3  Combining similar data

After creating feature vectors from the event categories, 
MMC creates user subgroups according to their similari-
ties. MMC measures the similarity between feature vectors 
by counting the number of common categories; a higher 
number corresponds to a greater similarity.

The formal definition of the subgroup similarity meas-
urement is as follows:

(1)fik = �(ck , c
�
i
), ck ∈ C , 1 ≤ k ≤∣ C ∣

(2)DataSim(f ) =

|C|∑

k=1

And(f1k , f2k ,… , fmk
), 1 ≤ |f | ≤ m

where the function And applies the AND logical operator 
to the arguments, and fi represents the feature vector for 
the ith user. As each element of the feature vector is binary, 
as described in the previous section, Eq. 2 represents the 
number of common categories selected by the users.

MMC solves the following maximum problem.

where fv(⋅) is a function that outputs feature vectors for 
the given argument using Eq. 1, SG is a set of subgroups, 
and SGi ∈ SG is a set of users.

This problem can be regarded as the Knapsack problem 
because each subgroup contains feature vectors as well 
as a knapsack. In our problem, it is assumed that there 
are several knapsacks. MMC determines feature vector 
combinations that should be included in each knapsack 
to yield the maximum total variance of the subgroups. As 
the Knapsack problem is NP-complete, a polynomial algo-
rithm that provides a solution does not exist. MMC solves 
this problem by traversing a tree that represents subgroup 
candidates to determine the best subgroups.

We present the pseudo-code for solving the maximum 
problem in Algorithm 1.

max {DataSim(fv(SGi)) ∣ SGi ∈ SG}

s.t.
⋂

SGi = �

|SGi| ≥ 2

Creating Diff.
Groups

Creating Sim.
Sub-groups

SubG2

SubG1

Group1

SubG4

SubG3

Group2

Fig. 2  Overview of MMC
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Algorithm 2 defines the function FindBestSimSubGroup , 
which returns a subgroup. This function uses PowerSet , 
which returns a power set of the arguments, correspond-
ing to traversing a tree. After verifying the scores of all 
combinations, the function returns the subgroup with the 
highest similarity score.

5.4  Group creation

Following subgroup creation, MMC creates groups by 
combining subgroups that are dissimilar to each other. To 
combine dissimilar subgroups, MMC counts the common 
event categories of subgroup combinations. To perform 
this process, MMC defines a feature vector for subgroup 
as follows:

This indicates that a feature vector for a subgroup is deter-
mined by voting of the member.

Subsequently, MMC measures the similarity between 
different subgroups based on the following equation:

(3)SGfi =

|SGi |∑

j=1

fjk , 1 ≤ k ≤ |C|

Algorithm 1 subgroup creation
Input: A set of feature vectors F
Output: A set of subgroup SG

1: Function CombineSimData(F )
2: SG ← ∅
3: WorkList ← F
4: while |WorkList | > 0
5: s ← FindBestSimSubGroup(WorkList)
6: SG.add(s)
7: for sk ∈ s
8: WorkList .remove(sk) // Removing all members of this subgroup
9: return SG

Algorithm 2 Determining the best subgroup
Input: A set of feature vectors WorkList
Output: A subgroup of users BestSubGroup

1: Function FindBestSimSubGroup(WorkList)
2: val ← 0
3: BestSubGroup ← None
4: for sg ∈ PowerSet(WorkList)
5: if |sg| ≥ 2
6: sval ← DataSim(sg)
7: if val < sval
8: val ← sval
9: BestSubGroup ← sg
10: return BestSubGroup

where SGf  represents a set of feature vectors for sub-
groups. This measurement is used for solving the follow-
ing minimum problem.

where SGfv(⋅) is a function that outputs feature vectors for 
the given argument using Eq. 3, G and Gi ∈ G represent 
sets of groups and subgroups, respectively.

The method to solve the minimum problem is shown 
in Algorithm 3. As the minimum problem is also the Knap-
sack problem, this algorithm performs a tree traverse. In 
this algorithm, a tree represents group candidates; there-
fore, traversing this tree is analogous MMC comparing the 
scores of all candidates.

(4)DiffData(SGf ) =

|C|∑

k=1

∏

SGfi∈SGf

SGfik

min {DiffData(SGfv(Gi)) ∣ Gi ∈ G}

s.t.
⋂

Gi = �

|Gi| ≥ 2
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Algorithm 4 defines the function FindWorstSimGroup , 
which returns a group. This function uses PowerSet , which 
corresponds to traversing a tree. After verifying the scores 
of all combinations, the function returns the group with 
the lowest similarity score.

Algorithm 3 Group creation.
Input: A set of feature vectors for subgroup FG
Output: A set of group G

1: Function CreateGroups(FG)
2: G ← ∅
3: WorkList ← FG
4: while |WorkList | > 0
5: SG ← FindWorstSimGroup(WorkList)
6: G.add(SG)
7: for SGk ∈ SG
8: WorkList .remove(SGk)
9: return G

Algorithm 4 Determining the best group.
Input: A set of feature vectors WorkList
Output: A group of subgroups BestGroup

1: Function FindWorstSimGroup(WorkList)
2: val ← 0
3: BestGroup ← None
4: for g ∈ PowerSet(WorkList)
5: if |g| ≥ 2
6: sval ← DiffData(g)
7: if val > sval
8: val ← sval
9: BestGroup ← g
10: return BestGroup

6  Experimental evaluation

6.1  Setup

6.1.1  Data collection

In the experimental evaluation, we used three types of 
datasets (Cases 1 & 2, Cases 3 & 4, and Case 5). The first 
type of dataset was produced by randomly assigning 
categories to each learner, for 16 assumed learners. For 
the second type of dataset, we produced 40 learners in a 
dataset because there are typically 40 students in a class in 
Japanese public schools. The last type of dataset includes 
9 types of datasets for analyzing the scalability of MMC.

6.1.2  Baselines

We compared MMC with four existing algorithms: k-means 
[40], Birch [64], GMM [51] and Spectral [54]. As MMC can be 
regarded as a two-step (aggregating similar- and dissimi-
lar-data) partitioning algorithm, we used k-means, which 

is a partitioning algorithm, as a baseline. In addition, we 
employed the GMM as another baseline because it per-
forms partitioning by modeling data according to Gauss-
ian distributions. As MMC creates groups after creating 
subgroups, the output data can be presented as a graph. 

Hence, Birch and Spectral were used as baselines as they 
create graphs for creating groups.

6.1.3  Parameters

According to research regarding argumentation-based 
computer-supported collaborative learning, collabo-
rative learning is effective if each group contains two 
learners [46]. Therefore, in this study, we created sub-
groups and groups by combining two users and two 
subgroups, respectively. Hence, we combined four users 
in one group.

6.1.4  Measurements

Six measures were used in this study: group size, MinDist, 
inner-group similarity, user similarity, subgroup similar-
ity, and quality of groups to evaluate the clustering algo-
rithms. Group size corresponds to the number of data in 
each group. MinDist indicates the minimum Euclidean dis-
tance between all data element pairs in the same cluster. 
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Table 2  Scores of sizes, minimum distances in a group, and total distances between data for each group of Cases 1 & 2. Each group is 
labeled by a unique name from C1 to C4

Case 1 Case 2

C1 C2 C3 C4 Ave. SD C1 C2 C3 C4 Ave. SD

kmeans  Size 4 5 5 2 4 1.4142 3 6 3 4 4 1.4142
 MinDist 1.73 1.73 2.0 1.0 1.61 0.42 2.0 1.41 2.0 1.41 1.70 0.33
 Inner-group 2.17 2.25 2.22 1.0 1.91 0.61 2.29 2.24 2.15 2.0 2.17 0.12

Birch  Size 6 3 4 3 4 1.4142 5 4 4 3 4 0.8164
 MinDist 1.0 1.73 2.0 1.73 1.61 0.42 1.41 1.41 1.73 2.0 1.64 0.28
 Inner-group 2.36 1.98 2.14 1.98 2.12 0.17 2.20 2.0 2.29 2.15 2.16 0.12

 GMM  Size 6 3 4 3 4 1.4142 5 5 2 4 4 1.4142
 MinDist 2.0 1.0 1.73 1.73 1.61 0.42 1.41 1.73 2.0 1.41 1.64 0.28
 Inner-group 2.29 1.89 2.10 2.26 2.14 0.18 2.28 2.29 2.0 2.0 2.14 0.16

 Spectral  Size 3 2 4 7 4 2.1602 6 6 2 2 4 2.3094
 MinDist 1.73 1.0 1.73 2.0 1.61 0.42 1.73 2.0 1.41 1.41 1.64 0.28
 Inner-group 1.98 1.0 2.07 2.37 1.85 0.59 2.25 2.47 1.41 1.41 1.89 0.55

MMC  Size 4 4 4 4 4 0 4 4 4 4 4 0
 MinDist 1.73 1.73 1.41 2.0 1.71 0.24 1.41 2.0 1.73 2.0 1.78 0.27
 Inner-group 2.65 2.50 2.50 2.50 2.54 0.07 2.52 2.46 2.32 2.33 2.41 0.09

Table 3  Scores of sizes, minimum distances in a group, and total distances between data for each group of Case 3. Each group is labeled by 
a unique name from C1 to C10. “–” indicates that the corresponding term cannot be measured

C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 Ave. SD

kmeans  Size 2 9 3 7 4 6 2 2 3 2 4 2.49
 MinDist 0.0 0.0 0.0 0.0 0.0 0.0 0.0 2.23 0.0 0.0 0.22 0.70
 Inner-group 0.0 0.55 1.33 1.21 0.94 0.53 0.0 2.23 0.0 0.0 0.68 0.75

 Birch  Size 7 10 3 5 2 1 4 1 1 6 4 3.01
 MinDist 0.0 0.0 0.0 0.0 0.0 – 0.0 – – 0.0 0.0 0.0
 Inner-group 1.22 0.81 1.15 0.56 0.0 – 0.94 – – 0.53 0.74 0.42

 GMM  Size 7 4 9 3 5 3 4 2 1 2 4 2.44
 MinDist 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 – 0.0 0.0 0.0
 Inner-group 1.21 0.94 0.55 1.15 1.35 0.0 0.0 0.0 – 0.0 0.58 0.59

Spectral  Size 6 6 2 7 5 3 2 4 3 2 4 1.88
 MinDist 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0 0
 Inner-group 0.53 1.58 0.0 0.83 0.69 1.49 0.0 0.0 0.0 0.0 0.51 0.62

MMC  Size 4 4 4 4 4 4 4 4 4 4 4 0
 MinDist 1.414 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.14 0.44
 Inner-group 2.21 1.57 1.98 1.78 1.65 1.72 2.23 2.19 1.33 1.48 1.82 0.32
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Inner-group similarity is the average of all Euclidean dis-
tances between pairs in the same cluster. User similarity 
indicates the average similarity between two users who 
are allocated as the same subgroup. The similarity was 
measured using Eq. 2. Subgroup similarity is the average 
score calculated from Eq. 4 for each group. Finally, group 
quality measures the cluster quality. If all data in a group 
are close to each other, and the data between different 
groups are far from each other, then it can be concluded 
that the group quality is high. This measurement was pro-
posed by Calinski and Harabaz (CH) [7] and is widely used 
in clustering studies.

6.2  Discussion of cluster shape analysis

Q. How much data do each group form using each algorithm 
containing data?

Q. Which clustering algorithms most effectively accomplish group 
creation for the research question posed in this study?

A. All baselines often aggregated less than three or more than 
five data into one group. However, MMC placed four data in all 
groups.

A. MMC outputs appropriate groups in the context of the 
research question. All baselines fail to create satisfying clusters 
that are required in this experimental evaluation, whereas MMC 
can create them.

Table 4  Scores of sizes, minimum distances in a group, and total distances between data for each group of Case 4. Each group is labeled by 
a unique name from C1 to C10. “–” indicates that the corresponding term cannot be measured

C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 Ave. SD

kmeans  Size 7 9 5 4 3 4 2 2 1 3 4 2.45
 MinDist 0.0 0.0 0.0 0.0 0.0 0.0 1.41 1.41 – 0.0 0.31 0.62
 Inner-cluster 1.45 0.38 0.0 0.66 0.0 0.86 1.41 1.41 – 0.0 0.69 0.63

Birch  Size 4 11 2 5 4 5 3 1 4 1 4 2.87
 MinDist 0.0 0.0 1.41 0.0 0.0 0.0 0.0 – 0.0 – 0.18 0.50
 Inner-cluster 0.86 0.73 1.41 1.02 0.70 0.0 0.0 – 0.90 – 0.70 0.49

GMM  Size 3 2 3 5 3 4 9 5 3 3 4 2.00
 MinDist 1.73 1.41 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.31 0.67
 Inner-cluster 1.82 1.41 0.66 0.0 0.0 0.70 0.57 1.02 0.0 1.15 0.73 0.63

Spectral  Size 2 7 2 3 5 6 3 4 3 5 4 1.70
 MinDist 1.41 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.14 0.45
 Inner-cluster 1.41 0.0 0.0 0.0 0.0 1.29 0.0 1.42 0.0 1.56 0.57 0.74

MMC  Size 4 4 4 4 4 4 4 4 4 4 4 0
 MinDist 1.41 1.41 1.41 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.42 0.68
 Inner-cluster 2.17 2.31 2.09 2.11 1.49 1.96 1.89 1.55 1.65 1.70 1.79 0.51

Table 5  Qualities of all clusters

k-means Birch GMM Spectral MMC

Case 1 2.85 2.54 2.56 2.85 0.92
Case 2 2.81 2.89 2.67 2.46 1.23
Case 3 13.22 12.28 12.93 11.83 1.19
Case 4 16.81 17.06 15.86 15.17 1.02

Table 6  Average MinDists of all clusters

k-means Birch GMM Spectral MMC

Case 1 2.26 2.20 2.28 2.44 2.54
Case 2 2.20 2.18 2.19 2.26 2.41
Case 3 0.74 0.84 0.78 0.79 1.82
Case 4 0.65 0.68 0.60 0.61 1.89

Table 7  Results of Inter-group for all clusters

k-means Birch GMM Spectral MMC

Case 1 2.62 2.63 2.58 2.61 2.53
Case 2 2.64 2.66 2.63 2.63 2.48
Case 3 2.14 2.16 2.14 2.11 2.00
Case 4 2.14 2.16 2.13 2.11 1.98
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Tables 2, 3, and 4 list the results of three measures: group 
size, MinDist, and inner-group similarity. Regarding group 
size, all baselines failed to create groups having four data, 
whereas MMC included four data in all clusters. As the aim 
of this experimental evaluation was to combine four users, 
MMC was the best algorithm in this study.

Q. How similar were the data in each subgroup created by MMC 
on average?

Q. How different were the subgroups in each group created by 
MMC on average?

A. MMC aggregated similar data in all subgroups as effectively 
as the baselines, because the MinDist scores were similar for all 
algorithms.

A. MMC can effectively combine dissimilar subgroups in all 
groups, with generally higher inner-cluster scores than those 
achieved by the baselines.

Next, we analyzed the qualities of all subgroups and 
groups. With regard to the first and second cases shown 
in Table 2, it is apparent that the MinDist scores of MMC 
were almost identical to those of the baselines because 
the average MinDist scores of all algorithms were 1.6 or 
1.7. Subsequently, we compared the inner-group similarity 
scores of all algorithms. As MMC combines dissimilar sub-
groups, it is natural that its MinDist score was the highest 
among the five algorithms. These tendencies also appear 
in Cases 3 & 4, as shown in Tables 3 and 4. 

Q. What were the qualities of the groups output by each algo-
rithm?

A. The groups created by MMC had the lowest CH scores among 
those of the five algorithms.

Table 5 lists the whole-cluster qualities of various algo-
rithms. It is apparent that MMC achieved the lowest CH 
score for all cases. This is natural because MMC combines 
dissimilar subgroups by solving the minimum problem. 
In fact, Table 6 shows that the average minimum inner-
cluster distances of MMC are the largest for all cases. 

Table 8  User and subgroup 
similarities of MMC for Case 
3. Dist(sg1) and Dist(sg2) 
indicates the user similarities. 
Dist(sg1, sg2) indicates the 
subgroup similarity

C1 C2 C3 C4 C5 C6 C7 C8 C9 C10

Dist(sg1) 1.41 0.0 1.73 0.0 0.0 1.41 0.0 2.23 0.0 0.0
Dist(sg2) 1.73 1.0 0.0 2.23 2.0 0.0 1.41 0.0 0.0 2.0
Dist(sg1, sg2) 4.58 4.12 4.79 3.60 3.46 4.24 5.83 5.0 4.0 2.82

Table 9  User and subgroup 
similarities of MMC for Case 
4. Dist(sg1) and Dist(sg2) 
indicates the user similarities. 
Dist(sg1, sg2) indicates the 
subgroup similarity

C1 C2 C3 C4 C5 C6 C7 C8 C9 C10

Dist(sg1) 1.41 1.41 1.41 0.0 0.0 2.0 0.0 1.41 2.0 2.23
Dist(sg2) 2.23 2.0 1.41 1.41 0.0 0.0 2.44 0.0 0.0 2.0
Dist(sg1, sg2) 3.87 4.69 4.47 5.47 4.47 4.47 3.74 3.74 3.46 1.73
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Meanwhile, Table 7 shows that the average total distances 
between data in different groups are the smallest.

Q. How close were the two data in each subgroup created by 
MMC?

Q. How far apart were the two subgroups in each subgroup cre-
ated by MMC?

A. All subgroups tended to contain two similar data, whereas all 
groups tended to contain two distantly spaced subgroups.

Next, we measured the MMC’s group creation per-
formance by analyzing the similarities between the two 
users in each subgroup and the differences between the 
two subgroups in each group; the results are reported 
in Tables 8 and 9, respectively. It is apparent that all sub-
groups tended to contain two similar data. By contrast, 
almost all distances between the subgroups were relatively 
larger than those between the data of the subgroups.

Q. How much will the quality of the clusters of the algorithms 
change as the number of students increases?

Q. How did the MinDist value of each method change as the 
number of data increases?

A. All the baselines improved the quality of the clusters and 
MinDist scores as the number of data increased.

A. MMC sustained the quality of the clusters and MinDist score 
because it combines dissimilar subgroups as a group.

Finally, we evaluated the five algorithms with CH and 
MinDist scores when they were applied on the third 
dataset type (Case 5), which includes 9 datasets: 40, 100, 
200, 300, 400, 500, 600, 700, and 800 artificial student 
data. These data were produced by randomly assigning 
categories to each data element. Figure 3 shows the CH 
scores for all algorithms when they were applied on the 
9 datasets. Based on the four baselines, as the number of 
data increased, the CH scores of the baselines increased as 
well. However, the CH score of MMC did not change. This 
is because MMC combines dissimilar subgroups by solv-
ing the minimum problem. Solving the minimum prob-
lem enable all groups to include two dissimilar subgroups; 
therefore, the CH score was unaffected. Meanwhile, the 
four baselines created groups by aggregating only similar 
data, thereby resulting in a higher CH score.

To understand the results better, Fig. 4 shows the MinD-
ist scores that were produced when the five algorithms 
produced the CH scores shown in Fig. 3. As shown, MMC 
sustained the MinDist score, whereas the four baselines 
improved the MinDist scores. In MMC, as all subgroups 
were created by two users, MinDist sustained the score. 
Meanwhile, the baselines were not restricted; hence, closer 
data were obtained and the CH score improved.

7  Conclusions

The benefits of learning history are manifold. In this paper, 
we introduced a novel clustering algorithm, named MMC, 
for creating a new collaborative learning platform special-
ized for history. MMC solves two optimization problems to 
combine users having similar aspects of a particular event 
into one subgroup and to combine subgroups to form one 
group with user pairs having different aspects of the same 
event. We evaluated MMC with 4 baselines on three types 
of datasets to demonstrate that only MMC can output 
appropriate clusters for the research question proposed 
in this study, whereas all baselines failed to create the 
clusters. In addition, we confirmed that MMC aggregated 
similar and dissimilar data appropriately in all clusters into 
one group by measuring the quality of clusters and the 
minimum distance value of each cluster. In all baselines, 
these values improved as the number of data increased; 
however, MMC remained constant regardless of the num-
ber of data. It was confirmed that this properly solved the 
maximization and minimization problems pertaining to 
the similarity between clusters.

In the future, we plan to analyze the education effects 
of our clustering algorithm. Previously, Ikejiri et al. ana-
lyzed[30] group discussions targeting historical analogy 
in high-school classes. We will invoke this analysis for jun-
ior high-school students or university students using the 
algorithm proposed herein.
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