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Abstract
Ex-situ thermal impulse sensing based on irreversible phase transitions has been a developing field over the past 
two decades. Typically, these techniques determine thermal impulses assuming a perfect isothermal heating profile, 
which is not the case for real-life temperature profiles in extreme environments (e.g., structural fires, explosions, 
gas turbines). To better understand how real-world temperature profiles influence the sensors thermal impulse 
determinations, we perform phenomenological modeling of a thermal impulse sensor’s response to non-isothermal 
heating with four-key profile characteristics: finite heating rate, nonzero cooling time constant, temperature spikes, 
and non-isothermal heating due to the finite size of sensors. We find that in all cases, these effects result in the 
corresponding equivalent isothermal temperature being lower than the peak temperature, while the equivalent 
isothermal duration is found to either be lengthened or shortened depending on the effect of interest. These results 
have important implications for the interpretation of thermal impulse calculations from a wide range of ex-situ 
thermal impulse sensors.

Keywords Phase transitions · Temperature sensing · Lanthanides · Zirconia · Yttria

1 Introduction

Over the past decade, we have developed and refined an 
ex-situ technique to measure the thermal impulse (i.e., 
temperature and duration) of nano/microparticles in 
extreme thermal environments (e.g., explosive fireballs 

and structural fires). This technique is based on irrevers-
ible phase transitions in lanthanide-doped inorganic oxide 
nanoparticles. These phase changes depend on the ther-
mal impulse (TI) experienced by the particles and can be 
probed optically using photoluminescence spectroscopy 
of the dopant lanthanides. To date, we have tested a wide 
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variety of lanthanides and hosts for this purpose, includ-
ing: precursors of both Eu:ZrO2 [1, 2] and Eu:Y2O3 [3, 4], 
multicolored ErxYbyZr1−x−yO2/Eu0.02Y1.98O3 core/shell nan-
oparticles [5], Tb0.01Zr0.99O2/(Precursor Eu0.02Y1.98O3 ) core/
shell nanoparticles [6], and Eu:ZrO2/Tb:Y2O3 core/shell 
nanoparticles [7], Cr3+:Al2O3

1 [8], p-Eu:TiO2 [9], p-Dy:TiO2 , 
p-Dy:ZrO2 , and p-Dy:Y2O3 [10], and co-precipitated 
p-Eu:ZrO2/p-Dy:Y2O3 [11].

Based on these tests, we have determined a thermal 
impulse (TI) sensor formulation consisting of a mixture of 
p-Dy:Y2O3 and p-Eu:ZrO2 [10–13]. The use of two different 
precursor materials is necessary as each material provides 
a two-variable (temperature and duration) kinetic equa-
tion that cannot be solved without a second kinetic equa-
tion (i.e., solving for two variables requires two equations). 
In practice, these kinetic equations are determined by 
measuring different spectral properties (e.g., peak widths, 
intensity ratios) of samples heated in-lab to a wide range 
of temperatures and durations. These measurements 
result in calibration curves for both materials that are used 
in the field to correlate the measured spectral properties 
of recovered sensor particles to a specific thermal impulse.

While our ex-situ TI sensing technique relies on the spec-
tral properties of p-Dy:Y2O3 and p-Eu:ZrO2 for tempera-
ture sensing, there are other ex-situ techniques based on 
the same underlying principle (TI-dependent irreversible 
phase transitions) but utilize different materials and probe 
techniques. Some examples of these alternative techniques 
include: lifetime measurements of Eu:YSZ [14–22], irrevers-
ible changes to the resistance of nanowires [23], thermo-
luminescent microparticles [24–32], photoluminescence of 
ZnAl2O4 [33] and core–shell quantum dots [34], phospho-
rescence in Tb:Y2SiO5 [15], Raman spectroscopy of ceramic 
microparticles [35], Mossbauer parameters of a supercon-
ducting ceramic [36], modifications to thermally sensitive 
glass ceramics [37], photoluminescence and Raman spec-
troscopy of ZnO and TiO2 nanoparticles [38, 39], irreversible 
thermochromic behavior of Au/Ag nanorods [40] and poly-
diacetylene [41], and surface plasmon absorption [42–44].

In all of these techniques, the general procedure is to 
perform in-lab calibration using “isothermal” temperature 
profiles, which are then inverted to determine an equiva-
lent isothermal TI for an unknown heating event. While this 
approach has proven to work well for measuring approxi-
mately isothermal heating profiles [12, 45], very few extreme 
environments have isothermal heating profiles. Instead, 
temperature profiles in extreme environments typically have 
a wide range of features, with some of the most common 

being finite heating rates, temperature spikes, and pseudo-
exponential cooling. Additionally, when considering the 
application of microparticle TI sensors in gaseous environ-
ments, size-dependent heating effects come into play mak-
ing their temperature profiles non-isothermal, even if the 
gas temperature profile is isothermal.

Given the non-isothermal features of temperatures in 
extreme environments, it is unclear how to interpret the TI 
measured by these ex-situ techniques. Therefore, in order to 
better interpret the results obtained by these ex-situ tech-
niques we perform modeling of temperature profiles con-
taining different heating/cooling rates, temperature spikes, 
and size-dependent heating. For our modeling, we use a 
phenomenological model developed from experiments 
using our specific sensor cocktail [12]. While the specific 
quantitative results of this modeling are only valid for our 
sensors, the general qualitative trends identified are hypoth-
esized to be similar for all the techniques described above. 
As a demonstration of these principles, we apply this mod-
eling to a generalized TI sensor material model and show 
how different material parameters influence the quantitative 
performance, while the qualitative trends remain the same.

2  Models

2.1  Idealized model of irreversible phase 
transitions

The general theory of phase kinetics has been widely stud-
ied over the past century [46, 47, 47–51, 51–58]. Based on 
this research, we can model almost any irreversible phase 
transition using a generalized differential equation given 
by [46–51]:

where � is the degree of conversion of the phase transi-
tion, h(T) is an Arrhenius function, and f (�) is a function 
dependent on the transformation mechanism. Note that 
Eq. 1 is for a single phase, with multiple phase transitions 
requiring the use of coupled differential equations. In gen-
eral, h(T) is given by

where A is a rate constant, E is the transformation energy 
barrier, and k is Boltzmann’s constant. In the case of f (�) , 
the precise form depends on the phase transformation 
mechanism with a general expression for it being given 
by [46]:

(1)
d�

dt
= h(T )f (�),

(2)h(T ) = A exp

[

−
E

kT (t)

]

,

1 Note that while Cr3+ is not a lanthanide ion, it is still sensitive 
to changes in its local electric field, allowing it to be a probe of its 
local environment.
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where m, n, and p depend on the reaction mechanism [46, 
47, 51–58]. Substituting Eqs. 2 and 3 into Eq. 1, we find the 
whole kinetic equation to be:

Rearranging Eq. 4 and integrating, we obtain a general 
solution of:

Further simplification of the general case is not possi-
ble as both integrals depend on the specific functional 
forms, with their solutions typically requiring numerical 
integration.

While general simplification is not possible, we can con-
sider an example of a common phase transition in inorganic 
oxides (nucleation and grain growth), which has exponent 
values of m = 0 , n = 1 , p = 0 [46]. Assuming that the material 
begins completely in the initial phase, i.e., �0 = 0 , Eq. 5 can 
be integrated to give the degree of conversion as a function 
of time to be:

The integral in Eq. 6 typically requires numerical integra-
tion with only a few simple temperature profiles (e.g., 
isotherm, linear ramp) having analytical solutions. In the 
case of an isothermal temperature profile, we can write 
the solution as:

where Tiso is the isothermal temperature and Δt = t − t0 is 
the duration of the isotherm.

2.2  Phenomenological model

Based on our experimental observation of how the inten-
sity ratios of our TI sensors change with temperature and 
duration [10, 12], we have determined that the spectral 
ratios can be modeled using a phenomenological model, 
where the ratios as a function of the thermal impulse � 
are given by:

(3)f (�) = �m(1 − �)n[− ln(1 − �)]p

(4)
d�

dt
= A exp

[

−
E

kT (t)

]

�m(1 − �)n[− ln(1 − �)]p.

(5)
∫

�

�0

d��

��m(1 − ��)n[− ln(1 − ��)]p

= A∫
t

t0

exp

[

−
E

kT (t�)

]

dt�.

(6)�(t) = 1 − exp

{

−A∫
t

t0

exp

[

−
E

kT (t�)

]

dt�
}

.

(7)

�(t) = 1 − exp

{

−A exp

[

−
E

kTiso

]

(t − t0)

}

,

= 1 − exp

{

−A exp

[

−
E

kTiso

]

Δt

}

,

where R0 is the initial ratio, RA is an amplitude parameter, 
and the thermal impulse is defined as:

with A being a rate constant, Tc is a characteristic tempera-
ture, � is a stretch exponent, and T(t) is the time-depend-
ent heating profile.

For our TI sensors, we use two different materials with 
unique kinetic parameters which results in two spectral 
ratios given by:

These two ratios can then be measured to probe the tem-
perature profile experienced by our sensors. While we 
would ideally be able to invert these equations to get the 
actual temperature profile from measuring the two ratios, 
this is generally unfeasible.

However, while we cannot obtain the precise tem-
perature profile by only measuring the two ratios, we 
can instead use the two ratios to determine an equiva-
lent isothermal temperature profile that has the same 
thermal impulse as the actual heating event. To perform 
this calculation, we begin by writing Eqs. 10 and 11 for 
an isothermal temperature profile,

(8)R(�) = R0 + RAe
−�

(9)� = A∫
t

0

exp

[

−

(

Tc

T (t�)

)�
]

dt�,

(10)

R1 = R0,1

+ RA,1 exp

{

−A1 ∫
t1

0

exp

[

−

(

T1

T (t�)

)�1
]

dt�

}

,

(11)

R2 = R0,2

+ RA,2 exp

{

−A2 ∫
t1

0

exp

[

−

(

T2

T (t�)

)�2
]

dt�

}

.

(12)R1 = R0,1 + RA,1 exp

{

−A1 exp

[

−

(

T1

Tiso

)�1
]

Δt

}

,

Table 1  Material parameters used in simulations

Material 1 Material 2

R
0

1 1
RA −1 −1

Ai ( ms−1) 0.1 0.12

Ti(K) 750 950
� 10 10
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where Tiso is the equivalent isothermal temperature and Δt 
is the equivalent isothermal duration. In general, Eqs. 12 
and 13 require numerical solutions to solve for both Tiso 
and Δt . However, in the case of �1 = �2 = � we can write 
an analytical solution for both Tiso and Δt:

To model the performance of our TI sensors in response 
to non-isothermal heating events, we first calculate both 
materials’ ratios using Eqs. 10 and 11, with the simulated 
material parameters tabulated in Table 1. Once these ratios 
are calculated, we plug them into Eqs. 14 and 15 to deter-
mine the equivalent isothermal temperature and duration 
for the heating event.

2.3  Heat transfer model

The phenomenological model described above allows us 
to model the ratios for any temperature profile experienced 
by the sensors. However, it is only one of the two models 
we need in order to simulate the influence of particle size 
on particles exposed to a hot gas flow (e.g., an explosion). 
To model the influence of particle size, we utilize a lumped 
capacitance heat transfer model, in which we only consider 
convective heat flow into the particles and assume that heat 
transfer within the particles is rapid enough to be negligible. 
This assumption is appropriate for situations where the Biot 
number is less than 1 [59], which we will demonstrate to be 
true after deriving the relevant equations.

In the case of the lumped capacitance approximation, we 
write the total heat flux into a sensor particle as

where Q̇Tot is the total absorbed heat flux, Q̇Conv is the heat 
due to convection, and QRad is the heat flux due to thermal 
radiation. Using well-known relationships for these values, 
we determine a master differential equation,

where � is the particle’s density, Cp is the particle’s heat 
capacity, V is the particle’s volume, A is the particle’s sur-
face area, Tg is the gas temperature, and h is the heat 

(13)R2 = R0,2 + RA,2 exp

{

−A2 exp

[

−

(

T2

Tiso

)�2
]

Δt

}

.

(14)Tiso =
(

T
�

2
− T

�

1

)

ln

[

A2 ln(1 − R1)

A1 ln(1 − R2)

]−1∕�

,

(15)Δt =
− ln(1 − R1)

A1

exp

{

(

T1

Tiso

)�
}

,

(16)Q̇Tot = Q̇Conv + Q̇Rad,

(17)�CpV
�T

�t
= hA(Tg − T ) + ��A(T 4

g
− T 4),

transfer coefficient. Rearranging Eq. 17 and substituting 
in the formula for a sphere’s volume and surface area, we 
obtain the following differential equation:

While the majority of parameters in Eq. 18 are constants 
that can be looked up in reference books, the heat transfer 
coefficient is found to depend on both the gas tempera-
ture and particle size as:

where kg is the thermal conductivity of the gas and 
Nu(Tg,D) is the Nusselt number.

For a sphere in forced convection, the Nusselt number 
is given by

where Pr is the Prandtl number, �∞ is the static viscosity at 
Tg , Re is the Reynolds number, which is

(18)
�T

�t
=

6h

�CpD
(Tg − T ) +

6��

�CpD
(T 4

g
− T 4).

(19)h(Tg,D) =
kgNu(Tg,D)

D
,

(20)Nu = 2 + (0.4Re1∕2 + 0.06Re2∕3)Pr0.4
(

�∞

�(T )

)1∕4

,

Table 2  Parameters used in heat transfer calculations

Parameter Value

u 10 m  s-1

�
0

1.846 10−5 N s m−2

�∞ 4.153 10−5 N s m−2

� 1.176 10−4 m2/s
kg 0.06754 W  m-1  K-1

S 110 K
Pr 0.702

Fig. 1  Example convective heat transfer coefficient and Biot num-
ber as a function of particle diameter for a gas temperature of 
1000 K
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with u being the gas slip velocity, � the kinetic viscosity of 
the gas, and �(T ) is the temperature dependent viscosity, 
which follows Sutherland’s law:

where �0 is the static viscosity at T0 and S is a constant. 
Combining Eqs. 19–22 and simplifying, we write the size-
dependent heat transfer coefficient as

(21)Re =
uD

�
,

(22)�(T ) = �0

(

T

T0

)3∕2
T0 + S

T + S
,

To demonstrate the size-dependent heat transfer coeffi-
cient, we use the material parameters of air at 1000 K (tab-
ulated in Table 2) and plot h for diameters ranging from 5 
� m to 200 � m in Fig. 1. From Fig. 1, we find that the heat 
transfer coefficient starts near 32 kW/m2 K and decreases 
to around 1 kW/m2 K for a diameter of 200 � m. Finally, to 
check the validity of the lumped capacitance model we 
plot the Biot number ( Bi = hD∕k ) in Fig. 1, where we have 
used ZrO2 ’s heat conductivity k. From Fig. 1, we find that 
the Biot number is less than 1 for all diameters considered, 
which supports the use of the lumped capacitance model.

(23)

h =
kg

D

{

2 +

[

0.4
(

uD

�

)1∕2

+ 0.06
(

uD

�

)2∕3
]

Pr0.4
(

�∞

�(T )

)1∕4}

.

Fig. 2  Equivalent isothermal temperature (a, c) and duration (b, d) as a function of heating rate and cooling time constant for different iso-
thermal temperatures and a duration of 1 s
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3  Results

3.1  Effect of heating and cooling rates

The first non-isothermal temperature profiles we model 
are ones consisting of a linear temperature ramp to an 
isothermal temperature held for a fixed duration (1 s for 
the results shown in this section), followed by exponen-
tial cooling. This temperature profile is an approximation 
of the heating curves experienced during our calibration 
measurements [12]. The two parameters in this tempera-
ture profile that will cause our equivalent isotherm to devi-
ate from the actual isothermal portion are the heating rate 
and the cooling time constant. To better understand the 
influence of each, we performed modeling in which we 
allowed one parameter to vary, while assuming the other 
parameter corresponded to a perfect isotherm (e.g., infi-
nite heating rate when considering the effect of cooling 
time constant). Figure 2 shows the resulting equivalent iso-
thermal temperatures and durations as a function of heat-
ing rate and cooling time constant from this modeling.

From Fig. 2a and b, we find that at low heating rates the 
equivalent isothermal temperature is significantly lower 
than the actual isothermal temperature, while the duration 
is significantly longer than the actual isothermal duration. 
This result is intuitive as slow heating rates result in the 
sensors experiencing lower temperatures for the majority 
of the total duration, which minimizes the contribution of 
the isothermal portion. Note that this effect scales with the 
actual isothermal temperature due to the time required to 
ramp to a given temperature (i.e., at lower temperatures 
less time is required to reach the isothermal portion of the 
temperature profile).

Having considered the influence of heating rate, we 
next consider the effect of the cooling time constant, 
whose equivalent isothermal temperature and duration 
are shown in Figs. 2c and d, respectively. Similar to the 
heating rates above, we find that the faster the sensors 
cool, the more closely the equivalent and actual isotherms 
match. Figure 2c shows that the equivalent isothermal 
temperature follows an inverse function with the time 
constant, while the equivalent isothermal duration scales 
linearly with the time constant (see Fig. 2d), with the slope 
depending on the isothermal temperature. Once again at 
higher isothermal temperatures, these effects are more 
pronounced.

Based on these results, we can conclude that both the 
heating and cooling rates can have a significant impact 
on the calculated equivalent thermal impulse, with slow 
heating and/or cooling being the dominate component of 
the thermal impulse. This observation is especially impor-
tant when considering our TI sensors’ calibration, as the 

model temperature profile approximates the calibration 
temperature profile. If our calibration is performed using 
either slow heating and/or cooling, the heating/cooling 
period(s) will dominate the phase transitions resulting 
in our calibration being skewed. This skew will cause the 
incorrect results when we apply our sensors in the field. 
To avoid having an incorrect calibration due to heating 
and cooling effects, we need to heat and cool the sensors 
sufficiently fast. From Fig. 2, we determine that the ideal 
heating rate will be over 10,000 K/s and the ideal cooling 
time constant is < 100 ms.

3.2  Effect of a temperature pulse

In the above section, we considered a temperature profile 
that approximates the temperature profiles used during 
calibration. Next we consider an idealized model of a likely 
temperature profile experienced in our proposed appli-
cations. This profile consists of a long-duration low-tem-
perature background with short high-temperature peaks 
[60, 61]. These peaks arise in the context of explosions as 
the particles flow through a heterogeneous fireball that 
contain both hot and cold spots [61], while in the context 
of structural fires we find that temperature spikes occur 
due to flashovers [60].

To model the effect of a temperature spike on our 
equivalent isothermal calculations, we compute Eqs. 10 
and 11 for a temperature profile consisting of a 1 s dura-
tion 673 K isotherm, to which we add a square tempera-
ture spike of amplitude TA , and width w, as shown in Fig. 3. 
Once we compute the temperature profiles’ two ratios, we 
then determine the equivalent isotherms. Figure 4a dis-
plays the equivalent isothermal temperature and Fig. 4b 
displays the equivalent isothermal duration as a function 
of the peak width and peak temperature ( TP = T0 + TA).

Fig. 3  Example temperature profile consisting of a low-tempera-
ture isotherm with an additional high-temperature square peak
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From Fig. 4, we find that in the two extreme peak width 
cases ( w = 0 and w = 1 s), the results are as expected, with 
the isothermal temperature and duration either being 
673 K and 1 s (for w = 0 ) or the full temperature ( Tp ) for 1 s 
( w = 1 s). In the intermediate cases ( TA > 0 and 0 < w < 1 ), 
we find from Fig. 4 that the inclusion of the temperature 
peak results in the equivalent isothermal temperature 
being T0 < Tiso < T0 + TA , and the duration being greater 
than the pulse width ( Δt > w ). This means that the equiva-
lent isothermal temperature will always be less than the 
peak temperature and the equivalent duration will be 
greater than the peak width.

To better understand these results, we plot specific 
one-dimensional curves from Fig. 4 in Fig. 5, with Fig. 5a 
showing the influence of the peak temperature on the 
equivalent isothermal temperature and Fig. 5b showing 
the influence of the peak width on the equivalent iso-
thermal duration. From Fig. 5a, we find that for a peak 

duration of 1 s, the peak temperature and equivalent 
isothermal temperature match as expected. However, 
as the peak duration shortens the equivalent value 
diverges toward lower temperature values, with the dif-
ference being significant at higher temperatures. We also 
find that the shorter the duration, the larger this devia-
tion between the peak value and equivalent isothermal 
temperature becomes, with the shortest peak width 
(10 ms) having a significantly lower equivalent isother-
mal temperature than the peak value. These results are 
consistent with previous observation of particle sensors 
recovered from an explosion producing lower equivalent 
isothermal temperatures than predicted by modeling 
[61, 62].

In the case of the peak width, we find from Fig. 5b that 
as w increases the equivalent isothermal duration quickly 
drops to slightly above the peak duration. This implies 
that for temperature profiles containing a temperature 

Fig. 4  Calculated isothermal temperature (a) and duration (b) as a function of pulse width and temperature

Fig. 5  Calculated isothermal temperature (a) and duration (b) as a function of pulse width and temperature
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peak, our equivalent isotherm will have a duration slightly 
greater than the peak width (but less than the full “isother-
mal” duration) with the calculated duration approaching 
the peak width with increase in peak temperature. Inter-
estingly, from Fig. 5b we also find that for temperatures 
above ≈ 850 K the calculated duration is the same regard-
less of the temperature. This result is due to the ratios tem-
perature dependence being a stretched Arrhenius func-
tion (Eq. 9) which essentially becomes constant above a 
certain temperature.

Combining the results discussed above, we determine 
that in the case of a temperature spike occurring on top 
of a longer duration isotherm, the equivalent isothermal 
temperature will be less than the peak temperature and 
the equivalent duration will be greater than the peak 
width but less than Δt.

3.3  Particle size effects

Having considered the effect of several idealized tempera-
ture profiles in the above sections, we now turn to con-
sidering a non-isothermal temperature profile resulting 
from real-world limitations, namely the finite size of our 
TI sensor particles. This nonzero size results in the tem-
perature experienced by the sensors being limited by heat 
transfer into the particles, which depends on the particle 
size (see Eq. 23). Using the heat transfer model described 
above, we simulate heat transfer from a hot gas into the 
particles assuming a fixed exposure time and gas tempera-
ture, with Fig. 6 showing temperature profiles for differ-
ent particle diameters as a function of time for particles 
exposed to a 1000 K gas for 100 ms. From Fig. 6, we find 
that the smallest diameter particle rapidly approaches the 

Fig. 6  Temperature profiles of different diameter particles exposed 
to a 1000 K environment

Fig. 7  Example equivalent isothermal temperature and duration as 
a function of sensor diameter for an exposure time of 50 ms

Fig. 8  Percent error of equivalent isothermal temperature (solid lines) and duration (dashed lines) as a function of particle diameter (a) and 
exposure time (b)
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gas temperature within the first 50 � s of exposure, while 
the largest diameter particle (200 � m) takes almost 100 ms 
to reach the gas temperature.

This difference in rise times results in significant varia-
tions in the equivalent isothermal temperatures and dura-
tions determined by each particle size. To demonstrate this 
effect, we calculate the equivalent isothermal tempera-
ture and duration for different sized particles exposed to 
a 1000 K gas for 50 ms, with the resulting equivalent tem-
peratures and durations shown in Fig. 7. From Fig. 7, we 
find that as the particle size increases both the equiva-
lent temperature and duration decreases. Practically, this 
means that finite-sized TI sensors will always measure 
smaller equivalent isothermal temperatures and durations 
than the actual isothermal gas temperature and duration.

To quantify our equivalent isotherm’s error compared 
to the true isothermal values, we model the influence of 
diameter for several different durations and then compute 
the percent error (i.e., % Error = Equivalent value/actual 
value × 100). Figure 8a shows the percent error of both 
the equivalent isothermal temperature and duration as a 
function of diameter for different particle exposure times, 
while Fig. 8b displays the same quantities as a function of 
exposure time for two different diameters. From Fig. 8a 
and b, we find that the percent error depends nonlinearly 
on both the particle diameter and exposure time, with the 
error increasing with diameter, while the reverse is true for 
exposure time, in which longer exposure results in smaller 
errors. Performing fits to the different curves we develop 
a model equation for the percent error:

where A and b are adjustable parameters that depend 
on the various thermal properties of both the gas and 
particles.

Given the percent error’s nonlinear dependence on 
diameter, it becomes clear that it is imperative to utilize 
small particles, with a narrow size distribution. While we 
would ideally make the smallest particles possible (to mini-
mize the error), in practice there are other considerations 
that come into play limiting the size, namely government 
safety regulations on particulate sizes and the increasing 
difficulty of recovering particles with decrease in size. If 
the particles become too small, it becomes significantly 
harder to collect the particles and analyze them after the 
event as we probe the sensors using photoluminescence, 
whose intensity depends on the particle size.

(24)PE = A

(

1 − exp

{

−b
D2

Δt2

})

,

3.4  Applying modeling to other TI sensors

In the above sections, we presented the results of mod-
eling the response of our TI sensors to non-isothermal 
heating events. While we specifically used our sensors 
TI response for modeling, these results should be quali-
tatively the same for all TI sensors based on irreversible 
phase transitions, with the quantitative values differing 
depending on specific sensors TI response. At this point, 
it would be ideal to present tuning of our model to a dif-
ferent TI sensor to compare the results. Unfortunately, 
such a detailed analysis is not possible as information on 
other sensors TI response curves is limited. Many of the 
studies on TI sensors in the literature have focused on the 
temperature-sensing aspect and have failed to report on 
the sensors time dependence [17–20, 22, 24, 29, 63–65]. 
Therefore, due to this lack of detail, we cannot specifically 
apply our modeling to these sensors.

However, while we cannot model a specific example 
from the literature, we can demonstrate the effect of vary-
ing the material parameters on the sensor performance, 
which is equivalent to "tuning" the model to a new sensor 
formulation. For this demonstration, we assume the same 
functional form of the sensor response (Eqs. 10 and 11) 
but with new parameter values (e.g., Ai , Ti , and � ). Note 
that while these equations have not previously been used 
with other TI sensor compositions, they most likely would 
be able to model those sensors TI responses as well. This 
is due to the vast majority of ex-situ TI sensors reported in 
the literature having response curves that are Arrhenius-
like in temperature and exponential in time. [15, 66]

For our demonstration, we consider two different non-
isothermal temperature profiles consisting of a linear ramp 
followed by a 1 s isotherm, with instantaneous cooling. 
One profile has an isothermal temperature of 800 K, while 
the other has an isothermal temperature of 1273 K. These 
two profiles represent two distinct cases: 1) an isothermal 
temperature in between the two sensors characteristic 
temperatures and 2) an isothermal temperature above 
both sensors characteristic temperatures. For both these 
cases, we model the TI sensor response while varying one 
of the material parameters and holding the other param-
eters constant. Figure 9 shows the resulting equivalent 
isothermal temperatures and durations as a function of 
each parameter for both the 800 K and 1273 K isotherm. 
Note that we do not show a figure for the amplitudes as 
the sensor responses are found to be independent of the 
amplitude. This invariance is due to the ln(1 − Ri) term in 
Eq. 14 being proportional to Ai , which leads to Eq. 14 being 
independent of both Ai’s.

From Fig.  9, we observe that the qualitative results 
(underestimating Tiso and overestimating Δt ) are inde-
pendent of the parameters used, while the quantitative 
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results depend on the parameters. With regard to the 
stretch parameter � , we observe that for the 800 K iso-
therm the equivalent isotherm’s accuracy increases with 
increase in � , while for the 1273 K isotherm, the accuracy 
is found to peak near � = 4.5 followed by a slow decrease 
in accuracy. This effect is found to be far more pronounced 

in the equivalent isothermal temperature than in the 
duration.

Turning to the materials’ characteristic temperatures, 
we find that for both the 800 K and 1273 K isotherms the 
high-temperature material’s characteristic temperature 
( T1 ) has a far greater impact on the temperature accu-
racy than the low-temperature material’s characteristic 

Fig. 9  Equivalent isothermal temperature and duration as a func-
tion of stretch parameter � (a, b), T

0
 (c, d), and T

1
 (e, f) for isothermal 

temperatures of 800 K (a, c, e) and 1273 K (b, d, f). Note that both 

the equivalent temperature and duration are found to be inde-
pendent of the materials amplitude parameters



Vol.:(0123456789)

SN Applied Sciences (2019) 1:1623 | https://doi.org/10.1007/s42452-019-1658-y Research Article

temperature ( T0 ), with increase in T1 resulting in more 
accurate isothermal temperatures. On the other hand, the 
duration accuracy is found to be more sensitive to T0 , with 
the accuracy improving with increase in T0 . This depend-
ence on T0 is straightforwardly understood as the smaller 
T0 is, the longer period of time the temperature ramp will 
be above T0 , which results in the equivalent duration being 
extended. As T0 increases, the duration spent above it dur-
ing temperature ramping decreases. This results in a more 
accurate determination of the isothermal duration.

These results demonstrate the general application of 
our model to TI sensors having different material param-
eters, with the qualitative results (underestimating Tiso and 
overestimating Δt ) being independent of the parameters, 
while the quantitative results differ significantly depend-
ing on the parameters. To apply the model to a specific TI 
sensor requires performing a full TI calibration to deter-
mine the sensor response as a function of temperature 
and duration. As many sensors’ responses have the same 
functional form (Arrhenius temperature dependence and 
exponential duration dependence) as our model, it can 
be used to fit the sensor response to obtain the different 
material parameters. Once these are obtained, they can 
then be substituted into the model, as we just demon-
strated for the general case.

4  Conclusion

In this study, we modeled the response of ex-situ ther-
mal impulse sensors to non-isothermal temperature pro-
files using a phenomenological model developed for a TI 
sensor blend consisting of p-Eu:ZrO2 and p-Dy:Y2O3 . We 
considered the influence of four common non-isother-
mal temperature profile features on the TI sensors calcu-
lated equivalent isothermal temperature and duration. 
These common non-isothermal features include: a linear 
temperature ramp, exponential cooling, a temperature 
spike, and size-dependent heating.

We find that all four features result in the equivalent 
isothermal temperature being less than the peak tem-
perature of the profile, meaning that the temperature 
determined by the TI sensors will always underestimate 
the actual temperature experienced by the sensors. In 
the case of the equivalent isothermal duration, we find 
that the effect of the different temperature features is 
feature dependent. For finite heating and cooling rates 
(surrounding an isotherm), we find that the measured 
duration is greater than the actual isothermal duration. 
However, in the case of a temperature peak during a 
lower-temperature isotherm we find that the measured 
duration is shorter than the total isothermal duration, 
but greater than the peak duration, with the measured 

duration approaching the peak duration as the peak 
temperature increases. Finally, we find that size-depend-
ent heat transfer results in the calculated duration being 
less than the actual duration, with the error increasing 
with particle size.

These modeling results highlight the difficulties inher-
ent to interpreting the TI measured by ex-situ TI sensors, 
with the measured equivalent isotherms always having 
lower temperatures and significantly different durations 
than the profiles they experienced. However, this mod-
eling also sets up a framework for developing a more 
effective interpretation scheme that can take these vari-
ous effects into account and produce more accurate TI 
measurements. For instance, we are currently develop-
ing a new calibration methodology that will correct for 
the in-lab calibrations heating and cooling rates in order 
to better determine the calibration parameters. Addi-
tionally, we are developing a method to modify the cali-
bration curves to take into account the size distribution 
of our TI sensor particles. The combination of these two 
new methods should drastically improve the accuracy 
of our TI sensors.

Finally, while this modeling has focused on our specific 
implementation of ex-situ TI sensing, the same mechanism 
(e.g., irreversible phase transitions) underlies all ex-situ TI 
sensing techniques, meaning that these results will have 
wider applicability. These results can help to improve the 
accuracy of other ex-situ TI sensing techniques and pro-
vide the starting point for more technique-specific mod-
eling of these effects. One possible avenue for future mod-
eling is to compare different ex-situ techniques behavior 
under different non-isothermal temperature profiles and 
determine which techniques produce the most accurate 
results.
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