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Abstract

Pumping molecules and atoms near or along surfaces under the perturbing influence of surface acoustic wave is impor-
tant in micro-flow systems. These micro-flow systems can circulate heat-transfer fluids over silicon chips, reconstitute
dried drugs and possibly synthesize chemicals from liquid to solid constituents. The stability of acoustic streaming flow
induced by a small-amplitude surface acoustic wave propagating along the walls of a confined parallel-plane channel
with a magneto incompressible fluid through a porous medium is considered. The stability related to the flow initiated
by the peristaltic waves propagating along the deformable walls is explored numerically. The neutral stability boundary is
gotten by understanding the significant Orr-Sommerfeld condition. The Chebyshev collocation method is employed to
solve the resulting generalized eigenvalue problem. The critical Reynolds number and the corresponding wave number
are obtained for different values of K, = c/u,,,, (ratio of the wave speed to the maximum speed of the basic flow), mag-
netic field M, Hall current g, and permeability parameter k. Different values of the critical Reynolds number are obtained
when K, = ¢/u,,.,=1 (rigid wall) and # 1for deformable walls. It is found that the critical Reynolds number (when the wall
is deformable; K, = 10) becomes 577.22 which is much less than conventional rigid-wall case [5772, obtained by Orszag
using the spectral method (Orszag in J Fluid Mech 50:689-703. https://doi.org/10.1017/50022112071002842, 1971)]. The
effect of incrementing of K, and k shows destabilizing effect on the fluid flow while increasing in the values of M and g,
exhibits a stabilizing influence on the fluid flow. So, various kinds of noises like Hall current, permeability and peristaltic
waves propagating along the walls will premature any instability mechanism considering the temporal growth of the
disturbances. Also, the range of wave numbers relevant to the peristaltic wave or the Reynolds number of this basic flow
must be carefully selected for the optimal flow control usage in bio-MEMS.
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1 Introduction the peristaltic transport as the wall is flexible. Recent pro-

gress in MEMS technology supplies micro-fluid system

Surface acoustic wave (SAW) is an interesting and impor-
tant subject in physics as well as in many other scientific
applications. Microchannels built in MEMS (MicroElectro-
Mechanical System) are easily subjected to environment
noises, such as oscillations or vibrations, externally excited
traveling waves (SAW). The last one is normally related to

manufacture and application multiplicity. Because the
micro-fluid systems have the advantages of minuscule size
and are facile to carry, they additionally have high preci-
sion and short replication time. Experimental and theoreti-
cal results [1, 2] show that the flow velocity is proportional
to the second power of the SAW displacement velocity
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in these microchannels. Additionally, transport phenom-
ena by surface acoustic wave SAW are consequential in
pumping molecules and atoms near or along surfaces
under the perturbing influence. In fact, with the latter, it
has been reported that people can make micro-flow sys-
tems that could circulate heat-transfer fluids over silicon
chips, reconstitute dried drugs and possibly synthesize
chemicals from liquid to solid constituents [3]. Moreover,
peristalsis is well known to physiologists to be one of the
major mechanisms for fluid transport in many biologi-
cal systems. In particular, peristaltic mechanism may be
involved in urine transport from kidney to bladder through
the ureter, movement of chyme in the gastrointestinal
tract, transport of spermatozoa in the ductus efferentes
of the male reproductive tracts, and in the cervical canal
and in the flow of blood [4-10]. In addition, peristaltic
pumping occurs in many practical applications involving
biomechanical systems [11-13].

The Orr-Sommerfeld equation governs the linear stabil-
ity characteristics of a basic two-dimensional incompress-
ible laminar parallel flow with respect to an infinitesimal
disturbance. The difficulties associated with solving this
eigenvalue problem are well known. No exact solution of
this equation has been obtained for a general velocity pro-
file, except for a constant plane Poiseuille flow. Numerous
methods have been presented to calculate the eigenval-
ues and eigenfunctions of the Orr-Sommerfeld (O-S)
equation [14]. O-S equation has been applied for investi-
gating the stability of channel flow, Blasius boundary layer
profile, shear layer, laminar jet and developed wake. The
stability characteristic for the acoustic streaming flow is
thus of considerable importance to the flow control or
mixing in micro-domain since the bulk (cross-sectional)
size of the microchannel is at most a few tens of O(m) and
the wall of the microchannel is almost in submicrons or
lesser. As we know, it is necessary to obtain curves of the
neutral stability boundary from the stability equation
(Orr-Sommerfeld equation) and associated boundary con-
ditions for the description of the hydrodynamical transi-
tion to turbulence in normal fluids. The stability character-
istics thus obtained is crucial to the flow control and
understanding of the flow transition in bio-MEMS or even
in nanobiotechnology systems. Only a few [15, 16] inves-
tigated the stability problem linked to those basic flows
(induced by the peristaltic transport) where, the flexible
wall or the wall deformation effect is represented by the
phase speed of the peristaltic wave, c and by using the
verified numerical code (Spectral method) [17, 18]. They
found that the critical Reynolds number Re, for a deform-
able wall is less than that for a rigid-wall case (« 5772,
obtained by Orszag using the spectral method [19]). In this
work, we shall investigate the stability quandary linked to
a magneto-fluid with Hall current through a porous
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medium (induced by the peristaltic motion) utilizing the
verified numerical code (via the spectral method [17]). The
paper is organized as follows: we shall first derive the basic
equations and boundary conditions in Sect. 2. Perturbed
systems presented in Sect. 3. Section 4 states the primary
flow stability and modified Orr-Sommerfeld equation.
Numerical solution and the validation of our results con-
sidered in Sects. 5 and 6. Curves of the neutral stability
boundary from the stability equation is provided and dis-
cussed in Sect. 7. Conclusion and the main finding are in
Sect. 8. The prefatory results display that both the effects
of the permeability and peristaltic transport (= > 1)will

Urmax

degrade the flow stability significantly.

2 Basic equations and formulation
of the problem

Consider a two-dimensional infinite channel of uniform
thickness 2h, and filled with an incompressible, viscous
and electrically conducting fluid. We introduce Cartesian
coordinate system with the x-axis along the center line of
the channel and y-axis normal to it. A constant magnetic
field B = (0,0, B,) is applied on the flow. The walls of the
channel are wavy on which imposed traveling sinusoidal
waves of small amplitude. We neglect the induced mag-
netic field under the assumption that the magnetic Reyn-
olds number is small.

The equations of motion and continuity governing this
model together with generalized Ohm'’s law taking Hall
effect are [5]:

oV
. a—;+<z-z)z] = -Vp+V-S+IxB+R ()
V-¥=0 (2)
o
J=c|E+V XB| - —JXxB,
L=olE+VxB| - -IxB 3)
VxH=J, VxE=0, V-B=0. @

where p, t,v, p, u, 5, e,and n€ are the density of fluid, time,
kinematic viscosity, pressure, dynamic viscosity, electri-
cal conductivity, electric charge and number density of
electrons, respectively. V, J, B, Eand H are the velocity vec-
tor, electric current density, magnetic induction vector,
intensity of the electric field and magnetic field strength,
respectively.

From Eq. (4) for the current density J = (JX,Jy,JZ), we
obtain from the relation V -J =0, that J, = constant.
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Hence, we consider that the channel is non-conducting  components in the direction of increasing xand y, respec-

— oB
and therefore J, = 0 at the channel. tively, and m, = 0 > is the Hall parameter.

The constitutive equation for stress tensor S is en,
From Egs. (2), (5) and (6), we obtain:

S = u[(grad V) + (grad V)'|.

ou ou ou 10p 2
The Darcy’s resistance has been written as [E + Yo% + V@] - P ox +vVu
)
R=-Ly. L T R
STk PIET
Here, k (positive value) is the permeability of the porous
medium. In the absence of an externally applied electric oy ov  ov 10p ,
field and with negligible effects of polarization of the ion- [E tu T V@] Y +vWiv
ized gas, we assume that the electric field vector equals B2 (8)
zero, i.e.,, E=0.The x- and y-components of Eq. (1) are: -0 (v +m, v) _v
p(1 + mf)
ou ou ou op 0S,, 95
p [E + Y5x + V@] =T x + ox + oy The fluid is subjected to boundary conditions imposed
B2 (5) by the symmetric motion of the flexible walls. Let the verti-
_ —Oz(u - m1v) +R,, cal displacements of the upper and lower walls be # and
(1 + m1) — 1 respectively, n(x, t) = acos <7”(x - ct)) , Where a is
the amplitude, A is the wave length, and c is the wave
p[a_v +u 4 6_V] __9 + Sy + asl speed. The horizontal displacement will be assumed zero
Jat ox oy ay ox ay (Fig. 1).
oB2 ©) The boundary conditions are
- —02(v+m1v) +R,,
(14+m?) u(x,+h+n,t) =0, 9
where R, and R, are the x- and y-components of R and B
_— nx, t)
S Sy and S, are to be computed from the constitutive  v(x,th+n,t) = £ T (10)

equation of the stress tensor, u and v are the velocity

Fig. 1 Geometry of the prob-
lem
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Equation (2) allows the use of the stream functiony (x, y, t)
in terms of which

P P
u==t v=-=L, (1
y 0x

Introducing the dimensionless variables

w_X s« Y U L vV . W . 7
X T __Iu__lv=_l = =
hy h C cq/ chn h
o M P 1 _vh
h' "t T ph’ pc2’ kx ke’

After dropping the asterisks and eliminating the pres-
sure p from Egs. (7) and (8), we obtain

d
[E (V2w) +w, V2, — wazwy] +M?B, V2
1 1 (12)
2 o Vi, n(x,t) = ecos a (x —t),

sw
with boundary conditions
v, = 0,y, = Fassina(x —t) at

y =100, 13)

where ¢ = % is the amplitude ratio, a = # is the wave
number, Re,, = ch is the Reynolds number, M = 4 /h—:BO
v p

is the Hall current

2

is the Hartman number and g, = ]
1

+m
parameter.

3 Perturbed systems

Assuming the amplitude ratio £ of the wave to be small,
we obtain the solution for the stream function as a power

0
series in terms of £ by expanding w and £ in the form [2]:

1//=1//0+£u/1+52u/2+---, (14)

P\ _ (o P 2( 9P | ..
(6x>_<ax>o+g(ax>1+£ <ax>2+ ) (15)

The first term at the right-hand side corresponds to an
imposed pressure gradient which is considered as a con-
stant. The higher-order terms correspond to the peristal-
tic motion. Collecting the terms of like powers of £, we
obtain three sets of coupled linear differential equations
with their corresponding boundary conditions.
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System of Order Zero

1 0
FV2V2W0 = (&Vzll/o + o, Vo — WOXV2WOy+)

sw

+ (M, + 2 ) Vou,
(16)

l/IOy(i 1 ) = Or .
WOx(i 1) = 0' ( )
System of Order One

1 0

EVZVZW] = <EVZW1 + o, Vi, + w1, Vi,
1

_WOXVZW'ly - W1xV2W0y) + <M2ﬁ1 + E)VZWV

(18)

Wy (£1) £ g, (£1)cosalx — t) = 0,

vy (D) 2y (FT)cosalx —t) = Fasin(x —t). (19)

We note that the first set of differential equations in y
subject to the steady parallel flow and transverse symme-

try assumption for a constant pressure gradient in the x
-direction yields the following flow:

sinh "y ] 20)

_ K
Vo) = i y I'coshI’

ox
tain a plane Poiseuille flow (pressure-driven case) [2], and

2= (WP, + )
The differential equations in y, with their corresponding
boundary conditions are satisfied by

Re 0
where K, = % <__p> , the necessary pumping to sus-
0

Wy, t) = %(qm ()™ ™0 + @ (y)e”**D), 1)

where the asterisk denotes the complex conjugate. Substi-
tuting with Egs. (21) in (18) yields the first-order equation
for a magneto-fluid through a porous medium:

iaRe,, [(T —1)(D? - a?) - D*U] ¢,

22
+ (/\/Fﬂ1 + %)(D2 — )y (y) = (D? = a2)’, (), 2)

where D = di.The normal fluid is subjected to boundary

conditions imposed by the symmetric motion of the wavy
walls. The basic flow now has the form, asu = %:

u=

& 1 cosh(Fy)]' 23)

I? cosh(I')
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Table 1 Process of convergence of the Chebyshev collocation method for different values of physical parameters

=10

0.01, 4, = 0.05,k = 1,K,

M=

1

0.01, 4, = 0.05,k = 10,K, =

M=

1

001,4, =2,k=1,K, =

M=

1

1,8, =005k =1,K, =

M =

1

0.01, 4, = 0.05,k = 1,K, =

M=

Re,

Re,

Re,

Re,

Re,

0.9615
0.9652
0.9715
0.9716
0.9716
0.9716

2151.6458
1466.047

1.0776

4880.4651

0.9615

21518.0434
14662.798

0.9674
0.9635
0.9697
0.9698
0.9698
0.9698

21916.9145

0.9615
0.9652
0.9715
0.9716
0.9716
0.9716

21516.4585
14660.4704

10
15
20
25

1425.6909
1425.388

1425.389

1425.389

—_ - = - —

0.9652 6347.7567

0.9715

15259.5226

6392.987

14259.1033

14826.8214

14256.9094

09716  6392.8389
09716 6392.839
09716 6392.839

14822.7849 14256.0707

14253.8806

14256.0805

14822.7939

14253.8905

30
35

14256.0805

14822.7939

14253.8905

Table 2 Comparison of results between published and the present
work when M, g; — 0and k— oo

Ky Chu [16] Present work
Re, Re, a,
5772 5772.2218 1.0205
2 2886.5 2886.1109 1.0205
10 577.25 577.2221 1.0205

IKf we take I'->0,ieM—-0,p, > 0k—>0=>U)=
0 2
=21 —y?),
2( ¥

G =£1, ¢ (x1) = k—Iftanh(F).

4 Primary flow stability and modified Orr-
Sommerfeld (0-S) equation

To obtain the stability characteristics for acoustic stream-
ing flows by using verified codes developed before [15,
16] (calculating the Orr-Sommerfeld spectra), we need
to transform Eq. 22 into the modified Orr-Sommerfeld (
Orr-Sommerfeld for a magneto-fluid with permeability)
form by resealing and redimensionalization of physical
parameters and variables mentioned before (e.g., the
careful selection of K, and c). Thus, we have the linearized
disturbance equation

iaRe[(d - C)(D* - a?) — D*U] ¢,

+ (M2, + 2 )0 = D) = (D2 = ) ),
(24)

Upoch
where Re = ——2 s the Reynolds number, C = C, +iC,,
Vv

where Cis the ratio between the velocity of the propagat-
ing perturbation wave and the characteristic velocity, and
G, is the amplification factor. As for the temporal stability
problem, in which the growth or decay of a disturbance in
time is considered, we treat the complex wave speed C as
the eigenvalue parameter of the problem.

The fluid is subjected to boundary conditions imposed
by the symmetric motion of the walls and the no-slip con-
dition at walls. The basic flow now has this form [19, 20] or
comparing the definition of Re and Rec above, the mean
(basic) velocity profile is then given by

S ¢ [1_cosh1"y],
r

(25)

u cosh I”

max
where K, = £ andcisthe phase speed of the peristaltic

max
wave. This basic flow comes from the fluid-wall interaction

SN Applied Sciences

A SPRINGERNATURE journal



Research Article

SN Applied Sciences (2019) 1:1610 | https://doi.org/10.1007/s42452-019-1651-5

Fig.2 Neutral stability
curves for different values of
aKy(= ¢/Up,) b Hartman
number M ¢ Hall current g, d
permeability k
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0.5 0.6 0.7 « 0.8 0.9 1.0 0.80 0.88 0.96 1.04
e small-amplitude peristaltic waves propagating alon
(th Il-amplitude peristalt propagating along K, h
the walls), and boundary conditions remain the same as $r (1) = +1, d’w(i” - Ftan (). (26)

that in [15, 16] as we only have interests in the stability
boundary for the primary flow induced by the peristaltic
transport [15, 16]. The flexible wall effect is represented by
the phase speed of the peristaltic wave, c. The effect of the
wall deformation, being of the order of magnitude (¢?)
[18], is rather small (say, € 0.01) and will not be considered
here. The boundary conditions for ¢ or D ¢ are already
defined in the form
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In the limit as M—0 and k— co we obtained the same
results for the Orr—-Sommerfeld equation and boundary
conditions as in [16].
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Fig.3 Variation of M on a critical Reynolds number Re, b critical
wave number a, as a function of K, for f, = Tand k = 1

5 Numerical solution

In Chebyshev collocation method, first we expand ¢, in
the form

N

61,0 = 2 (1=y?) T, (27)

n=0

where ¢, ,(y) satisfies the boundary conditions as in [1]
and T, (y) is the Chebyshev polynomial defined by

Toa V) = 2yT,(y) + T,y (y) =0, Toy) =1,
Ly =y, 1<y <.

Using Eq. (27) into Eq. (28) and requiring that Eq. (28) be

(28)

satisfied at Ncollocation points y,,y,, ..., yy, Where
—cos(m_ )(m—12 N) (29)
ym - 2N _ _I p - 1&r e ’

we obtain Nalgebraic equations for Nunknowns
a,,d,, ..., dy.

AX = CBX, (30)
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Re(_
20000 $,=0.05,0.1,0.5,1,2

10000

O 1 1 1 1
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2 4 i 6 8 10

Fig.4 Variation of f, on a critical Reynolds number Re, b critical
wave number o as a function of K, for M = Tand K =1

where XT = (a,,a,, ..., ay) is the transpose of the column
vector X. The coefficient matrices A and B are of dimen-
sions N x N and are defined as

A =0(y,)(D* = a*) 1 ,(Vm) — D?UY) 1, Vi)
_ L[(Dz —a2)2¢1n(Ym)] (31)

iaRe

= (W25, + 1 )1(0* = a2) 1,0,

B=(D*-a?), V) (32)

For the constant values of all the dimensionless param-
eters concerned therein, the eigenvalue ensure compose
definite a non-trivial solution of Eq. (30) is achieved. From
N + 1 eigenvalues, C(1),C(2),:--,C(N + 1) the one hav-
ing the largest imaginary part of (C(p), say) is selected. To
obtain the neutral stability curve, the value of Re where
the imaginary part of C(p) disappears is sought. Let this
value of Re be Re; . The lowest point of Re; as a function
of a gives the critical Reynolds number Re, and the critical
wave number a, . The real part of C(p) corresponding to
Re, and a, gives the critical wave speed C, (Shankar and
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Fig.5 Variation of k on a critical Reynolds number Re_ b critical
wave number a, as a function of K, for M = 1and §; =1

Shivakumara [21]). This procedure is repeated for different
values of governing parameters involved therein. A suit-
able environment for the implementation of these steps is
carried out using the software program Mathematica 11.3
(© Wolfram Research).

6 Convergence and validation of results

First, the Chebyshev collocation method convergence is
examined by increasing in the Chebyshev polynomial,
which is shown in Table 1. It is observed that the results
continue steady and the accurateness is improved up to
4 digits for N = 35 and noted that increasing any physical
parameters considered do not affect the convergence pro-
cess and hence the results are obtained by taking N = 35.
Verification of the computer code is established by com-
paring our data with published results. The critical stability
parameters computed for different values of K, under the
limiting case of M, #;, — 0,k — oo are compared with those
of [16] in Table 2 and it is seen that the agreement is good.
The above two tests present a strong confirmation of our
numerical code/results.
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7 Results and discussion

The typical neutral stability curves in the (a, Re) -plane
represent the threshold between stable and unstable
modes are shown in Fig. 2 for various values of K, (Fig. 2a),
M (Fig. 2b),, (Fig. 2¢) and k (Fig. 2d). The region over and
under each neutral stability curve corresponds to the
unstable and stability region, respectively. The stabil-
ity region, identifiable to the minimum of the Reynolds
number, gets decreased with increasing K, and k, that is,
the instability region is pushed downward. This behavior
is reversed with increasing M and f, values.

The computed values of critical stability parameters
(o, Re,) as a function of K, for several values of physical
parameters are shown in Figs. 3, 4 and 5. As observed in
Figs. 33, 4a and 5a, the value of critical Reynolds number is
monotonically decreasing functions of K, and finally tends
to a steady value as K, turns out to be large for all values
of physical parameters considered. The dependence of a,
upon K, is constant irrespective of all the values of physical
parameters (Figs. 3b, 4b and 5b).

Figure 3a displays the trend of Re, versus K, for various
values of M ranging from 0.01to 2when ; = 1,k = 1.The
curves of M = 0.0Thas the lowest value of Re.. The increase
in the values of M leads to more stable in the system. Fig-
ure 3b shows that the size of the convection cell becomes
larger as M increases.

Figure 4a, b distinctly illustrates variation of (Re,, «,) as
a function of K, for several values of f,. Figure 4a signified
that increasing f; exhibits stabilizing effect on the system.
Increasing g, diminishes critical values of wave number
suggesting its outcome is to enhance the cell width size
(Fig. 4b).

Figure 5a, b displays the variation of (Re,, a.) and K, for
different values of k. The onset of convection is advanced
with an increase in the value of k. The cell width decreases
with increasing k (Fig. 5b).

8 Conclusions

The effect of Hall current on the stability of peristaltic
transport of a magneto-fluid in a horizontal Darcy porous
channel is investigated numerically by employing Cheby-
shev collocation method (generalized eigenvalue prob-
lem). The effect of increasing K, and k is decreasing the
stability region while increasing the value of M and g,
exhibits a stabilizing influence on the fluid flow. Also, it is
noticed that the critical values of Reynolds number turn
out to be invariant as K, becomes large; however, wave
number is independent of K,. Cell width size increases
with an increase in M and f,, whereas the opposite effect
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is seen with the increase in k. Finally , we can conclude
that various kinds of MEMS-environmental noises will pre-
mature any instability mechanism considering the tempo-
ral growth of the disturbances. Either the range of wave
numbers is relevant to the peristaltic wave or the Reynolds
number of the basic MHD flows with permeability must be
carefully selected for MEMS-applications, like the optimal
flow control, drag reduction of micro air vehicles (MAV),
DNA manipulations in ambient fluids and micro-flow mix-
ing or osmosis.
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