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Abstract
In this work, we have studied analytically the heat and mass transfer of unsteady MHD natural convective flow past a 
motioning plate with binary chemical reaction. The flow surface spontaneously moves with unvaried velocity in the flow 
direction or opposite under the influence of magnetic field. We studied both frequency-dependent effects and “long-time” 
effects that would require non-practically long channels to be observed in steady flow. We also explored mathemati-
cally the important aspects of reactive fluid flow, especially the residence time flow behaviour, scale-up and scale-down 
procedures. From the present study, it is seen amongst others that temperature is enhanced as the fluid angular velocity 
rises which leads to maximum temperature in the body of the liquid. It is discovered that mean velocity decrease with a 
rise in the species reaction and reaction order. The graphical results representing the governing flow parameters effect 
were presented and discussed. The flow conditions at the wall were also investigated, presented and described.
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1  Introduction

Several reacting processes contain chemical species with 
different chemical kinetics; such occur in toxic pollution 
control and geothermal. The relations between chemical 
reactions and species transfer are mostly very compound, 
and this can be noticed in the generation and utilization 
of species reactant at various degrees both in the contest 
of the flow liquid and concentration transfer, Salawu et al. 
[1]. The investigation into the flow of hydromagnetic fluid 
and energy transfer has gotten significant consideration 
recently because of its wide usage in technology and engi-
neering processes which include nuclear reactors, studies 
of plasma, extractions of geothermal energy, MHD genera-
tor and so on, Hassan et al. [2]. MHD is the multi-discipli-
nary study of the fluid flow of an electrically conducting 
fluid in electromagnetic fields, such fluids include plasmas, 

liquid metals, and urine (salt water). MHD over a moving 
plate has several applications in in stellar and solar struc-
tures, astrophysics and geophysics, radio propagation, 
interstellar matter, ionosphere and so on. Flow of convec-
tive fluid has a well pronounced modern application in 
geothermal systems, granular and fibre and many more. 
Buoyancy effect is very significant in the domain where 
variances between air and land heat gives rise to complex 
flow patterns Salawu and Fatunmbi [3]. In nature, numer-
ous transport processes occur where species and temper-
ature transfer exists concurrently due to the combined 
effect of buoyancy forces as a result of chemical and ther-
mal diffusions. Convective flows of transient oscillatory 
fluid assume a critical role in aerospace technology, turbo 
machinery and chemical engineering; such flows emerge 
because of unsteady boundary motion or unsteady tem-
perature boundary. Additionally, temperature and free 
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stream momentum can cause the flow unsteadiness. 
Unsteady rotating fluid flows have many possible applica-
tions and uses in nuclear mechanical engineering, dynam-
ics of geophysical liquid and chemical processes.

Many researchers reported their findings in the area 
of thermal hydromagnetic fluid with buoyancy induced 
flows, and flows in rotating fluids as well as flow of chemi-
cal binary reactive fluid in the presence of activation 
energy. Some of the earliest studies in the aforementioned 
areas could be found in the work of Soundalgekar et al. 
[4], who examined the transient viscous, incompressible, 
rotating flow liquid over an infinite permeable wall. Berg-
strom [5] reported on the oscillating flow of rotating fluid 
problem in a boundary layer past a vast half-plate. Other 
earlier works include [6–11]. Waqas et al. [12] reported on 
thermally developed Falkner–Skan bioconvection flow of 
a magnetized nanofluid in the presence of motile gyro-
tactic microorganism: Buongiorno’s nanofluid model. The 
authors gave various aspects of involved physical quanti-
ties of the flow. Nguyen et al. [13] considered Macroscopic 
modeling for convection of Hybrid nanofluid with mag-
netic effects. From the results, it is found that radiation 
parameter and magnetic boosts the Nusselt number. 
Nguyen-Thoi et al. [14] investigated Analysis on the heat 
storage unit through a Y-shaped fin for solidification of 
NEPCM.

Not quit long, in the work of Maleque [15], the solution 
to an unsteady temperature and species transport of natu-
ral convective flow through permeable surface in a bound-
ary layer was obtained using similarity solution. Maleque 
[16] investigated the impacts of the temperature depend-
ent chemical reactive fluid and Arrhenius energy kinetic 
on the flow momentum, concentration and temperature. 
Awad et al. [17] solved transient rotating viscous, incom-
pressible nonlinear coupled equations governing the flow 
over a stretching plate in the existence of Arrhenius kinetic 
and chemically binary reaction using the method of spec-
tral relaxation. Mallikarjuna et al. [18] analyzed convective 
variable porosity of MHD rotating flow of mass and energy 
transfer in a vertical cone with chemical reaction. While 
Zhang et al. [19] examined radiative MHD nanofluid in a 
permeable medium with chemical reaction and surface 
variable heat flux. Abbas et al. [20] presented mass trans-
fer in a thermal radiation of unsteady Casson stagnation 
fluid past an extending or contracting boundary layer 
surface. In the study, the Arrhenius kinetic and chemical 
binary reaction effect on a temperature dependent vis-
cous fluid is considered. The work of Shafiquen et al. [21] 
reported on the effects of unidirectional Maxwell revolv-
ing flow of species and energy transfer over a stretch-
ing sheet. The authors presented proportionally mixed 

binary concentration to both parameters fitted rate n , the 
reaction rate r , activation energy E , and rotation k . It was 
noticed that the parameters causes concentration solute 
distribution reduction.

Other most recent work include the work of Khan et al. 
[22] on energy and species transport on the flow of chemi-
cal reactive axisymmetric convection MHD Maxwell fluid 
flow propelled by isothermal widening disks and exother-
mal. Mabood et al. [23] reported on mass and temperature 
transfer of hydromagnetic stagnation nanofluids flow in 
porous media with chemical reaction, viscous dissipa-
tion and radiation while Rawat et al. [24] presented MHD 
micropolar fluid flow of energy and chemical species trans-
port past a nonlinear elongating plate in a non-Darcy per-
meable medium with variable micro inertia density, heat 
flux and chemical reaction. Despite the effort of the earlier 
scholars, there is evolving requests for determination of 
the binary chemical reaction of unsteady natural convec-
tion MHD boundary layer flow past a moving sheet with 
mass and heat transfer due to its numerous applications 
in technology, engineering and industry.

2 � Problem formulation

Examine an unsteady, viscous, incompressible, flow of 
conducting free convection fluid over a vertical non con-
ducting infinite flat sheet in porous media. The flow is 
along x-axis in the upward vertically direction with y-axis 
is assumed perpendicular to the flow direction. A uniform 
strength magnetic field B0 is introduced in the flow direc-
tion with the neglecting of the temperature field. Initially, 
the conducting fluid and sheet have equal temperature 
Tw in a fixed condition and fluid species level Cw at very 
points. The sheet begins oscillating with velocity U0 at time 
t > 0 in its own plane. The flow concentration and tempera-
ture at Cw and Tw respectively raised in level as the plate 
oscillating. For an incompressible flow, the governing com-
pactible continuity equation and MHD momentum flow 
equation in a porous medium is defined as

where B stands for magnetic field, V = (u, v,w) represents 
the velocity vector, T  is the stress Cauchy tensor, � denotes 
fluid density, J is the current density, d∕dt is the mate-
rial derivative, k > 0 connote permeable medium, and 
𝜙(0 < 𝜙 < 1) is the porosity.

(1)div V = 0

(2)�

(
dV

dt

)

= div T + J × B −
��

k
V



Vol.:(0123456789)

SN Applied Sciences (2019) 1:1586 | https://doi.org/10.1007/s42452-019-1463-7	 Research Article

Under the Boussinesq’s approximation, the continuity 
equation, the fluid momentum, energy and species equa-
tions are described as follows:

The boundary and initial conditions are equally stated 
as:

Introducing the following dimensionless quantities

All the physical quantities maintain their normal 
denotations.

Following Messiha [25], Eq. (3) on integration becomes

But at t = 0, v�(t, y) = vw(t) = −v0
(
1 + �Aei�t

)
,

The stream velocity is given by

(3)
�v�

�y
= 0

(4)

�u�

�t
+ v
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�y
= −

1

�

�p

�x
+ �

�2u�

�y2
+

g�T

�

(
T � − T∞
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+
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�
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+
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0

�
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−
�

k

(
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)

(5)�Cp

(
�T �

�t
+ v

�T �

�y

)

= k
�2T �

�y2
+ Q

(
T � − T∞

)

(6)

�C�

�t
+ v

�C�

�y
= Dm

�2C�

�y2
− k2

r

(
T � − T∞

)n

exp

(

−
Ea

k
(
T � − T∞

)

)
(
C� − C∞

)

(7)

u� = U0, v� = vw(t), T � = Tw , C� = Cw for y, t ≤ 0

u� = U1, T � = T∞ + A1e
i𝜔t , C� = C∞ + A2e

i𝜔t , y = 0, t > 0

u� → U(t), T � = T∞, C� = C∞ as y → ∞, t > 0

(8)

y� =
yv0

v
, u� =

u

U0

, t� =
tv2

0

4v
, U� =

U

U0

�� =
4�v

v2
0

, V =
U1

U0

, � =
T � − T∞

Tw − T∞

v�(t, y) = constant

(9)⇒ v�(t, y) = −v0
(
1 + �Aei�t

)

U(t) = 1 + �ei�t

At free stream, u → U, T → T∞,C → C∞ , thus from Eq. (4)

Now using Eqs.  (8) and (9), Eqs.  (4)–(6) after dropping 
primes becomes

And the corresponding initial-boundary condition 
becomes

3 � Method of solution

To solve Eqs. (10)–(12) with the initial boundary conditions 
of Eq. (13), we use perturbation in the neighborhood of 
the limiting surface, the one used by Lighthill [26]. The 
Velocity, specie concentration and temperature fields are 
given by the expressions

Substituting Eq. (14) into Eqs. (10)–(13), separating the 
non-harmonic and harmonic terms and ignoring the coef-
ficient of �2 , to get the mean velocity, mean temperature 
and chemical specie respectively;

With boundary conditions

−
1

�
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=
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�
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(
i��ei�t

)

(10)
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(13)
y = 0 ∶ u = V , � = 1 + �eint , � = 1 + �eint

y → ∞ ∶ u → U, � → 0, � → 0

(14)

u(y, t) = f0(y) + �Aei�t f1(y)
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(15b)g��
0
+ Pr g�

0
+ Pr �g0 = 0

(15c)h��
0
+ Sch�

0
− Sc�g0h

r
0
eh0 = 0



Vol:.(1234567890)

Research Article	 SN Applied Sciences (2019) 1:1586 | https://doi.org/10.1007/s42452-019-1463-7

And the oscillation part of the velocity, temperature and 
chemical specie are

Also the corresponding boundary conditions are given by 
the expressions:

The solutions of Eqs. 15a–c and 16a–c under the boundary 
conditions 15d and 16d respectively are

where 𝛿 ≫
Pr−1

Pr
⇒ M ≪ 1 , where n2 = Sc +m(r + 2), n3 =

m(r + 1) + n1,

(15d)
f0 = V , g0 = 1, h0 = 1, y = 0

f0 → 0, g0 → 0, h0 → 0, y → ∞
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(16d)
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(
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(
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))
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The functions f0(y), g0(y)and h0(y) represented by 
Eqs. (17a)–(17c) are the mean momentum, energy and 
species fields respectively, and f1(y), g1(y)and h1(y) rep-
resented by Eqs. (18a)–(18c) are the oscillatory flow rate, 
heat and concentration respectively.

We now substitute (17) and (18) into (4) to get expres-
sion for the flow rate, concentration and heat distribution 
as

Maple software is applied to the above equations to 
split them into pairs of real and imaginary parts. From 
Eq. (19), the real part of the velocity can be expressed in 
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And from (20) we obtain the expression for concentration 
field as

or

where

Also from Eq. (21), the real part of the temperature field 
can be written as

or
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where

From (23), (26) and (27) we obtain the expression for the 
transient velocity, transient concentration field and tran-
sient temperature respectively, when �t = �∕2, as

Since we know the velocity distribution, we then calculate 
the skin friction as
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In terms of amplitude and phase of the skin friction, ℜ(�) 
is given by

or

Also since we know the concentration distribution, we 
then calculate the mass transport rate at the wall as

And in terms of amplitude and phase of mass transport at 
the wall, we have

or

where
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Finally, expression for heat transfer at the wall is written as
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In terms of amplitude and phase of the skin friction, we 
have

or

ℜ(Nu) = m − �
(
Nu1 cos�t − Nu2 sin�t

)

ℜ(Nu) = m − �Nu12 cos(�t − �4)
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where

4 � Discussion of results

The influence of an increment in the various parameters 
values V ,M, kp , A, �, Grt , Grc , �, r and � on the behavior of 
the flow fluid for fixed values of Sc , Pr and � are carried out. 
To obtain the impact of the terms on the flow characteris-
tic, for practical purpose, the Schmidt number is chosen as 
Sc = 0.62 while the Prandtl number is taken as Pr = 0.71 at 

Nu1 =
1

4
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a single atmospheric pressure depicting the air at tempera-
ture 25 °C. For simplicity, ||�12

|| ≡ �12, where � = u, � and � . 
The default values of the parameters are taken as follows: 
V = 0.3,M = 0.2, kp = 0.5,A = 0.5, � = 0.2, Grt = 0.5, Grc =

0.2, � = 0.1, r = 1.0 and � = �t with unvaried value of 
� = 0.05 and Pr = 0.71 and unless otherwise stated.

4.1 � Temperature field

In Fig. 1, we display the transient temperature field with 
various values of angular velocity � . It is seen that tem-
perature increases as the liquid angular velocity increases 
and the temperature boundary layer decreases as the 
fluid moves away from the plate which is asymptotically 
as it approaches zero far away. The occurrence of peak 
heat profile shows that maximum fluid temperature 
exists as found in the plot. Also, temperature boundary 

Fig. 1   Temperature distribution at different �

Fig. 2   Temperature amplitude at different �

Fig. 3   Temperature phase distribution

Fig. 4   Mean concentration distribution for various �
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layer increases with a rise in the term � . Figure 2 shows 
the influence of the parameter � on heat amplitude. We 
could see that maximum amplitudes occur when 𝜔 > 45 . 
This maximum is given by 

(
�2 + 16

)
∕(16(4� + 1)) . The 

fluctuating part of the temperature is shown in Fig. 3. It 
is noticed from this figure that the heat boundary layer 
reduces as the Prandtl number rises. Temperature fluctuat-
ing part also diminishes with rises in the Prandtl number. It 
should also be mentioned that temperature increases for 
an increase in heat generation (i.e. 𝛿 > 0 ) and vice versa 
as well, the phase angle also increases with increase in 
Prandtl number.  

4.2 � Concentration field

Mean concentration distribution variation with rever-
ence to chemical reactivity is displayed in Fig. 4. It could 
be seen that fluid concentration is encouraged with 
enhancement in the chemical generative reaction and 
discourage with rises in the chemical destructive reac-
tion. We also observed that for higher value of negative � , 
corresponding to generative chemical reaction, maximum 
fluid concentration exist near the plate. Figures 5, 6 and 
7 display the concentration phase and phase amplitude 
with respect to chemical reactivity. It could be seen that 

Fig. 5   Concentration phase distribution

Fig. 6   Mean concentration phase distribution

Fig. 7   Mean concentration phase distribution

Fig. 8   Rate of mass transfer at the wall
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concentration phase diminishes with rise in the genera-
tive chemical reaction, it increases with rise in the destruc-
tive chemical reaction as shown in Fig. 5 but oscillatory 
phase 2 decreases with increase in reactivity parameter 
either destructive or generative reaction as presented in 
Fig. 6. The amplitude of the concentration phase is seen to 
increase with increase in reactivity parameter as shown in 
Fig. 7. The rate of species transport at the wall, as shown in 
Fig. 8 indicate that mass transfer at the wall decrease with 
generative chemical reaction and increases with destruc-
tive chemical reaction.

4.3 � Velocity field

The mean velocity distributions are demonstrated in 
Figs. 9, 10, 11 and 12 for various values of the parameters, 

reactivity � , magnetic M , surface limiting velocity V  , ther-
mal and mass Grashof numbers (Grt, Grc) and perme-
ability kp . It worth nothing that variations in the transient 
momentum with flow parameters are the same with mean 
velocity, thus we choose mean velocity variation for our 
discussion. In Fig. 9, it could be noticed that mean velocity 
decrease with a rise in the generative chemical reaction 
and increases with a rise in the chemical reaction destruc-
tive. From Fig. 10, it is realized that the mean momentum 
rises as the sheet motions in the flow direction; however 
it reduces as it motions in the direction opposite the flow. 
The effect of Grashof number was shown in Figs. 11 and 

Fig. 9   Mean velocity distribution for various values of �

Fig. 10   Mean velocity distribution for various values of V

Fig. 11   Mean velocity distribution for various values of Grc

Fig. 12   Mean velocity distribution for various values of Grt
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12, in the figures, we see that the flow rate diminishes with 
a boost in the mass buoyance and thermal buoyance num-
ber for a heated surface (Grt > 0) , while the plate cools at 
(Grt < 0) resulted in decrease in the flow rate as the plate 
cooling rate rises.

4.4 � Skin friction

The Skin Friction � is plotted for against free stream oscil-
lation � for the time parameter A and solutant buoyance 
number Grc as presented in Figs. 13 and 14. It is noticed 
that the skin friction � decrease with an increase in the 
parameter values A. Increase in mass buoyancy is seen to 
decrease the skin friction due to thinner in the momentum 
boundary layer. The fluctuating part of skin friction �2 is 
displayed in Figs. 15 and 16. It is observed from Fig. 15 that 
an increase in the solutant buoyance number resulted in 

an increase in the skin friction fluctuation part �2 . Skin fric-
tion phase angle varied with respect to reactivity param-
eter and reaction order are shown in Fig. 16. It is seen that 
the phase angle increases with reactivity parameter and 
decrease with reaction order.

5 � Conclusions

In this study, we have studied analytically the energy and 
species transfer in unsteady boundary layer flow of nat-
ural convection MHD fluid past a motioning sheet with 
chemical binary reaction. The liquid surface is impulsively 
motioned with an unvaried velocity in either the flow 
opposite direction or fluid flow direction in the occurrence 

Fig. 13   Skin-friction for various values of A

Fig. 14   Skin-friction for various values of Grc

Fig. 15   Skin-friction phase for various values of Grc

Fig. 16   Skin-friction phase angle for various values of �
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of perpendicular magnetic field. With oscillating fluid 
flow, we can study both frequency-dependent effects 
and “long-time” effects that would require non-practically 
long channels to be observed in steady flow. We explore 
mathematically important aspects of reaction engineer-
ing in reactive flow, especially residence time flow behav-
iour, scale-up and scale-down procedures. The following 
deduction are made from the study:

•	 Temperature increases as the fluid angular velocity 
increases.

•	 Maximum temperatures exist in the body of the fluid.
•	 Concentration increases with a rise in the generative 

chemical reaction and vice versa.
•	 Concentration phase reduces with an enhancement in 

the in generative chemical reaction.
•	 Amplitude of concentration phase increase with 

increase in reactivity parameter.
•	 Mean velocity decrease with a rise in chemical reaction 

generative and reaction order.
•	 Velocity diminishes with increase in mass buoyance 

and thermal Grashof number for heating of the plate.
•	 Skin-friction increases as generative/destructive chemi-

cal reaction increases.
•	 Skin friction increases as limiting surface moves in 

opposite direction and decreases as the limiting sur-
face motions in the fluid flow direction.
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