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Abstract

The present work deals with the axial and torsional buckling analysis and design of carbon nanotubes (CNTs) by finite
element. Computer-aided design, computer-aided engineering simulation, and finite element modeling are applied for
the calculation of axial and torsional displacement and von Mises stresses. The smallest diameter of single-walled, double-
walled, and multi-walled carbon nanotubes have been selected to survey armchair and zigzag types of CNTs. Nanotube
diameters, covalent and van der Waals bonding, interlayer spacing, and chirality is considered in nanotubes construction
based on actual dimensions. This paper illustrates that armchair-type nanotube is more resistant than zigzag-type against
axial buckling for single-walled carbon nanotubes, whereas, in the case of torsional loading, zigzag-type show superior
performance against buckling. By increasing the diameter and number of layers, due to van der Waals interaction, elastic
buckling properties of nanotubes can be improved significantly. Data analysis for double-walled carbon nanotubes has
shown that armchair-type is a better choice under combined loading, whereas, in the meantime, zigzag-type for triple-
walled carbon nanotubes is preferred in the comparative analysis under combined loading. The results demonstrate
the vital role of covalent intermolecular forces for single-walled nanotubes and van der Waals interlayer interactions for
multi-walled nanotubes under buckling loading. The present study investigated the effect of covalent and van der Waals
bonding for small diameter nanotubes.

Keywords Single- and multi-walled carbon nanotubes - Axial and torsional buckling - Armchair and zigzag types
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1 Introduction

During the last two decades, structural mechanics and
properties, atomistic modeling, numerical and analytical
simulation, prediction of carbon nanotubes (CNTs) behav-
ior under different buckling loadings have been a major
concern by investigators in the field of nanotechnology.
Most famous classification of carbon nanomaterial in one
molecule thickness is graphite sheets, nanotubes, nano-
cones, buckyball fullerenes that have attracted noticeable
attention after their discovery and development [1, 2]. It
is well illustrated in a variety of articles that single-walled

and multi-walled carbon nanotubes (SWCNTs and MWC-
NTs) show excellent mechanical stability under combined
loading including axial/torsional buckling and internal/
external radial pressure [3, 4]. The mechanical character-
istics of CNTs strictly depend on atomistic properties such
as diameter, length, number of layers, chirality and helicity.
Regarding structural configuration, there are three kinds of
CNTs, namely, armchair, zigzag, and chiral that are tubular
forms rolled up from graphite sheets [5, 6]. The electrical
conductivity of SWCNTs is fully dependent on their chiral-
ity. Zigzag-type CNTs are semi-conductive due to energy
gaps that prevent current flow, whereas armchair-type
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CNTs in the isolated tube (neither bundles nor multi-
walled) are conductive [7]. Besides, CNTs have extraordi-
nary thermal conductivity. Thermal loads and surrounding
mediums are depending on buckling modes (longitudinal
and circumferential wavenumbers) and aspect ratio (diam-
eter to length proportion) [8].

Apart from theoretical and experimental investiga-
tions, three-dimensional finite element models (FEMs)
as an analytical approach are helpful to predict the buck-
ling behavior of nanotubes when subjected to combined
loadings, Young's and shear modulus, von Mises stress and
strain. Also, it can enable to compare displacement/dis-
location in the armchair and zigzag types. Dependence
of Young's modulus to CNT dimensions and chirality has
been studied by FEM. Moreover, it has been shown that
SWCNT chiral-type has higher Young’s modulus than an
armchair and zigzag [9]. A nonlocal elasticity shell simula-
tion via ANSYS software has been presented to explain
shell and column buckling and the correlation between
length, thickness and radius ratios [10]. This FEM had
excellent potential and coincidence with Donnell’s sta-
bility equation to explain combined loadings and wave
propagation in SWCNTs. Numerical study of vibrational
properties (natural frequencies) for armchair and zigzag
nanotubes [11], encapsulated symmetric (C¢;) and asym-
metric fullerenes(C,,) inside SWCNTs [12], chirality inves-
tigation of nanocones with different disclination angles
[13], the effect of vacancy defects on Young’s modulus
and Poisson’s ratio by finite element (FE) model [14] and
bending buckling of nanotubes using molecular dynamic
(MD) model [15] indicate the importance of modeling in
nanotubes characterization.

The present research provides a new type of FEM
analysis based on computer-aided design (CAD) and

computer-aided engineering (CAE) using the software.
This is the first study to anticipate axial/torsional buckling
and covalent/van der Waals bonding behavior using CAD/
CAE/FEM technique combined with rods-balls (atoms-
bonds) model. Comparison between the armchair and
zigzag types of single-walled, double-walled and triple-
walled carbon nanotubes (SWCNTs, DWCNTs, and TWCNTSs)
is developed to figure out the best candidate for axial or
torsional applications. In addition, the present paper aims
to simulate the significance of covalent intermolecular
forces and van der Waals interlayer interactions in SWC-
NTs and MWCNTs, in particular, in smallest diameter CNTs.

2 Atomic structure of CNTs

Armchair, zigzag and chiral types of SWCNTs are made
by rolling a monoatomic graphene sheet into a cylinder.
MWCNTSs are multiple concentric rolled tubes embedded
into each other. Due to covalent intermolecular bonding
and van der Waals interlayer spacing, there is a geometrical
restriction for smallest diameter of the armchair and zig-
zag types [16]. Armchair (2, 2) and Zigzag (4, 0) type SWC-
NTs are smallest diameter CNTs that include four carbon
atoms in each row after rolling with diameters of approxi-
mately 3 A. Configuration and geometrical dimensions of
CNTs is shown in Fig. 1 and in Table 1. Curvature effect in
small diameter of MWCNTSs plays a crucial role, which is
caused by interlayer van der Waals forces that are consid-
ered in the present paper [17]. Concentric nanotubes (2, 2)
and (5, 5) embedded into each other and also (4, 0) and
(9, 0) are built to provide smallest DWCNTSs in an armchair
and zigzag types, respectively. Therefore, based on Table 1,
the smallest probable diameters of SWCNT, DWCNT and
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Fig. 1 Geometrical parameters for a atoms and layers spacing and b smallest diameter armchair and zigzag types
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Table1 Smallest diameter for providing SWCNT, DWCNT and
TWCNT

CNTs type Diameter (nm) Length (nm) Number
of atoms
Armchair (2, 2) 0.271 0.861 32
Armchair (5, 5) 0.678 0.861 80
Armchair (8, 8) 1.085 0.861 128
Zigzag (4, 0) 0.313 1.136 48
Zigzag (9, 0) 0.705 1.136 108
Zigzag (14, 0) 1.096 1.136 168

TWCNT belong to armchair-type and are 0.271, 0.678 and
1.085 nm, respectively. Similarly, the smallest TWCNTs (as
a MWCNTSs) are made from the embedded armchair (2, 2),
(5,5) and (8, 8) into each other, and also zigzag (4, 0), (9, 0)
and (14, 0) with almost 11 A diameter. The diameter of the
CNT is obtained as [18]:

D= i\/3(m2+n2+mn),

1.41 A (graphite) < a < 1.44 A (buckyball)

(M

where a = 0.142 nm is C-C bond length, (m, n) is chiral-
ity integers that for armchair CNTs is denoted by (m, m)
and for armchair CNTs by (n, 0). Then, smallest diameter
for armchair (2, 2) isD = 3am/z = 0.271nmand for zigzag
(4,0)isD = amy/3/z = 0.313nm.

3 Analytical results and discussion

Three-dimensional finite element model of CAD/CAE/
FEM, displacement of CNTs, and von Mises stress have
been demonstrated for the various diameter of SWCNTs
in Figs. 2 and 3 under axial and torsional loading according
to data presented in Table 1. Accordingly, it is provided for
DWCNTs and TWCNTs in Figs. 4 and 5, respectively. Fixed
one-end in all models are assumed to define the bound-
ary condition, while, the other is free subjected to axial
or torsional loadings. 10 Pa pressure for axial loading and
1 N m torque for torsional loading is applied on top of
each layer. Due to static analysis, changing the value of
loading (pressure/torque/force) doesn't have influence in
critical stress/displacement value. Covalent intermolecular
bond distance, van der Waals interlayer length for adja-
cent nanotube layers, the diameter of a spherical carbon
atom, honeycomb arrangement of the rolled graphene
sheet, and configuration of smallest diameter armchair
and zigzag types (based on Table 1, ~1 mm length for all
types and ~0.3, ~0.7 and ~ 1 mm for single-, double- and
triple-walled nanotubes, respectively), displacement and

stress distribution are simulated based on experimental
dimensions as a rod-ball model. According to our simu-
lations, the buckling behavior has no clear dependence
on the carbon nanotube length but governed by aspect
ratio (proportion of diameter to length) [19]. The finite ele-
ment simulation of the current research was carried out by
SolidWorks X64 ©2016 and ANSYS workbench 17.2 ©2016
as individual designed ball-rod model and von Mises yield
criterion that is expressed as [20]:

1
OvonMises = \/E [(‘71 - 52)2 + (‘72 - 53)2 + (‘73 - 51)2]
(2)

where ¢, 6, and o3 are the principal directions of the stress
tensor.

As illustrated in Fig. 2, couple maximum of displace-
ment and von Mises stress for SWCNT armchair (2, 2)
is (1.6 x 1072 nm,5.77 X 10" Pa), armchair (5, 5) is
(1.07 x 107° nm, 4.6 x 10** Pa), and armchair (8, 8)

is (82x 1075 nm,4.05% 10™ Pa), respectively, and
the upper part (atoms and bonds) of nanotube are
affected significantly under axial loading. As well, as
shown in Fig. 3, values of maximum displacement
and maximum von Mises stress for SWCNT zigzag
(4, 0) is (1.71 x 107° nm, 4.8 x 10** Pa), zigzag (9, 0) is

(6.32x 107 nm, 2.7 x 10** Pa), and zigzag (14, 0) is

(4.87 X 1076 nm, 2.5 X 10** Pa) subjected to axial com-
pressive load, respectively. The significant changes happen
both in upper and middle parts. Numerical results reveal
that armchair-type is more resistant than zigzag for axial
compression and deformation. In the case of zigzag-type
atomic structure, stress concentration from the upper part
of SWCNTs is distributed toward middle and changes to
wrinkling, whereas, for armchair-type, it remains in the top
of SWCNTs just as buckling.

Figure 2 provides maximum of displacement and von
Mises stress statistics of SWCNT under torsional load-
ing that is (4.5 x 107" nm, 5 x 10*8 Pa) for armchair

(2, 2), (152 x 1072 nm, 5 x 10*” Pa) for armchair (5, 5),

and (3.49x 1073 nm, 1.7 x 10*® Pa) for armchair (8, 8),
respectively. Critical stress, deformation and buckling
rate of armchair-type nanotubes decreases significantly
with the increase in the diameter of the nanotube. In
addition, as illustrated in Fig. 3, maximum displacement
and stress amount of SWCNT under torsional loading
for zigzag (4, 0) is (0.108 nm, 3.12 X 10*® Pa), for zigzag
(9,0) is (0.312 nm, 1.03 x 10*° Pa), and for zigzag (14, 0)
is (0.2 nm, 7.14 x 10*8 Pa) subjected to torsional loading,
respectively. These results show that zigzag-type CNTs are

stronger under torsion than armchair. Data analysis dis-
play that displacement and stress during loading are first
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progressive and then regressive. This finding is unexpected
for zigzag-type that is not a fixed trend and it is independ-
ent of the diameter of SWCNTSs surprisingly. Additionally,
stress concentration is scattered in upper covalent bonds

of zigzag-type CNTs. Overall, due to armchair-type atomic
structure, stress is distributed in whole covalent bonds of
SWCNT and make it more suitable than zigzag-type for
torsional applications.

Fig.2 Buckling analysis of
armchair (2, 2) SWCNT a axial
displacement, b axial stress,

c torsional displacement and
d torsional stress; Armchair
(5,5) SWCNT e axial displace-
ment, f axial stress, g torsional
displacement and h torsional
stress; Armchair (8, 8) SWCNT
i axial displacement, j axial
stress, k torsional displacement
and | torsional stress
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Fig.2 (continued)
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As can be seen from Figs. 4 and 5 for DWCNTs, the inner
layer has more influence under compression, while, torsion
somehow is tolerated by the outer layer. This phenome-
non is more evident for zigzag-type DWCNT. Furthermore,
it can be seen from Figs. 4 and 5 for TWCNTs that concen-
tration of stress and displacement is reduced drastically
from the innermost to the outermost layer. Displacement
effect on carbon atoms, and stress on covalent and van der

Waals bonding are well illustrated in a TWCNT as exhib-
ited. Maximum displacement for DWCNT under axial and
torsional loadings are 1.7 x 107> nm and 2.1 x 1072 nm,
respectively, that both amounts have occurred for zig-
zag-type. This is somewhat surprising that armchair-type
DWCNT is a good choice for both kinds of loadings. On
the other hand, 9 x 10~ nmand 1.35 X 10~2 nm are maxi-
mum displacement values of TWCNT subjected axial and
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Fig. 3 Buckling analysis of
zigzag (4, 0) SWCNT a axial
displacement, b axial stress,

c torsional displacement and
d torsional stress; Zigzag

(9, 0) SWCNT e axial displace-
ment, f axial stress, g torsional
displacement and h torsional
stress; Zigzag (14, 0) SWCNT

i axial displacement, j axial
stress, k torsional displacement
and I torsional stress
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Fig. 3 (continued)
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Fig.4 Buckling analysis of armchair DWCNT a axial displacement, b axial stress, ¢ torsional displacement and d torsional stress; Armchair
TWCNT e axial displacement, f axial stress, g torsional displacement and h torsional stress

torsional loadings, respectively. For as much as both these
amounts are recorded for armchair-type of TWCNT, it can
be concluded that zigzag-type TWCNT and MWCNT is
more resistant under combined loadings.

Maximum stress and displacement derived from Figs. 2,
3,4 and 5 are given in Tables 2 and 3 for axial and torsional
buckling, respectively. Based on Tables 2 and 3, an increase
in load-bearing capacity and decrease in buckling rate has
been occurred by either enhancement of layer diameter of
SWCNT or number of layers of MWCNT. Data comparison
of tables shows that armchair nanotubes are more resist-
ant than zigzag when subjected to axial loading, whereas,
in the case of torsional loading, zigzag-type show better
performance. Maximum stress and distribution of stress
of DWCNTs and TWCNTs under axial buckling (Table 2)
are similar and this fact made DWCNT more favorable for
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axial reinforcement. On the other hand, TWCNTSs due to
van der Waals interactions, show stronger structures under
torsional torques (Table 3). Comparison between Figs. 2k
and 3k illustrate the weakness of zigzag-type with a big-
ger diameter under torsional loading. The software shows
that fact by cracking in atoms, but in reality, separation
on the bonds will happen. The increscent of layer num-
bers leads to an increase in stress concentration on bonds,
not atoms. This concentration is more focused on van der
Waals bonds for torsion (Figs. 4g, 5g), whereas, for axial, it
is focused on covalent (Figs. 4e, 5e). Based on Figs. 4b, d
and 5b, d for DWCNTs and Figs. 4f, h and 5f, h for TWCNTSs,
the outermost layer covalent bonds have to withstand the
endurance of the nanotube structure under both kinds of
loading (axial and torsion), whereas, declining MWCNTs
start from vdW interaction in the innermost layer.
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Fig.4 (continued)

4 Conclusion

The findings of this study provide observation for
application of suitable armchair or zigzag type of
CNTs and buckling characteristic under axial pressure

or bending torque. Regarding the diameter, analysis
of smallest SWCNTs, DWCNTs, and TWCNTs (as MWC-
NTs) have shown that decrease in displacements, von
Mises stress and buckling altogether with the increase
in CNT diameter and layers (with same initial length).
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Fig. 5 Buckling analysis of zigzag DWCNT a axial displacement, b axial stress, c torsional displacement and d torsional stress; zigzag TWCNT
e axial displacement, f axial stress, g torsional displacement and h torsional stress

The armchair-type SWCNTs exhibited good stabilization
against axial buckling, whereas, the zigzag-type SWCNTs
was a better choice under torsional buckling. Covalent
intermolecular forces, van der Waals interlayer interac-
tions, and carbon atoms are perfectly modeled by finite
element rods and balls. In MWCNTs torsional buckling,
covalent bonding has a more significant role, while van
der Waals bonding is more important in axial buckling.
For double-walled nanotubes, armchair-type has higher
buckling resistance under axially compressed, torsional
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torque and/or combined loadings, whereas, zigzag-
type is a better choice for triple- or multi-walled. This
research is limited by the constant length of nanotubes
but can be extended to any arbitrary length. In SWCNTs
axial buckling, stress concentration occurs in the top of
low diameter CNTs, that is progress toward the center
by enhancement of diameter. If increasing of length was
considered along with diameter increase, combined
buckling and wrinkling investigation was needed.
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Fig.5 (continued)

Table 3 Torsional buckling finite element statistics of carbon nano-

Table 2 Axial buckling finite element statistics of carbon nanotubes tubes
Type Layer Maximum Maximum Type Layer Maximum Maximum
stress (kPa)  deformation stress (MPa)  deformation
(nm) (nm)
SWCNT (2,2) 577 1.60E-02 SWCNT (2,2) 500 4.50E-01
SWCNT (5,5) 46 1.07E-05 SWCNT (5,5) 50 1.52E-02
SWCNT (8, 8) 40.5 8.20E-06 SWCNT (8,8) 17 3.49E-03
SWCNT (4,0) 47.8 1.71E-05 SWCNT (4,0) 312 1.08E-01
SWCNT (9,0) 27 6.32E-06 SWCNT (9,0) 1030 3.12E-01
SWCNT (14, 0) 24.6 4.87E-06 SWCNT (14, 0) 714 2E-01
DWCNT  (5,5)and (2,2) 555 1.00E-05 DWCNT  (5,5)and (2,2) 48.2 1.60E-02
DWCNT  (9,0) and (4,0) 46.1 1.70E-05 DWCNT  (9,0) and (4, 0) 61.1 2.10E-02
TWCNT (8,8),(5,5)and (2,2) 523 9.00E-06 TWCNT (8,8),(5,5 and (2,2) 36.6 1.35E-02
TWCNT (14,0),(9,0)and (4,0)  28.1 7.70E-06 TWCNT (14,0),(9,0)and (4,0) 30.3 1.20E-02

SWCNT single, DWCNT double, TWCNT triple walled carbon nano-

tubes

SWCNT single, DWCNT double, TWCNT triple walled carbon nano-

tubes
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interest. and (8, 8), zigzag-type (4, 0), (9, 0) and (14, 0), double-walled
and triple-walled armchair has been shown as below:
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