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Abstract
In this paper, explicit incompressible Smoothed Particle Hydrodynamics (ISPH) algorithm is used to simulate two-dimen-
sional channel flow, channel flow in the presence of a square solid object and lid-driven square cavity flow for both New-
tonian and non-Newtonian fluids. It is demonstrated that 2640 particles are sufficient to predict the behavior of channel 
flow. As the power low index decreases, more iteration is needed to reach steady state conditions. The results reveal that 
only 1600 particles are required for reasonable prediction of lid-driven square cavity flow at Re = 100 and 400 and 6400 
particles is required to predict it at Re = 1000. It is also concluded that the ISPH method has a high ability to predict the 
behavior of non-Newtonian power law fluids.

Keywords  Smoothed particle hydrodynamics (SPH) method · Incompressible SPH · Three-phase algorithm · Channel 
flow · Lid-driven cavity flow

List of symbols
D	� Deformation tensor
g	� Acceleration due to gravity (m/s2)
h	� Smoothing length (m)
H	� Channel width (m)
L	� Channel length (m)
L0	� Initial particle distance (m)
m	� Mass (kg)
n	� Power law index
P	� Pressure (Pa)
rij	� Distance between the particles i and j (m)
Re	� Reynolds number
t	� Time (s)
u	� Velocity vector (m/s)
V	� Volume of particle (m3)
Wn	� Kernel function
x, y	� Coordinates (m)

Greek symbols
ρ	� Density (kg/m3)
µ	� Viscosity (Ns/m2)

µeff	� Effective viscosity (Ns/m2)
τ	� Shear stress (Pa)

1  Introduction

Smoothed Particle Hydrodynamics (SPH) method is the 
oldest meshless Lagrangian method developed in 1977 
by Lucy [1] and Gingold and Monaghan [2] to solve numer-
ical problems of gas dynamics. In the SPH method, the 
governing equations are discretized by interpolating the 
flow properties in spatially distributed particles (pseudo-
particles) that are irregularly dispersed in the flow field 
without the need for mesh generation. The SPH method 
is a Lagrangian method in which the fluid is dispersed 
into many particles that move with the flow velocity. As a 
meshless Lagrangian method, SPH has several advantages 
over the other methods. Since the particles carry their 
own properties, the fluid flow is easily represented by the 
motion of these particles. This is exhibited in the simula-
tion of a two-phase flow by assigning each particle to its 
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own phase. In this method, various fluid properties such 
as density, velocity and pressure are known. The value of 
a dependent variable is also calculated by accumulating a 
series of adjacent particles. Differential equations are con-
verted to integral equations using an interpolation func-
tion. Instead of physical quantities, spatial derivatives act 
on an interpolation function that is an analytic and deriva-
tive function [3].

SPH is a suitable approach for modeling the flows with 
a complex free surface. Due to the Lagrangian nature of 
this method, the advection terms that cause the numerical 
diffusion errors do not appear in the equations. The main 
challenge of weak compressible SPH (WCSPH) methods 
is the production of pressure oscillations in the computa-
tional flow field.

In the past two decades, many attempts have been made 
to simulate different problems using the SPH method: com-
pressible, incompressible, and free-surface flows [4], viscid 
flows [5] and low-Reynolds-number flows [6]. Monaghan 
[4] for the first time applied the SPH method to simulate an 
incompressible free-surface fluid flow. Monaghan [7] pro-
posed a hypothetical pressure to produce a relatively small 
repellent force for numerical resolution stability. Monaghan 
[8] also presented a turbulence version of the SPH method 
for simulating compressible flows with variable particle sep-
aration in time and place. Liu et al. [9] examined wave propa-
gation on a coastal structure using SPH method. Ellero et al. 
[10] introduced another model for incompressible flows. In 
this model, a constant volume of fluid particles is obtained 
by establishing a kinematic limitation. Hosseini et al. [11] 
used SPH method to simulate a dam-break flow over a 
dry bed. Tayebi et al. [12] proposed a predictive-corrective 
algorithm to solve time-dependent Navier-Stokes equa-
tions using SPH method. Leroy et al. [13] corrected the solid 
boundary condition in the ISPH method using a semi-ana-
lytic method. In order to find an optimal method for incom-
pressible SPH method, Nomeritae et al. [14] discussed the 
various methods in this field. Their results indicated that the 
conventional implicit compressible methods are inefficient 
compared to weak compressible methods (WCSPH) due to 
their high computational and low-speed computing power. 
They proposed explicit methods to optimize the numeri-
cal approach. Ordouabadi et al. [15] used Eulerian ISPH 
approach to evaluate the possibility of using non-uniform 
particle distribution in the sensitive regions. They considered 
some internal flows include shear-driven cavity and flow 
around a circular cylinder. They concluded that the results for 
velocity distribution obtained from their proposed method 
have the same accuracy compared to ISPH and WCSPH, how-
ever, the results correspond to the pressure field have more 
accuracy in comparison with those schemes. Yeylaghi et al. 
[16] implemented an ISPH approach to simulate the fluid 
structure interaction (FSI). They reported that this method 

prevents the pressure oscillations, leading to the results that 
are in good agreement with the experimental data. Khayyer 
et al. [17] also simulated FSI using Lagrangian using ISPH 
and Newtonian/Hamiltonian structure models. They con-
sidered some problem for validation, including hydrostatic 
water column on an elastic plate. ISPH model was employed 
by Chow et al. [18] to simulate incompressible flows includ-
ing incompressible flow around a moving square object in 
a cavity. They performed their simulations for Re = 100 and 
Re = 106 and reported that the runtime is a direct function 
of number of particles. They used serial and parallel codes 
to test the speed up and runtime. Bayareh et al. [19] used 
Lagrangian WCSPH method to simulate a dam break, sub-
merged hatch, sandy beaches and sedimentation problems. 
They found that the results achieved from SPH method are 
in good agreement with experimental and numerical data.

It also should be considered that there are several meth-
ods for simulation of multiphase methods such as volume 
of Fluid (VOF) [20] and front tracking techniques [21–24].

The present work aims to simulate channel flow, channel 
flow with a square solid box and lid-driven cavity flow using 
ISPH technique. The main objective of the present paper is 
to evaluate the potential for the simulation of these flows 
from different aspects. Does the ISPH method predict the 
hydrodynamics of shear-thinning and shear-thickening flu-
ids as well as Newtonian ones in channel flow? What is the 
accuracy of ISPH method if the Reynolds number increases 
in the lid-driven cavity flow?

The present paper is organized as follows: Sect.  2 
describes the fundamental principles of SPH method. The 
governing equations are presented in Sect. 3. Section 4 pre-
sents the explicit ISPH scheme. Boundary conditions and 
calculation of time step are demonstrated in Sects. 5 and 6. 
In Sect. 7, the results are discussed and finally, concluding 
remarks are presented in Sect. 8.

2 � SPH method

The SPH method is an interpolation approach based on the 
integral concept that defines each function at the interpola-
tion points. The material is approximated by these points, 
named particles, which carry the properties and variables 
of the flow field. In SPH relations, the value of the variable 
A at r⃗(x, y) is defined as the convolutional multiplication of 
variable A with the Dirac delta function δ [25]:

where the Dirac delta function δ is approximated by the 
kernel function Wh

(|||
(
r − r�

)|||
)

:

(1)A(r) = ∫ A(r)�
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where Ω is the support area where the integration opera-
tion is performed on it. In the discrete form, Eq. 2 can be 
written as follows:

where Vj denotes the volume of the particle, the index j 
refers to the neighboring particles i, and rij is the distance 
between the particles i and j. The Eq. 3 is rewritten as fol-
lows [25]:

The summation operation is performed on neighboring 
particles.

The cubic spline kernel was presented in 1992 by Mona-
ghan [26]. The kernel is used for many problems include 
dam-break flows, moving a water drop with different initial 
velocities, deformation of waves on a gentle slope, breaking 
the dam and motion of water on an inclined surface. The 
cubic spline kernel is defined as follows:

where s = r/h, r is the distance between particles, h is 
smoothing length, �D = 2∕3h,

10
/
7�h2 , and 1

/
�h3 for one-, 

two-, and three-dimensional problems, respectively.
The pressure gradient is obtained using Eq. 4 as follows:

If the pressure gradient is written according to Eq. 6, the 
precision of the linear and angular momentum is not 
obtained. This is due to that the force acting on the particle 
i by a particle j does not equal the force applied to the parti-
cle j by the particle i. These forces can be symmetric by writ-
ing ∇⃗P

𝜌
 as follows [26]:

The right hand side of Eq. 7 can be written as follows for 
the particle i:
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Equation 8 is simplified as follows:

The conservation of linear and angular momentum is sat-
isfied if the pressure gradient is written in the form of Eq. 9. 
In the same way, it can be concluded that:

The Laplacian operator can be described as the internal 
multiplication of two divergence and gradient operators. In 
the SPH method, the solution of Navier-Stokes equations 
leading to pressure instability and divergence; hence, a 
method is used for eliminating the instability [27]:

where Aij = Ai − Aj and r⃗ij = r⃗i − r⃗j ⋅ 𝜂 is a small number 
that prevents denominator from being zero and is usually 
equal to 0.1 h.

3 � Governing equations

The governing equations for fluid flow in the Lagrangian 
framework are as follows [11]:

where �⃗u is the velocity field, t is the time, ρ is the density, P 
is the pressure, ⇀� is the stress tensor and g⃗ is the accelera-
tion of gravity. Also, D/Dt is material derivative.

The Momentum equation has three terms including the 
pressure gradient, velocity divergence and gravitational 
force. The above equations must be solved at any time for 
all particles.

To solve non-Newtonian fluid flow, it is needed to define 
the stress tensor [28]:

where D is the deformation rate tensor and |D| represents 
the second invarient of the strain tensor D (deformation) 
and is expressed as follows:
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or

∂u/∂x and ∂u/∂y should be expressed as SPH approach:

Similarly, ∂v/∂x and ∂v/∂y are also obtained.
Now, the non-Newtonian power low model used in the 

present study is described. The effective viscosity of this 
model is defined as [28]:

where μ and n are the fluid viscosity and the power law 
index, respectively. n < 1 shows the pseudoplastic (shear-
thinning) fluids, n = 1 indicates the Newtonian fluid, and 
n > 1 refers to the dilatant (shear-thickening) fluids.

4 � Explicit three‑step SPH algorithm

In the first step of the explicit three-step incompressible 
method, the momentum equation is solved by taking into 
account the gravitational acceleration without considering 
any other force. Hence [11]:

where u∗ and v∗ are the middle velocities obtained from 
the first step. In the second step, these velocities are used 
to calculate the divergence of the stress tensor. According 
to Eq. 10, it can be written:
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At the end of the second step, the velocities and particle 
positions are updated as follows:

Until this step, no condition has been imposed for fluid 
incompressibility. Therefore, in the third step, the middle 
density of particles can be calculated using the continuity 
equation [11]:

where �∗ is the instantaneous fluid density up to the end 
of the initial prediction stage and �0 is the constant den-
sity of the fluid. Now, the velocity field must be calculated 
again for particles to return the particles density to its 
original state. For this purpose, the pressure gradients in 
the momentum equation are combined with the continu-
ity equation:

where V̂  is the corrective velocity. By combining these 
equations, the Poisson equation is obtained as follows:

The Eq. 25 is written as SPH approach:

The corrective velocity is obtained using Eq. 26 and the 
pressure of each particle:

At the end of step 3, the final velocity of the particles is 
calculated as follows:
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The final position of particles is also obtained by using a 
central difference approach [11]:

This process is performed for all particles.

5 � Boundary conditions

Solid boundary particles are the same as the fluid particles, 
however the velocity of these particles is set zero at the end 
of each time. Hence, the position of these particles remains 
constant during the simulations. The Poisson equation of 
the pressure is solved for boundary particles. Therefore, 
the pressure of each particle does not change with the 
approaching or moving away of other particles. For exam-
ple, as the fluid particles move towards the solid boundary 
particles, the pressure of solid particles increases. Boundary 
particles exert a repulsive force on the liquid particles. This 
force prevents the liquid and boundary particles from col-
lapsing. Since the particle velocity of the solid boundary is 
zero at the end of each step, the no-slip boundary condition 
is applied correctly.

6 � Calculation of the time step

Like other computational fluids dynamics, the SPH method 
requires a reasonable particle size to achieve the accuracy 
of the results. Because the internal fluid particles are discrete 
particles, they cannot be deformed like a real fluid. Therefore, 
the number of these particles should be sufficiently chosen 
to simulate the actual fluid flow and also to obtain the neces-
sary numerical convergence. Sustainability analysis is used 
to find the appropriate step time values. The time interval Δt 
should satisfy the Courant condition [29]:

where Vmax is the maximum particle velocity in each time 
step. The coefficient 0.1 ensures that the particles move 
only a small distance in comparison with h in each time 
step. Another limitation for the time step comes from the 
explicit finite-difference method for simulating the diffu-
sion problem, which applies the following relation:

(28)
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2
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l0
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(31)Δt ≤ �
l2
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β is a coefficient that depends on kernel and the initial 
arrangement of particles. It is usually obtained by numeri-
cal simulations and is of the order of 0.1. The effective vis-
cosity �eff  is calculated using a simple Newtonian model. 
An acceptable time step should satisfy both of the above 
conditions.

7 � Results

In this section, first, the two-dimensional flow in a channel 
for the Newtonian and non- Newtonian power law fluids 
is considered and the results are compared to the analyti-
cal solution. Then, the channel flow in the presence of a 
square solid object is simulated and the velocity profile. 
Finally, the flow in a cavity with a moving cap is studied 
and verified by the numerical simulations. All simulations 
presented in the present work are performed by a FOR-
TRAN code.

7.1 � Two‑dimensional fluid flow in a channel

Now, the explicit three-step ISPH method is employed 
to simulate the flow in a two-dimensional channel. The 
width of the channel is H and the fluid is water (the density 
ρ = 1000 kg/m3 and dynamic viscosity μ = 0.01 pa s). The 
gravity acceleration is assumed to be negligible. Figure 1 
shows the initial distribution of particles and geometry of 
the channel. The black circles indicate the solid boundary 
(five layers for each boundary) and the white circles illus-
trate the fluid particles.

To solve this problem, 592 fluid particles with five lay-
ers of boundary particle are used. The initial distance of 
the particles is L = 0.03 m, the smoothing length is h = 1.5 
L0 and dimensionless length of the channel is L∕H = 1∕2 . 

Fig. 1   A schematic of the channel flow
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A periodic boundary condition is used in the horizontal 
direction of the flow. The no-slip boundary condition is 
imposed on the upper and lower walls. The propulsion 
force required to create the flow is provided by applying 
the volumetric force (gravitational acceleration in the hori-
zontal direction) for the entire particle in the momentum 
equation. The Reynolds number is defined based on the 
maximum input velocity 

(
umax

)
 and channel width (H) and 

kinematic viscosity (v):

An analytical solution of the fully developed horizontal 
velocity profile for the channel flow is [30]:

According to Eq. 33, the analytic solution does not depend 
on the Reynolds number. The numerical results obtained 
using ISPH method for the water fluid with U = u∕umax are 
presented in Fig. 2 in comparison with the analytical solu-
tion. The present results are in very good agreement with 
the analytical ones.

As shown in Fig. 2, the fluid has the maximum velocity 
at the center of the channel and its velocity on solid walls 
is zero. The shape of the parabolic profile drawn in Fig. 2 
corresponds to the region in which the flow has reached 
a fully developed state.

Now, the simple channel flow is investigated for non-
Newtonian power law fluids. The constitutive equation 
was described in Sect. 3. The geometry and initial distri-
bution of the particles are shown in Fig. 1, with the differ-
ence that dimensionless length of the channel L∕H = 1 is 
considered. The rest of the conditions are the same as the 
previous one. For a non-Newtonian power law fluid flow 
in a channel, there is an analytical solution for fully devel-
oped horizontal velocity profile [31]:

According to Eq.  34, the analytic solution does not 
depend on the Reynolds number. The U = u∕umax obtained 
using ISPH method for a shear-thinning fluid (n = 0.5) and 
a shear-thickening fluid (n = 1.5) and also a Newtonian 
one (n = 1.0) is compared with the analytical solution and 
presented in Fig. 3. The present results are in very good 
agreement with the analytical ones.

The number of particles used for this case is 2640 parti-
cles. It is observed that for a shear-thinning fluid (n = 0.5), 
the velocity increases near the wall, and therefore the 
velocity gradient yields a higher value than the shear-
thickening fluid (n = 1.5). As a result, for a mean value of 
the speed given in the channel, the velocity decreases near 
the line of symmetry (Fig. 4). The results reveal that the 

(32)Re =
umaxH

v
= 5

(33)u(y) = 4umaxy(H − y)∕H

(34)u(y) =
(
2n + 1

n + 1

)(
1 − (2y)1+

1
∕n

)

maximum velocity decreases with the power law index. As 
the power low increases, the effective viscosity increases, 
leading to more resistance against the fluid flow. These 
results for different fluids are compared in Fig. 4. More 
iteration is needed to achieve convergence by decreasing 
the power law index n and sometimes the convergence 
will not be achieved.

The effect of the number of initial particles on the hori-
zontal velocity profile in comparison with the analytical 
solution results for Newtonian fluids in Fig. 5 indicates the 
accuracy of this method. The figure demonstrates that the 
solution with a particle number of 2640 is better than that 
with 1320 particles. It should be pointed out that as the 
particle number increases, more accurate results will be 
achieved.

7.2 � The flow in a two‑dimensional channel 
in the presence of a solid object

In the previous section, the flow in a two-dimensional 
channel was investigated. In this section, the flow in a two-
dimensional channel with a rectangular solid body having 
a length of 925.0 and a width of 975.0 m is investigated. 
The geometry of the problem is shown in Fig. 6. No-slip 
boundary condition is imposed on the solid boundary. 
The symmetry boundary condition is used at y = ±L . In 
the SPH method, the application of this boundary condi-
tion is simpler than other conditions. On the other hand, 
in the geometries where the flow pattern is repeated, this 
boundary condition reduces the computational time.

Fig. 2   Comparison of non-dimensional velocity profile u/umax for 
simple channel flow computed by the ISPH with analytical solution
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Other flow characteristics are the same as mentioned 
in 7.1. In Fig. 7, U = u∕umax profile is plotted for water fluid. 
There is a discontinuity in the velocity profile due to the 
presence of solid obstacle. As shown in Fig. 9, the velocity 
is zero in the range of 0.25–0.47.

7.3 � The lid‑driven square cavity flow

The flow inside a lid-driven square cavity is a known prob-
lem of incompressible flow that is used to validate numeri-
cal methods. The two-dimensional square cavity with the 
length of L contains a stationary fluid. Its lid has a constant 
velocity U. The gravitational force is neglected.

Due to the motion of the upper wall, the fluid flows 
into the container and a certain shape of the fluid is 
expected depends on the Reynolds number. The initial 
arrangement of the particles and its geometry are shown 
in Fig. 8. The wall includes five layers of boundary parti-
cles, so the liquid particles do not penetrate the wall. For 
three stationary walls, since the velocity and displace-
ment at each step are zero, no-slip boundary condition 
is applied correctly. 1600 fluid particles are used in this 
simulation. The initial distance between the particles is 
L0 = 0.03 m. The Reynolds number is defined as Re = �UlidL

�
 

in which ρ is the fluid density, Ulid is the upper wall 

Fig. 3   Comparison of non-dimensional velocity profile u/umax for simple channel flow computed by the ISPH with analytical solution: a 
n = 0.5, b n = 1, and c n = 1.5
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velocity, L is the square side and μ is the dynamic viscos-
ity of the fluid. In Fig. 8, the black circles represent the 
solid boundary and gray circles indicate fluid particles. 
For solid particles, shear stresses, velocity and displace-
ment are zero, except for upper wall particles that have 
constant velocity U. The cavity problem for the Newto-
nian fluid (water) is solved for three Reynolds numbers 
Re = 100, 400 and 1000. The results are verified by the 
results of Ghia et al. [32] who used multi-grid approach 
to perform their simulations. The velocity is non-dimen-
sionalized by Ulid.

In Fig. 9, the non-dimensional horizontal velocity is 
plotted for water at Re = 100 as a function of y-direction 
at x = 0.5. As shown in the figure, the results of the SPH 
method are in very good agreement with Ghia et al. [32]. 
After about 6000 time steps, the flow reach steady state. 
Due to the proper performance of the boundary condition, 
the particles do not exit from the walls during the simula-
tion. While in similar methods, there is the possibility of 
exiting particles from the computational domain in the 
upper corners of the cavity usually. At these points, the dis-
continuity at the velocity creates a singularity of pressure.

Fig. 4   Comparison of non-dimensional velocity profile u/umax for 
non-Newtonian power law fluids with n = 0.5, 1.0 and 1.5

Fig. 5   Effect of the number of particles on the velocity profile u/
umax for a non-Newtonian power law fluid (n = 1.5)

Fig. 6   A schematic of the channel flow in the presence of a rectan-
gular object

Fig. 7   The velocity profile u/umax for water flow in a channel in the 
presence of an obstacle
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Figure 10 compares the vertical velocity at x = 0.5 line 
for the water fluid for the Reynolds number Re = 400. The 
results are in good agreement with the ones of Ghia et al. 
[32]. The difference between the results of the present 
method and their results is due to the large number of 
particles that they used for their simulations (they used 
multi-grid method with 129 × 129 grid resolution).

In Fig. 11, the stream function of the present solution 
is presented in comparison with the results of Ghai et al. 
[32] for the water fluid at Re = 100. Two small vortices 
are created at the bottom of the cavity and a vortex at a 
position of x = 0.6 and y = 0.7.

The results for Re = 400 are now being investigated. In 
Fig. 12, the dimensionless horizontal velocity is plotted 
versus y-position at x = 0.5. The present results are in a 
good agreement between the results of the SPH method 
and the results of Ghia et al. [32]. Also, Fig. 13 compares 
the vertical velocity at x = 0.5.

In Fig. 14, the stream function obtained from the SPH 
method for Re = 400 are compared with those presented 
by Ghia et al. [32]. It is observed that the middle vortex is 
created in the center of the square and the lower right-
hand vortex is larger than that of Re = 100. 

The simulations are repeated for the Reynolds number 
of 1000. Figures 15, 16, 17 show dimensionless horizon-
tal velocity, dimensionless vertical velocity, and stream 
function, respectively. These results demonstrate that 
the results of the ISPH method are in good agreement 

with results of Ghia et al. [32] for the Reynolds numbers 
of 100 and 400. However, it is demosntrated that the 
simulation with1600 particles cannot predict the behav-
ior of lid-driven cavity flow for Re = 1000 properly. The 
simulation is performed using 80 × 80 particles and it is 
revealed that this grid resolution is sufficient for predic-
tion of flow hydrodynamics. It should be noted that the 
middle vortex is generated approximately in the center 
of the cavity and the vortex of the left side of the bot-
tom is larger than the previous cases (Re = 100 and 400).

Fig. 8   Initial arrangement of particles for Lid-driven cavity flow

Fig. 9   Dimensionless horizontal U velocity for Lid-driven flow at 
Re = 100 and x = 0.5 using 40 × 40 particles

Fig. 10   Dimensionless vertical V velocity for Lid-driven flow at 
Re = 100 and x = 0.5 using 40 × 40 particles
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8 � Conclusions

In this paper, three fluid mechanics problems were verified 
by using an explicit three-step ISPH method. The channel 
flow problem for the Newtonian fluid (water) was stud-
ied and the velocity profile for fully developed region was 

analyzed by analytical solution. In addition, non-Newtonian 
power law fluid flow in a channel was investigated for differ-
ent power law indices and the results were compared with 
the analytical solution. In the second part, the flow in a chan-
nel in the presence of a solid obstacle was investigated. The 
velocity profile showed a discontinuity in the velocity field 
around the solid object. In the last part, the lid-driven cavity 

Fig. 11   Streamlines for lid-driven cavity flow at Re = 100: Ghia et al. [32] (left) and the ISPH method using 40 × 40 particles (right)

Fig. 12   Dimensionless horizontal U velocity for Lid-driven flow at 
Re = 400 and x = 0.5 using 40 × 40 particles

Fig. 13   Dimensionless vertical V velocity for Lid-driven flow at 
Re = 400 and x = 0.5 using 40 × 40 particles
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flow was studied for a Newtonian fluid (water) at Re = 100, 
400, and 1000. The horizontal and vertical velocity profiles 
in the middle plane and also the stream function were com-
pared to the results of Ghia et al. [32]. The results reveal that 
only 1600 particles are required for reasonable prediction of 
lid-driven square cavity flow at Re = 100 and 400 and 6400 

particles is required to predict it at Re = 1000. It can be con-
cluded that the ISPH method has a high ability to model 
non-Newtonian fluid flows and is more accurate than the 
WCSPH method due to much less pressure fluctuations dur-
ing the simulations [18, 19].

Fig. 14   Streamlines for lid-driven cavity flow at Re = 400: Ghia et al. [32] (left) and the ISPH method using 40 × 40 particles (right)

Fig. 15   Dimensionless horizontal U velocity for lid-driven flow at 
Re = 1000 and x = 0.5 using 40 × 40 and 80 × 80 particles

Fig. 16   Dimensionless vertical V velocity for lid-driven flow at 
Re = 1000 and x = 0.5 using 40 × 40 and 80 × 80 particles
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