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Abstract
Due to rapid urbanization, the land resources available for construction are becoming increasingly scarce in many built-
up environments, especially for infrastructure development in mountainous terrain. For deep excavations developed 
for basements of high-rise buildings in cities with mountainous terrains, the excavation activities may have an influence 
on the stability or performance of existing nearby upper slopes. Based on a case study in Chongqing, this paper numeri-
cally investigates the effects of the excavation geometry, the retaining wall system stiffness and the distance between 
the excavation and slope on the performances including the global factor of safety and retaining wall deflection of the 
excavation-slope system. Subsequently, simplified ultimate and serviceability limit state response surface models have 
been developed and implemented into the First-Order Reliability Method to determine the probability that the ultimate 
or serviceability limit state is exceeded by performing probabilistic analysis on the global factor of safety through setting 
the threshold maximum wall deflection as an optimization constraint.

Keywords Braced excavation · Existing upper slope · Wall deflection · Factor of safety · System reliability · Reliability 
index

1 Introduction

With rapid urbanization in China, there is an increasing 
demand to construct high-rise apartments, shopping 
malls and public transport infrastructure. For deep exca-
vations in cities with mountainous terrain such as Hong 
Kong, Chongqing and Guiyang, one major concern is that 
the excavated soils and resulting stress relief may have 
an influence on the stability of nearby existing slopes or 
the slopes may be subjected to excessive deformation 
[3, 7, 8, 10, 28, 31, 32]. However, to date there has been 
only limited investigations of the interaction between 
braced excavation and the adjacent slope and the influ-
ence of such interaction on the overall stability. Li et al. 

[15] investigated the behavior of a deep braced excavation 
for the Shangshuijing station of the Shenzhen Metro Line 
5 adjacent to a slope using  FLAC3D [13]. Wang et al. [26] 
examined the performance of retaining structures for a 
complex geotechnical system comprising of a slope and 
a nearby deep excavation, based on field instrumenta-
tions. Luo [19] used the shear strength reduction method 
(SSR) to investigate the effects of the excavation depth 
and the soil properties on the stability of a slope adjacent 
to a deep excavation. Varzaghani and Ghanbari [25] pre-
sented a new analytical model to determine the seismic 
displacements of shallow foundations adjacent to slopes. 
Zhou et al. [33] evaluated the impact of deep excavations 
on the stability of the adjacent slope based on the slip line 
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theory. The results obtained by the finite element method 
indicate that the critical slip surface moves towards the 
slope surface and develops downwards. However, there is 
still a lack of a detailed study to investigate the important 
parameters that have an influence on the ultimate limit 
state and serviceability limit state of the excavation and 
slope system.

In this study, the global factor of safety FS obtained via 
the shear strength reduction (SSR) technique (also called 
c-φ reduction method) is used as the criterion to deter-
mine the ultimate limit state and the calculated maximum 
lateral wall deflection is adopted as the serviceability limit 
state criterion. A detailed study was carried out to evaluate 
the influence of the excavation geometry, the supporting 
system stiffness, and the distance between the braced 
excavation and the existing slope on the excavation-slope 
system response using the finite element program PLAX-
IS2D [1]. Based on these results, response surface models 
were developed for the ultimate and serviceability limit 
states. Subsequently, the First-Order Reliability Method 
(FORM) is adapted to perform probabilistic analysis on 
the global factor of safety through setting the threshold 
maximum wall deflection as an optimization constraint to 
enable a rational design approach for deep braced excava-
tions adjacent to slopes in mountainous terrain.

2  Finite element analysis

2.1  Numerical modeling

The Plaxis2D software was utilized for the numerical 
simulations. The Mohr–Coulomb constitutive model was 
selected for the soil. A typical cross-section of the exca-
vation and slope system, as well as the properties of the 
soil and the supporting elements are shown in Fig. 1. It 
should be noted that the adopted soil properties are typi-
cal of the ground conditions in Chongqing and that the 
soil and wall profiles, the excavation geometries as well as 

the boundary conditions are simplified from a deep braced 
project in Chongqing.

The analyses considered a plane strain excavation 
near an unreinforced slope supported by a retaining wall 
system and a total of 6 levels of struts located below the 
original ground surface at depths of − 1 m, − 4 m, − 7 m, 
− 10  m, − 13  m and − 16  m, respectively. The soil was 
modeled by 15-noded triangular elements, following the 
Mohr–Coulomb failure criterion. The structural elements 
were assumed to be linear elastic in Plaxis2D, the struts 
and the wall is represented by 3-noded bar elements and 
5-noded beam elements, respectively.

The soil properties are regarded as deterministic and 
presented in Fig. 1. This study mainly examines the influ-
ences of the retaining wall system stiffness and the excava-
tion geometries on the responses including the global fac-
tor of safety of the braced excavation-upper slope system, 
as well as the retaining wall deflection. The ranges of these 
key design parameters are listed in Table 1. It should be 
explained that ln(S) represents the natural logarithm of the 
system stiffness, e.g., ln(EI/γwhavg

4). The three values of 3.794, 
4.605, 5.187 are realised by changing the corresponding 
wall thickness of 0.6, 0.9 and 1.2 m with average vertical 
strut spacing havg = 3 m, γw = 10 kN/m3 and keeping the 
Young’s modulus of the wall constant (E = 2.1 × 107 kN/m2).

According to Poh and Wong [22], the strut stiffness 
does not have a very significant influence on wall deflec-
tion when the strut is stiff. A constant strut stiffness EA of 
3.0 × 105kN/m is assumed. Based on Table 1, more than 160 
hypothetical cases were analysed.

The construction assumption and sequence are as 
follows:

1. The wall is installed without any disturbance (wished 
into place);

2. The soil is excavated prior to installing the strut, uni-
formly 1 m below each strut level until the final depth 
He is reached.

3. Each phase of strut installation is followed by a subse-
quent phase in which the global safety factor is deter-
mined by the SSR method proposed by Zienkiewicz 
et al. [35], and improved by Brinkgreve and Bakker [2]. 

Fig. 1  Cross-sectional soil and wall profile

Table 1  Parameters considered and the ranges to be examined

Parameters Ranges

System stiffness in logarithmic scale ln(S) 3.794, 4.605, 5.187
Excavation width B (m) 20, 30, 40
Excavation depth He (m) 14, 17, 20
Wall thickness d (m) 0.6, 0.9, 1.2
Distance between wall and toe of slope B1 (m) 5, 10, 15, 20, 30, 40
Wall penetration ratio D/He 0.50, 0.76, 1.14
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The procedure of the SSR method involves system-
atically reducing the soil shear strength until failure 
occurs. It has been verified by Lian et al. [16] that the 
SSR FE method can be widely applied in the engi-
neering practice. In addition, Cheng et al.[4], Goh and 
Zhang [9], Ishii et al. [12], Zhang and Goh [30], Tschuch-
nigg et al. [24], Oberhollenzer et al. [21], Gao et al. [6], 
Schneider-Muntau et al. [23], Dyson and Tolooiyan [5] 
have also demonstrated that the SSR technique per-
forms well in the many slope cases analysed.

The detailed construction sequence is listed in Table 2.

2.2  Numerical results and analysis

The numerical results include the global factor of safety 
FS obtained via SSR and the maximum lateral wall deflec-
tion δhm.

2.2.1  Factor of safety

Figure 2 plots the variation of incremental displacement 
contours, as excavation proceeds, for cases with B = 30 m, 
B1 = 5 m, ln(S) = 4.605. The corresponding FS values for 
excavation depths He of 0, 14, 17, 21 m are also shown. It 
can be observed that as the excavation depth He increases, 
the zone showing the incremental displacement (in red) 

enlarges and the corresponding FS values decrease. A 
comparison shows that after the final stage of excava-
tion, the FS is about 1.705, which is a decrease of 0.636 
from the original FS of 2.341 (prior to any excavation). The 
results indicate that excavations close to an existing slope 
may result in a significant reduction of the FS of the slope, 
which may cause slope instability or even failure.

Figure 3 presents some typical plots of the decrease of 
the factor of safety values ΔFS with increasing distance 
between the wall and the toe of the slope B1 for three dif-
ferent excavation widths B with He = 20 m and S = 4.605. As 
expected, ΔFS decreases with increasing distance between 
the wall and the existing slope B1. The ΔFS was also influ-
enced by the width of the excavation B. The ΔFS was mini-
mal for  B1 = 20 m when B = 20 m. For the larger B values of 
30 m and 40 m, ΔFS was minimal at a greater distance of 
 B1 = 40 m.

2.2.2  Wall responses

Figures 4 and 5 show the variation of the wall lateral defor-
mation profiles and the bending moments of the right wall 
(near the slope) for cases with different B1, respectively. 
The final excavation depth (He) is 20 m and supported 
by 1.2 m-thickness and 30 m-deep diaphragm wall with 
6 levels of struts for B1 ranging from 5 to 40 m, respec-
tively. All the plots show a concave wall deflection shape. 

Table 2  Detailed construction 
procedures

Phases Construction procedures

Initial phase Generate the soil initial effective stress and pore water pressure
Phase 1 Determine the initial global safety factor by SSR method
Phase 2 Install the diaphragm wall
Phase 3 Excavate to 2 m below the ground surface inside the excava-

tion, install the first level strut
Phase 4 Excavate to 5 m below the ground surface
Phase 5 Install the second level strut
Phase 6 Calculated the global safety factor by SSR method
Phase 7 Excavate to 8 m below the ground surface
Phase 8 Install the third level strut
Phase 9 Calculated the global safety factor by SSR method
Phase 10 Excavate to 11 m below the ground surface
Phase 11 Install the fourth level strut
Phase 12 Calculated the global safety factor by SSR method
Phase 13 Excavate to 14 m below the ground surface
Phase 14 Install the fifth level strut at
Phase 15 Calculated the global safety factor by SSR method
Phase 16 Excavate to 17 m below the ground surface
Phase 17 Install the sixth level strut
Phase 18 Calculated the global safety factor by SSR method
Phase 19 Excavate to 20 m below the ground surface
Phase 20 Calculated the global safety factor by SSR method
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As shown in Fig. 4, the maximum wall lateral deformation 
decreases as B1 increases. As B1 increased from 5 to 40 m, 
the maximum wall lateral deformation decreased by 30%. 
As shown in Fig. 5, the maximum bending moment occurs 
below the final excavation level (FEL). The change in the 
maximum bending moments is not as significant with a 
reduction of only 18% when B1 increased from 5 to 40 m.

Figure 6 shows the plot of the maximum lateral wall 
deflection δhm for different B and B1 with He = 20  m, 
S = 4.605. The trends are similar to that observed for 
ΔFS in Fig. 3, i.e., δhm decreases as the excavation width 
B decreases and the distance between the wall and the 
toe of the slope B1 increases. The influence of excavation 
width B on δhm is more significant when B1 is smaller, i.e., 

the slope toe is closer to excavation. For example, the dif-
ference Δδhm between B = 40 m and B = 20 m is 7.5 mm at 
B1 = 5 m. It decreases to 3.2 mm at B1 = 10 m.

3  Surrogate models for limit state functions

In order to assess the performance in deep braced excava-
tions adjacent to an existing slope, both the ultimate limit 
state (ULS) and the serviceability limit state (SLS) of the 

Fig. 2  Contour of slip surface 
and FS for different excavation 
depths He for B = 30 m, B1 = 5 m, 
S = 4.605

Fig. 3  Decrease of the factor of safety ΔFS for different B1 with 
He = 20 m, S = 4.605

Fig. 4  Lateral deformation of the wall for different B1
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excavation-slope system should be satisfied. In the follow-
ing subsections, the limit state functions for ULS and SLS 
are developed respectively, based on the numerical results 
presented in the previous section.

3.1  Ultimate limit state surrogate model

Based on the calculated FS results, a Polynomial Regres-
sion (PR) model has been developed for estimating the 
global factor of safety FS as a function of four input param-
eters B, B1, He and S, with a coefficient of determination  R2 
of 0.881. The expression is shown in Eq. (1):

Figure 7 plots the factor of safety values determined 
from the finite element analyses FS_FEM against the cal-
culated FS_PR results based on Eq. (1). Also shown in the 
plot are the 100% agreement line and the 10% error lines. 
The results indicate that Eq. (1) is fairly accurate in predict-
ing the global factor of safety for deep braced excavations 
adjacent to slopes.

3.2  Serviceability limit state surrogate model

Similarly, a Logarithmic Regression (LR) model was devel-
oped for predicting the maximum lateral wall deflec-
tion δhm, with a fairly high coefficient of determination 
 R2 = 0.946. The expression is shown in Eq. (2):

Figure  8 plots the estimated maximum lateral wall 
deflections δhm_LR values against the finite element cal-
culated results δhm_FEM. Also shown in the plot are the 
100% agreement line and the 20% error lines, indicating 
that Eq. (2) is fairly accurate in predicting the maximum 

(1)
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e
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1
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Fig. 5  Wall Bending moments for different B1 (mm)

Fig. 6  Max. lateral wall deflection δhm for different B1 with 
He = 20 m, S = 4.605

Fig. 7  Comparison between FS_FEM and FS_PR
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wall deflections for deep braced excavations adjacent to 
slopes.

4  Probabilistic assessment of the limit state 
functions

The First-Order Reliability Method (FORM) [11] is adopted 
in this study for probabilistic assessment of the two limit 
state functions. It can deal with the unknown PDFs of 
the random variables in most geotechnical applications 
and the demanding of computation of integration when 
multi-variables are involved. FORM has been proved that 
the Microsoft EXCEL spreadsheet can be used to perform 
the minimization and determine reliability index β [14, 18, 
29, 34, 36].

The reliability index β and the probability of failure Pf 
for both the ultimate and the serviceability limit states can 
be performed using FORM based on the built PR and LR 
models presented in the previous section. Based on the 
approach by Low and Tang [18], the ULS model expressed 
as Eq. (1) has been incorporated into an EXCEL spread-
sheet environment, from which the reliability index β can 
be determined. A sample spreadsheet for computing the 
factor of safety FS is shown in 0a, in which the values of 
the input random variables are the same as those used in 
the simulation model. According to Low and Tang [18], the 
spreadsheet cells B3: B5 allows the random variables distri-
bution has the selection of various types including lognor-
mal, normal, triangular etc. Cells D3: E5 are average values 
and standard deviation which are set corresponding to 

the random variables in Cells B3: B5, three random vari-
ables are of the normal distribution. Cells G3:I5 represent 
the correlation matrix R used to define the correlations 
between B, He and S. Cells J3: J5 denote the ni vector 
which contains equations for (xi‒ui

N)/σ i
N. The xi

* values 
were firstly set equal to the mean values (30, 17, 4.5) of 
the original random variables (B, He, S). Then by invoking 
the spreadsheet’s built-in optimization routine SOLVER to 
search algorithm by minimize the cell L3, through chang-
ing the ni values subject to G(x) = 0, the design point (xi

* 
values) can be obtained. It should be stressed that in the 
spreadsheet environment, iterative numerical derivatives 
and directional search for the design point xi

* were auto-
matically carried out via SOLVER search. The probabilistic 
assessment of SLS in Fig. 9. is almost identical to 0except 
for the G(x) formulations. For the detailed procedures in 
performing the FORM spreadsheet framework to derive β 
and the corresponding Pf, please refer to Zhang and Goh 
[29].

4.1  Probabilistic assessment of the ultimate limit 
state

For either the braced excavation or the slope, design codes 
or guidelines specify the minimum factor of safety. For 
example, in Chongqing (China) the building authorities 
specify a minimum factor of safety of 1.30 for slopes in 
mountainous terrains. However, for the braced excavation-
upper slope system, there are no guidelines or codes with 
regards to the critical safety factor values. Thus, the influ-
ence of the critical factor of safety FS_cr on the reliability 
index β and the probability of failure Pf of the ultimate limit 
state ULS of the braced excavation-upper slope system is 
examined in this study, which can justify the choice of cer-
tain threshold factor of safety.

Figure  10 plots the influence of the various design 
parameters on the reliability index β and the probability 
of failure Pf of the ULS. Both the coefficient of variation of 
the system stiffness COVS and the critical factor of safety 
FS_cr has significantly influence on the β and Pf. A larger 
COV results in a smaller β. However, there is less significant 
difference on β and Pf between COVS = 0.05 and COVS = 0.1. 
In addition, the reliability index β decreases with FS_cr and 
converged at FS_cr = 2.2, similarly Pf increases with FS_cr 
and converged at FS_cr = 1.6.

Figure 11 compares the influence of both the COVS and 
B1 on Pf for B = 20, 30, 40 m, respectively, for He = 17 m, 
S = 4.5, and assuming the critical factor of safety FS_cr = 2.0. 
It is obvious that Pf decreases with the increase of B1 while 
Pf increases with the increase of excavation width B. A 
larger COVS results in a larger Pf. However, there is no dif-
ference on Pf between COVS = 0.05 and COVS = 0.1. the 
Pf decreases with B1 and converged at B1 = 15 m when 

Fig. 8  Comparison between δhm_FEM and δhm_LR
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Fig. 9  a Calculation on β and Pf for the ultimate limit state using FORM spreadsheet. b Calculation on β and Pf for serviceability limit state 
using FORM spreadsheet

Fig. 10  Influence of COVS and FS_cr on a β and b Pf for B1 = 5 m, B = 30 m, He = 17 m, S = 4.5d
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B = 20 m, B1 = 20 m when B = 30 m, B1 = 30 m when B = 40 m. 
It suggests that COVS has little influence on Pf when B1 ≥ 15 
when B = 20 m, B1 ≥ 20 m when B = 30 m, B1 ≥ 30 m when 
B = 40 m.

4.2  Probabilistic assessment of the serviceability 
limit state

In this section, the serviceability limit state of the braced 
excavation-upper slope system is considered. Figure 12 
plots the influence of COVS and the threshold max. wall 
deflection δhm_cr on β and Pf for B = 30 m, He = 17 m, S = 4.5 
and B1 = 20, 20, 40 m, respectively. The results indicate that 
both COVS and δhm_cr significantly influence the β and Pf 
values. However, the influence of COVS on β and Pf is not as 
significant as that of δhm_cr, especially when COVS is greater 
than 0.20.

Figure 13 shows the influence of COVS on β for He = 17 m, 
S = 4.5, δhm_cr = 23 mm, B = 20, 30, 40 m and B1 = 10, 15 m 
respectively. It is clear that β decreases exponentially as 

the COVS become greater. It is logical that β increases when 
the excavation is further away from the slope.

4.3  System reliability analysis

In the assessment of deep braced excavations adjacent to 
slopes, it is logical to consider the interaction between the 
global ULS factor of safety and the SLS of the wall deflec-
tions together rather than independently. Therefore, it 
requires a system reliability analysis approach that can 
consider each limit state and the interaction between the 
various limit states [17, 20, 27, 29]. The proposed system 
reliability is ensured in this study by performing proba-
bilistic analysis on the global factor of safety and at the 
same time satisfying the criterion that the threshold maxi-
mum wall deflection should not be exceeded. As shown 
in Fig. 14, The regression model predicting the maximum 
lateral wall deflection δhm is implemented into Cell K8 rep-
resenting the constraint from SLS, in which mathemati-
cal expression of δhm-cr − δhm ≥ 0 must be satisfied for each 

Fig. 11  Influence of COVS and B1 on β and Pf for B = 20, 30, 40 m, He = 17 m, S = 4.5, FS_cr = 2.0
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combination of parameters B, He and S. Though this way, 
the parameter combinations for derived design point sat-
isfy both the ULS and SLS simultaneously and the system 
reliability is ensured.

Figure 15 plots the system reliability analysis results 
for configurations with different B1 values and penetra-
tion depths for the case with B = N(30, 3), He = N(20, 0.6), 
ln(S) = N(4.5, 0.45), FScr = 1.5 and δhm = 30  mm, where 
N(a,b) represents the normal distribution with mean 
value of a and standard deviation of b. It is obvious that 
as B1 increases, the β value increases. The influences of 
penetration depth D/He on β and Pf are not as significant 
as B1.

Figure 16 shows the influence of the chosen threshold 
factor of safety FS_cr on the system reliability when the 
threshold maximum wall deflection is set at 30 mm. It is 
should be noted that β decreases linearly with the FS_cr 
with different B1 while Pf increases exponentially as the 
FS_cr becomes greater.

Fig. 12  Influence of COVS and δhm_cr on β for B = 30 m, He = 17 m, S = 4.5, B1 = 20, 20, 40 m

Fig. 13  Influence of COVS on β for He = 17 m, S = 4.5, δhm_cr = 23 mm, 
B = 20, 30, 40 m and B1 = 10, 15 m
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Figure  17 illustrates the influence of the chosen 
threshold δhm_cr on the system reliability when the 
threshold FScr is set at 1.5. It is obvious that the greater 
the threshold δhm_cr value is set, the greater the reliability 

index β derived, which indicating a much smaller pos-
sibility that the actual δhm_cr is exceeded. It also can be 
observed that the Pf decreases with δhm_cr and converged 
at δhm _cr = 40 mm.

Fig. 14  Calculation on β and Pf for system reliability using FORM spreadsheet

Fig. 15  System reliability analysis results for different excavation configurations

Fig. 16  Influence of threshold FS on system reliability
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5  Summary and conclusions

This paper presents numerical investigations on the per-
formance of a braced excavation adjacent to an exist-
ing slope, from the perspectives of the global factor of 
safety and the maximum lateral wall deflections. It also 
proposed a probabilistic framework for the quantitative 
assessment of both the ultimate and the serviceability 
limit states in view of some design and construction 
uncertainties. The main conclusions arrived at include:

(1) Based on the case study, excavations close to an exist-
ing slope may result in a significant reduction of the 
global FS from 2.341 to 1.705 for the braced excava-
tion- upper slope system. The amount of reduction 
is closely associated with the excavation depths 
and widths, the penetration depth and the distance 
between the excavation and the slope toe.

(2) The wall deflections are also significantly influenced 
by the key factors listed in conclusion point (1).

(3) Surrogate models for ULS and SLS are developed and 
implemented into FORM for reliability analysis.

(4) The proposed system reliability can be assessed by 
performing a probabilistic analysis on the global fac-
tor of safety while setting the threshold maximum 
wall deflection as a constraint for optimization.

It should be noted that the proposed probabilistic 
framework is based on an actual case study in Chong-
qing as illustrated in Fig. 2 in which the slope angle and 
soil properties are deterministic and fixed. The effects 
of the inherent variability of the soil properties and the 
slope angle on the braced excavation-upper slope sys-
tem performance will be considered in a future study.
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